
MATH 5143 - Lecture#22



etup : L is a semisimple Lie algebra defined over
an algebraically closed , char.zero field If

Assume dim2*
,
let HsL be a Cartan subalgebra,

write #
*
for corresponding roof system

so that L =HAL
&

choose a simple system&



For each EH* define z() = u(L) Que) Of

where B =HAL and 0x = #-spaniut]
xg

hut =xh)v+ (h(H)
HereB is acting on0x such that SXv = 0 (X0(,)
In this tensor product, we have xbQrt

= x @br
+ Yb4(8)

Also define VC+) def (unique irreducible quotientof (H)



Fa If V is any finitedim .

irreducible -module

then VE V(t) for some telt
*

Denote the center of the algebra UCL) by

z(xUk)(xx = y x VycL]

This is a commutative subalgebra ,
and each of L-module

is also awilt module and
, by

restriction, a -module.



Consider theStandard Cyclic L-module

2() = u(4) * u(80x

for some +f*,
now viewed as a -module.

Ifut is a maximal
vector in [C) and zeZ

then h . z .+ = z . hort = (h)
zout Th+ H

& O

EX . z .ut = 2.x .+ = 0 Va+0
, x+aea

Thus z .ut is also
a maximal rector of weight +.

Therefore zort is a scalar
multiple of ut.



Define x1 :2+ # to be map with z
:11 = xj(2)v

+

Vze2

Does not depend on choiceof ut

fact Xt is an algebra hanamorphism

Call Xx : (2 = centerof2(4) + #
the (central)character of +H* [ar of z()]



B Two elements +, pet
*
are linked (be weW)

if X +S = w . (Mts) where get
In this situation we write put .

Th (Harish-Chandra's thm) Let +, p eH*

Then X1 =Xp
if and only if +-M



Iplications of Harish-Chandra
the

We want to introduceformal characters for 2 (t) and similar modules

Let () be the vector space of all formal -linear combinations

2 et (C, et is a symbol)
*H
*

which are finitely supported in the sense that

there are finitemany Xi ,+2
,
te
,-,
thH
*
such that

#0 + St : for some ; where
↑ means

def M M-1(Span(Δ]
= Edim2C),e[Then the formal character ohzut)- NEHP

belongs to Cf·



= () is closed under usual multiplication extending

ring structure on [1] . (Since +iSMi = +
,that --SMitMat--)

We now have a well-defined nation of formal character

Chude&dimvpe
for any standard cyclic C-module V.

Let p(t) for XeH
* be #of functions: #30

such thatad=o clearly p()=0 unless
Let (--)t>ospand +8]

Call p the Kostant (partition) function and identifypEnPet-



Also let g =
# le
*-2) call this the Wexl function
-

+T
- simbols since **/2 H

*

finite

Finally set fa = e+e +... E(z) forne

Emmat (a) P= (n)(e -=4) fa = e

c) q =e- where
# (a) holds by defa ,

(b) is basic algebra (c) is clear. &



Emmat For any weW it holds that wa = sgn(w)

↳ acts linearly an ( by we- ent

# Suffices to show rag = -q for anye.

Easy enough : 129 = vale-4) rate)
: =+ ~

fixed by ra
==q . F

⑪ qp-e

* apse-) . ep.Sle
Celt

=>
#(le -4f)= =/mat)
Ledt



Emmap chz() = [P(y-+e = e
+
p

MEH
* W

[p(m)eM

P Straightforward from properties of 2() &
MEHY

(see Ex . 20 .5 in textbook)

* +SEmma gche-e
-S

P ape = e= 1 and Cha-etp
x +8 -S

so gchat-e ape = efts G
↑

Lemma C



Want to express Ch+= Chuc as linear comb. of Chapel's

Define My (for + &H
*) to be the family of L-modulesV

such that (1) V is direct sum
of its weight spaces

(2) Z-action onV is by Scalar +(2)

(3) chve(t

My is closed under taking submodules, homanorphic images,

direct sums , contains each standard cyclic module
.

Car (of Harish-Chandra thm) My
=Mp if + -M



Lemme suppose OVEM1 .
Then V has a maximal rector

P Since che eff ,
for each weight M of V ,

and

each de there is a maximal KCzo with Mt k*

still a weight . So we can find a weight i for

such that pa is not a weight&
,

and then any

nonzero vector in the corresponding weight space is maximal
G



For+ H*, let O() = Em + H
* /MS+ and Mr+3.

Pop Let +H*. (a) 2C) has a composition
series ·

(b) Each composition factor of 2() is = V(M) for some me Olt)

(C)VH) occurs as exactly one composition factor
.

(a)Nothing to prove if It is
irreducible . (then 2)=VC)

Otherwise2H) has a proper nonzero
submodule v = M+.

Since dim 2C)j = 1
,

t is not a weight of V. So by

lemma
,
V has maximal vector, of some weightM It,

V contains homomaphic image W of T(N)
, so xx =Xp* fun

=> ME OC) . Continue
inductively

, repeating some argument applied to W
and2()/



(b) Each camp. factor is in My
so has a maximal rector

and is irreducible, so must be standard (clic , hence * V(M) for
some nEO(t)

(c) Clear since dim 2C)+ = 1
.

F

& Let +H*. Then ChuckStret
for some coeffs cutL) with =1 .

EdpChv(N)
4) Prop says we can write che)

= Chuck MEO
where do 30 ·

Thus Chri = Chac-Edichvc)
Me()

and expanding the RAS recursively gives desired formula. &



Thm (Kostant's formula) Let to t then

my (m) = [
Sgn(w) P(m+8 - w(+b)

weW
-

potentiallymany terms

# Chy-chzp) with
Lemmas ando

ineNt8 and
tell us that gahy=c)S

w(qcht) = w(qbricht) = Sgh(w)9ch VweW

But also w([creMts) = &CreWCMAS)
since we

MtO(t) Me O(t)

permutesOH) while =1 ,
deduce that C = sgnCr) if w(Mb)

=7+S



soESi(u)ew(+)
Ex Lemma C , Ch = 9 pecht

= pef)[son(w) en(
+8)S new

w(++f)-S

(

Carq = Essulates
= PESgncul e

w +W

wen w(tf) -S

Of Take +=0 . [ = Eigh(w) pe 8weh
Next[ : Weyl character formulatime


