
MATH 5143- Lecture 16



Last time : we discussed enveloping algebras,

universal envel . alg ., tensor algebras , symmetric

algebras. For most of this discussion
,
A is any

field ,
L is any Lie algebra wer # , V is any

#-vector space .

Recall motivation : the
universal envel-alg. U(2) of L

will give an
associative unital algebra whose repus are

"the same" as repus,
and from which we can construct

all L-rephs



Def An envelopingalgebra (for4) is a pair

(A ,b) where A is an (associative unital) algebra,

& : LtA is a linear map with d([xX7)
= (x)P(y) -P(X)P(x)
XXYL

Amorphism (A
,
b) E+ (8

,4) is an alg - marphism
-

f : A +8 such
thatA fo8 commutes.

4

De .

A universal enveloping algebra (for L) is an
-

initial" object in the category of envel- algebras.
~

an object witha uniquemorphism to any other object.



How to construct such an initial object (from last time) :
Ti Tir T(r) TY(L)

Let T(L) = FLO(leL)(LeeL)0 . --
be the tensor algebra of h (with product givenby d)

form J as the two-sided ideal of TCL)

generated by the set [x*y - yex- (x ,x)(X ,y +L]
intersectionof all ideals containing the set

Now let U (L)
dT(2)/5 and let i : <+ u(L)

be the linear map
formed by composing

L =+(4) T(H) and T(4) "TU()



Main thin from last time (U(H) , i) is a universalS

-

enveloping algebra for L, and every other univ.

envelop - alg for L is uniquely isomorphic to (4(4) , i)

# If L is abelian then
5 = (xey-xex(xi+)

and u(L) = S(L) = the symmetricalgebra on L

Goals for today
: understand the structure
-

of U(L) ,
show e .g . that i : + y(2)

is injective .



u()d T(u)/(xX - x0X - (x ,+))x ,xzL]
-

some related notation :
= J

LetTm
def quotient

U
.10 and timT(Tm) where :T() U(r)

Clearly um ·Un Umen
and UmUmt

so we can
define a vector space gmum/um- and

set (1) 0 OhU(L) .

There is a well.
m30

defined assocrative bilinear map gx gh gath so

we can view J(L) as a graded associative algebra.



There is also a surjective linear map T(l) + O(L)=UmIn

given by summing
all of the maps

quotient
km : +* (2) -um--um/um-

This map is surjective because /Tm)Tm)=Um\Um-

Lemma The map=Im is an algebra morphismo
-

↑ (2) + 0 (L) with $(F) =0 where I = <x x
-yox(,++2)

so to descends to an algebra morphism S(L)
=+(1) /I+ 0 ).



# Let X = X, 0 --@ XmfTm(L) and y = y ,0 - @XnT(4)

Then $(xX) = P(x)b(X) So d is an algebra marphism.
II I

d(xy) = dm(x)Any

For any X1xt) we have
(x@y-yex) -Uz but

#(xy - yex) = π((x , x]) -U , so
it follows that

d(xxy -yex) + U ,/ , =0 so Iskerd . F

This lemma leads to the following fundamental
result:

↑hmm (powthm]
The algebra morphism w : S(L)+ e(L)

induced by I is an isomorphism.

Detailed proof is in the textbook... (skip in Lecture



we are more interested in the consequences of the pow thi.

Ca. Let Wo be a subspace of Th12) · Suppose the

quotient map +(2) + S
&
(L) sends W isamorphically

onto s (2) . Then Um =Um-GT(W).

Twhat is Such)? This just the image of +M/L) under the &quotient map +(H) + SC2) . We have S(L) = AmrcS
M(2)L quotient

I . Consider the diagram
+*) + Un- am =Um/Um

W

The lemma and pow
the quotien?) gi (2)-

imply that this diagram
commutes,

so as w is an
isomorphism, the

bottom two maps must send w

isomorphically onto JE. [Note : Um-
is kernel of Um+cm .] &



@ the map i: T(L) "U(L) is injective

P If we take W = T' (L) = L then the quotient map

TCH + S(r) sends wisomorphically onto s' (7) =+
'(2)

so prev corollary implies
that T (L)Quo = i(L)# =U ,

so i(L) is complementary to No in 21
and i is injectives

Ca If (U , i)
is any universal enveloping algebra for (

then i is injective.

# (because all univ . env . alg .
are 8



C Suppose X1
,
X2
,
Xa
, - - is an ordered basis fort.

Then a basis for UCL) is provided by all elements

(A) Xi. Xinxis --- Xim#(xixinQ-@xim)
where meo and iSiz5-sim

(In this setting the case m =0 contributes the unit 1.)

Call the set of elems (*) thebasis of (1)



P Let W be the subspace of TM/L) spanned by

the POW basis elements of degree m. . Then W is

mapped is omaphically into gM(L) and so the

corollary above implies that #(W) is complementary
to um-1 in

Um. By induction on m , it follows that

the Pow basis Spans UCL) and is
linearly independents

Ex. X1.X2
= X , X2 but

Xi X , =
X
,
Xz + [x2 ,) = X

, x2
+ Eaixi for some diff.

-

EL = Aspan[X- ,x ,
...)



Suppose I is a subalgebra ofL with

an ordered basis (h1 ,hu-- ) that can
be extended

to a basis ofL by adding (X ., X2...) .Then

the inclusion H -L extends to an injective

algebra morphism UH)<UCL) and UCL)
is

a free w()-module with
basis given by the PBW basis

elements only involving X1 , 42,%,-

# Clear from
the description of the POW basis &



FreeLie algebras - analogans to free groups

Suppose our Lie algebra L is generated by a set X,
meaning X <L and there is no proper Lie subalgebra

containing X.

Def Lis free on X if for any mape
: XuM

where M is aLie algebra , there exists a unique

Lie alg . Morphism 4
: L+M such that

&
X + M commutes.

inclusions<4



usual universal property arguments show that any

two Lie algebras that are free on isomorphic sets
-

are isomorphic (same size sets)

Given a set X , how to form a free Lie alg . on X
?

O Let V be a vector space with X as basis.

② form tensor algebra T(V) viewed as a Lie algebra

with [arb] = ab-ba-

③ Let L be the Lie subalgebra of TMV) generated by X.

Claym this gives a free Lie algebra L on X.



P Suppose & : X+ M is a map with M

a Lie algebra. First extendb to a linear map

v + mcU(M) ·

Then canonically extend this to

algebra morphism +CV)- (M), and restrict

this to a Lie algebra morphism. (Some details left to
check] =

Def If Lis free on X and R

is the ideal of L generated by some elements [filjeF]

thenwe call L/R = <X 1 +j =0 VjEF) the

Lie algebra generated by X with relations- =0.


