
MATH 5143 - Lecture #21



RadL =0 E) no solvable ideals #) noabelianideals

& E L =①simple Liealg)

etup : L is a semisimple Lie algebra defined over
an algebraically closed , char.zero field #f Assume
dimL*

,
let HsL be a Cartan subalgebra,

write #
*
for corresponding roof system

so that L =HAL
,

choose a
&

simple system2&

If V is any
module (meaning [x ,+] -v =X -Y-v -Y - X.)

then a weightspace in
V is any nonzero subspace of form
-

x = [veV/h-v = +(h)vVheA] for tel* Call + the weight-



↳same Fact Any finite-dim L-module is direct sumof
its weight spaces

-fof weight+ H*)
AStandardCyclic L-module is an -module

generated by a maximal recta vt (to be called

itx .v=0 VaeLXXSLathe highest weight rector) Sh .v" = +(h) v
+ -heH

F Every finite-dim L-module is standard cyclic
Every standard cyclic L-module is direct sureof its weight

spaces

The suppose
V is a standard cyclicmodule

of weight

then all weightsM for - have dimund and p+ and dimV,=
un

also V has a unique
maximal proper submodule, and means+-ufsspan(4]

unique irreducible quotient , and all homomorphic images of V are also standardcyclic of weight+



#m for each +E
* there exists a unique

isomorphism class of irreducible standard cyclic 1- modules
-

VC) of weight +. One explicit construction :
infinite-dim,IDefine(4) Que) Ot
not nec irreducible

,

but it is standard
cycleoft X

where B = HAL and 0x = #-spaniut]
xg

with 8 acting on O, Such
that Lvt =Anu+ thelSXv+ = 0 XXLa,

In this tensor product, we have xbQrt
= x @br

+ Yb4(8)

finally define VC+)
def (unique irreducible quotient of z()



Fa If V is any finitedim .

irreducible -module

then VE V(t) for some telt
*

Call +H
*
dominant if Alha) >0 XCEL
-

integral+ HY,
Let 1 beset of negalihavSnet[lef1+C1 be subsetof dominant integral+1

hade where (
: (xL+ # is killing form

Here :
< (tata) (((x,4) = trace(adxadi)

and tae It is unique elem with

x(ta
,
h) = q(h) Whel



The Let +H*. Then the
irreducible (-module VCJ)

is finite-dimensional if and only
if to It is

dominant integral . Morever , in this case the

Wexl group
W of permutes the set of weights in

VC) and weights in same Wabit all have

weight spaces of same
dimension.

Define my(M)
* dim VCt)m for MeHY

There are various
formulas/recurrences to explicitly compute

these numbers, e.g. Freudenthal's formula
(see Lecture # 23)



To make it easier to compute and manipulate the

multiplicity function my , we
encode it as a formal character:

Let <[17 bespan of the symbols et for
tel

viewed as a ring with eteR+ and 1 = e0

The famalcharacter
of any findin . Lomoduleis

zmy(m) eM - X(1]
Chu - ME H

*

-~

finite sum

W acts linearly on <(1) by
w-et-et and this action fixes

Chr for any V . ProAnyfe(M]
fixed by all weW has unique expansion

as linear comb- of formal characters chx Chuck



Prop If V andW are two finite-dim -modules

then chrow = chechw
-

Today : Harish-Chandra's theorem

some technical proofs will just be outlined

Let Z denote the center of the algebra UCL)
:

z(xUk)(xx = y x VycL]

This is a commutative subalgebra ,
and each of L-module

is also awilt module and
, by

restriction, a Z-module.



Consider theStandard Cyclic L-module

2() = u(4) * u(80x

for some +f*,
now viewed as a -module.

Ifut is a maximal
vector in [C) and zeZ

then h . z .+ = z . hivt = x()
zv8hfH

YaEX . z .ut = 2. X .v = 0 XfLx

Thus z .ut is also
a maximal rector of weight +.

Therefore zort is a scalar
multiple of ut.

Define X1 :2+ # to
be map with z :1" = xj(2)v

+

Vze2
Does not depend on choiceof ut , as all

maximal rectors in 2Ct) are scalar
multiples of each other.



fa Xt is an algebra hanamorphism

& XIzza)vt = 2,22.+ = 2. (zzivt)

=> Xy(22) z ..ut = xx(2)x122) ut ,
d

Call Xx : (2 = centerofM() + #
the (central)character of +H* [ar of z()]

These central character by may coincide
for different ts,

and Harish-Chandra's thm will tell
us precisely when this happens.



Fac If zeZ and ne2() is any vector then

z .u = Xy(z)u-

If Since v/generates [Ct) and z commutes with

all elements of L , the
result follows. S

Car the action of
ze on any submodule

-

of homomorphic image of 2C)
is by the scalar <+ (2)



B Two elements +, pet
*
are linked (be weW)

if X +8 = w . (M+8) where get
g

In this situation we write put .

Given Get choose*XL1 .

Then there exists a unique yath-a

such that if La
* (xa ,

ta) then <xa .
Yaha) = Slz(t)

via X # 18)
,
Yat (ii)

↳a 1 Soil

Prop Let + (1 , 2 +0 , m
= (t ,a) .

If mzo then Y
*Qui"EL() is a maximal rector[ of weight X-Cm+ld . (Here , veO+ solQuit

generates z(t))



P Formulas last time tell us that :

for aBint : Exp=By
=G

ForantBeK : [hB
,

y = - (mm) (hp)y = +(hp)

=> L. H)
If X andM are linked↳ = ( - (mm)a)(hp) yam+ v+ gby rath thenp
8
#,4 , M = r

: (+8) - 6 where th
X( x -(x

.,
2)x

then 41 = Xp 15:)

# rasends dim-d and permutes &"(), so rag-f
= -2 and

M = rat
- 2 = x - 1+,) +19 ,

we always have <1 ,2) EK.



It < t,27 E To then previous prop shows that

2() has maximal vector of weight p.

As zeZ acts on this rector by the scalar

XM(w) and also X1(2) , we
must have + = Im·

- -

as the maximal by earlier observations

rector oft p

generates a homannaphia If <+ ,
27 So then

image of z(M)

(M ,
27 = (t ,2)- 2((+ ,2) +) = -(a) -2

is 30 So we can apply proposition
with m in place of I to deduce the

same conclusion. &



Because W = (ra/ < (6) we can conclude
:

& (Easy directionof Harish-Chandra's thm)
If twp where fol then **= Xp.

Th (Harish-Chandra's thm) Let +, p eH*

Then X1 =Xp
if and only if +-M
-

means+6 andptS
are in the sameW-orbit



utlineofProofof Harishchandrana
p when en

we want to extend this to a statement allowing anyJH
*

Construct PEW bases of U1L) and HCH) from the basis

Shale]t <xaxaldeft] for L , under and

order putting all X's first, then the has
,
then the Xa's.

Then we can
define a linear map S: (2) ->(H) sending

each POW basis elem in UCA) to
itself

, every other Pew basic elem toO
-

SinceL will eithera
kill v+E2() if any jao

LEΔ Let send v"to lower-weight space if

all ix =0 and any igo

it followsthat15(2) 0262



Now define another Lie algebra
homomorphism n: H - 2(H)

With M(ha) =ha-1 Vaey .
This extends to an

algebra automorphism U : TI(H)
UCH). Define

4 : 2) =UCH) (4 = no 3)

we can
write -Et as sum over fundamental weighta
-

which have talhs) =Cl for ape. Then we
havea

(+8)(hy
+1) = (t +8)(a) - (4) = x(ha)
--

X(ha) +1
= I

So (A+s)(4(2) = x((2))Vz+7 ,
JH
*

#>(4(2)) = x x(2)Vz+2 ,+ + H
*



Now check that P(z) is Winvariant

Cusing the easy case of theorem and properties of

w-orbits in 1) and use this to conclude that

ifXmy then ( + 8) (4(2)) = (M+ 8) (4(2))

and hence that Xp = XM ,
(for any tiMe H*).

The other half of the theorem remains
:

if xx =Xp then need to show that Nr M .

This requires a more
involved argument - see 823.3 of

textbook.[


