
MATH 5143- Lecture 24



Overview : chevalley algebras and groups
-

keep same notation for
L
,
H, ,0, W , etc.

Idea : there is a basis for L whose structure constants are

all integers, so we can realize (as a Lie algebra

generated by matrices over I .

By extending scalars, one can construct Land

its representations over arbitrary fields (rather
-
-

than just the nice field #)



Recall that L = #@ L where
Le

Ld(xf() (h,x) = a)XYhH] .

key properties : dimL = /
-

dimH = 141

[L
,
La) is a 1-dimensional subspace of

H

spanned by a certain element ha

To be explicit : writing (
< (X ,i) = trace ladx adi)

,
we can

define to[x] for any nonzero XfLc,MEL- . Then

to is unique elem of H with
(CC+2

,
h) =alh)

.

Thenha=
((+a,+)



Of a Chevalley basis for L is a basis

EXatLale] Shihn, ---hacH]

such that a (xa , X-c] = ha fa &
(recall , he is defined entirely from 2,H ,5)

only partwe

haven't seenS③ if < , B ,C+Be and [xx
,
XB] = CpXatB

before for Cape#, then Cap=-C-h-p

⑧ has a simple system & such that

Shi
,
hr
,
--ihn] = Chaldeo]



Pro L has a Chevalley basis, and the coefficients

Cap corresponding to any such basis satisfy

+
where the d-rootstring through B is

B - ra , B - rx+ 2 , - . - -, B
+qX

Slightly technical but elementaryPlike
algebraic exercise given what we know

about

the root space decomposition. O



They If EXELaleShiha, ... IneH]

is a Chevalley basis for the corresponding structure

constants are all integers :

(a) [hihj] = 0 Viij
where 4 = (4142

,
...Xn]

(b) /hi
,
Xa] = <2

,
di7Xx is simple system for
zu [such that his hair I
EX

(a) (xx
,
X
- a) =hack-Span&h ,hz,--- ,ha]

↑

(a) ifBe are non-proportional then
where the d-root

(x1
,
xB) = [rx) xd+

if L+B4 Istring through& isIif atBed B-r...., B+Ex
u
EX



plsketch We have Chi ,
h;7=o since It is abelian.

We have (by def) (hi ,Xp) = <hi) Xp =2)
==

We have (x, *-1) = ha by defn of a Chevalley basis.

We want to show that Laf -Span(hi ,br---hr) · For this :

let a = 24/(
,2) then E = (IxE) is a root system

with base &V =Ca (2) ,
under the killing form identification

v

of # with H*, +2 and he ta and each " is

a7)-linear comb"of t so each ha is lin ,comb - of Chrba,--hn].



if LBEFinal property that [ ,*] = [rm xxp it aped
follows from the proposition and this lemma :

J

tells us that Cap = (r +)> Cap = = (r+)

Lemma If < ,Bo are noproportional
and

the -string through B is B-rd
, ..., B+qX

thenit&

Pfidea: either case-by-case argument , considering
S

rank two root systems, orsee uniform geometric
argument in textbook :S



Aboutuniqueness : given LJH ,
&

,

etc
.,
a

Chevalley basis is "almost unique" : once a

simple systemLcG is chosen
,

the

his are determined ,
but there is some

flexibility in constructing the XX's.



Fix a Chevalley basis for L
def

Let ((4) = --span) this chevalley basis]

= T-span[x() , hihz, -- ,ha]

This is "Lie algebra wer" in the obvious sense.I
inhereting Lie bracket from L

For a prime finite field #p = /p> (P20 prime
def

can define ((#p) = L(2)* #p

more generally , for any field extension (Ap can define
def

L((k) = L(f) *+( = L(z)xp



El Then L(IK) is a Lie algebra over 1K .

Call this a Chevalleyalgebra.

How do the tensors @Work?

You have symbes ap but not for any ke7)

we have Kaxopb = a @pkb , plus usual tensor
formalities.

Exercise Isomorphism class of <(14)

depends only on I not on the choice of Chevalley basic.



G If L = sIn(A) then L(K) has same

multiplication table relative to usual standard basis,

so ((k) = Se(IK) . Only change in this case

is that sen(l) may no longer be simple

if char(1k) divides n.

Prop Let de and meBo .

Then ladxa)"Im !

preserves ((t) .
P Straightforward calculation&



- Express adas a Chilpotent) Matrix

Ma relative to the Chevalley basis .

Define Xy() = exp(tMa)=
-

finite sum

Thevalley group (of adjoint type) is then

O(() * (xx()(x , + = (k] < CL(L(I)



no proper nontrivial

normal subgroupsabatche granaon
② When IK is

finite and Lis simple, O(1K) is a finite simple group
outside a short list of exceptional cases.

③ There is a uniform way of proving that these

chevalley groups are almost always simple, and this

grives most of the
infinitefamilies of finite simple groups.

① As usual , isomorphism type of GC1K) dependson
but not onthe choice of chevalley basis.


