
MATH S143 - Lecture#20



Representationtheory setup : L is a semisimple fin.dim. Le algebra/#

# SL is a Cartan subalgebra,H
*
is the root system

,

* = Eadn , ...,dry c is a chosen base, =spositive roots),
and W = <valde) =Crake) < GLCH*)

An L-module V is
standard cyclic of weight+

* if JOAvteV

such that V = UCL)
v and Xv" =0 Vet XX thaShut = +(n)r+ YhtH

ThmA # V and W are irreducible standard cyclic L-modules
-

with same highest weight
+-* then VIW

Thumb If -H
*
then there exists an irreducible

standard cyclic L-module VC) of
highest weight 1.



Fact If V is any irreducible -module with dimVax
&

then VE V() for some
+H*

Pf If dimV* then Lie's the applied to E-action on
-

implies existence of a maximal
vector of some weight +.

This vector must generate V by
irreducibility

, so VEVC) by
ThmA.

Goals for today : D Explain when UC) is finite - dim .

(and next week) : ② Determine weight spaces vC)MSVC)

For each simple root died let Si = SaiL- #haLase
Then VH) is a module for Si and a maximal vector for Lis also maximal for Si

Thm If
V = VH) and dimV

<d then (hui]EoVdie

and if Me
*
is and weight for V then uChai) +XXXIE

posytch Follows from sea-reph theory as V decomposes as sum of findin
irr. Si-modules.



Call tel
*

dominant if Alha) so Vae
& lequi. Vaet)

S integral if +(ha) (7) Va +& leguir. Vace)

Then +H
*
is deminentintegral if(a) +z0Xhe(

Let 1 be abelian group
of integral weights and 1t the subset of

dominant integral weights. Note that 13 .

For an L-module V let TT(V) #
*
be its set of weights

and define TTH) = (VH))
·

If dimV <* then iT()
<1.

Next main the suppose to lt
.
Then VC) has finite dimension and

-

the Wexl group WSGLCH
*) permutes #H) with dimVC)p = dimVH)op VoeW

o The map +He
UH) is a bijection from

14 to isomorphism classes of

irreducible fin .dim. 7-modules . P
Combine main the with fact and

the on prev slided

(along with ThmA)



ELA EL-di

- M#sketchofman theemmiting Xi =Xi
,
Yi =Yai

,
ambhar = [xi,i] fordie

(a) (Xj , y ,
**) =0 When iJ , 130

(b) Shi , X :**) = (kt) diChj) y +
**

(130)

(c) (xi , y :
** ] = - (k+1)y

*
(k-hi) (130)

Straightforward algebra by induction on 10 .

Now we derive a series of claims.

Rain11) y ,
Wit
+ =0 where mi =Alhi) -30, and

reV =VH) is a

highest weight rector.

P otherwise can use (a)-(c) to show that
y,itvt

is a second maximal vector of weight #4 which
is impossible



=Shz(

Chamy12) v contains a nonzero findin. Si = Sai-module

# Consider subspace spanned by ut, yir" , yut,...

This is finite-dim by claim 111 . S

Day(3) v is a sum of finite- him Si-modules

# Let v'be the sum of all Si-submodules
of finste, tim inV

Then V'to by claim (2) . Check that
I is an -module , hence v'=

4 use (a) (b) (c) Since VirreducibleG

Claim (u) #f & :- g((V) is repu corresp , to L-module structure onV
-

then $(xi) and(vi) are
both locallyhilpotent (meaning hilpotent
-

When restricted to a finite-dim subspace)

Pf Each veV is
in a finite sureofG Si-modules , onwhichxi) ,di act as

&

hilpotent operators , by sen-repe theory . &



Claim(s) Define 0 exp(xi) exp(-y) exp(Xi).

This is an automorphism of Cas a vectorspace)

#Just need to check that O: is well-defined, but this follows

from prev claim . S

Claim (6) If m
is a weight of V then 0, (m) = Vr

Fordra (M) with raeh the usual reflection
.

standard cyclic modules
by structure tha

for

m

# Follows from Seu-reph theory since VM
is fin-dim Si-submod

,

see 57.2 in textbook
for explicit argument. 2

Clym() If METN) =T() and weW
then w() TT()

and dim Vwip) = dimUp

# Immediate from Claim (6) as W = <rail diet] &



Chin(8) #C)
is finite

# TTH) is a subset of
the set of W-conjugates of all

dominant integral Met
* with St by claim (2) and

structure thin of standard cyclic modules. Results in Chapter 13

of textbook imple this set is finite . 8

Clam() dimv
>* Since #(v) =TC) is finite and

each METTH) has dimUn< &

W



Multiplicityformula Fix &11
.
Then VC) is findim. irreducible.

For MH
* let my(m) dimVH)E -30

This is zero if u TC) - Call my(m) the multiplicity of pinUH).

If Mt H
*
and $1 then p ETH) so my (m) =0.

Thm (Freudenthal's formula)
If ME1 and =Ed the

((+8 , x +8) - (M+ 6 , m+S))my(m) =2EmMi Ina

and this formula provides an
effective algorithm to compute my(M).

kex point (nontrivial ,
see 822 of textbook) : if + FM then 11+81"#1 MAS

- so can divide
both side by this number

mingpoint (trivial):=



Formal characters Want to assign to each fin . dim. 7-module
S

a vector (similar to character
of a group repn) that identifies

its isomorphism class .

Not let <(1)
be the free <- module with basis

given by symbols Set/ ++1) and make
this additive group

into a ring by setting eter = etth. Here 1CH
*
is the

infinite set of integral weights, including Oe1-

de If +ent then the formacharactero VI
is chr =ChE

MTe(t)

# v is arb . finite dim . -module then
V has unique decomp.

~ =VIIlOU(r) O ..VHK) with each tient and we set che-ch



= #f L = sl() then Chy = et + et-det2+.. yet
-ma

where m = < +.5) (Here < = (1) , x = (ii)
,

m =++2)

Wealgrap W acts on17 by

w . /[ (er) = Equew(m) Where GufL
Men MEN

Ca chu is fixed by every weW. If my(m) = my (w() VweW

Prop If ff()/1) is fixed by all weW then I has

unique expansion
as a finite linear combination of formal

characters chy for + 1*



Pidea : write f = E Get with CL
↓ +1

all but finitely many It's must
be zero. Find a maximal

+ent with Ct0 ,
farm g = f -Ch+

,

and

argue that you
may conclude by induction that I has

desired expansion. F

↓
need more to deduce uniquenessexercise

Prop Suppose V and W are both finite .dim. L-modules

Then chrow = chuchw .

(Recall how vew is an -module
:

X . (vew)= New + veXv fa Ver&wehr

#) straightforward exercise. 8 XtL


