
MATH 5143- Lecture* Ig



Ipresentation theory of semisimple
Lie algebras

Everywherei L is semisimple
Lie algebra over field

# is alg. closed and char. zero .

H SL is a fixed Cartan subalgebra

& SH* is the corresponding root system

& & is a simplesystem with elevs 21 ,62, ..., In

W & <ra/de@7 is Weyl group of

Goal : understand the finite-dimensional L-modules

in particular those which are irreducible .



Suppose V is a finite-dim (module. Then Hacts on V

as commuting diagonalizable operators , so V can be

decomposed into simultaneous eigenspaces for H.

Specifically ,

we can write V = &
V
I

XCHY

where U
* [veV/ Lov =Chr UhH]

If V+ to
(which can only happen for finitely

-

many +G H
*)

then we call VI a weight space andaweight
-

E If V
=L

,
Lacking by abjoint reph, then weight spaces are just the

root spaces L and the weights are the roots&
↳ along withH

& along with O



Ex #+ L = slz(() = (x = (d)
,
y = (i)

,

h= (1)
and V is irreducible, thenV looks like

V = V
-
mVm+20 .

- ①Vm-20Vm

for some integer m=0 .
Each Vi is a weight

space for the weight 1 : hmi· Everything

is east here because H = #- spanSh]
.



Some pathologies : if dimV = * then the

Sum of the weight spaces VI SV may be a

proper subspace , though this sum of subspaces
is always direct (HW exercise) However :

Lemma
Let V be an arbitrary

- module. Then

(a) L maps VJ
into Vita VAeH

* andL

(b) U * [V+ is equal to ① V+ and is an L-submodule ofV.

↓ H* ++H*

(c) If dimV
<@ then U=

#We
will just check (a), as (b) (c) are exercises

.
Note for XLa , veVX ,hel

that h .x .v = X
-h -V + (h ,x] ov = (x(h) + a(h)) X -v so Lasends Up to



-and dicmodulaweight+* in an -module
- Xv+ =0 YxeΔ ,

Xe2

Sis a nonzero vector veV with hut = /Hv"YheH

(This depends implicitly on choice of simple roots 4.

It dim = - then it could happen that thereare no such rectors
But if dimV< then the Barelsubalgebra B = HONOL
- det

is solvable and so has a common eigenvector in V (bycie's thm)

and this eigenvector provides a maximal rector)because it is

killed by all Ly for <ett)E first study L-modules

generated by a maximal vector.



Note that any -module structure on
V corresponds to

a map L-g((V) which is an algebra, and so extends

uniquely to an associative algebra module structure on

relative to U(L).

# V = U(L)
.ut for a maximal rector+ of weight +,

then we say V is standard cyclic of weight +,

and we call utthehighest weight Vector of V.
-

Fix XatLa
,
tatha with [x, ta)

= ha for each net

Write - >M for time
* If -M is a sumof positive roots



They Let V be a standard cyclic L-module with

highest weight rector veV .

Write [B
,
92... Bm]

and y: yBi · Then :

(a) V is spanned by the rectors Yixin---Yikv
as (i, in ,- , ik) ranges over

all weakly increasing

sequencesIsis in s ... sinSm
.

Also V is

the direct sum of its weight spaces

(b) All weights M for V have the form

M
= +- kid (where ki -T>0)

and therefore <t.



(c) For each MeH*, dimUuCN and dimV =

() Each submodule of V is a direct sum of weight spaces

(e) V is an indecomposable -module with a unique
maximal proper submodule whose quotient is irreducible.

(f) every nonzero homomorphic image of V is also standard

Cyclic of weight +

Pret N-= L and 8 =HO LasolN .

Leg L

POW thi implies that U(L)v
*= (N-2(8)vT = ucNtFr

+

sinceut is common eigenvector for B . Part (9) follows from PEWthm forN



our lemma above implies that Yixin--Yirut has weight

() M = +-Bi - fiz----Bik

so part (b) also follows. There are only finitely many

rectors in (a) that can give rise a givenweight M via (
*)

So dimUn > D ,
and the only such weight rector of weight

↓ is vt so dimV =1 .

for part (d) , let W be a submodule of V and write with

as a sum of Vectors vi - VM: for
distinct weights Mi.



we want to show that each vi is inW.

suppose otherwise
and choose W = V, + --+un with

minimal where none of1 ,12, -- ,v are
in W

. (Thenna)
Find hel with M.(h) MaCk) · Then how = E

: MiChirith

so (h-m ,h)WeW but Ch-Mihsw has the form

(Mz(h) -Mich)(vz + .-
+ (Mn(h) -M. ()) m +0

contradicting minimality
of n . Hence each view and (d)

holds .



We conclude from (c) and (d) that each proper submodule

of V is in Sum of weight spaces other than
VA,

so the sum W of all proper submodules is proper,

so the quotient v/W must be irreducible.

This proves let , and (f)
holds by definition.

If V is as in them and V is irreducible then

ut is the unique macimal weight
rector up to rescaling.

P If there were
another such vector of weight +then th

implies that +' and' so=+· d


