SCATTERING AND FIELD ENHANCEMENT OF A PERFECT
CONDUCTING NARROW SLIT *
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Abstract. This paper is concerned with the scattering and field enhancement of a narrow slit
perforated in a slab of perfect conductor. We demonstrate that the enhancement of the electromag-
netic field for such a configuration can be induced by either Fabry-Perot type scattering resonances
or certain non-resonant effect in the quasi-static regime. We derive the asymptotic expansions of
Fabry-Perot type resonances and quantitatively analyze the field enhancement at the resonant fre-
quencies, for which both the enhancement order and the shapes of resonant modes are precisely
characterized. The field enhancement at non-resonant frequencies in the quasi-static regime is also
investigated. It is shown that the fast transition of the magnetic field in the slit induces strong
electric field enhancement.
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1. Introduction. Electromagnetic scattering by subwavelength metallic struc-
tures such as apertures and holes has drawn much attention in recent years. See, for
instance, [6, 9, 12, 13, 16, 18, 23, 24, 25, 26] and the references therein. The main mo-
tivation for the development of such tiny structures is due to their abilities to generate
extraordinary optical transmission and strongly enhanced local electromagnetic fields,
which lead to potentially important applications in biological and chemical sensing,
near-field spectroscopy, and design of novel optical devices. The mechanism of the
enhancement, however, varies from case to case. It could be excited by surface plas-
monic resonance as claimed in [12, 13], or by non-plasmonic resonances as investigated
in [25, 26], or even without the resonant effect (cf. [18, 19]). In more complicated
scenarios, surface plasmonic resonance may couple with other mechanisms to yield
strong enhancement, and there are still debates over which mechanism is dominant
[13]. In this paper, we aim to present a quantitative analysis of the field enhance-
ment for the electromagnetic scattering by a narrow slit and give a complete picture
for the mechanism of such enhancement. The case of a perfect conductor is investi-
gated, which excludes the existence of surface plasmonic resonance. The configuration
with periodic narrow slits as well as with surface plasmonic resonance effects will be
reported in forthcoming papers.

The slit is perforated in a slab of perfect conductor and the geometry of its cross
section is depicted in Figure 1.1. The slab occupies the domain {(z1,22) | 0 < z2 < £}
on the zizs plane, and the slit, which is invariant along the x3 direction, has a
rectangular cross section S, := {(z1,22) | 0 < z1 <¢,0 < z2 < £}. We are interested
in the case when the width of slit is much smaller compared to the thickness of
the slab ¢ and the wavelength of the incident field A, ie., ¢ < £ and ¢ < A. For
clarity of exposition, we shall assume ¢ = 1 in all technical derivations throughout the
paper. The case of £ # 1 follows by a simple scaling argument, and the corresponding

*J. Lin was partially supported by the NSF grant DMS-1417676, and H. Zhang was supported by
ECS grant 26301016 and the initiation grant IGN15SCO05 from HKUST.

fDepartment of Mathematics and Statistics, Auburn University, Auburn, AL 36849 (jz10097@
auburn.edu ).

fDepartment of Mathematics, HKUST, Clear Water Bay, Kowloon, Hong Kong
(haizhang@ust.hk) .



¥4 «—>
&
Xy
| _
¢ Q

Fic. 1.1. Geometry of the problem. The slit S has a rectangular shape of length £ and width
€ respectively. The domains above and below the perfect conductor slab are denoted as Q4+ and Q—
respectively, and the domain exterior to the perfect conductor is denoted as Qe, which consists of
Se, Q4, and Q_.

enhancement theory will also be presented. Let us denote by 'Y, I'z the upper and
lower aperture of the slit, and Q*, Q= the semi-infinite domain above and below the
slab respectively. We also denote by ). the domain exterior to the perfect conductor,
ie. Q. = QT UQ US., and v the unit outward normal pointing to the exterior
domain ..

We consider the scattering when a polarized time-harmonic electromagnetic wave
impinges upon the perfect conductor. The transverse magnetic (TM) case is con-
sidered here by assuming that the incident magnetic field H® = (0,0,u’), where
ut = etkflhzi—d2(22-0) j5 3 plane wave, k is the wavenumber and d = (di, —dy) is
the direction unit vector of incidence with do > 0. If there is no slit, the total field
above the slab, i.e. in the region ), is the superposition of the incident field u* and
the reflected field u” = e*k(d1z1+d2(z2=0) * The total field below the slab, i.e. in the
region 27, is equal to zero. In the presence of the slit S¢, the total field, denoted by
Ue, consists of three parts in the upper domain Q%: the incident field u?, the reflected
field u”, and the scattered field u$ radiating from the aperture I'}. In the lower do-
main 7, the total field only consists of the scattered field radiating from the aperture

ou
I'-. For a perfect conductor, we have the boundary condition —— = 0 on 9. In

v
addition, at infinity the scattered field u] satisfies the Sommerfeld radiation condition
[11, 20]. Therefore, the scattering problem is modeled by the following equations:

Aug + Eu. =0 in €.,

0
315/6 :‘0 on 0f),.
(L.1) we = +ur b, inQF,

ue =u, inQ7,

lim \/;(aaqu—zk‘u;) =0, r=]|z|.

r—00

It is known that (see, for instance [19]) the above scattering problem attains a
unique solution for k£ with Imk > 0. Using analytic continuation, the solution also
exists and is unique for all complex wavenumbers except for a countable number of
points, which are poles of the resolvent associated with the scattering problem (1.1).
These poles are called the resonances (or scattering resonances) of the scattering
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Fic. 1.2. Normalized transmission with € = 0.02 and ¢ = 1. The normalized transmission is
defined by P/Pjpc, where P and Pin. denotes the transmission power and the incident power over
the lower slit aperture respectively.

problem, and the associated nontrivial solutions are called resonance modes (or quasi-
normal modes). If the frequency of the incident wave is close the real part of the
resonance (resonance frequency), an enhancement of scattering is expected if the
imaginary part of the resonance is small. This is the mechanism of resonant scattering.

In this paper, we point out that the electromagnetic field enhancement for a
narrow slit can be attributed to either resonance or certain non-resonant effect. This
is illustrated in Figure 1.2, where the normalized transmission through the slit is shown
for a configuration with ¢ = 0.02 and £ = 1. The transmission peaks correspond to
the enhancement of electromagnetic fields at specific frequencies. As to be shown
in the paper, the peaks in the solid line correspond to the enhancement at resonant
frequencies, or referred to as Fabry-Perot type resonances that are reported in [25].
On the other hand, no resonance exists when the frequency approaches zero, and the
extraordinary transmission in the quasi-static regime (dotted line in Figure 1.2) is
induced by certain non-resonant effect explained in Section 6. The goal of the paper
is to (i) prove rigorously the existence of Fabry-Perot type resonances and derive
the asymptotic expansions for those resonances; (ii) analyze quantitatively the field
enhancement at both resonant frequencies and non-resonant frequencies in the quasi-
static regime. In particular, it is shown that enhancement with an order of O(1/¢)
occurs at the resonant frequencies, while the enhancement is of order O (1/(kf)) at
non-resonant frequencies in the quasi-static regime. We also characterize the shapes
of enhanced wave modes for both cases.

It should be mentioned that mathematical studies of the slit scattering problem
have also been carried out previously in [10, 20, 21, 22], where matched asymptotic
expansion techniques are applied to construct the solution of the scattering problem,
including the resonance case. The field enhancement at low frequencies has been inves-
tigated by the authors in [19], assuming that the wavelength is much larger than the
thickness of the slab. We also refer to a closely related problem of scattering by sub-
wavelength cavities in [7, 8], where the layer potential techniques and Gohberg-Sigal
theory are applied to study the resonances. A nice introduction to these techniques is
given in [3]. The techniques adopted in this paper for the analysis of resonances share
the same spirit as the ones used in [7, 8]. However, we avoid the operator version of
residue theorem and Gohberg-Sigal theory by reducing the problem to the analysis of
ordinary analytic functions. Moreover, here we also analyze quantitatively the scat-
tering and field enhancement at both resonant and non-resonant frequencies. Finally,
we refer the readers to [4, 5] for the study of closely related Helmholtz resonators and
resonances in bubbly media.



The rest of the paper is organized as follows. In Section 2, we reformulate the
scattering problem as equivalent boundary-integral equations. The asymptotic expan-
sions of the boundary-integral operators are presented in Section 3. In Section 4, we
prove rigorously the existence of Fabry-Perot resonances and derive their asymptotic
expansions, followed by quantitatively analysis of the scattering and field enhance-
ment at resonant frequencies in Section 5. The field enhancement in the non-resonant
quasi-static regime is studied in Section 6. We end the paper with some concluding
remarks in Section 7.

2. Boundary-integral formulation of the scattering problem. As men-
tioned in Section 1, here and henceforth, we will assume that £ = 1 in all technical
derivations. First, let us introduce two Green’s functions, g¢(k;z,y) and g'(k;z,vy),
for the Helmholtz equation with Neumann boundary condition in the domains QF
and S, respectively. They satisfy the following equations

Agé(k;z,y) + K2 g% (k;z,y) = 6(x —y), =y€ Ot
Agi(kyz,y) + K gl(kix,y) = 6(x —y), a,y € S..

8 e k.
In addition, W =0 for yp = 1 and z2 > 1 or for yo» = 0 and z2 < 0, and
Y
g (k;
W =0 on 0S5.. One can check that
y

i
o (s z,) = 5 (" (ke — o) + 72O’ — )
where H(()l) is the first-kind Hankel function of order 0, and

o (v1,2 —x2) ifx,y € QF,
T (71, —2) ifx,y e Q.

It is clear that g.(k;z,y) = ge(k;y,x). The Hankel function can be continued an-
alytically to the entire complex plane without the negative real axis (cf. [1]), thus
g°(k;x,y) is analytic on the complex k-plane without the negative real axis. The
Green function in the domain S; takes the following form:

gé(k;a:,y) = Z CrnnPmn (T) Omn (Y),
m,n=0
1 « mnzT
where ¢pn = 15— (o) = (2 Gmn(x) = || = cos ( 1) cos(nmxy), and
1 m=n=0,
Qi = 2 m=0n>1 or n=0m>1,
4 m>1,n>1.

Note that the above expansion of g (k;z,y) is well defined on the whole complex
k-plane except for k = &/(mm/c)2 + (n7)2, the eigenvalues of the Laplacian in S..
We shall take a limiting procedure for the evaluation of g'(k;x,y) when k are those
eigenvalues. Similar procedures are also used in subsequent analysis.
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Noting that +
B & ov  Ov
w
6‘1/6 = 0 on {xs = 1}\I'T, and since uf is radiating, from the Green’s identity one
obtains an integral equation for uf involving an integral only over I'}. Therefore, the

total field is

= 0 on {xe = 1}, it follows that the scattered field satisfies

Ou, ,
ue(x) = /F+ 9¢(k;x,y) uaiy)dsy +u'(z) +u(x), €t

By the continuity of the single-layer potential (cf. [15]), we have

(2.1)  we(z)= /r+ (—;) Hél)(k|x - y|)au5£y) dsy +u'(z) +u"(z) forx eT].

Similarly,

(22) wle) = [ (=5) #0040 = o) 5P, tora etz
ro 2 8V
The solution inside the slit can be expressed as

ue(z) = — /F+ o gl (k;z,y) 8u§£y) ds, forxz e S..
€ U €

Again by the continuity of the single-layer potential we have

(2.3) ue(x) = —/ gL (k;z,y) Dus(y) ds, forz el UT;.
rrurs ov

Therefore, by imposing the continuity of the solution along the gap apertures, we

Ue

obtain the following system of boundary-integral equations for :
o |p+urs

_z (1) -~ Ouc(y) / i1, duc(y) i ro_ +
/F:( 2)H0 (klx —yl|) 5 ds, + Fjurgge(k,x,y) oy dsy +u"+u" =0 only,

(2.4)

0N oy Oue(y) / i N Oue(y) -
/Fa< 2)H0 (klz —yl) oy dsy + F;rUF;gE(k:,gE,y) 5 dsy =0 onT_.

To sum up, we have the following proposition.

PROPOSITION 2.1. The scattering problems (1.1) is equivalent to the system of
boundary-integral equations (2.4).

It is clear that

Ou,
ov

_ Oue
r ay2

B _8u€
ro 8y2

(yla 1)7 6V (ylvo)a (U’L + uT)|F:_ _ zeikdlajl.

Note that the above functions are defined over narrow intervals with size ¢ < 1. To
facilitate the analysis, we shall rescale the functions by introducing X = z1/e and
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Y = y1/e. Let us define the following quantities:
Ou,

p1(Y) = ~ o (eY,1);
Ju,
Pa(Y) = a“ (Y.0);
f(X) = (u' +u")(eX,1) = 2etkdheX,

( >H01) k| X —Y);

o0
GLX,Y) = gi(k;eX, 1;eY,1) = gi(k;eX,0:cY,0) = Y % cos(mmX) cos(mn¥);

m,n=0

éé(X, Y) =gl (k;eX,1;€Y,0) = g'(k;eX,0;eY,1) = i (—1)”0%0%” cos(mm X) cos(mnY);
m,n=0

We also define three boundary-integral operators:

(2.4 00 = [ G TIeIr X € 0,1

(25) o) = [ GXV I X €01

(2.6) (T'o)(X) = /O 1 GLUX,Y)p(Y)dY X €(0,1).

By a change of variable z; = ¢X and y; = €Y in (2.4), the following proposition
follows.
PROPOSITION 2.2. The system of integral equations (2.4) is equivalent to

e Ea e A E

3. Asymptotic analysis of the boundary-integral operators.

3.1. Preliminaries. Let s € R, we denote by H*(R) the standard fractional
Sobolev space with the norm

e ey = /R (1+ [¢P)*|ae) e,

where 4 is the Fourier transform of u.
Let I be a bounded open interval in R and define

H*(I):={u="Ul|; |U € H*(R)}.
Then H*(I) is a Hilbert space with the norm
lullgrs(ry = mf{|U|| gr=m) | U € H*(R) and U|; = u}.
We also define

H(I) == {u="U|; | U € H¥(R) and suppU C I}.
6



One can show that (see, [2]) the space H*(I) is the dual of H—*(I) and the norm for
H?*(I) can be defined via the duality. As such H*(I) is also a Hilbert space. We refer
to [2] for more details about the fractional Sobolev spaces.

For simplicity, we denote V7 = H-3 (0,1) and V5 = H? (0,1). The duality between
V1 and V, will be denoted by (u,v) for any u € Vi, v € Vs.

3.2. Asymptotic expansions. For clarity, first let us introduce several nota-
tions below.

(3.1)  Bi(k,e) = %(lnk-l-’m) + %lne,

(32)  Balke) = 08 4 222,

(33)  Blk,e) = Bulk,e) + Balk,e) = C‘:f £ 1224 Ik +50) + ~ Ine,
B4 Ak = G

(35) w(X,¥)=_ [m ( sin (”(XQ_Y)) D +in ( sin <7T<X;Y)> D

+ln|XY|}

Here 79 = ¢o — In2 — im/2, and ¢q is the Euler constant. We have the following
asymptotic expansions for the kernels G¢, G¢ and G°.
LEMMA 3.1. If |ke| < 1, then

1
(3.6) G:(X,Y):ﬁl(k,s)—s—;ln|X—Y\+r§(X,Y),

o0 awn=aas (i ()

e[ (D)) e
(3.8) GLX,Y) = B(k,e) 4+ foo(X,Y),

where r5(X,Y), r5(X,Y), and #(X,Y) are bounded functions with r§ ~ O((ke)? In(ke)),
75 ~ O((ke)?), and Roo ~ O(exp(—1/¢)) for all X, Y € (0,1).

Proof. First, from the asymptotic expansion of Hél) (cf. [11]), we have
e 8\ g
G:(x.¥) = (-5 ) H"(eblx - Y1)

1

2i 2i 2i
-5 <Z In(e|X — Y]) + = Ink + —r0 + O((ke| X — Y|)?In(ke| X — Y|))>
71' ™ m

1
- Ine+In|X —Y|+Ink+7 + O ((ke|X — Y|)?In(ke|X — Y))] .

Recall that

oo oo

(3.9) GLX,Y) = % Z <Z cmnamn> cos(mmX) cos(mmY).

m=0 \n=0

7



(oo}
Let C,, = Zcmnamn. Then from the representation of elementary functions by

series (cf. [11])7 we see that

2 k‘23 5
2 o), m>
mr  m3mS m

Substituting into (3.9), we obtain

; 1 2¢ k%e
GL(X,Y)= 8{C’O(lc) - Z — cos(mmX) cos(mnY) — Z 33 cos(mnX) cos(mnY)
m2>1 m2>1

cot k 2 1
= — =] |=ln2-=1 i
e+ (03) [ g

+0(k?*e?),

and (3.7) follows. Here we have used the following formulas (cf. [15, 17]):

1 1 t
Z — cos(mmt) = —= In ( 4sin? =) o<t< 2,
m 2 2

m>1
1 1 (mt)? 2
WLZ>1 ﬁ COS(m'ﬂ't) = 7nz>l ﬁ + B h’l(ﬂ't) + O(t ) 0 <t< 2.

Finally, note that

GZ X, Y) 1 Z (Z cmnamn> cos(mn X) cos(mnY).

oo
Let C,, = Z(—l)"cmnamn. Again the representation of elementary functions as

series yields?cf. [14])

RIS
_n:1 k2 — (nm)2 k2 ksink’



C(k,e) = Z:l 2 (T£L7T/3:‘)2 — (nm)2 + k2 — (mm/e)?
2
(mm/e)? — k? sinh ( (mm/e)? — kQ)

=0 (% exp(—mw/e))

for ke < 1 and m > 1. Therefore,

. 1
(X,Y)= ——— ~1/e)).
GL(X.Y) = frzae + O (exp (-1/2)
The lemma follows. O
Let k(X,Y) and Reo (X, Y') be defined in (3.5) and (3.8) respectively. Set koo (X,Y) =
r1(X,Y) +7ro(X,Y), where 71 (X,Y) and ro(X,Y) are defined in Lemma 3.1. We de-

note by K, K., K the integral operators corresponding to the Schwarz kernels
K(X,Y), koo (X,Y) and Roo(X,Y). We also define the operator P : V4 — V4 by

PQO(X) = (907 1)]-7

where 1 is a function defined on the interval (0,1) and is equal to one therein. We
will use this notation in the sequel. One can easily check that 1 € V5. Thus the above
definition is valid.

LEMMA 3.2.

(1) The operator T° + T* admits the following decomposition:

T°+T'=BP+ K+ Kx.

Moreover, K is bounded from Vi to Vo with the operator norm | K| <
£?|Ine¢] uniformly for bounded k.
(2) The operator T* admits the following decomposition:

T' = BP + K.

Moreover, Ko is bounded from Vi to Va with the operator norm ||Kul|| <
exp(—1/¢e) uniformly for bounded k.
(3) The operator K is bounded from Vy to Vo with a bounded inverse. Moreover,

o= (K'1,1) £0.

The proof of (1) and (2) follows directly from the definition of the operators T, T*
and 7" in (2.4) - (2.6) and the asymptotic expansions of their kernels given by Lemma
3.1. The proof of (3) can be found in Theorem 4.1 and Lemma 4.2 of [7].

4. Asymptotic expansions of the resonances. We have shown that the scat-
tering problem (1.1) is equivalent to the system (2.7). A scattering resonance of (1.1)
is defined as a complex number k with negative imaginary part such that there is a
nontrivial solution to (1.1) when the incident field is zero. This is exactly the char-
acteristic values of the operator-valued function IP 4+ IL with respect to the variable k
(see [3] for a systematic treatment of the equivalence), which we seek in what follows.

By virtue of Lemma 3.2, we first write

BP AP
[ BP BP
9

Koo
IENE

(oo}

Te+710 T }

K
2 . | =P+L
T Te4T KOO} +h



where

[ 2] e[ ] e

By Lemma 3.2, it is easy to see that L is invertible for sufficiently small e. Now
assume that there exists ¢ such that

(P+L)p=0.
Then
L 'Pyp+e=0.
Let e; = [1,0]7 and ey = [0,1]7. Note that
P o = B{p,e1)er + B, e)es + Blp, e2)e1 + S, €1)es.
We obtain
(4.1) Blp,e1)L"er + B, e)L " "es + B(p, e2)L " "e1 + Bp,e1)L ez + ¢ = 0.

By taking the inner product of (4.1) with e; and ey respectively, we have

(42) B<QO,€1><]L_191,€1> +ﬁ<¢?e2><ﬂ"_le27el> +
B<¢762><L_1elael> + B<Lp>e1><L_1e2>e1> + <907el> - 07
(4.3) @<<P791><L7161792> + 5~<<p,e2><ﬂfle2,e2> +
Blp,e2)(L " er, e2) + Blp, e1)(L ez, €2) + (p,€2) =0
Now, we introduce a matrix M by letting
M — { B{L"er,er) + B(L "es,er) B(L7'es er) + H(L 7 er 1)) }
(L 'ey,e2) + B(L'e1,e2)

B
B(L'er,es) + B(L ez, €2) f3
J’_

=,6’[ %1223 g:*ieg,eg } 5[ <L*1e2,e1; (L:lel,e1> }

Then (4.2) - (4.3) reduce to

(M +1) [ Ei:;i } —0.

By Lemma 4.2 given later in this section, M may be rewritten as

M = <]]_71e1, e1> <L7191, e2> ~1 0 1 <1L*1e1, e1> <L7161, 62>
=5 (L~ 1le;,ep) (L7 ltej,eq) s 10 (L7 lej,es) (L7 ley,eq)

It is straightforward to check that the eigenvalues of M 4 I are

(4.4) M(k,e) =1+ (B(k,e) + B(k:,a)) ((L_lel,e1> + <L_161762>) ,
Xo(k,e) =1+ (B(k,e) — B(k,€)) ((]L_lel,e1> — (L_lel,e2>) )
The associated eigenvectors are [1  1]7 and [1 — 1]7. Therefore, the characteristic

values of the operator-valued function P+ 1L are the roots of the two analytic functions
10



A1(k,€) and Aq(k, €), and the associated characteristic functions are given respectively
by

P1 = (ﬂ(k},&‘) + 5(k35)) ! (Lil(el + e2))7
@y = (Bk,e) = B(k,e)) - (L7 (e1 — e2)).
On the other hand, given roots of A\i(k,e) and Aa(k,e), one can check that they
are characteristic values of the operator-valued function P + I with corresponding
characteristic functions defined above.
In conclusion, we obtain the following lemma.
LEMMA 4.1. The resonances of the scattering problem (1.1) are the roots of the
analytic functions A\ (k,e) =0 and A2(k,e) = 0.
We now prove a techniqical result which is needed in the derivation of Lemma
4.1.
LEMMA 4.2. The following identities hold:

(4.6) (L 'e;,e)) = (I[fleg,e2>, (I[flel,e2> = (]L*leg,eﬁ.

Moreover,

(4.7) L7'e; = K~ '1-e;+0 ((ke)®In(ke)), L 'es =K '1-es+0 ((ke)®In(ke)),
and

(4.8) (L7 'er,e1) = a+ O ((ke)’In(ke)), (L 'er,e) = O ((ke)*In(ke)) .

Proof. Let L™'e; = (a,b)T. Then L(a,b)T = e;. More precisely,

Ka+ Kooa+ Koob=1,
Kb+ Kooa + Koob = 0.

It follows that L(b,a)” = es, or equivalently,
L_leZ = (ba a)T7

hence the two identities (4.6) follow. Now, applying the Neumann series and the
expansions in Lemma 3.1, we obtain

L' = (KI+Ky) ' = i(—nj (K 'Kao)’ | K71 = K+ 0 ((ke)®In(ke)) .
j=0

Therefore, (4.7) and (4.8) follow immediately. O

Remark The explicit dependence of k for the asymptotic expansions in Lemma 4.2
and several other occasions in the rest of the paper is necessary for the investigation of
the quasi-static case. However, such dependence will be omitted for simplicity when
k is bounded, especially for the case of resonant scattering.

Finally, we are ready to present the main result of this section, the asymptotic
expansion of resonances for the scattering problem (1.1). For clarity, we restrict the
discussion on the right half of the complex k-plane, and the resonances on the left
half of the complex plane can be derived analogously.
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THEOREM 4.3. Recall that o = (K~11,1) and v = co — In2 —in/2. There exist
two sets of resonances, {kn 1} and {ky 2}, for the scattering problem (1.1), and the
following asymptotic expansions hold:

1 1 1
kn1i=02n—17m+ (4n—2)7 [slne + (a +—(2mIn2+In((2n — 1)m) + 70)) e} + O(%In? ¢);
7r 7r
1
™

1 1
kp2 = 2nm + 4nw {dna + < + —(2In2+In(2n7) + 70)) 5} +0(e?In’e).
7r a

where n =1,2,3, ..., and ne < 1.
Proof. . By Lemma 4.1, we find the root of

M (k,e) =1+ (B(k,e) + B(k,e)) (L er,er) + (L er,e0)) =0

th 1
to obtain the first set of resonances. Recall that S(k,¢) = C(;g +—-(2In2+4+Ink+
e 7
1 = 1
) + p Ine and B(k,e) = m We may write the above equation as

cot k 1 1 1 1 _ 1
1+|:( L + kSlnk) g—‘r;(thQ—‘rhlk—f—’yo)—f—;ln&‘ (<]L el,e1>—|—<]L e17e2>) =0.

For simplicity, let us define

cot k 1
o(k) = k + ksink’

1
~v(k) = ;(21n2+1nk‘+’yo).

We then obtain the following by applying Lemma 4.2,
1
(4.9) p(k,e) :==cehi(k,e) =e+ |c(k) +evy(k) + ;51116 (a+r(k,e)) =0,

where 7(k, ¢) is analytic in k and r(k,e) ~ O(¢? In€). Note that the negative real axis
is the branch cut for p(k), hence we choose a small number 6§, > 0 and consider the
domain {z | m— 6y < arg z < m+6}. Here we are only interested in those resonances
which are not in the high frequency regime. Therefore, we find all the roots of p in
the bounded domain

Doy ={z:12| <M,—(m—0) <arg z<m—0p}

for some fixed number M > 0. Observe that p blows up as k — 2j7 for all j € Z,
where Z denotes the set of all non-negative integers. As a result, there exists §g > 0
such that all the root of p in Dg, 5s actually lies in the smaller domain

D50,90,M = {Z | |Z — Qjﬂ" > (50,Vj S Z} N DGO,M-

We see that p(k, ) is analytic for k in the domain Dy, g, as-

It is clear that c(k) is analytic in Ds, g, s and its roots are given by k, 10 =
(2n — 1)m, n = 1,2,---. Note that each root is simple. From Rouche’s theorem, we
deduce that the roots of A1 (k,¢), which are denoted as k,, 1, are also simple and are

12



close to ky1,0’s if € is sufficiently small. We now derive the leading-order asymptotic
terms for these roots.
Define

(4.10) pr(ke) = + [C(k) +ev(k) + ialne} o

Then

(4.11)  pi(k,e) =e+ {c’(kn,Lo)(k —kn10) + Ok —kni10)* +ev(kni0)
+e- Ok —knio) + islng] o.

1 1
By a direct calculation, it is seen that ¢/(k,,10) = % = - 20 O We can
n,1,0 n— m

conclude that p; has simple roots in Ds, g,,as Which are close to &, 1,0’s. Moreover,
these roots are analytic with respect to the variable ¢ and eIlne. Expanding these
roots, which are denoted by £, 1,1, in terms of powers of € and €Ine, we obtain

1 1 1
kni1=kn10+2kn10 [dne + (a +—2mIn2+In((2n —1)7) + 70)) 5} +0(e2In?e).
o ™

We claim that £, 1,1 gives the leading order for the asymptotic expansion of the
roots ky 1. More precisely, the following holds:

kni—Fkni1 = O(e? In? £).
We prove the claim by using Rouche’s theorem. Note that
p(k,e) — p1(k,e) = O(c(k) + elne) r(k,e)
and
p1(k,e) = ¢(k)a+ O(elne).
One can find a constant C,, > 0 such that
p(k,€) = pi(k, €)| < [p1(k,e)]

for all k such that |k — ky 11| = Cre? In?e. As a result, p has a simple root in the
disc {k | |k = kn1.1| = Cre?In® e}, which proves our claim.
Similarly, by finding the roots of

Xo(k,e) =1+ (B(k,e) — B(l@s)) ((L_lel,e1> — (]L_lel,e2>) =0
in the domain
Dsy oot = {2 | |2 — (2j + 1)7r| > 60,¥j € Z} N Dy, 11,

we obtain the second set of resonances. The arguments are the same as above and we
omit here. The proof of the theorem is complete. O

In what follows, we would like to refer to {k, 1} and {k, 2} as odd and even
resonances of the scattering problem (1.1) respectively. Now if the thickness of the
slab ¢ # 1, applying the scaling argument and the following proposition holds.

13



PROPOSITION 4.4. Let ¢ be the thickness of the slab, then the following asymptotic
expansions hold for the resonances of the scattering problem (1.1):

1 1 1
knil = (2n—1)m + (4n — 2)m [slns + (a +—(2In2+1n((2n—1)7) + 70)) 5] +0(%1n’e);
7r 7r
1 11 Yo
knol = 2nm + 4nm ;EIHE + o + ;(21n2 +In(2nm) + ) ) e| + O(e” In"¢).

where n =1,2,3, ..., and ne < 1.
5. Quantitative analysis of field enhancement at resonant frequencies.

5.1. Preliminaries. To investigate the field enhancement, in this section we
present some preliminary calculations and study the solution of the system (2.7).
First recall that p(k,e) = eA1(k,e) and is given by

[cot k 1 € 1 |
k +ksink+E<2ln2+lnk+%)+fln€ (a+r(k,e)).

(5.1) plk,e) = e+

Similarly we define ¢(k,¢) := eAy(k, €), or more explicitly,

[cot k 1 € 1 |
- —ksink+;(2ln2+lnk‘+’yo)+;€1n5 (a+ s(k,e)),

(5.2) q(k,e)=e+

where s(k,e) ~ O(e?Ine).
LEMMA 5.1. Ifne < 1, then at the odd and even resonant frequencies k = Reky 1
and k = Rek,, 2, we have

p(k,e) = 7%5 +0(%In’e)  and q(k,e) = 7%5 + 0(%1In’¢)

respectively.
Proof. We first consider p(k,e). Assume that

|k —Rekn1| <e|lngl.
From the definition of p; in (4.10) and its expansion (4.11), it follows that

p(k,e) = p1(k,e) + O(e*Ine)
=i (kpa)(k — kn1) + Ok — kp1)* 4+ O(% Ine)
= [ac (kp1) + O(elne)] - (k — kn1) + O(e% In’¢)
=ad (kp1o) - (k—kp1) + 02 In%¢)
«

= 3@ —Ty5 (K~ Rekna =i Imka) + O In’e).

Note that
Imk, 1 =Imk, 11+ O In’e) = —(2n — 1)me + O(% In’¢).
We deduce that at the odd resonant frequencies & = Rek,, 1,

p(k,e) = 7%5 +0(e?1n?e).
14



The calculations for g(k, ) at the even resonant frequencies k = Re ky, o are the same.
0

LEMMA 5.2. Recall that the incidence direction d = (d1,—dz2). The following
asymptotic expansion holds for the solution ¢ of (2.7) in V4 x Vi:

(5.3) =K1 {dl O(k) e + %(e1 teo) o+ %(e1 - ez)}

n (‘;‘ n Z) [dl - O(ke) + O(k2e> ln(ke))} + O(k%e In(ke)).

Moreover,

(5.4) { 25:23 ] _ {a+d1~0(ks)+0(k252 ln(ks))} <p {

Proof. Let £ = [f/e,0], then (2.7) is equivalent to

L 'Pp+p=L""1f

By a calculation similar to that in the previous section, we have

o | = e [ ELEe ]

and

e ] [ 5 B Jowso £33

Recall that the matrix M + I has two eigenvalues A (k,e) and Az(k,e), which are

associated with the eigenvectors [I 1]7 and [1  — 1]7 respectively. Thus
1 1 1 1 -1
M+D) = —— .
R IR IR =1

It follows that

[53] - antiar tveeon [ ]t [ 4 ]

and
oot gl 1] (349 89 ] (1 1))
gl ] 263 2691 4 [ 3]

A further calculation yields

1-— )\1(]43,5)/(]1;7181,91 + 82)

=L"'f L~'f (Lt Lt
$p + 2)\1(]{,6) < , €1 +eg> ( e + 62)
1 —)\g(k‘,g)/(]L_lel,el —|—e2) 1 _1 1
L=f — - (L —L .
2/\2(k,€) < , €1 62> ( €] e2)
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It is easy to check that
1
f:g2'el+d1'0(k)'ela in Vo x Vs,
Thus

L~ 'f= !

3

[2+di - O(ke)] [K'1 - e; + O(k*e* In(ke))] -
Combined with Lemma 4.2, we get

cp=[2+d; - O(ke)] K11 -e; + O(k*c* In(ke))
1= Mi/(a+ O n(ke)))
21
[K7'1 - (e1 + e2) + O(k*¢* In(ke))]
N 1— Ao/ (a+ O(k%e? In(ke)))
22
[K7'1 - (e1 — e2) + O(k*e* In(ke))]

=dy-O(ke)- K~ '1-e; + % [K~'1- (e1 + e2) + dy - O(ke) + O(K*e? In(ke))]
1

[2a + dy - O(ke) + O(k*e* In(ke))]

- [2a0+di - O(ke) + O (k< In(ke))]

—|—/\g [K7'1- (e1 — e2) + di - O(ke) + O(k*e* In(ke))] + O(k*e? In(ke)),
2
hence (5.3) follows. Similarly, we can deduce (5.4). This completes the proof of the
lemma. O
The following proposition follows directly from Lemma 5.1 and 5.2.
PROPOSITION 5.3. At resonant frequencies, ¢ ~ O (1/€) in Vi x Vi and (@, e;) ~
O (1/e), i=1,2.

5.2. Scattering enhancement in the far field. We first investigate the scat-
tered field in the domain Q*\Dj above the slit, where Df := {z | |z — (0,1)| < 1}.
Recall that

du.
u(z) = /F+ o (ks y) (y)dsy, z et

ov
and
Ou, B 1
a e =-e ().
Thus
Y !
u() =~ [ oo (L) dn == [ '@ V)0 (v)aY,
r: € 0
Since

9°(w, (€Y, 1)) = g°(2,(0,1)) 1+ O(e))  for z € QF\DY,

and, by Lemma 5.2,

/01 (Pl(Y)dY = <‘Pael> = (Oé +d - 0(8) +O(52 lng)) . (]1) + ;) .
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It follows that

ut () = —eg"(, (0,1))(1 + O(e)) / o1 (V)dY

= —eag®(z,(0,1)) - (]1, + ;) +0()- (1 * 1) '

p q

It is clear that in the far field, the scattered field behaves as the radiating field

1 1
of a monopole located at (1,0) and with an amplitude of ¢ |«| ‘ + —|. The contri-
p q

bution due to resonance comes from the terms — and —, where the former and the

p q
latter corresponds to the enhancement order at the odd and even resonant frequencies
respectively. More precisely, an application of Lemma 5.1 yields

12 )
o= ae(l + O(eln”¢)),

at the odd resonant frequencies k = Rek,, ;. Correspondingly, the scattered field
ud(x) = —2i- g°(z,(0,1)) + O(eIn?¢),

which shows that the scattering enhancement is of order O(1/¢) compared to the O(g)
order for the scattered field at non-resonance frequencies. The same occurs at the even
resonant frequencies k = Re k,, 2 by an application of Lemma 5.1. This demonstrates
that the scattering enhancement due to Fabry-Perot type resonances.

Following the same lines above, it can be shown that in the far field zone Q~\Dy
below the slit, where Dy := {x | |v — (0,0)| < 1}, the transmitted field is equivalent
to the radiating field of a monopole located at (0,0). That is,

w(z) = —eag®(z, (0,0)) - (; - ;) +0(2) - (1 - 1) .

It follows that
ud(x) = —2i- g(x,(0,1)) + O(eln®e) and wi(x) = 2i-¢°(x,(0,1)) + O(cIn®e)

at the odd and even resonant frequencies respectively. Again the transmission en-
hancement is of order O(1/¢) at the resonant frequencies.

Finally, since the magnetic field H. = [0, 0, uc]. From the Ampere’s law V x H, =
—iwToE., where 79 is the electric permittivity in the vacuum, it is straightforward
that the electric field enhancement is also of oder O(1/¢) in the far field zone at the
resonant frequencies.

5.3. Field enhancement in the slit. We now investigate the field inside the
slit. Note that wu. satisfies

Aue + k*u. =0 in S.,
Ou,
61‘1

=0 onxz; =0, z1 =e¢.

17



If ke < 1, in light of the boundary condition on the slit walls, we may expand u. as
the sum of wave-guide modes as follows:
P (*kém)ﬂb)

(5.5) ues(z) = agcoskxy + bgcosk(l — za) + Z Ay, COS ML

m>1
+ Z by, COS M exp (—k‘ém)(l — xg)),
m>1

where k‘ém) =/(mn/e)? — k2.
LEMMA 5.4. The following holds for the expansion coefficients in (5.5):

= [a +d; - O(ke) + O(k*? ln(ks))} (; + 1) :

q

= ksilnk [a +d; - O(e) + O(k*? ln(ka))] (; — ;) ,

Vittlan| < C, Vilbal <C. for m> 1,

where C' is some positive constant independent of €, k and m.
Proof. Taking the derivative of (5.5), it follows that

0 m
Ue _ —agk sin kzg + bok sin k(1 — x2) Z amk mﬂ'xl exp (—ké ).172)
(9932 m>1 e

m mmx m
+ Z bmké ) cos Tl exp (—ké )(1 - x2))

m>1
Especially, we have

Oue
(9172

(21,1) = —apksink + Z (—am exp (_kém)) + bm) kém) cos mmn’

€
m>1

%:Z(xh 0) = boksink + ngl (—am + by, €xp (—kém))) kém) o8 @

It is clear that

. 1 Ou,
—agksink = z vt O (z1,1)dzy = / —p1 < ;
= |:05+d1 - O(ke) + O(k*? In(ke)) ] (
. 1 Ou, c T
bok sink = - /F; Og (z1,0)dxy = /0 (*)
1

€
= {a +dy - O(ke) + O(k*e? In(ke)) } (; q)

) dn

1 1)
4z
p g
d

1
vy = / 2(X)dX
0

and the formulas for ag and by follow.
18



For m > 1, it is seen that

2 1
<fam exp (fkém)) + bm) kém) = f/ Oue (x1,1) cos T dry, = 72/ ©1(X) cos(mnX)dX,
€ Jrr Oxy € 0

mmry

(—am + by €xp (—kém)» B = 2 Oue (z1,0) cos

1
=2 X X)dX.
S dxy /0<p2( ) cos(mnX)d

A straightforward calculation yields

9 1 1
amk{™ = [exp (_kém)> / ©1(X) cos(mmX)dX +/ wg(X)cos(mwX)dX] :
1 —exp (—Qk‘ém)> 0 0

_ 1 1
bmkém) = 2 = [/ ©1(X) cos(mm X)dX + exp (—k:(,m)) / va(X) cos(mﬂX)dX] .
1—exp (—2]@27” ) 0 0

Note that k™ = O(2) for m > 1, and

1 1
leillvi S =5 lle2llvi £ =5 llcos(maX)lv, S vm.

€ €
The desired estimates for a,, and b,, follow immediately. O
The shape of resonant wave modes in the slit and their enhancement orders are
characterized in the following theorem.
THEOREM 5.5. The wave field in the slit region S := {x € S. | w3 > ¢,1—22 >
e} is given by

2i sin(k(z2 — 1/2))

ue(x) = (i +0(In’¢) + d; -O(l)) -m-cos(/@(ajg—lﬂ))—&— Sn(k/2) +0(elne)
and
) == (4 O e) +dy- O ) e msini(aa—1/2)+ 2 2SO )

at the resonant frequencies k = Reky 1 and k = Rek,, o respectively.
Proof. From the expansion (5.5) and Lemma 5.4, we see that in the region S,

ue(z) = [a +dy - O(e) + O(e? lne)} {Cos(km) (1 + 1) + cos(k(l — z2)) (1 - 1)}

ksink P q ksink p q
+0 (exp (—1/¢))
=92 {a +di-0(e) + O(e? lns)] [11j cos(k/2) CZZ(ifl(/jQ —1/2)) 3 ;sm(l{/Z) S;:S(il:l(ljz _ 1/2))]

+0 (exp (—1/¢)).
Now at the odd resonant frequencies k = Rek,, 1, note that

1 2 9 1 ksink

=20 1 S

D as( +0(elne)) and q (cosk—1)a
9

1

(14 O(elne)),
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Fic. 5.1. The shape of the leading term along xo for the first two odd resonant modes (Top)
and the first two even resonant modes (Bottom) when e = 0.01. It is calculated that the first two odd
resonant frequencies are k1,1 ~ 3.05 and k2,1 ~ 9.15, and the first two even resonant frequencies
are k1,2 = 6.10 and k22 ~ 12.20. Note that the leading term of resonant modes are constant along
the x1 direction.

we obtain

us(z) = (1+dy - O(e) + O(e* Ine)) [1 ZBoos(Bas ~ 1/2) (14 O(eln?¢))

€ ksin(k/2)
sin(k(ze — 1/2))
sin(k/2)

(I1+0(e lne))] + O (exp (—1/¢))

(1 9 24
== (8 + O(ln 5) + dl . O(l)) . m . COS(k(fEQ 1/2))
sin(k(xze — 1/2))
_— Ine).
sz T OEme)
Similarly, at even resonant frequencies,
1 ksink 1 2

5 = m(l -+ 0(5 1115)) and

i @O + O(eln’¢)),

and we have

cos(k(xzq — 1/2))

b cos(/2) (14 O(elne))

us(z) = (1 +dy - O(e) + O(* Ine)) {

1 2isin(k(ze —1/2))
e k cos(k/2)

S (i +O0(In%e) + dy ~O(1)>

cos(k(zy — 1/2))
cos(k/2)

(1 + O(eIn? e))] + O (exp (—1/¢))

24

. Foos(i/2) -sin(k(xg — 1/2))

+ O(elne).

0

Therefore, the enhancement due to the resonance is of order O(1/¢) in the slit.
Moreover, the dominant resonant modes in the slit takes the surprisingly simple form
of cos(k(zx2 —1/2)) and sin(k(z2 — 1/2)) at k = Rek, 1 and k = Re ky, » respectively.
This is illustrated in Figure 5.1. We also remark that the electric field enhancement
is also of order O(1/¢) in the slit, as observed from the Ampere’s law.
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5.4. Field enhancement on the slit apertures. We now consider the field
enhancement on the two apertures I'Y and I'Z. Recall that on T'},

Ou, i -
ue(z) = /F+ 9 (z,y) 8£y)d8y +ut+u.

Let x1 =X, y1 =Y. We have
1
u(eX 1) = = [ GECLY ) (V)Y + £(X)
0
Using Lemma 5.2 and the asymptotic expansion of G¢(X,Y) in Lemma 3.1, we obtain

u(eX,1) = —eBi(k,€) (a +dy - O(ke) + O(k*&? ln(ke))> <]1) + ;)

,% <d1 LO(k) + % + Z‘) /01 In|X - Y[(K'1)(Y)dY

e (a + a) (d1 - O(ke)) + O(k*< In(ke))) + O(k*e? In(ke)) + f(X)
p q

— —¢. (z + ‘;) : (ﬁl(k,s) n %/O In|X — Y|(K11)(Y)dY> +f(X)
—&- (ﬁl(k,s) + % + Z) (dy - O(ke) + O(k%e? In(ke))) — dy - O(ke) + O(k*e* In(ke)).
Let us define

1
(5.6) h(X) :/ In|X - Y|(K'1)(Y)dY.
0
, 1 1 o
Using B1(k,e) = —(Ink + 40) + — Ine, it is seen that
™ 71'

w(eX,1) = -1 (;‘ + Z) e ln(ke) — % (;‘ + ‘;‘) (o + (X)) - &+ f(X)

™

(5.7) - (ln(fg) + % + ‘;‘) ce+ (dy - O(ke) + O(K?2 In(ke)))

—dy - O(ke) + O(k*e? In(ke)).

Similarly, on I'

ww) = [ o) 22,

€

It follows that

ue(eX,0) = — /01 G X, Y)epa(Y)dY

(0% «

(5.8) =-— ( - ) celn(ke) — = ( - ) (Yo + h(X)) - e + F(X)

1
U p g
—_ < 4+ =4 q) .e. (dl -O(ke) + O(k252 ln(kg))) + O(k2€2 In(ke)).
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By applying Lemma 5.1, we can conclude for the field enhancement on the apertures
as stated below.

THEOREM 5.6. Let function h be defined by (5.6). The wave fields on the aper-
tures T and T are

=2 (0 + bl fe) + 2+ O e)

ue(1,0) = — 2 n(ke) — 2 (30 + h(z1 /2)) + O(e I <)

™ ™

9
ue(xy,1) = —;Z In(ke)

at the odd resonant frequencies k = Rek,, 1. At the even resonant frequencies k =
Reky 2, the wave fields on the slit apertures are

ue(w1,1) = —% In(ke) — % (o + h(z1/€)) + 2+ O(cIn’¢)

2 21
ue(r1,0) = - In(ke) + P (o + h(z1/€)) + O(eln®e).
It is seen that the leading order of the resonant mode is a constant along the slit
apertures with an order of Oln(ke), and the enhancement due to the resonance is of

order O(1/e).

6. Quantitative analysis of field enhancement in the non-resonant quasi-
static regime. In this section we consider the field enhancement in the quasi-static
regime, i.e. when the wavenumber k < 1. Note that the resonance does not occur for
the scattering problem (1.1) in this regime, as observed from Theorem 4.3. However,
there is still strong enhancement of the electric field in the slit in the case when ¢ — 0.
This is proved rigorously in [19]. Here we derive the asymptotic expansion of the wave
modes in the slit and over the slit apertures, and study the enhancement order in this
regime. Note that no enhancement occurs for the scattered wave in the far field for
such case, thus we do not elaborate here.

6.1. Field enhancement in the slit. Based on the expansion (5.5) and Lemma
5.4, we can deduce that in the slit region S,

ue () = up(r2) + oo (71, T2),

where
cos(k 1 1 cos(k(1 — 1 1
’LLO(Z‘Q) - l:a+d1'0(k5)+0(k282 hl(k‘&‘)):| liks(lnxlj) (p + q>+(l€(81nkx2)) (p - q) :|,
and
Uoo (T1, T2) = Z ayy, COS @ exp <fk§m)x2) + Z by, COS mle exp (fkém)(l - xg))
m>1 m>1

If k < 1 and ¢ < 1, an expansion of (5.1) and (5.2) leads to

111
p ksink  (cosk+ 1a

(14 O(k*cIn(ke)))

and

11 1
q ksink  (cosk —1)
22
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Thus we have

cos(k(ze — 1/2))
cos(k/2)

+dy - O(ke) + O(k*e* In(ke)).

sin(k(xe — 1/2))

uo(x2) = [1+ O(k*¢ In(ke))] sin(k/2)

+ [1 4 O(eln(ke))]

Applying the Taylor expansion yields

up(z2) = [+ O(k®cIn(ke))] - (1 + O(k?)) + [L + O(eIn(ke))] - (222 — 1 + O(k?))
+dy - O(ke) + O(k*? In(ke))
=225 + O(K?) + O(eIn(ke)) + dy - O(ke).

On the other hand, us ~ O(exp (—1/¢)) as observed from Lemma 5.4.

From the above formulas, it is clear that there is no enhancement for the magnetic
field u. if k < 1 and ¢ < 1. However, the transition of the magnetic field u. along the
negative xo direction resembles a linear function with a slope of —2 in the slit. This is
in contrast with the incident field, which changes with a rate of O(k) in the slit. Such
fast transition of magnetic field from the upper to lower slit aperture, compared to
the incident wave, induces strong electric field enhancement as stated by the following
theorem.

THEOREM 6.1. If k < 1 and € < 1, the electric field E. = [E. 1, E:2,0] in S,
where

29
Ee 1

ey

+ O(eln(ke)/k) + O(k) + dy - O(e)

and
E. 5 ~ Oexp (—1/¢e)/k).
To and g s the electric permittivity and magnetic permeability in the vacuum respec-
tively.
Proof. Note that in the TM case, the magnetic field is given by
H. =10,0,uc].

Therefore, by the Ampere’s law

V x H, = [0u:/0xa, —0u:/021,0] = —iwToE.,

we have
24
E.1 = ——— +O(eln(ke)/k) + O(k) + d1 - O(e)
' k+/T0/ 10 '
and
E. 2= —0us /01 - i/wry ~ O(exp (—1/¢)/k).
0

If the thickness of the slab ¢ # 1 and € < ¢, then the electric field inside the slit
Sint .= {x € S. | x2 > ¢,0 — 3 > €} can be derived directly by a scaling argument.
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Fic. 6.1. Left: |Ec|/|E™¢| for k =0.1, £ =0.1, and & = 0.01; Right: |Ec|/|E"™| for k = 0.1,
£=0.01, and € = 0.001. Here E*™¢ is the incident electric field.

PROPOSITION 6.2. If kl < 1 and ¢ < min{l, ¢}, then the electric field is given
by E. = [E- 1, E-2,0] in S, where

24
Ea 1

SNy

+ O(eln(kle) / (kb)) + O(ke) + dy - O(e)

and
E. 2 ~ O(exp (—1/¢)/(kl)).

Therefore, an enhancement order of O (1/(k{)) is obtained for the electric field in
the slit in the quasi-static regime. Moreover, the leading order of the electric field
is a constant. This is demonstrated numerically in Figure 6.1, where |E.| / |[E™| is
plotted for £k = 0.1, £ = 0.1, ¢ = 0.01 and k£ = 0.1, £ = 0.01, £ = 0.001 respectively

under the normal incidence.

6.2. Field enhancement on the slit apertures. Again, there is no enhance-
ment for the magnetic field on the aperture, as observed from (5.7) and (5.8). Next
we demonstrates the enhancement of the electric field. From Lemma 5.2, it is seen
that

8’&5 _ -1, . g g
(6.1) 372(“’1) =-K 'l (d1 O(k) + o q)
; (p ; q) (d1 - O(ke) + O(K2E* In(ke)) + O(K? In(ke)),
aug _ —11 . . g _ g
(6.2) O (r1,0) = K1 <d1 O(k) + » q)

If k< 1and e <1, then

1 ksink 9
1 ksink 2 9
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Substituting into (6.1) and (6.2), we have

(z1,1) = %(ml, 0) = 2K 11 + O(cIn(ke)) + dy - O(k) + dy - O(ke).
2

©5) 5

On the other hand, from (5.7) and (5.8), it is clear that

Ou, 1 1
621 (21,1) = —= <Z + ‘;‘) LW (X) & + di - O(ke) + Ok In(ke)),

gZi (21,0) = —% <;‘ - ‘;‘) : éh’(X) e +dy - O(ke? In(ke)) + O(k%e2 In(ke)),

where h(X) is defined by (5.6). By substituting (6.3) and (6.4), we obtain

(6.6) %(xl’ 1) = %h/(X) + O(eln(ke)) + dy - O(ke),
(6.7) %(xl’ 0) = —%h’(X) + O(eln(ke)) + dy - O(ke* In(ke)).

In light of (6.5) - (6.7), a combination of the Ampere’s law and a scaling argument

leads to the following Theorem.
THEOREM 6.3. If kl{ < 1 and e < 1, then the electric field

2 —1 /
B, = e (K, 0,00+ - O(1) + O(e (k) (46) + - Oc)
and
Eo(21,0) = — 2 (K1, 1/(X)/7,0] + dy - O(1) + O(e In(kte) /(ke)) + dy - O(e)

ke\/To0/ 1o

on the upper and lower gap apertures respectively.

xy =1{ xy =1/ xy =0 xy =0
1200 2 600 2 1200 2 600 2
B\ B /| B Bo1/|E™] Eeo/|E"]
900 0 900 0
600 -600 600 600
o . 05 1 0 05 1 o, 05 1 0 05 1
1 %1073 Ty %1073 1 %103 1 %103

FiG. 6.2. E. 1/ |E“w| and E. o/ |E’”C| on the upper and lower gap apertures when k = 0.1,
£ =0.01, and € = 0.001. E'™° is the incident electric field. It is seen that E.1(z1,¢) = E. 1(x1,0)
and E¢ 2(x1,0) = —E¢ 2(x1,0). This is consistent with the asymptotic expansions in Theorem 6.5.

Again, an enhancement order of O (1/(kf)) is obtained for the electric field on the
slit apertures in the quasi-static regime. Figure 6.2 illustrates the enhancement of the
electric field when £ = 0.1, £ = 0.01, and € = 0.001 and under the normal incidence.
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7. Conclusion. This paper gives a complete picture of the enhancement mech-
anism for the scattering of a narrow slit and demonstrates that the field enhance-
ment can be induced by either Fabry-Perot type scattering resonances or certain
non-resonant effect in the quasi-static regime. The asymptotic expansions of the reso-
nances were rigorously derived and the scattering enhancement was analyzed quanti-
tatively at both resonant frequencies and non-resonant frequencies in the quasi-static
regime. The study of the single slit sheds some light for the field enhancement of
other subwavelength structures such as an array of narrow slits and slits with real
metals. It is expected that similar enhancement mechanisms will also occur for these
two configurations. In addition, other enhancement mechanisms, including surface
plasmonic resonances and spoof surface plasmonic resonances, will be present. This
is being explored and will be reported elsewhere.
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