
MATH S143- Lecture 15



Last time : Cartan matrix & classification of
Coxeter diagrams irreducible roo
Dynkin diagrams Systems (and

by extension all simple
Lie algebras)

A root system in a real rector space [
-

with a symmetric, positive def. bilinear form, is a nonempty

finite setCE10] which spans E, which has

IR = (1Y *he, which has rang)=
and which has 2 (B,2)/(2

,
2)& Va

,Be



* Call the integers 2 (P,a) / (2
,2) the Cartan numbers
-

* An isomorphism between root systems of
--

is a bijection preserving cartan numbers

* A roof system is irreducible
if it cannot be
-

partitioned into disjoint nonemptyorthogonal subsets

Key point : every rotsystem has a unique decomposition

as a disjant union of irreducible subsystems /where

a subset of t is viewed
as a root system in the

subspace of E that
it spans



The isomorphism classes of irreducible roof systems

belong top families :

An (h>1) , En (52) , Cn(n=3) , On
(n>4)

Es, . es
,
Fu
,

and G2

Last time : we saw constructions in types ABC

Choose a samplestitem/base - in a rootsystem
↳ recall this is a basis for E such that

Order- as
we never need to mix signs of coefficients

<2 .. In when expressing roofs in terms of 2 .

Then theCarmatri of E is [2(di ,xi)/(ii)]Isissn



The Coxeter diagram of I is the graph
- same

22 Eto
with vertex set & and with 4KiddSee-
between xi and a; for each di dj in D.

The Dunkindiagram of I is formed from the

Coxeter diagram byorienting edges x= &

and <EB to beEB andB

if 11 all > IIBII . [Whenever a double or triple edge
occurs, it is between roots of different lengths]



& The Cartan Matrix and Dynkin diagram [up

to arbitrary relabelling of indices/vertices] uniquely
determine the isomorphism class of I . Also, I
is irreducible if the Dynkan diagram is connected .

The graphs that occur as Dynkin diagrams of irreducible

root systems are precisely

Ani 0-0- ---0 En : 0-0-0- ...- (n
= 6,8)

En :
o-o---of

En : 0 000 (n=u)

Ch i 00
- -0

On : 0 (n =2)
*

On : 00
-0-0

↓ In vertices o in each picture



#Backto semisimple Lie algebras suppose ( is

a finite-dimensional Lie algebra over an algebraically closed

field # of char- zero . Assume is semisimple[so

L is direct sum of simple Lie algebras/has no solvable ideals)
-

"consists of all
↳has no proper nonzero ideals and

1)

semisimple elemsIn
is nonabeliam"

Then : for any maximal toral subalgebra HL there is a
Cunique
a L = #@L for a certain subset &H*decomposi

↓

where L,* [x+L1 (h ,x) = x(h)XXheH]



The vector space #
* has a nondegenerate symmetric

form dual to the restriction to A of the killing form
def

x(X,Y) = trace (adXadY) for X , YEL.

The set & is a roof system in HY

Thy < is simple iff It is irreducible.

Also
,
two semisimple Lie algebras are isomorphic of

and only if their root systems are isomorphic.

one thing we haven't seen (for exceptional types) :
rest system there does exist a simple Liefor each irreducible

algebra with that not system as its .



Digression - Cartan subalgebras
-

Quick everview , no proofs

DAtan subalgebra of a Lie algebra
Lis

a nilpotent subalgebra HSL with H
=Ni (H).

Here NL(H)(Xf()(x,h) +H VLEH)

Th If L is semisimple
and defined over an alg. closed

field # with char(#)
=0

,
then a subalgebraH

is a maximal tonal subalgebra if It is a Cartan subals.-
-

# Char(#)>O , then these are different, however.



Net A Besubalgebra of a Lie algebra is a
-

maximal solvable subalgebra

hm If 8 , and By are two
Barel subalgebras of a Lie

algebra L , then there is an automorphism
feAut(L)

with f(81) =B2 . Moreover
,
the same fact holds

if 81 and B2 are two Cartan subalgebras .

Ex If ( = Sen(#) then two Barel subalgebras are

E, - upper
E-matrices and 82 = lower-a Matrices.

we have f(8,) = 82 for f(x) = - X*

Textbook proves stronger fact that feAut(H can be chosen

inasubgrap ECL) SAvt(L) generated by expladx) for
XOL that are strongly
ad-hilpotent ina certain sense .



Related important fact :

Cor In a general Lie algebra, all Cartan
-

subalgebras # are isomaphic.

-

New topic today :

universalenveloping algebras.
-



The following constructions pertain to arbitrary Lie algebras
over any field F . The main idea is to construct from

a Lie algebra Lan associative unital algebra U(L)
~

as freely as possible" subject to the commutation

relations of L .
That is

,
we want to build the

"most general possible algebra 2(4)3L that has
X . Y - Y . X = [x ,i) UXYL

An associative unital algebra is just a vector space A with
-

an associative bilinear multiplication operation and a compatible unit 1A.



Def An envelopingalgebra of a given Lie algebra (

is a pair (A, 4) where A is an associative unital

algebra and 6 : L-A is a linear map, such that

P([x ,i)) = ((x)p(Y) = +(4)d(x) XX,YCL .

If LSge(v) for a vector space V then

g((V) is an enveloping algebra wat to
obvious inclusion :1get

A morphism of enveloping algebras f
: (A

,4)+ (A2,(2)
- f

is analgebra homaarphism
f : A,+An such that Al-An commutes
- ↳
↳ linear map sending units to unity
commuting with multiplication



Def A universalenveloping algebra of L is

an
initial object in the celegory of enveloping algebras

for 2 : that is
,
an enveloping algebra (2

,
i) such that

if (A , b) is any enveloping algebra for 1 then there
is a unque Morphism (U

,
i) + (A

,
4)

Prop If (41 , ii)
and (2

,
in) are both universal enveloping algebras

for L then there
is a unique isomorphism (21 ,11)- (2 , i2)
-

morphisms
↳ morphism with a two-sided inverse

,
i.e.

⑰ By def- , there
are unique

C
an algebra isomorphism commuting with

+: (2,i) + (Un, ir)
and g : (42, in)+ (41 ,i relevant diagrams.

But the identify morphism is the only marphism (Wi ,ii)+ Chi, ij) .
So fog -id
gof-id f



So there is at most are universal enveloping algebra of 1.
Cup to unique isomorphism) . More involved :

Th Any Lie algebra (has a universal enveloping
algebra . (This is always infinitedimensional if L#0]

.

The proof requires a short digression on

-ensor algebras .



Let V be a finite-dimensional vector space over a field #.

Define ToV = # T3V = VeVQv

TV = v :

↑v = Veve ...eV in factors)
TV = VeV
-

Let T(N)=T*V
.

This a vector space whose elemento

are finite linear combinations of tensors v,0 .-Our
for any n30

,

any Vie

we make TCV) into an associative unital algebra with unit

1EF =TPcT(V) by setting
def

(r-V)(W ,Q - -Qwe) = Vi .-eVQw,Q-.Que
and extending by linearity ,

for vi ,wjeV.
The resulting

structure is the tenfor algebra ofV-
-



some properties of the tensor algebra TCV) :

* associative * graded as FMV xTi+Th
* infinite-dim * generated as an algebra by any basis of

The tensor algebra of V is characterized by this universal

property : for any associative unital algebra A and any

linear map p : V+A, there
is a unique algebramorphism

4 : TNV)- A such that the diagram

VinungT(V)

42d4
A commutes.



Let I be the two-sided ideal in TCV) generated
-

the intersectionofby the set (x*y - yex/xyfV] all two-sidedideals
containing these elements

The symmetric algebra of V is the quotient SCV)TN)/I
-

This is a commutative algebra with the same universal property asTN
but restricted to commutative algebras.

#f X , Xe-Xn
is a basis for V then SCV) is isomorphic to

the polynomial calgebra #(X, , Xz,--- (Xn) ina commuting variables.

The tensor algebra TCV) is similarly isomorphic to the free associative

agebra #(X 1, Xy-- /2) of polynomials ina nencommuting variables.



Poexistenceounveral envelopingalgebrasfacreagena
the set (xxy - yQx - (x ,)(x ,YfL]

-

zm n
u

-T ETL ET'L

Next we set U(L)
* T(L) / J

.

Also define

# : T(r) + U(r) to be the quotient map and define

i : L+ UCL) to be the composition 24 T"+ U(L).

Since JSDTL the quotient u(L) is nonzero and contains



# is not yet clear whether or not i is injective
(this will turn out to be true but is not part of any defs)
To show that (2(L) , i) is a universal enveloping algebra :

suppose (A , j) is some enveloping algebra for L

The universal property of TCL) gives us a unique algebra

homomorphism I' : Tcr) + A such that the diagram

L4T(L) commutes.
j2d4

A

But all elements xxy-y*X- (x ,x] for x,+e) are
in Ker(d')

,

since d'(x*y) = &'(x)d(y) as I' is algebra houn.
Thus J<Kerl'

so'descends to the desired unique morphism (u() , i)+ (A, d) . #



6 Suppose Lis abelian so that [X ,Y7 =0 XX ,ith.

Then J = # and U(L) = SCL) is the

symmetric algebra of L

Next : algebra structure of U(L)
-

and the Poincare-Birkhoff-Witt theorem

describing a basis for UCL)


