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Last time : universal enveloping algebras

For a Lie algebra (lover any field #)

a universal enveloping algebra is an (associative,

-UCL)with a linear mapunital) algebra

: < +U() such
that i((7) = i(i(i)- iC4)i(x)

XXL

and with the
universal property that if A is any algebra

witha linear map & : L+A such that k((Xi])
= ↑(x)P(i)-↑(i) b(x)

then Junique alg . marphism P : U(L)+A with =40 ;



=g Such an object (U(L), i) exists for any L

Fa The universal property determines UCL) upto

E The map i : < +UCL) turns out to be always injective

Construction : We can build 224) by forming the quotient
-

where T(L)
= ⑰ ThL is tensoralgebra , and

T(L)/5 n30

J = ) two-sided ideal generated by all elems [xi)
-XeIfor X,YEL=T'L

inclusion quotient

The map i
: L+ U(L) is given by (aT(L) -214)



* #) L is abelian , so (2, 2) =0 , then U(L) =SCH) ,
the symmetric algebra on L( = polynomials in any fixed basisof2)

Th (PEW thm) Suppose X- , X2, X3, ...
is some ordered

basis for 1 . Then a basis for 21(2) is provided by the

images of the tensors Xi,QXiz .-@X ET(L) as

(i 1, in -, iv) varies over all weakly increasing finite integer sequences

Isi . Sins--Sik .
Moreover

,
if XeT"L and YeTL then

k+l -1

XY-YX =
[ + + 5
=0

In otherwords : multiplication in UCH)
is commutative mod lowerorder

terms

Formally : the associated graded algebrad UIL) is S(L) .



*from last time : free Lie algebras

The freeLie algebra on a set X is the Lie subalgebra
-

TCV) generated by X , where V is the vector space

with X as a basis. She can also specify the free

Lie algebra by a universal property.

Write X =EX1 ,X2, X3 ...) ,

Choose some elements fr, fasfs;

in the free
Lie algebra on X . Then we define

[xy , x2,xy, . ) fi = fz = fz= =0)

to mean the quotient /freeLiealg . onX)/(two-sidedideagenerata
We call X1 ,th... the generators and fish--the relations of this Le algebra.-



For proof of POW theorem- see 512 .4 of textbook

Jacobi identify plays a rote in the argument.

Today:O Sketch statement of serve's theorem, telling us
&

how to go from abstractrootsystem to semisimple Lie
algebra

② Begin studying highest weight repus of samis imple
Lie algebras

setup everywhere today
: L is a serisimple Lie algebra

defined over an algebraically closed field of
characteristic zero.

I will always be finite-dimensional
.



We fix a Cartan subalgebra HSL
mem

same as "maximal toral"
meaning all semisimpleelements,abelian, etc.

Choice of I gives us a roof space decomposition
of (with

corresponding root system to be denoted by &H
*

Choose a set of simple roots
= Said

, ....n]
This determines a subset of positive roots

Define hjel such that LiChi)=did
Finally , choose elements

Xi Lxi and xieL- xi with [xi ,%i)
=hi.



Ex When L =Sln(#) ,we can take I to be the subalgebra

of diagenal matrices in L , and then one gets

hi = Eii-Eit
,
in (15isn)

Xi = Ei , ix)

Yi = Eith
,
i

prop . In this
notation we have ( = (i Xi ,hiliin--in)

and these generators satisfy
the following relations :

(S1) [hi ,hi]
=0 plus two moree.

(S2) (Xi ,Yi7 =hi
and [xi ,yj7 =0 if itj

(S3) Chi ,Xj] = (djdi7Xj and Chiyj]
= -<j<i]+ j



1- <jidi)
(sij) (adx(i (Xj) =0 far itj

(Sii) lady ,)
-Kid

(yj) =0 for i t j

when i , < ,
<i)=de so these identifies

make sense

Pf (SI) holds since
It is abelian

.

152) by definition and since

S

[Xi ,YiT & Lai-d ;
but di-dj& when itj-(53) holds by def:
-

=g

as Chi , xi] = </hi) Xi and
(hiiti)=xjChilXj

So the only neutrivial part is checking (sift
.



Suffices to check (Sij) by symmetry

We assume i tj . Then Lj-hi is not a roof, so the

di-root string throughdj the form

↓j , Lithi , Ljthdi, ..., Xjtg ;

where a = -<j.di) by earlier
results.

why does this imply that ladxi)1
-(ii)

(xj) =0 ?

Just note that (adxi)"mapsj Lj+Li

So if K -(ii) then (adxi)"(Lxj) = 0. &



k when rank # so that =Sl(#),

then the relations (SG) are vacuous since we

have too few indices to have itj , and relations

(S1) (S2) (53) reduce to the usual relations

[x ,y] =h and Ch ,x) =2x and (hix] =2x

key point about these
relations : they only involve

constants depending on the
root system



Thm (Serve's thm) suppose If is any roof system

with simple system( = [dy--,n] . Let L be

the Lie algebra generated by the 32 elements

Exi, i , hi /i = 1 12--yn) subject to just the relations

(S1) (52) (13) (Sii] (sii) from previous prop . Then

is a finite-dim semisimple Lie algebra with Cartan

subalgebra # #-Spanshi ,he,..,he] and with

correspondingnoot System & (viewing &H*

by setting dihj) = <di ,<i) and extending by linearity)



We will skip proof out of time constraints.

Rank If you do this construction
but leave out

(sii) and (Sij) then the resulting Lie algebra is

usually infinite-dimensional ,
but proof of serve's this

proceeds by first studying this object
.

car For each root system& there is a semisimple Lie
-

algebra with as its roof system (relative
to someCanton

subalgebra) .

Moreover
,

if we have isomorphic root systemsI

and with a simple system
DS whose image inis I , then

the obvious bijection
between generating sets of the associated Lie algebras

extends to an isomorphism of Lie algebras.



P The described map on generators extends to

a Lie algebra homanaphism because the images of

the generators of one Lie algebra satisfy the same

defining relations in the other
Lie algebra . (This a

general phenomenon of morphisms from
Lie algebras

constructed by generators and relations : a map from

the generating set extends uniquely
to a morphism if

and only the images of the generators
still satisfy all

defining relations] You can build such a morphism in

either direction, and these must
be inverses because their

composition is the identify map on the generating sets [



maximal solvable ideal

↓CriteorSemisimplicita reductive if Rab() = z()
-

A
center

① Semisimple => reductive since

2 (4) =Rad() So
if Rab()) =O then 211)

=0 =Rabl)
[Xe(ladx +]

② abelian -
reductive since

if z(r) =1 then Rad(L)
= L = z(L) .

Pro If L is reductive
then [42) is semisimple and (= 142702(2)

P (HW exercise) Since
(/2(2)=dL is semisimple,

it acts completely

reducibly on L , so L = M#ZIL) for
some ideal M .

But then

[L ,2) = /M ,MT &M and we must have equality since

[2/2(4) , 42(4) = 421) as
this is semisimple . &



Prop Let ( < ge(v) , where V is finite-dimensional , be a
nonzero Lie algebra acting irreducibly on V . Then L is

reductive with dim2(4) 51 and if LSsl() IgeNV)
then L is semisimple.

P Let S = Rad() . By
Lie's thm

,
S has a common eigenvector

in V ,
call this veV , with Sov = A/V

USES where

mustbezero (see

tes* If *) then
1sX]ES so

next page)
m

(t)S . (x-v) = X - (s=v) + (S ,X)
.V = x(s)X-v + +((s,x))v

SinceI acts
irreducibly onV , all vectors inV are obtained by

-

applying sequences of elements xcL
to reV and taking linear combinations

Thus (*) implies that in some
basis of V, each seS

acts as a

triangular matrix with 115) on diagonal.



Thus the trace of any seS is (dimv)S) .

Because the commutators (S,2) all have trace zero,

and because (S ,L] <S ,
X must vanish on [S1L).

-ut this means , by looking back at
(*)

,
that

seS acts exclusively as the scalar Als)

Therefore Rad(H = S < [12) whence Rad(t) =2(2)

So L is reductive and dims $1 .

Finally if LSSC(V) then S=0 since sell) has no

scalars except zero , in which case L is semisimple. [



Recall the classical we algebras :

Type An : Sent
(E) = (traceless matrices)

Type (n : Spen() = (X(g(2n((5x+ x
+
5 =)

for J =()
Types 8,0 : On(f) = (* (g)(4)(X +x =0]

Pop Each classical Lie algebra is semisimple
and in fact simple.



# g((v) = sl(v) + Iscalarmatrices) and ge(v)

acts irreducibly on V , so selv) also acts irreducibly
.

Thus sen(A) =(() forV = #h is serisimple .(or)

we observed lang ago that span(#) [Seen()
and

sen( So just need to show that these
Lie algebras act

irreducibly on
&
or? Straightforward fromexplicit

constructions : just want find
a way to express any XEgen (H)

products of

as linear comb. ofelements
in your classical algebra + scalars.

En this way , deduce that each algebra
is semisimple .

simplicity follows by computing theroof systems and
their Dynkindiagrams&


