
MATH S143 - Lecture#19



-arificationsabout universal enveloping algebras

L Lie algebra

↑ (2) tensor algebra Cassocials , but noncommutative

S(L) symmetre algebra Cassos] alg . that is commutative

2(2) univ · enveloping algebra (assoc) alg . also NOT commutative

what's true : the associatedgraded algebra of 2(2) is =S(2)

in U(L) we have XY => YX + (x,Y) + YX
- -deg2 desi

key point : multiplication of homogeneous tensors in 2(2)
IGNOBING LOWER ORDERTERMS is commutative



Representationtheory setup : L is a semisimple fin.dim. Le algebra/#

# SL is a Cartan subalgebra,H
*
is the root system

,

* = Eadn , ...,
dry c is a chosen base, =spositive roots),

and W = <valde) =Crake) < GLCH*)

First key observation
: Any finite-dim L-module V decomposes as a

direct sum ofWeighspaces v= V+ where V EveVInv=+ Whe)
+ fH*

Call +el
*
a weight of V i V, #O and call VIaeight space ,

we make same
definitions if dimv =& but in that case

the sum of weight spaces
& V,which is always direct] may be IV.
+HY



Idea : to avoid pathologies with arbitrary infinite-dim -modules, we
&

consider standard eyclic modules.

A maximal rector in an arbitrary -module V is
a nonzero element

↑
-

Lv in some weight space f V with Xvt =0 XXeLa Vaey

Lie's theorem (applied to the Barel algebra B = H# L acting
↓

onV) ensures thatV has a maximal rector whenever dimV <d.

Def A standard cyclic module for L is an 2-module
-

with a maximal rectorv" such that V = U(L)
·ut.

En this situation,
the maximal vector -t will belong to VI

for some teH,

and we say V has highest weight +
-

and we call ut is a highest weight rector
-



Th (structure this for standard cyclic modules)

For each BE choose XptLp, yBfL-B such
that (X

,
YB] = hpfH

Write 1 in for x
,MCH

* if X-pcMo-spanExe]

Suppose V is standard cyclic 1- module with maximal rector veV
(a) If= SB,Pr,y, .--] then V is spanned

by vectors of the form

YBi
,
BinYBiz - -- YBipVt where Isi, is s is s .. Sik

(b) All weights u for V have< and dimUp-* and dimV = 1.

(c) Any submodule of V is a
direct sum of its weight spaces

(d) V is indecomposable with
unique maximal proper submodule and unique irreducible

quotient
(e) Every homomorphic image

of V is standard cyclic of same weight +



Today : first, two more this about standard cyclic modules

ThmA If V and W are
irreducible standard cyclic-modules

-

with same highest weight
+-* then VIW

Thumb If -H
*
then there exists an irreducible

standard cyclic L-module VC) of
highest weight 1.

PfofthmA .
Let X =Now [vew/veV ,weWY

.

This is an -module

-

and if vteV and wheW are highest weight rectors then

*V+ + w+ EX is a maximal rector also of weight 4.

LetY be the submodule of X generated by Xt .
This is standard cyclic by def.

But vE Y/kert , and W&Y/Kerith
where : +V and 2 : Y+W

are the obvious surjective homanaphisms. This means
V andW are both isomorphic

to the unique irreducible quotient
ofY. &



To prove thm 8 we must explain
how to construct standard cyclic modules

Enducedmodules Begin with a 1-dim rectorspace Op = Aspandr+]

spanned by some vectorv.

Let +e Hand 8=814HeLaC)
.

Leg

The Morelsubalgebra E acts on O linearly by

↓ . v
+ detibut and xu+ for hel , de Xera

This makes O, into
a module for 8 and for 2(8)

Def Let 2(t)
* U(L) *ue) Ox

+ ↳

This a general construction of a UK-module
: will J

left ucr)-mod left U(E)-mod

Concretely
,
2() is vector space spanned by right (8)-mod

the tensors xxy (xU(L) , y e0x)
subject to relations

(x+x)Q+ =x ++Q) c(xxy) = ((x)Qy = XQ((y)

xQ(x+y) = xy + x@y xb0y = xoby for xY(4) , b +u(b), y +0+



The way Lacts on 2C) is A .(**) * (x)@y (w/highed weight rector
↑ leut,

Claim [() is a standard Cyclic L-module of weight +.

# Every ye Ox is a scalar multiple of ut so every tensor

x*YE 2() is equalto . (lvt) where <(4(L) is a scalar

multiple of x. For XCLafato we have XO so

X. (lout) = xert = (@Xvt = 100 = 0
.

Also for htH

we have h - (lut) = hort = 10hv" = 10hirt = +(h) (lert) f



Let N
=

= # La · The relation Xbev" = x@but VbeB, since L=N
,

xe - Gt

SXi = XBi spans ↳Bi

3implies that if[B1 ,By Ba...] and Xi = Ypspans -p , then

3& Yitin ---Yip@V
+ /150 and isins ... sik

is a basis for 2Ct), via the POW theorem.

Prop z(x) = U(L)/IC) as
(L) -modules

,
where

-

#() is left
ideal generated inU() by the elements

(x, ,kn, xy, - -]u9ha-+(ha)-z)deq}

P These generators annihilate
levt so there is a surjective morphism

(H) /I(t) -> 2()
which is injective using Pew theorem.



Thm (Thme) Define VC) for t
*
to be the unique

&

irreducible quotient of the standard cyclic module [C).

Then VC) is standard cyclic
of weight + and irreducible.

Note: V() still might
be infinite-dimensional

↑ Since ICA) is standard Cyclic , and
since VC) as a quotient

is a homomorphic image of 2C) , everything follows from

structure theorem for standard cyclic
modules.

In some sense, hardest part of
thm is showing (t) #0

( but we will not discuss this issue in
detail

,
follows from PBW thm)



Two new goals : D Explain when VC) is finite. dim.

② Determine weight spaces VC) SVC)

Fact If V is any irreducible -module with dimVax
&

then VE V() for some
+H*

P If dimV* then Lie's the applied to
B-action on

implies existence of a maximal
vector of some weight +.

This vector must generate V by
irreducibility

, so VEVC) by
ThmA.

To be continued next time.


