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Last time Letbe a roof system w/simple system (

Coxeter graph of t is undirected graph
with vertices labeled

-

by the elements of 0 and
with exactly <diB) < P,]ETo

edges between vertices & and B.

amphCoxetergraph
for

:G 21

: Da "
·

Xi 22 2 2n



Define the Dunkindiagram of by taking

the Coxeter diagram and adding an arrow

from larger root to shater root to each

double or triple edge.

Dynkin diagram
11

Examples &AXA ,

and GAz : Coxetergraph

:
x192

# The Dynkin diagram determines t up to



E
is orthogonal complement of R (2 , +Ez+ -v+EnH)

Some constructions ↓ so inherits nondeg-form from Rh

Prop Let - = Sue R/vEVtV+ ---+= 0) = H
&

Write E1 ,En,~
,
Enti for standard basis

of Rh!

DefineA = [di-j)Isisn , iti]
Then Jan is a roo system with base &Af[Er-Elin]
and Dynkin diagram ----⑳ErEr+)

also , ra-m(l) - [2-m-m- :[
so
it follows that Weyl group Wan Sna (symmetric

group of 1 ,2...., nH)
1) All straightforward calculations&



Prop Let D" be set of 2n +
Pla) Vectors

[5Eili =1]t [Fitzilsisjsn] ·
ThenEen is a not system with base

Don = [4,-En,

En-Es
, ---,
En-En

,
Ent

↳
and Dynkin diagram ·-----[El-32 <Gy dy-54 En-16 En

The Wexl group Wo.=
I signed nxn permutationmatrices)

# Let En= [+2Eili= 14 ...]W(FEdi/ISicisn) ·
Then Ech is a root system with base Dan= [ErE2

, ..,
En+-En

, 2 En]
and Dynkin diagram ·o·-----[21-5252 Ey Ense2En

Also :Wan= Won -



op Finally let Go& be set of 4(2) vectors

(EitEj/1si<jsn] · Then Don is a root system

with base 40n = [5 . -En
, d2-Eg--, En+ -En

,
En-#En]

En-1 + En

and Oynkin diagram ·---- G-1
-En[E192E2Es En-2En

+

The Wexl group Wor
is an index two normal subgroupof

Won =Wan 4 (subgroup of even signed non permut.&-

F matrices

even#of-1 entries



&An is irreducible Yh-1 (Oyukin diagram is connected)

#A
,

as Dynkin diagram is just an isolated vertex

so we only consider ter for n

&, and c Since Dylan diagram,
are isomorphic.

① ⑨ % #

so we only consider &Ch for n -3. ·oo

To,Eaon taxa, (not
irreducible)EA

so we only consider for for 134.



Th suppose# is an irreducible root system.

Then the Dynkin diagram
of I is either isomorphic

to the Oxnkin diagram of &An (somen=1) , tIsomen

# (some n=3), Isome) , on to one of
13

"exceptional diagrams :

Es Fu·

↳ G2 ·

· Moreover, each
of these exceptional

Es diagrams does
arise as the Dynkin

an irreducible)noot system .diagram of (



Proof that every irreducible roof system has one of these

Dynkin diagrams ->> See the relevant sections of textbook
if interested

Constructions for En ,
Fu

,
G2

-: we've already seen

#GianSe
&
has

W( * Ei/1sis4] SR4

Sna 48 elements , Weyl group has size 1152.

base [Ez-Es ,

95-5n
,
54, 151-52-33-En)]



Suffices to construct ega Es,y can then be realized

as subsystems. We can construct & &RO as

the set of 240 vectors of the form

[FEi +Ej/1S :<j58yr((a,s +as+ - - +a830) 39,92, ..,98E[71) with
2 =2+ 9y --- ag=+

This is a roo system with base

Leg = ([(k
-E-3 - En - 2s - 3j -2 + 28)

,
E , t En]

h

& - G
,

Es Eu , du-Es, Eg-30 , 35-E7
,

57 d



somorphismand conjugacy theorems

Recall that if L is a semisimple Lie algebra

lover an also closed ,
char. zero field #)

,
and HSL is

a maximal tonal subalgebra then there is a finite set

&>H
* 110] with L =HOL where

LE

L (x (2)(h,x) =a(h)xVhe]0 for&

The setI is a roof system in EFMQ-span(]
With the bilihear form on H* dual to the killing form of Crestrictedto.



Prop If L is simple then I
is irreducible

with nonempty

PE #f IP=, &2 were reducible
(

andorthogonal &
and L
,
Be

,

then +B is neither in

& (since (B , C +B) = (P , B) +0) nor in2

(since (2,
<+B) = ( ,2) +d) so+B

and it follows that the subalgebra of generated

by La for de is a proper nonzero ideal.

(since /La ,
1) =0 Vae) 8



P If L = L,40 ...Aln is the decomposition of L

into simple ideals then HidHUL; is a maximal toral subalgebra

of Li and the irreducible root system & determined by Hi SLi

may be viewed as asubsystem of& relative to which

= --

is the decomposition of t into irreducible components.
Bsee discussion in 514 .

1 of textbook. E



The suppose L' is another seris imple Lie algebra

with a maximal teral subalgebra
H' and root system G

Suppose there exists
a root system isomorphism f:

Extendf to a rector space isamorphism -
: HESH

by setting f(+) = tile where for,x' ,
()(+a,

h) = x(r)

tyeh andjeh' are the elements with S ((ty
,
h) = x'(h))

Choose a base US @ along with isomorphisms betweenthe

Idim root spaces L- Leal for <W . Then there is

a unique Lie algebra isomorphism(-+Lentending

f :+ # and these chosen isomorphisms.



This theorem does require some proof.- see textbook.

proof in Glu of textbook does not establish existence

of a semisimple Lie algebra corresponding to any Dynkin diagram.

#xistence of this is shown in 818 ,
we may discuss in a few

lectures. (for classical type ABCO, just use the classical

algebras sen
,
On

,
spen-main issue is about exceptional types)


