
MATH 5143- Lecture 23



Setupthroughout : L is a finite-dim- Semisimple Lie alg ,

defined over alg .
closed field# with char#= o

,
choose a

Cartan subalgebra HCL ,
write &CH* for corresp-root sys

,

choose a set of simple roots &, positive
roots ot, write

W = <rald + b) COL(H
*) for weylgroup.

Lasttime : Let I be center of universal enveloping alg .U(L)
standard

For each teH
*
we have a cyclic ↓module 2()u()0xu(b)]

↑1-dim

Fact : There exists a unique algebra hom . XX:+# Barel
subdy

-

(called theCentralcharacter) with a -u =Xy(a)uXacz ,u+z(t)



Harish-Chandra's thin gives nec and suff, condition to have

*1
= X
, for 1,H! Namely : say that X ,me H*

are linked (and write -M) if 46 and utS are↓ in same W -orbit where 8-15 t
The for +mo

*
we have xy =Xu if and only if +-p.

Define the formalcharacter of any (Standard (xclic)(-moduleV
to be the formal expression Chv = EdimVue!

MC H*

Here W = [veV)h .v = M(h)vVheH]Ser is just a formal symbol



The reason for this notation is that we want enable

adding and multiplying characters like formal power series (or
polynomials) under convention that eteh = et+m

For this kind of multiplication to be well-defined the set of

nonzero coefficients ap to in a character iet
must be finitely supported in some sense.

Relevant property : If Visstandard cyclic then Chref)
-

whereIf is set of expressions
& Cret for which there
MEH*

are finitely many 11 ,2, --,H
* Such that CO- MC+i forsome

index i

where Mal means+ - >otpan[de0].



Recall that VC) is unique irreducible quotientof 2() ·
& finite .dim iff + 1 t = (setof dominant integral wts) &H

*

Now
, given 1 ,ME H* define

my(m) = dim VA)p = (dim of M weightspace)in V(t)

so that chrich =Me

Let sgn
: W+(#1) be unique group homanaphism

with Sgn(ra) = +.



Let plt) = # of ways of writing -↓ as a sumofpositive roots

= functions K:+1730

(such that+E k()d =0
Ged

"Kostant partition function"
(dominant

, integral ,so dimVC) <*)

Th (lostant's formula) If +f 11 then

my (m) = [Sgn(v)p(y+S -w( +8)

Explicit formula but still less efficient than
recursive , less explicit algorithms for computation



In proct of Kostant's formula
,
we encountered two identities :

Let q defHe =-
xept

Then (1) qchx = [sgn(w) eW(
+s)

WeW

(2) q =& Sgnu ew (sett =oil I

substitung (2) into (1) givestheCharacter formula

which i...



Thm If tent then

(5sgn(r)e) ch=Esgn(w)ewew

Thus can compute chy by doing "longdwision"
in ring () mo but this is somewhat complicated in practice

if 181 is large .

Application : an explicit formula
for

only defined

deg() dedimUH)= (M) fa



Let (fo be EspanSetH*)Soformachars nes( (
Then can define eval :(

Ec
Then deg() = eval(chy).
Also eval : (to+ # is a ring homomorphism

so eval(ch, cha) = eval (chi) eval (ohr).

for reat let 02:fo-to be linear map withCele*
This is a derivation: Dalg) = Dalfg

+ + Dalg) since

Dalete) = On(e+) = (x+ M ,x)a
+ M

= Dalete"+etOleM)



Let 0=O
: (fo-(fo (no langer a derivationa

Let Q=Shee So Weyl char, form, is

wew

wS

[
~ 7w(St)) Q - chx = P

P = Esgn(w) 2

Y
We want to apply evalo0 to both sides of this

Since each On is derivation , Q = EST le-1)
,

and

xqt
evalle"-1) =0 ,

one can show that this gives

eval (0(a)) event) = eval (0(P)
-

=> eval(0/0 · ch+)) after cancellations



This implies that deg(t)=all
Now observe that eval(0(es)) = eral(p16,x) · e)

= Tap +
(6

,4)

Similarly eval(0(eWS))= (w8
, x)=Lept

But recell that w" permutes & = ()2()π(8,6)
and sends 1(wt) =eu) roofs in to- so x+ d+

-+18,2)
Thus eval(0(Q)=EsCens)= [ sgnIn)T (8

,2)# wow dept
=(W) .Tacp+ (S,a)



Similarly we derive eval(0(P))=Esgrevallolet

=> IW . I (847 , 2) . Thus , as deg()
↓+

Do (Wexl dimension formula) If +ent then

deg() dim VH)=)
where d =E and <9,27= 2



IH till =2/vsa
Consider root system

[1+22 Positive roofs are d ,ditda,da , and =Litd
↑V

-- -

(x ,x) = 11/1) 11 y1I cos langle between and) So

/ (a-, (1) = 1 = (42 ,(2)

(a
,
<2) = kn

,
4) =1/2

Let +,t eth be (
.
6) = (x2

, 8) = [and(x, +2y ,b) = 1
such that

[ii] =bi <S .

4
17 = <8

,(2) = 1
,
<S

,
0 ++2) = 2

=> TT(0,97 =2Wdeft
Every weight +ent can be written uniquely

as = mit , + meta

As (++8 ,<1) = mitt ,
(+ S,22) =matt ,

St+8
, Citar] =mitmutz

-we end up with deght)= (m ,+1) (m2+) (m , +M2+2)


