
MATH 5143- Lecture 13



Last time : bases/simple systems of root systems
symmetric , positive

E is a real vector space with a definite, bilinear form(- )

A nonempty finite subset SEKO] is a roof system
-

if & RANG = [<]Va
③ ra()=N where raix1X-2
③ 2(8,x)/(2 ,2] ELV .Be
& E is spanned by

The Weyl group of is thenW* rake
-GL(E)



For Ofx Elet Ha = [x(f)(x ,x) =0]
#& is any finite set in EXCO) then

=) UHa is nehempty. [Easy to visualize if E=R]
2

So it is possible to choose someJ EvLega
For this y we have (0, 2) to Va so can set

#(6)()( ,4) 20) and6)-)
Define & (f) =[x

#
(6) there are no elements B ,Bu]with x = B+B2



They If I is a roof system then the set & (6)

is a base (or simplesem)for, meaningtis
↓ disjoint

,

but both sets contain O

↑ Eospan(ne0(1) Usspan(xe0(6)]

and that (6) is a basis for E
.
Moreover,

every base ofarises from this construction

as 016) for some JE-V Ha
Let

Given a base &S call each+ a simple next
-

and each de a positive/negative root



Fix a base t for t from now on . Some facts :

D If Let then ra(al--a and ra(E(a))=(a)

② W * (r( +) =(ra(+] = fra(xes)
↑ ↑

obvious since

&=
- nontrivial

and useful
as ra = r-&

③ If Be then there is some base ofI containing
B and there is some weW with w(B) EX.

⑪ If t is another base
,

then there is a unique

weW with w() = 6' -



&aim For a roof system with base &
,
the followingare equivalent :

⑨ we canwrite& for some monempty
disjoint subsets Ei with (a) =0 XX,

Bet

③ we can
write 8 = Q, 00, for some nonempty

disjant setsi with (a ,B) =0 # &- *I
Bez

[ & is reducible in these cases J
def

clearly ifthese properties hold , and Ei = R-span(Xi7.
then (i) restricts to a positive definite form on each Ei and E = E,E

and eachT is a roo system in Ei with Di as a base



Portof claim &O since we can just set

Di =A for i= 112. The harder direction

is to show that- .

For this
, given

4 = D ,5 2 letpanli]
Let =- and i=G

Then since 8+ 02 . Why does
Suffices to show deT spankeo] Not is&
This holds since if ne and Be then r (a+ B) = - x+ ry(B)
=>+ (p-) = p- a+ B . 6

zu nu

- O as &+2 involves coefts of both signs when expanded in terms of L



All of this extends from two to k factors as follows :

Prep There is a
maximal partition=@WOW --**K

disjoint
into nonempty pairwise -and othogonal subsets , which
is unique up to permutation of indices, and ifERspan( wil

andEi then E = E,E ...DE and each Gi is

is a roof system in Ei with base:and...

wecalltheNotsystemstheiredublecomponents of
components

Note : I is irreducible iff KF1 in
the prop

P The only part that
is not clear is claim that :,0,U ..&

To show this ,
consider someN .

Then there isweW with w() ed
,
so

↓ is
in W-abit of anelement of some Di .

But Orthogonality + W =<raKet

means thatW preserves the subspace Eso i. .E



Invariants of root systems : the Cartan matrix,
theCoxeter graph , and-Fix an ordering X, 22 dy ...l the Dynkin diagram of $.

of the simple roots in our fixed base &&

Def (with respect to this ordering) the Cartan matrixof
-

is the exe matrix[i ,di)]
, siise

where

[B]21 , /19
,B) 1) .

= Cartan matrices for root systems in R?
22

↑
&Axi

Cartan matrix is [] as k
,
10



In Then (ddz) = 119, 11Ikall cos (2/3)
and1l xill : 11 wall so we have

↳ (x1 ,an) = <2 ,4 ,7 = 2 cos(2/3) = - 1

CartanMatrix = l[
22

(4. ,4) = 1

((x
,
<2) = 2I

(a , <2) =Viz
: cos = -

d Cartan matrix
= (2) as (B)=

cartan matrix works out,..................



Pop. The Cartan matrix lup to reordering off rows/cols)

determes Cup to isomorphism) .
More precisely,

if there is another roof system &'SE'with ordered base4

and there is a bijection
: -> W such that

( ,B) = (f( , f(B)) Va ,Be

then the unique linear map
E-C' extending f

is a root system isomorphism. In particular , the

linear extension of f has < x
,
B) =< f(x) , f(b))Xx ,Be



# The linear extension : E-t' is invertible since &,6 are bases.

For a G ,
it holds that Vela) = for,of

Hence the WeyI group W of Gis exactly

& for of"1weW]

Each Bet has B = w() for some weW , new.

so f(B) = for() = for of"(f(d) I
zo m

EW' Ea
im-imply

Similar argument shows that f"(B)B so

we can conclude thatIf is a bijection&



Finally observe for < ,BEI that

defWflap (f(B))
= fornof" (f(b)) = f(ra(B)

= f(p) - (f(p), f(x)) f() = f(B) - <B,<] f(x)

so we must
have <B,2) = [f(B) , f(x)).

Schecking that
recal

= Ford of"for any a +E] G
follows from case when

&e- exercise.

-

Coxeter graph of a root system
with base W : this is the

-

undirected graph with vertices labeled
by the elements of 0 and

with exactly <diB) < P,x) = #B) edges between
(C ,2)(B ,B)

vertices & and B. &(is in30).



Examplesof Coxeter graphs forR :

IAXA: ⑧ :21 22 21 21

--: Da "
&-

Xi 22 2 2n

the # of edges between di andaj is the product of

entries (i , j) and (j , i) of Cartan matrix.

If all roots have same length(eg for GAL) then ( , B7 =<P,47
If roots have different lengths then we need alittle extra

information to recover the Cartan matrix from the Coxeter graph.



Define the Dunkindiagram of by taking

the Coxeter diagram and adding an arrow

from longer root to shater root to each

double or triple edge.

&AxA , andAn
: Coxeter graph-Dynkin diagram

Dynkin diagram of # , isall11,E Xz

E is



Dynkin diagram determines the Cartan matric

=> C.
The Dynkin diagramof determines t up to

Moreover, the irreducible components ofI correspond
to the connected components of the Oynkin diagram,
and so o is irreducible iff the Oxnkin diagram
is connected.

Next : classification results and

constructions


