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These notes summarize the definitions, theorems and some examples discussed in class.
Please refer to the class notes and reference books for proofs and more in-depth discussions.
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Introduction

Real life problems are hard.

Linear Algebra is easy (in the mathematical sense).

We make linear approximations to real life problems, and reduce the problems to systems of linear
equations where we can then use the techniques from Linear Algebra to solve for approximate
solutions. Linear Algebra also gives new insights and tools to the original problems.

Real Life Problems Linear Algebra

Optimization Problems —— Tangent Spaces

Economics — Linear Regression

Stochastic Process — Transition Matrices
Engineering —  Vector Calculus

Data Science — Principal Component Analysis
Signals Processing — Fourier Analysis

Artificial Intelligence — Deep Learning

Computer Graphics — FEuclidean Geometry

Roughly speaking,

Real Life Problems Linear Algebra
Data Sets — Vector Spaces
Relationship between data <— Linear Transformations

In Linear Algebra with Exercises A, we learned techniques to solve linear equations, such as row
operations, reduced echelon forms, existence and uniqueness of solutions, basis for null space etc.

In part B of the course, we will focus on the more abstract part of linear algebra, and study the
descriptions, structures and properties of vector spaces and linear transformations.
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Mathematical Notations

Numbers:
o R : The set of real numbers
e R™ : n-tuples of real numbers
e Q : Rational numbers
o C : Complex numbers z + iy where i? = —1
o N : Natural numbers {1,2,3, ...}
o 7 : Integers {...,—2,—-1,0,1,2,...}
Sets:
e xcX : z is an element in the set X
e SCX : S is a subset of X
e SCX : S is a subset of X but not equals to X
e X XY : Cartesian product, the set of pairs {(z,y) 1z € X,y € Y}
e |5] : Cardinality (size) of the set S
L3N0 : Empty set

o V— W : AmapfromV toW

e Ty : A map sending x to y, (“z maps to y”)

Logical symbols:

oV : “For every”

= : “There exists”

o ! : “There exists unique”
* = : “is defined as”

° —> : “implies”

e «— oriff : “if and only if”. A iff B means

—if: B= A
—onlyif: A— B

Contrapositive: A = B is equivalent to Not(B) = Not(A)



CHAPTER 1

Abstract Vector Spaces

1.1 Vector Spaces

Let K be a field, i.e. a “number system” where you can add, subtract, multiply and divide.
In this course we will take K to be R,C or Q.

Definition 1.1. A vector space over K is a set V together with two operations: + (addition)
and - (scalar multiplication) subject to the following 10 rules for all u,v,w € V and ¢,d € K:

Closure under addition: ue V,veV = u+veV.
Addition is commutative: u+v = v + u.

Addition is associative: (u+v)+w=u+ (v+w).
Zero exists: there exists 0 € V' such that u+ 0 = u.

Inverse exists: for every u € V, there exists u’ € V such that u+u’ = 0. We write u’ := —u.

Multiplication is associative: (ed) -u=-c-(d-u).
Multiplication is distributive: ¢- (u4+v)=c-u+c-v.

)
)
)
)
)
:1) Closure under multiplication: c€ K,u eV =c-ueV.
)
)
) Multiplication is distributive: (c+d) - u=c-u+d-u.
)

Unity: 1-u=u.

The elements of a vector space V' are called vectors.



Chapter 1. Abstract Vector Spaces 1.1. Vector Spaces

Note. We will denote a vector with boldface u in this note, but you should use U for handwriting.
Sometimes we will omit the - for scalar multiplication if it is clear from the context.

Note. Unless otherwise specified, all vector spaces in the examples below is over R.

The following facts follow from the definitions

Properties 1.2. For any u € V and c € K:

e The zero vector 0 € V is unique.

The negative vector —u € V is unique.
e 0-u=0.
e c-0=0.

e —u=(-1)-u

Examples of vector spaces over R:
Example 1.1. The space R, n > 1 with the usual vector addition and scalar multiplication.
Example 1.2. C is a vector space over R.

x
Example 1.3. The subset {[y | : 2+ vy + 2 =0} C R3.
z

Example 1.4. Real-valued functions f(¢) defined on R.
Example 1.5. The set of real-valued differentiable functions satisfying the differential equations
d>f

prolall

[+

Examples of vector spaces over a field K:
Example 1.6. The zero vector space {0}.
Example 1.7. Polynomials with coefficients in K:
p(t) = ap + a1t + ast® + ... + apt"
with a; € K for all 7.

Example 1.8. The set M,,x,(K) of m x n matrices with entries in K.

9.



Chapter 1. Abstract Vector Spaces 1.2. Subspaces

Counter-Examples: these are not vector spaces:

Non-Example 1.9. R is not a vector space over C.

Non-Example 1.10. The first quadrant {(;j) cx >0,y >0} C R2
Non-Example 1.11. The set of all invertible 2 x 2 matrices.
Non-Example 1.12. Any straight line in R? not passing through the origin.

Non-Example 1.13. The set of polynomials of degree exactly n.

Non-Example 1.14. The set of functions satisfying f(0) = 1.

1.2 Subspaces

To check whether a subset H C V is a vector space, we only need to check zero and closures.

Definition 1.3. A subspace of a vector space V is a subset H of V such that

(1) 0 H.
(2) Closure under addition: u€ H,ve H=— u+v € H.

(3) Closure under multiplication: u € H,c€ K = c-u € H.

Example 1.15. Every vector space has a zero subspace {0}.
Example 1.16. A plane in R? through the origin is a subspace of R3.

Example 1.17. Polynomials of degree at most n with coefficients in K, written as P, (K), is a
subspace of the vector space of all polynomials with coefficients in K.

Example 1.18. Real-valued functions satisfying f(0) = 0 is a subspace of the vector space of all
real-valued functions.

Non-Example 1.19. Any straight line in R? not passing through the origin is not a vector space.

T
Non-Example 1.20. R? is not a subspace of R3. But {| y | : # € R,y € R} C R3, which looks
0

exactly like R?, is a subspace.



Chapter 1. Abstract Vector Spaces 1.3. Linearly Independent Sets

Definition 1.4. Let S = {vy,...,v,} be a set of vectors in V. A linear combination of S is a
any sum of the form
Vi + ... +¢pvp €V, cl,..,¢p € K.

The set spanned by S is the set of all linear combinations of S, denoted by Span(S).

Remark. More generally, if .S is an infinite set, we define

N
Span(S) = {Zcivi e K,v; € S}

=1
i.e. the set of all linear combinations which are finite sum. It follows that Span(V) =V if V is a
vector space.

Theorem 1.5. Span(S) is a subspace of V.

Theorem 1.6. H is a subspace of V if and only if H is non-empty and closed under linear
combinations, i.e.
ci € K,vie H= c1v1+ ..+ ¢V, € H.

a—3b
Example 1.21. The set H :={ b ; “lert: a,b € R} is a subspace of R*, since every element
b
of H can be written as a linear combination of vi and vs:
1 -3
a -1 +0b 1 = avy + bvy € R%.
1 0
0 1

Hence H = Span(vi,vs) is a subspace by Theorem 1.6.

1.3 Linearly Independent Sets

Definition 1.7. A set of vectors {vy,...,v,} C V is linearly dependent if
c1vi+...+¢cvp =0

for some ¢; € K, not all of them zero.



Chapter 1. Abstract Vector Spaces 1.4. Bases

Linearly independent set are those vectors that are not linearly dependent:

Definition 1.8. A set of vectors {vy,...,v,} C V is linearly independent if
c1vi+ ...+ ¢vp =0

implies ¢; = 0 for all 4.

Example 1.22. A set of one element {v} is linearly independent iff v # 0.

Example 1.23. A set of two nonzero element {u, v} is linearly independent iff u is not a multiple
of v.

Example 1.24. Any set containing 0 is linearly dependent.

1 0 0
Example 1.25. The set of vectors {| 0|, | 1|, 0|} is linearly independent.
0 0 1

Example 1.26. The set of polynomials {t?, t,4t — t?} is linearly dependent.

Example 1.27. The set of functions {sin ¢, cost} is linearly independent. The set {sin 2¢,sint cost}
is linearly dependent.

1.4 Bases

Definition 1.9. Let H be a subspace of a vector space V. A set of vectors B = {by,....b,} CV
is a basis for H iff

(1) B is a linearly independent set.

(2) H = Span(B).

Note. The plural of “basis” is “bases”.

Example 1.28. The columns of the n x n identity matrix I,:

1 0 0

0 1 0
el - 7e2 - . ) 7en -

0 0 1

form the standard basis for R™.



Chapter 1. Abstract Vector Spaces 1.4. Bases

Example 1.29. In general, the columns of an invertible matrix A € M,,»,(R) form a basis of R",
because Ax = 0 only has trivial solution.

Example 1.30. The polynomials {1,¢,2,...,t"} from the standard basis for P, (R).

Theorem 1.10 (Spanning Set Theorem). Let S = {v1,...,v,} be aset in V and let H = Span(5).
(1) If one of the vectors, say vy, is a linear combination of the remaining vectors in S, then
H = Span(S\ {vi}).
(2) If H # {0}, some subset of S is a basis of H.

Theorem 1.11 (Unique Representation Theorem). If B = {by,...,b,} C V is a basis for V, then
for each x € V, there exists unique scalars ¢y, ..., c, € K such that

X =—c1b;+..+¢c,bn.

c1, ..., ¢y are called the coordinates of x relative to the basis B, and

is the coordinate vector of x relative to B.
Example 1.31. The coordinate vector of the polynomial p = 3 + 2t2 + 3t + 4 € P3(R) relative to
the basis B = {1,t,t%,13} is

[plg = e R*.

— N W

We will study the change of basis later.



Chapter 1. Abstract Vector Spaces 1.5. Dimensions

1.5 Dimensions

Theorem 1.12 (Replacement Theorem). If V' = Span(vy,...,v,), and {ui,...,uy} is linearly
independent set in V', then m < n.

Proof. (Idea) One can replace some v; by u; so that {uy, vy, ..., v, }\ {v;} also spans V. Assume on
the contrary that m > n. Repeating the process we can replace all v’s by u’s, so that {uy,...,u,}
spans V', hence {uy,...,u;,} is linearly dependent. O

Applying this statement to different bases B and B’, which are both spanning and linearly inde-
pendent, we get

Theorem 1.13. If a vector space V has a basis of n vectors, then every basis of V must also
consists of exactly n vectors.

By this Theorem, the following definition makes sense:

Definition 1.14. If V is spanned by a finite set, then V is said to be finite dimensional,
dim(V') < co. The dimension of V' is the number of vectors in any basis B of V:

B={bi,...,b,} = dimV := |B| = n.

If V = {0} is the zero vector space, dim V' := 0..

If V' is not spanned by a finite set, it is infinite dimensional, dim(V') := cc.

Note. If the vector space is over the field K we will write dimg V. If it is over R or if the field is
not specified (as in the Definition above), we simply write dim V' instead.

Example 1.32. dimR"™ = n.
Example 1.33. dimg P, (K) =n + 1. The space of all polynomials is infinite dimensional.
Example 1.34. dimg M, xn(K) = mn.

Example 1.35. Let V = {(2,9,2) € R®: 2 +y + 2z = 0}. Then dimV = 2.

7



Chapter 1. Abstract Vector Spaces 1.5. Dimensions

Example 1.36. The space of real-valued functions on R is infinite dimensional.

Example 1.37. dimg C = 2 but dimc C = 1. dimg R = 1 but dimg R = 0.

Theorem 1.15 (Basis Extension Theorem). Let H be a subspace of V' with dimV < co. Any
linearly independent set in H can be expanded, if necessary, to a basis for H.

Also, H is finite dimensional and
dim H < dimV.

Example 1.38. Subspaces of R? are classified as follows:

e (-dimensional subspaces: only the zero space {0}.
e 1-dimensional subspaces: any line passing through origin.
e 2-dimensional subspaces: any plane passing through origin.

e 3-dimensional subspaces: only R itself.

Summarize: For dimV < oo and H C V a subspace:

Basis Spanning
Extension Set
Theorem Theorem

/\/—\

Linearly Spannin
Independent - Basis c = &
Sot Set

e

Replacement Theorem



Chapter 1. Abstract Vector Spaces 1.6. Intersections, Sums and Direct Sums

If you know the dimension of V', the following Theorem gives a useful criterion to check whether a
set is a basis:

Theorem 1.16 (The Basis Theorem). Let V' be an n-dimensional vector space, n > 1, and S C V
a finite subset with exactly n elements. Then

(1) If S is linearly independent, then S is a basis for V.

(2) If S spans V, then S is a basis for V.

1.6 Intersections, Sums and Direct Sums

We discuss three important construction of vector spaces.

Definition 1.17. Let U, W be subspaces of V.

e UNW is the intersection of U and W.

e U+W={u+v:uelUveW}CVisthe sum of U and W.

Properties 1.18.

e UNW and U + W are both vector subspaces of V.

Definition 1.19. Let U, W be subspaces of V. Then V is called the direct sum of U and W,
written as V =U @ W if

1) V=U+W.
(2) UnW = {0}.



Chapter 1. Abstract Vector Spaces 1.6. Intersections, Sums and Direct Sums

T 0
Example 1.39. R®*={[y | :z,yec R} {[0] : 2 € R}

0 z

Even functions 0Odd functions
Example 1.40. {Space of functions}= .
P {5p J { F(=t) = £t } { F(—t) = —f(t) }
. Symmetric matrices Anti-symmetric matrices

Example 1.41. {Matrices} = { Y AT _ A } { yAT N }

Example 1.42. {Polynomials} = {Constants}®&{p(t) : p(0) = 0}.

Theorem 1.20. V =U & W iff every v € V can be written uniquely as
V=u+w

where u e U and w e W.

Theorem 1.21 (Dimension formula).
dimU +dim W = dim(U + W) 4+ dim(U N W).

In particular
dimU 4+ dim W = dim(U & W).

Example 1.43. If U and W are two different planes passing through origin in R3, then U N W
must be a line and U + W = R3. The dimension formula then gives 2 +2 = 3 + 1.

-10-



CHAPTER 2

Linear Transformations and Matrices

2.1 Linear Transformations

Definition 2.1. A linear transformation 7" from a vector space V to a vector space W is a map
T:V —W

such that for all vectors u,v € V and scalar ¢ € K:

(1) Tu+v)=T(u)+T(v)
(2) T(c-u)=c-T(u)

V is called domain and W is called codomain of 7.

The set of all such linear transformations 7' : V' — W is denoted by L(V, W).

Fact. Any T € L(V,W) is uniquely determined by the image on any basis B of V.

Example 2.1. The identity map Id : V' — V given by Id(v) = v.
Example 2.2. Differential operators on the space of real-valued differentiable functions.
Example 2.3. Tr : M3.3(R) — R on the space of 3 x 3 matrices with real entries.

Example 2.4. Matrix multiplication: R” — R™.

-11-



Chapter 2. Linear Transformations and Matrices 2.1. Linear Transformations

Theorem 2.2. Let V, W be finite dimensional vector spaces with dim V' = n,dim W = m. Then
every linear transformation 7" € L(V, W) can be represented by an m X n matrix.

Let B C V,B' C W be their bases. If T'(u) = w, then the matrix is given by
[T)% :R* — R™
uzy = [wlg

It is called the matrix of T with respect to the bases B and B'.

Definition 2.3.

e The kernel or null space of T is:

Ker(T) :={ueV :T(u) =0}

e The image or range of T is:

Im(T) :={w e W :w =T(u) for some ue V}

Theorem 2.4. Let 7' € L(V,W). Then

e The kernel of T is a subspace of V.

e The image of T is a subspace of W.

Example 2.5. If T : R — R™ is represented by a matrix A, then

e The kernel of A is the null space NulA. It is the set of all solutions to Ax = 0 of m
homogeneous linear equations in n unknown. It is a subspace of R™.

e The image of A is the column space ColA. It is the set of all linear combinations of the
columns of A. It is a subspace of R™.

Rule. For a matrix A, the row operations do not affect linear dependence of the columns.
Use the reduced echelon form to find the basis of NulA and ColA.

Example 2.6. The kernel of % on the space of differentiable functions is the set of all constant
functions.

-12-



Chapter 2. Linear Transformations and Matrices 2.2. Injection, Surjection and Isomorphism

2.2 Injection, Surjection and Isomorphism

Definition 2.5. A linear transformation 7 : V — W is called

e one-to-one or injective if T'(u) = 7T'(v) implies u = v
e onto or surjective if for every w € W, there exists u € V such that T'(u) = w
e isomorphism if T is one-to-one and onto.

Definition 2.6. If there exists an isomorphism 7' € L(V,W), we say V is isomorphic to W,
written as V ~ W.

Properties 2.7. Let T € L(V,W).

e If T is injective, then N(T) = {0}, i.e. T(u) =0 = u=0.
e If T is injective, it maps linearly independent set to linearly independent set.

e If T is injective, and H C V is a subspace, then dim7T'(H) = dim H.

If T is surjective, then R(T) = W.

If T is isomorphism, then dim V = dim W.

Theorem 2.8. If B = {by,...,b,} is a basis for a vector space V, then the coordinate mapping

x — [X]p
is an isomorphism V ~ K™.
x x
Example 2.7. {[y | iz, y c R} #R%2but {| y | : 2,y € R} ~ R?
0 0

Example 2.8. P,(K) ~ K"*!
Example 2.9. M,y (K) ~ K™

Example 2.10. C ~ R? as vector spaces over R.

-13-



Chapter 2. Linear Transformations and Matrices 2.3. Rank

2.3 Rank

Definition 2.9.

e The rank of T' is the dimension of the image of 7.

e The nullity of T is the dimension of the kernel of T'.

Below we have the Fundamental Theorem of Linear Algebra, which consists of the Rank-
Nullity Theorem and the Theorem of Column Rank = Row Rank :

Theorem 2.10 (Rank-Nullity Theorem). Let T' € L(V,W). Then

dim Im(7) + dim Ker(T) = dim V'

Let T be represented by a m x n matrix A (i.e. V = R" W = R™). Then rank of A is the
dimension of ColA. The row space is the space spanned by the rows of A. It is a subspace of R™.
The row rank is the dimension of the row space.

The row space of A is the column space of AT, hence the row rank of A equals the rank of A7

Theorem 2.11 (Column Rank = Row Rank). Rank of A = Rank of AT.

Theorem 2.12 (Invertible Matrix Theorem). Let A be an n x n matrix. Then A is invertible iff
any one of the statements hold:

1) Columns of A form a basis of R™

2) ColA =R"

(1)

(2)

(3) Rank of A =n
(4) NulA = {0}
(5)

5) Nullity of A = 0.

-14-



Chapter 2. Linear Transformations and Matrices 2.4. Change of Basis

2.4 Change of Basis

Recall that for x € V and B = {by,...,b,} a basis of V,

c1
xls=]:]|€R"

is the B-coordinate vector of x if
X =c1b1 + ... + ¢,b,.

If B = {b),...,bl} is another basis of V, then
[X]B/ = . eR”

is the B’-coordinate vector of x if
x=c bl +...+,b.

The relationship between the vectors [x]g and [x]p is given by

Theorem 2.13 (Change of Basis formula). There exists an n x n matrix P§ such that
x|z = Pg - (x5
where column-wise it is given by

Py = (b1]s [bals -+ [bn]m)

Pg, is called the change-of-coordinate matrix from B to B’.

In other words, it is the matrix of the identity map Id with respect to the basis B and B’ (see
Theorem 2.2).

Properties 2.14. The n X n matrix Pg, is invertible. We have

xls = (P5)" - [xlm

Hence .
P§ = (P§)

-15-



Chapter 2. Linear Transformations and Matrices 2.4. Change of Basis

Example 2.11. If B is a basis of R” and £ is the standard basis of R", then
[bile = b;.

Hence we simply have
PF=(by by -+ by,)

PB .= Pf is called the change-of-coordinate matrix from B to the standard basis of R".

Properties 2.15. We have

o P5 =(PB)1.P5

Example 2.12. Let £ = {(é) , <(1)>} be the standard basis of R%. Let

B={b — G) by = (_11>},

1 1
B = (b} = (0) b= (1)}
be two other bases of R2. Then

5 (1 1

P _<1 -1

/ 11

B _

=0 1)

P = (PF)t. P
(1 T o1 (0 2
S \0 1 1 -1/  \1 -1

One can check that this obeys the formula from Theorem 2.13.

b; =0-b} +1-bj
by =2-b} + (—1) - bs.

-16-



CHAPTER 3

Euclidean Space

We define the geometric concepts of length, distance, angle and perpendicularity for R™. This gives
R™ the structure of an Fuclidean Space.

3.1 Inner Product

We write a point u € R™ as a column vector, i.e. 1 X n matrix.

Definition 3.1. The inner product of u,v € R" i.e.

is given by
U1

n
u-v::uTv:(u1 un) : :E u;v; € R
i=1

Un

Note. To avoid confusion, I will omit the dot for scalar multiplication: I use cu instead of ¢ - u.

Some easily checked properties:

17-



Chapter 3. FEuclidean Space 3.1. Inner Product

Theorem 3.2. Let u,v,w € R", c€ R

1

u-v=v-u
2) (u+v) - w=u-wH+v-w

3) (cu)-v=c(u-v)=u-(cv)

(1)
(2)
(3)
(4)

4)Yu-u>0andu-u=0if u=0.

More generally:

Definition 3.3. Any vector space V over R equipped with an inner product V x V — R satisfying
Theorem 3.2 is called an inner product space. When V = R" it is called an Euclidean space.

Example 3.1 (Optional). An example of inner product space that is infinite dimensional: Let
C'la, b] be the vector space of real-valued continuous function defined on a closed interval [a,b] C R.

Then for f,g € Cla, ],
b
frgi= [ fogto

Remark. All the Definitions and Theorems below applies to inner product spaces.

gives an inner product on Cla, b].

Remark. When K = C, the inner product involves the complex conjugate

U1 n
u-vi=utvi= (T o W) | | =) mueC

Un

so that the last property (4) can hold. Also the third property have to be replaced by

(3*) (cu) - v=c(u-v)=u-(cv)

Properties 3.4. If A = (a;;) is an m x n matrix, then the matrix entries are given by
aij = eé 0 Aej

where {e;} is the standard basis for R" and {e}} is the standard basis for R™.

18-



Chapter 3. FEuclidean Space 3.1. Inner Product

Definition 3.5. The norm (or length) of v is the nonnegative scalar

vl :==vv-v =4/} + -+ vl €Rxg

For ¢ € R, we have ||cv|| = |¢|||v].
Definition 3.6. The vector u with unit length, i.e. ||ul| =1 is called a unit vector.
Given v # 0, ﬁv has unit length and is called the normalization of v
1
Example 3.2. v = _22 € R* has norm ||v| = /12 + (-2)2 +22 + 02 = V9 = 3.
0
1/3
1 ~2/3
3V 23
0

is a unit vector.

Definition 3.7. The distance between u,v € R"” is defined by

dist(u,v) := ||[u—v||

Theorem 3.8 (Law of cosine). The angle 6 between u and v can be calculated by

u-v = ||ul|||v| cosb

When 6 = 90°, we have

-19-



Chapter 3. FEuclidean Space 3.2. Orthogonal Basis

Definition 3.9. Two vectors u,v € R" are orthogonal (or perpendicular) to each other if
u-v=0.

Properties 3.10 (Pythagorean Theorem). If u-v =0,
la+v|[* = [[uf]? + ||v]?
Properties 3.11 (Cauchy-Schwarz Inequality). For all u,v € R™,
[u-v| < f[ual]lv]
Properties 3.12 (Triangle Inequality). For all u,v € R",

Ju v < fufl +iv]
1 1 . 9
Example 3.3. 1 and - 1) are orthogonal to each other in R~.

Example 3.4. 0 is orthogonal to every vector in R™.

3.2 Orthogonal Basis

Definition 3.13. Let S = {uy,...,u,} € R™.

e S is called an orthogonal set if u; - u; = 0 for all i # j.
e [f in addition S is a basis of W C R", it is called an orthogonal basis for W.

e [f in addition all vectors in S has unit norm, it is called an orthonormal basis for V.

Example 3.5. The standard basis {e;, ez, --e,} for R" is an orthonormal basis.

Example 3.6. The set { (1) , (_11> } is an orthogonal basis for R2.

1 1
Its rescaled version, the set { <‘{§> , ( \/51 ) } is an orthonormal basis for R2.
% 1
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Theorem 3.14. Let B = {uy,...,u,} be an orthogonal basis for a subspace W C R™. Then for
x € W we can solve for the coordinates with respect to B explicitly as

C1
x]g= 1 :
Cn
where
X - u;
Gy = ) ? _’17' » D
u; - u;

3.3 Orthogonal Projection

Definition 3.15. Let W C R™ be a subspace. The orthogonal complement of W is the set

Wt :={veR":v.-w=0for every w € W}

Properties 3.16. We have the following properties:

e W+ is a subspace of R™.
o If L =W+, then W = L+

e x € W iff x is orthogonal to every vector in a spanning set ot WW.

Theorem 3.17. Let A € M, (R). Then

(RowA)!t = Nul4,  (Cold)* = NulaT

Definition 3.18. The orthogonal projection of b onto u is given by

b-
Proj,(b) :=(b-e)e = 2%y

u-u

_u_

] is the normalization of u.

where e :=
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Theorem 3.19 (Orthogonal Decomposition Theorem). Let W C R™ a subspace. Then each x € R"
can be written uniquely in the form
X=X+2z

where X € W and z € W+. Therefore we have

R =W @ W+

We sometimes write Projy,(x) := X. Note that Projy, € L(R",R") with

Im(Projy,) = W,  Ker(Projy,) = W+

Proof. Explicitly, if {uy,...,u,} is an orthogonal basis of W, then

X = Proj,, (x) +--- + Projy, (x)

XUy X+ Up
u +---+
uq - uqp up-up

up

and z = x — X. O

W = Span(uy,uz)

Figure 3.1: Orthogonal Projection

Remark. In particular, the uniqueness statement says that the orthogonal decomposition, i.e. the
formula for X, does not depend on the basis used for W in the proof.
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Properties 3.20. If x € W, then Projy, (x) = x.

By using orthonormal basis, we can represent Projy;, as a matrix:

Theorem 3.21. If {uy,...,u,} is an orthonormal basis for W C R", then
Projyy(x) = (x-up)ug + -+ - (x - up)u,
Equivalently, if U = (u1 e up) is an n X p matrix, then

Projy, (x) = UUTx

The matrix P := UU” is an n X n matrix which is called an orthogonal projection matrix.

Definition 3.22. A projection matrix is an n X n matrix such that
Pl=p

It is an orthogonal projection matrix if in addition

Pr=p
1 1
Example 3.7. If W = Span(vi,ve) where vi = [ 0| ,vo = | 1 | then {vy,va} is an orthogonal
1 -1
basis for W: vy - vy = 0.
The normalization . .
V1 _ ? Vo _ f
v a7 v i
V2 V3
is then an orthonormal basis for W. We have
1 1
U=10 —=
PG
V2 V3
and therefore
41 5 1 1
V2 V38 1 9 1 € 3 @
Projy =UUT = | 0 % (\{5 1 \/51>: g g g
1 1 V3 V3 V3 I _1 >
v 7 V3 V3 V3 G 5 6
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Theorem 3.23 (Best Approximation Theorem). Let W be a subspace of R" and x € R™. Then
lx — Projyyx|| < ||x —v||, for any ve W

i.e. Projyyx € W is the closest point in W to x.

3.4 Orthogonal Matrix

Definition 3.24. A linear transformation 7' € L(V, W) between inner product spaces is called an
isometry if it preserves the inner product:

(Tu)- (Tv)=u-v

for any vector u,v € V.

Theorem 3.25. If T' € L(R",R™) is a linear isometry which is represented by an m X n matrix
U, then for x,y € R™:

U has orthonormal columns

vl'u=1d,,

|Ux|| = ||x]|| (i.e. it preserves length)

(Ux) - (Uy) =0iff x-y =0 (i.e. it preserves right angle)

Definition 3.26. If n = m, the square matrix U corresponding to a linear isometry is called an
orthogonal matrix. It is invertible with

ul=u"

The set of n x n orthogonal matrices is denoted by O(n).
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Properties 3.27. Orthogonal matrices satisfy the following “group properties”:

L] Iann S O(n)
e If U € O(n), then U™ € O(n).
e If U,V €O(n), then UV € O(n).

Example 3.8. In R? and R?, an orthogonal matrix corresponds to combinations of rotations and
mirror reflections.

In R?, all orthogonal matrix is of the form Rotations by angle § counterclockwise
cosf —sinf
U= <sin9 cos 6 >
Mirror reflections along the line with slope tang passing through the origin
cosf sinf
U= (sin@ — Cos 9)

Example 3.9. The change-of-coordinate matrix Pg, between orthonormal bases B and B’ is an
orthogonal matrix.

Non-Example 3.10. Projection Projy; is in general not an orthogonal matrix: It does not preserve
lengths.

3.5 Gram-Schmidt Process

Gram-Schmidt Process gives a simple algorithm to compute an orthogonal basis from an arbitrary
basis.

Theorem 3.28 (Gram-Schmidt Process). Let {xi,...,x,} be a basis for a subspace W C R™.
Define

V1 = X1

Vg := X3 — Proj,, (x2)

V3 1= X3 — PI‘OjV1 (X3) - Projvz (X3)

vy 1= X, — Projy, (xp) — Projy,, (x3) =+ — Projvp_l(xp)
where XV
Proj =
rojy(x) := ——v
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is the orthogonal projection (see Definition 3.18).
Then B = {vi, ..., vp} is an orthogonal basis for W. Furthermore,
Span(vi, ..., vk) = Span(Xi, ...,Xx), foralll<k<p

To obtain an orthonormal basis, just normalize the vectors:

Vi

V;
il

The Gram-Schmidt Process implies the following factorization, which is very important in compu-
tation algorithms, best linear approximations, and eigenvalues decomposition.

Theorem 3.29 (QR Decomposition). If A is an m x n matrix with linearly independent columns,
then
A =QR

where

e Q is a m X n matrix with orthonormal columns forming a basis for ColA,

e R is an n X n upper triangular invertible matrix with positive entries on the diagonal.

Example 3.11. Let

— =
—_= == O
_= =0 O

Let x1 = , X9 = , X3 = be the columns of A.

[ R G S G —Y
—= = = O
= =0 O

Part 1: Gram-Schmidt Process.
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Apply the formula, we obtain

1
Vi =X !
1=X1= [y
1
0 1 -3
— w0 — Pro; ) o311
Vo = X9 I'OJV1X2 =S 1 4 1 =S 4 1
1 1 1
0 1 -3 0
%1 — Proi _ Pro; o 11 {1 f_1]-2
V3 = X3 1"0_]le3 rOJV2X3 = 1 B 1 6 1 = 3 1
1 1 1
Then {v1,va,v3} is an orthogonal basis for ColA.
Part 2: Orthonormal basis and Q.
The vectors have lengths
vall = 2 fvall = 2, v = X2
Vv = Vv = — Vv = —
1 ) 2 4 3 3
hence the corresponding orthonormal basis is
1/2 —3/v/12 0
v |2 o 1/V/12 o —2/v/6
1 1/2 |72 1/v/12 |73 1/v6
1/2 1/v/12 1/v6
Then Q is formed by {v}, v, v4}, ie.
1/2 =3/V12 0

|2 vz —2/v6
Q= 1/2 1/vV/12  1/V6
1/2 1/V12  1/V6

Part 3: The triangular matrix R.
To find R, recall that Q is a linear isometry, hence
QTA=Q'(QR)=1d-R=R

7.
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Therefore
R=QTA
/2 12 12 12 1 (1) 8
= |-3/viz vz vz yviz| |
0 =26 1V6 V6 \| |

2 3/2 1
0 3/V12 2/V12
0 0 2//6

Note that the diagonal of R is the same as the length of ||v1]|, || v2]], ||v3|| used for the normalization
in Part 2.

3.6 Least Square Approximation

If A is an m X n matrix with m > n, then the system of linear equations
Ax =D
is overdetermined and we may not have a solution.

If A has linear independent columns, we can use the () R decomposition to find a best approximation
X to the solution of AX = b such that ||AX — b|| is the smallest.

By the Best Approximation Theorem (Theorem 3.23), the closest point Ax € ColA to b € R™
should be Projc, ab. But ColA has orthonormal basis given by columns of Q, so Projo,a = QQT.
Hence AX = QQTb. Using A = QR we obtain:

Theorem 3.30 (Least Square Approximation). If A is an m x n matrix with m > n and has linear
independent columns, such that we have the QR decomposition A = QR, then

x=R!'Q"b eR"
is the vector such that for every x € R”,

[AX = b| < [[Ax - b]|

Note. It is easier to solve for X by
Rx=Q™b

instead of finding R™!, because R is upper triangular, so that we can use backward substitution.
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Example 3.12. Continue our example, if b = , then the closest point X such that ||Ax — b]|

W N

is smallest is given by

0 3/vV12 2/V12 | [ 2 -3/V/12 1/V/12 1/V/12 1/V/12
0 0 2/v/6 ) \x3 —2/v/6 1/vV6  1/V6

B~ W N =

=Q'b
2 3/2 1 1 ( 1/2 /2 1/2  1/2

3/[

This is a very simple system of linear equations, and we can solve for X to get

I 2/3
X = X9 = 1
x3 3/2

Therefore
100 2/3
AS — 1 10 2{3 | 5/3
1111 3/2 1 19/6
111 19/6
1
is the closest approximation in ColA to ?)
4

Note. It is called ”least square” because ||ul| is computed by summing the squares of the coor-
dinates. We want to find the smallest |Ax — b||. This is very useful in regression problems in
statistics, where we want to fit the data onto a linear model as closely as possible.
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CHAPTER 4

Eigenvectors and Eigenvalues

In this Chapter we will learn the important notion of eigenvectors and eigenvalues of matrices and
linear transformation in general.

4.1 Eigenvectors

Definition 4.1. An eigenvector of a linear transformation 7' € L(V, V) is a nonzero vector u € V
such that Tu = Au for some scalar A € K.

A is called the eigenvalue of the eigenvector u.

The space V) := {u: Tu = Au} C V is called the eigenspace of the eigenvalue \.

We have the same definition if 7" € L(R™,R") is represented by an n x n matrix A.

Note. V) contains 0, although 0 is not an eigenvector by definition.

Properties 4.2. The eigenspace V) = Nul(A — AId) is a vector space.

In particular, any linear combinations of eigenvectors with eigenvalue X is again an eigenvector with
eigenvalue A if it is nonzero.

Properties 4.3. ) is an eigenvalue of A if and only if det(A — AId) = 0.
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General strategy:

Step 1. Find the eigenvalues A\ using determinant.

Step 2. For each eigenvalue A, find the eigenvectors by solving the linear equations (A —AId)x = 0,
which have non-trivial solutions.

11

Example 4.1. Let A = <4 1

>. To find eigenvalues,

det<1;/\ 11)\> =(1-N1-)—-4=X-21-3=(-3)(A+1) =0,

hence A =3 or A = —1.

-2 1 x t .
For A = 3, we have ( 4 _2> (y) =0= <2t) are eigenvectors for all ¢t € R.

For A = —1, we have <Z ;) (i) =0= (_t2t> are eigenvectors for all ¢t € R.

Some useful theorems:

Theorem 4.4. The eigenvalues of a triangular matrix (in particular diagonal matrix) are the
entries on its main diagonal.

Theorem 4.5 (Invertible Matrix Theorem). A is invertible if and only if 0 is not an eigenvalue of
A.

111
Example 4.2. A= |0 2 2| has eigenvalues A = 1,2, 3.
0 0 3

3 00
Example 4.3. A = (0 1 0] has eigenvalues A = 1,3 only. V3 is 1-dimensional spanned by
0 01
1 0 0
0 |, while V; is 2-dimensional spanned by {| 1], (0]}
0 0 1
300
Example 4.4. A = [0 1 1] has eigenvalues A = 1,3 only. V3 is 1-dimensional spanned by
0 01
1 0
0], but V; is only 1-dimensional spanned by | 1
0 0
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Example 4.5. Existence of eigenvalues depend on the field K. For example, A = <(1) _01> has
no eigenvalues in R, but it has two complex eigenvalues A = i with eigenvectors <i ,and A = —i
with eigenvectors (_12>

Theorem 4.6. If vy, ..., v, are eigenvectors corresponding to distinct eigenvalues Aq, ..., A, then
the set {vy,..., v, } is linearly independent.

4.2 Determinants

To find eigenvalues, we need to solve the characteristic equation

det(A — \Id) = 0

Let us recall the definition of Determinants of a matrix.

Definition 4.7. The determinant is the unique function
det : Mywn — K

such that it satisfies the following properties:

e Determinant of identity matrix is 1: det(Id) =1

o It is skew-symmetric: Interchange two rows gives a sign:

det = —det
In particular, if the matrix has two same rows, det = 0.
e It is multilinear, i.e. it is linear respective to rows:
— Addition:
det | — r+s —|=det|— r —|+det|— s —
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— Scalar multiplication: for k € K,
det | — k-r — | =kdet| - r —

— Z€ero:

det| — 0 —| =0

Remark. The definition of the determinant means that det A is the signed volume of the “paral-
lelepiped” spanned by the columns of A (and | det A| is the volume).

From this definition, one can calculate the determinant of A using the reduced row echelon form,
because it says that row operations do not change the determinant:

T oriter = det T +ecdet | A - det Ti

- - - T - - T - - T -

det

This also implies that

Properties 4.8. If A is triangular (in particular diagonal), then det A is the product of the entries
on the main diagonal of A.

Example 4.6.

R @RQ

det —det

o = O
W O N
N — W
w N O

1
3
2

[NIES

1
0
0
10 1
=" —2det [0 1 3/2
3
1 1
0

0 2
R, R 0
52 _9det [0 1 3/2
0 0 —5/2

=—2.1-1-(=5/2) =5.
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Properties 4.9. The properties of determinant under row operations means that det change as
follows if you multiply your matrix by the elementary matrices on the left:

i
o E= (1) 1 Z : Interchanging two rows:
J
det(EA) = —det(A)
i
e E= k i : Scalar multiplying i-th row by k:
det(EA) = kdet(A)
i J
e E= (1) i Z : Adding multiples of j-th row to i-th row:
J

det(EA) = det(A)

Here the "*. means it is 1 on the diagonal and 0 otherwise outside the part shown.

The determinant has the following very useful properties

Theorem 4.10. Let A, B be n X n matrices

e A is invertible if and only if det A # 0
e det AB = (det A)(det B)

o det AT =det A

o det kA = k" det A
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Corollary 4.11. If A is invertible, det(A™1) = det(A)~1.

If Q is orthogonal matrix, then det(Q) = +1

Alternative way to compute determinant is

Theorem 4.12 (The Laplace Expansion Theorem). If A is n X n matrix, det A is computed by
det A = a;1C;1 + ai9Ci0 + - - - + ainCin

or
det A = a1;C15 + az;Coj + - - - + aniChj

where C;; = (1) det A;; and A;; is the submatrix obtained by deleting the i-th row and j-th
column.

Example 4.7. Using the same example above, using the first row,

02 3

det {1 0 1 :0~det<0 1)—2-det<1 1>+3-det<1 O>:0—2‘2+3-3:5
3 2 0 2 0 3
0 3 2
or using the second column,
0 2 3
det |1 0 1 :—2-det<1 1>—|—O-det<0 3)—3-det<0 3>:—2-2+0—3-(—3):5
0 3 2 0 2 0 2 11

of course, the smart way is to choose the first column, because there are 2 zeros, making computation
easier :)

4.3 Characteristic polynomial

Definition 4.13. If A is n X n matrix,
p(A) := det(A — AId)

is a polynomial in A of degree n, called the characteristic polynomial.

Therefore eigenvalues are the roots of the characteristic equations p(A) = 0.
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Definition 4.14. We define the notion of multiplicity:

e The dimension of the eigenspace V) is called the geometric multiplicity.

e The multiplicity of the root A of p(A) = 0 is called the algebraic multiplicity.

From the fundamental theorem of algebra, we note that since any polynomial of degree n has n
roots (with repeats),

The algebraic multiplicities add up to n

Example 4.8. If A = , then the characteristic polynomial is

O O W
o = O
_ = O

3—A 0 0
p(A) =det(A —Md)=det[ 0 1-X 1 |=(1-X*3-)
0 0 1—A
Note that A = 1 is a multiple root, hence the algebraic multiplicity of A =1 is 2.

0

On the other hand, the eigenspace V; is spanned by [ 1| only (see Exercise 4.4), so A = 1 has
0

geometric multiplicity = 1 only.

In other words:

Geometric multiplicity is in general not the same as algebraic multiplicity.

Theorem 4.15. The characteristic polynomial p()A) has the following properties:

e The top term is A" with coefficient (—1)"
e The coefficient of A" ! is (—1)""!TrA

e The constant term is det A.
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Finally, we have the following interesting result, which can be used to calculate inverse of matrix!

Theorem 4.16 (Cayley-Hamilton Theorem). If p(\) is the characteristic polynomial of A, then
p(A)=0

where O is the zero matrix.

3 00
Example 4.9 (cont’d). Since (1 — A\)?(3 —A) =3 —7A +5X2 — A3, the matrix A = [0 1 1
0 01
satisfies
3Id—7A +5A7 - A*=0
Therefore

3Id = TA — 5A% + A?
Multiplying both sides by A~! we obtain

A" =7Id — 5A + A?

This gives the inverse of A easily by usual matrix multiplication only.

4.4 Similarity

Definition 4.17. If A, B are n X n matrices, then A is similar to B if there is an invertible
matrix P such that
A =PBP!

Since if Q = P71, then also B = QAQ ! and B is similar to A. Therefore we can just say A and
B are similar. We usually write
A~B

We have the following properties:

Theorem 4.18. If A and B are similar, then

e They have the same determinant
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e They have the same characteristic polynomial
e They have the same eigenvalues

e They have the same algebraic and geometric multiplicities.

The polynomials of symmetric matrices are also related, which is very useful if the matrix is similar
to a diagonal matrix (see next Chapter)

Theorem 4.19. If
A =PBP!

then for any integer n,
A" =PB"P!

In particular, for any polynomial p(x),

p(A) = Pp(B)P~!

Recall that for a linear transformation 7" € L(V,V), it can be represented as an n X n matrix
R™ — R™ with respect to a basis B of V:

[T5 : [x]g — [T%]5
Also recall the change of basis matrix
Pg : x5 — [Xp

Therefore we have the following interpretation of similar matrix:

Theorem 4.20. Let T € L(V,V) such that [I]z = A, [T]p = B and P = P§.
Then A is similar to B:
A =P 'BP

In other words, similar matrix represents the same linear transformation with respect
to different basis!

Pictorially, we have
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This means that for the linear transformation 7': V' — V| if we choose a “nice basis” B of B, the
matrix [T']g can be very nice! One choice of “nice basis” is given by diagonalization, which means
under this basis, the linear transformation is represented by a diagonal matrix. We will study this
in more detail in the next Chapter.

Example 4.10. In R?, let £ = {(é) , <(1)>} be the standard basis, and B = {<;) ) <_12)}

be another basis. Let T be the linear transformation represented in the standard basis £ by

A_ (14/5 2/5

2/5 11 /5> Then we can diagonalize A as follows:

@ _12> ) <124//55 121//55> (; _12) B (3 g)

See the picture below for the geometric meaning.

-
NI

I

: On

A= (124/55 121//55>

Figure 4.1: Pictorial explanation of similar matrix.
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CHAPTER D

Diagonalization

In this Chapter, we will learn how to diagonalize a matrix, when we can do it, and what else we
can do if we fail to do it.

5.1 Diagonalization

Definition 5.1. A square n X n matrix A is diagonalizable if A is similar to a diagonal matrix,
i.e.

A =PDP!

for a diagonal matrix D and an invertible matrix P.

Diagonalization let us simplify many matrix calculations and prove algebraic theorems. The most
important application is the following. If A is diagonalizable, then it is easy to compute its powers:

Properties 5.2. If A = PDP~!, then A" = PD"P!.

4 -3
2 -1

(31 /20 L (1
P-(1) PG ) rre(h )

41-
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28 0 256 0
8 __
D_<o 18> <o 1)
A% = PDéP!
(3 1\ (256 0 1 -1
21 0 1/\-2 3
_ (766 —T765
—\510 =509

The Main Theorem of the Chapter is the following

Then for example

and

Theorem 5.3 (The Diagonalization Theorem). An n x n matrix A is diagonalizable
A =PDP!

if and only if A has n linearly independent eigenvectors.
(Equivalently, R™ has a basis formed by eigenvectors of A)

e The columns of P consists of eigenvectors of A

e D is a diagonal matrix consists of the corresponding eigenvalues.

Proof. Since the columns of P is linearly independent, P is invertible. We have

| | | | 1\ (M
AP=A|v: - vpl=Mvi - Avp|=1[Vvi -+ Vv =PD
| | | | | | An
O
3 -2 4
Example 5.2. Let us diagonalize A= | -2 6 2
4 2 3

Step 1: Find Eigenvalues. Characteristic equation is
p(A\) = det(A — AXId) = = A3 4+ 1202 =21V —98 = —(A = 7)’(A+2) =0
Hence the eigenvalues are A =7 and A = —2.
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Step 2: Find Eigenvectors. We find by usual procedure the linearly independent eigenvectors:

1 -1 -2
A=T:vi=|0],vo=1| 2 |, A=—-2:vy3=|[ -1
1 0 2

Step 3: P constructed from eigenvectors. Putting them in columns,

1 -1 -2
P={(0 2 -1
1 0 2

Step 4: D consists of the eigenvalues. Putting the eigenvalues according to v;:

7 0 O
D=0 7 0
0 0 -2
and we have
A =PDP!

We have seen in last chapter (Theorem 4.6) that if the eigenvectors have different eigenvalues, then
they are linearly independent. Therefore by the Diagonalization Theorem

Corollary 5.4. If A is an n X n matrix with n different eigenvalues, then it is diagonalizable.

3 45
Example 5.3. The matrix A= |0 0 7| is triangular, hence the eigenvalues are the diagonal
0 0 6
entries A = 3,A = 0 and A = 6. Since they are all different, A is diagonalizable.
3 00
Non-Example 5.4. We have seen from Example 4.4 that the matrix A = [0 1 1| has 2
0 01

eigenvalues A\ = 1, 3 only, so we cannot apply the Corollary. In fact, each of the eigenvalue has only
1-dimensional eigenvectors. Hence R? does not have a basis formed by eigenvectors and so it is not
diagonalizable by the Diagonalization Theorem.

From this Non-Example, we can also deduce that

Theorem 5.5. A square matrix A is diagonalizable if and only if for each eigenvalue A, the
algebraic multiplicity equals the geometric multiplicity.
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5.2 Symmetric Matrices

A wide class of diagonalizable matrices are given by symmetric matrices, and the diagonalization
has very nice properties.

Definition 5.6. A linear operator T' € L(V, V) on an inner product space is called symmetric if
Tu-v=u-Tv

If T is represented by an n X n square matrix A on V' = R", then a matrix is called symmetric if

AT = A

The first important property of symmetric matrix is the orthogonality between eigenspaces.

Theorem 5.7. If A is symmetric, then two eigenvectors from different eigenspaces are orthogonal.

Proof. If vi € V),,va € V), are eigenvectors with eigenvalues A1, Ay such that A\; # g, then
)\1V1 cVo = AV1 Vo =V - AV2 = )\QVI *Vo

and so we must have vi - vo = 0. ]

Therefore, if we normalize the eigenvectors, then the matrix P formed from the eigenvectors will
consist of orthonormal columns, i.e. P is an orthogonal matrix.

Definition 5.8. A matrix A is orthogonally diagonalizable if
A =PDP ' = PDP”

for some orthogonal matrix P and diagonal matrix D.

Theorem 5.9. An n x n matrix A is symmetric if and only if it is orthogonally diagonalizable.
In particular, A is diagonalizable means that each eigenvalue A has the same algebraic and geo-

metric multiplicity. That is, dimension of the eigenspace V), = the number of linearly independent
eigenvectors with eigenvalue A = multiplicity of the root A of p(A) = 0.

_44-



Chapter 5. Diagonalization 5.2. Symmetric Matrices

3 -2 4
Example 5.5 (Exercise 5.2 cont’d). We have diagonalize the matrix A = | =2 6 2| before.
4 2 3

But the matrix P we found is not an orthogonal matrix.

We have found before (Step 1, Step 2.)

1 -1 -2
)\:7:V1: 0 , Vo = 2 5 /\:—2:V3: -1
1 0 2

Since A is symmetric, different eigenspaces are orthogonal to each other. So for example we see
that

V1'V3:V2'V3:0

So we just need to find an orthogonal basis for the eigenspace V7.

Step 2a: Use the Gram-Schmidt process on V7:

3
|
<
|
=

Therefore {bj, by} is an orthogonal basis for V7, and {b1, bg, v3} is an orthogonal eigenvector basis
for R3.

Step 2b: Normalize.

1 -1 -2
1 1 1

b = 0], by=—+4], vi=-1]-1
V2 1 18\ 4 3\,

Step 3, Step 4: Construct P and D

Putting together the eigenvectors, we have

B
V2 V18 3
P=[0 = -3
B S
V2 V18 3
70 0
and D=0 7 0 |, consisting of the eigenvalues, is the same as before.
0 0 -2
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Chapter 5. Diagonalization 5.3. Minimal Polynomials

Theorem 5.10. If A is a symmetric n x n matrix, then it has n real eigenvalues (counted with
multiplicity) i.e. the characteristic polynomial p(\) has n real roots (counted with repeated roots).

The collection of Theorems 5.7, 5.9, and 5.10 in this Section are known as the Spectral Theorem
for Symmetric Matrices.

5.3 Minimal Polynomials

By the Cayley-Hamilton Theorem, if p()) is the characteristic polynomial of a square matrix A,
then
p(A) =0

Although this polynomial tells us about the eigenvalues (and their multiplicities), it is sometimes
too “big” to tell us information about the structure of the matrix.

Definition 5.11. The minimal polynomial m(\) is the unique polynomial such that
m(A) =0

with leading coefficient 1, and has the smallest degree among such polynomials.

To see it is unique: If we have different minimal polynomials m,m’, then m(A) — m/(A) = O,
but since m, m’ have the same degree with the same leading coefficient, m — m’ is a polynomial
with smaller degree, contradicting the fact that m has smallest degree.

Since it has the smallest degree, in particular we have

deg(m) < deg(p) =n

2 00
Example 5.6. The diagonal matrix A = [0 2 0] has characteristic polynomial
0 0 2

p(A) = (2-2)°
but obviously A — 2Id = O, hence the minimal polynomial of A is just
m(A) =A—2
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Chapter 5. Diagonalization 5.3. Minimal Polynomials

In particular,

The minimal polynomial m(\) of A has degree 1 if and only if A is a multiple of Id.

1 00
Example 5.7. The diagonal matrix A = [0 2 0] has characteristic polynomial
0 0 2

p(N) = (1= )2~ N)?

Since A is not a multiple of Id, m(\) has degree at least 2. Since (A —Id)(A — 2Id) = O, the
polynomial
mA) =A—-1)(A—2)

having degree 2 is the minimal polynomial.

1 10
Example 5.8. The matrix A= |0 1 1| has characteristic polynomial
0 01

p(A) = (1-A)°
and it turns out that the minimal polynomial is the same also (up to a sign):

m(\) = (A —1)°

From the above examples, we also observe that

Theorem 5.12. p(A) = m(A)g(\) for some polynomial g(\). That is m(\) divides p()\).

Proof. We can do a polynomial division
p(A) =m(Ng(A) +r(})

where r(\) is the remainder with deg(r) < deg(m). Since p(A) = O and m(A) = O, we must have
r(A) = O. But since deg(r) < deg(m) and m is minimal, » must be the zero polynomial. O

Theorem 5.13. Let Ay, ..., \x be the eigenvalues of A (i.e. roots of p(A)) Then
m() = (A= A" (A= A

where 1 < s; < m; where m; is the algebraic multiplicity of A;.
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Chapter 5. Diagonalization 5.4. Jordan Canonical Form

Proof. To see s; > 1, note that if v; is an eigenvector for the eigenvalue \;, then since m(A) = O,
0=m(A)v; = m(\)v;

But since v; # 0, we have m(\;) = 0, so \; is a root of m(\). O

Finally, the most useful criterion is the following result:

Theorem 5.14. An n X n matrix A is diagonalizable if and only if each s; = 1. That is, m(\)
only has linear factors.

Using this result, minimal polynomials can let us determine whether a matrix is diagonalizable or
not without even calculating the eigenspaces!

-4 3
m(A\) # A — 1 because A # Id, we must have m(\) = (A — 1)2, hence A is not diagonalizable.

Example 5.9. The matrix A = <_1 1) has characteristic polynomial p(\) = (A — 1)2. Since

-1 1 0
Example 5.10. The matrix A = | =4 3 0| has characteristic polynomial p(A) = A(\A — 1)2,
-1 0 0

hence it has eigenvalues A = 1 and A = 0. The minimal polynomial can only be A(A—1) or A(A—1)2.
Since
AA-1d)#0

the minimal polynomial must be m(\) = A(A — 1)2, hence A is not diagonalizable.

2 -2 2
Example 5.11. The matrix A = [0 —2 4| has characteristic polynomial p(\) = A\(\ — 2)?,
0 -2 4

hence it has eigenvalues A = 2 and A = 0. The minimal polynomial can only be A\(A—2) or A(A—2)2.
Since
AA-2Id)=0

the minimal polynomial is m(A) = A(A — 2), hence A is diagonalizable.

5.4 Jordan Canonical Form

Finally we arrive at the most powerful tool in Linear Algebra, called the Jordan Canonical Form.
This completely determines the structure of a given matrix. It is also the best approximation to
diagonalization if the matrix is not diagonalizable.
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Chapter 5. Diagonalization 5.4. Jordan Canonical Form

The result below works as long as p(A) has n roots (counted with multiplicity), and so it is
always available if the field is K = C, so that the characteristic polynomial p()\) always has n roots
by the Fundamental Theorem of Algebra.

Definition 5.15. Let A =A; @ --- ® A,, denote the n X n matrix in block form:

A, O --- O
A 0O A
: .. 0
O .- 0 A,

such that A, are square matrices of size d; x d;, and O are zero matrices of the appropriate sizes.
In particular n =dy +do + - - + dp,.

For any d > 1, and A € C, let Jf\d) be the Jordan block denote the d x d matrix

Al
A

> =
—_

> =

> =

where all the unmarked entries are 0.

Note. When d = 1, we have Jg\l) = ()\)

With these notations, we can now state the Main Big Theorem

Theorem 5.16 (Jordan Canonical Form). Let A € M, x,(C). Then A is similar to
J=3"eg. . g

where A; belongs to the eigenvalues of A. (\; with different index may be the same!).
This decomposition is unique up to permuting the order of the Jordan blocks.

Since eigenvalues, characteristic polynomials, minimal polynomials, and multiplicity etc. are all
the same for similar matrices, if we can determine the Jordan block from these data, we
can determine the Jordan Canonical Form of a matrix A.
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Chapter 5. Diagonalization 5.4. Jordan Canonical Form

Let us first consider a single block.

Properties 5.17. The Jordan block J g\d) has

e only one eigenvalue A

characteristic polynomial (¢ — \)¢

d

minimal polynomial (¢ — \)

geometric multiplicity of A is 1.

Now let us combine several blocks of the same eigenvalues:

Properties 5.18. The matrix Jg\dl) DD Jf\d’“) has

e only one eigenvalue A

characteristic polynomial (¢ — \)&+dx

max(di,...,dx)

minimal polynomial (¢ — \)
e geometric multiplicity of A is k.

Now we can do the same analysis by combining different Jordan blocks. We arrive at the following
structure:

Theorem 5.19. Given a matrix A in the Jordan canonical form:

e The eigenvalues Ay, ..., \; are the entries of the diagonal.

e The characteristic polynomial is
pA) = (A= A)™ - (A= Ap)™
where r; is the number of occurrences of A; on the diagonal.

e The minimal polynomial is
m(A) = (A= A%t (A= Ag)®*
where s; is the size of the largest A;-block in A

e The geometric multiplicity of A; is the number of A\;-blocks in A.
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Chapter 5. Diagonalization 5.4. Jordan Canonical Form

Example 5.12. Assume A is a 6 x 6 matrix with characteristic polynomial
p(A) = (A =2)'(A=3)?

and minimal polynomial
m(A) = (A = 2)*(A = 3)%,

with eigenspaces dim Vo = 3,dim V3 = 1. Then it must have 3 blocks of A = 2, with maximum
block-size of 2 so that the A = 2 blocks add up to 4 rows. It also has 1 block of A = 3 with block-size
2. Hence

A~IP a3 e i) eIl
2110000
020000
00/2/000

A~ oo0o0l2/00
000031
000003

The uniqueness of Jordan Canonical Form says that A is also similar to the matrix where the
Jordan blocks are in different order. For example we can have:

O O O OO W
O O OINIO O
OSIO N|O O O
oI RO O O
NI O O O O

O O O OoOlWw

Example 5.13. Another example, let A be a matrix such that it has characteristic polynomial
p() =M= 1P (A - 2)°

and minimal polynomial
m(A) = M3\ = 1)2(A—2)

With this information only, we can determine

A~IP 2321?01V el o3l @ g

0

2
Cooocoooooo

O O O, IO O O o o o
OO O O O O O o o
NIO OO OO oo oo

O O O O O O oo o
O O O O O O oo~ o
O O O O O oo O O
O O O OO, o oo
O O O Ol RO O OO
O OO O O O O O

1
ot
,I_\



Chapter 5. Diagonalization 5.5. Positive definite matrix (Optional)

It turns out that when the matrix is bigger than 6 x 6, sometimes we cannot determine the
Jordan Canonical Form just by knowing p()A), m(\) and the dimension of the eigenspaces only:

Example 5.14. Consider a 7 x 7 matrix A. Let p(\) = A", m(\) = A%, and dim Vj = 3. Then A
has 3 blocks and the largest block has size 3. So it may be similar to

IPe1P a1l o IPeiPerd

However, by the uniqueness of Jordan Canonical Form, we know that these two are not similar to
each other, but we cannot tell which one is similar to A just from the given information.

To determine which one is the Jordan Canonical Form of A, we need more techniques. In the
Homework, we will discuss how one can determine exactly the size of the Jordan blocks, as well as
the transformation matrix P such that A = PJP !

5.5 Positive definite matrix (Optional)

One application of the diagonalization of symmetric matrix allows us to analyses quadratic func-
tions, and define “square root” and “absolute value” of a matrix, which is useful in advanced linear
algebra and optimization problems.

Definition 5.20. Let A be a symmetric matrix. The quadratic function
Qx) :=xTAx =x - Ax

is called the quadratic form associated to A.

Definition 5.21. A quadratic form Q (or symmetric matrix A) is called positive definite if
Q(x) =x-Ax >0, for all nonzero x € R"
It is called positive semidefinite if
Q(x) =x-Ax >0, for all nonzero x € R"
0 1) \y

Example 5.15. Q(x) := (x y) <9 O) (w) = 922 + 12 is positive definite.

5 4
4 5

can see that it represents ellipses as follows: We can diagonalize the matrix by A = PDP’ where

Example 5.16. Let A = ( ) Then Q(x) := x Ax = 522 4 8xy + 5y? is positive definite. We
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Chapter 5. Diagonalization 5.5. Positive definite matrix (Optional)

(9 0 _ 1 (1 1
D—<0 1> zmdP—\/i(_1 1).Them

Q(x) = x'PDPTx = (PTx)"D(PTx)

Therefore if we let X = <”:C\> = PTx, i.e. rotating the basis by P!, then

Yy
Q(x) = 92% +§°

and it is represented by an ellipse.

Q(x) =522+ 8zy +5y> =1 QX)=922+792=1

Figure 5.1: Pictorial explanation of similar matrix.

Theorem 5.22. A quadratic form Q associated to a symmetric matrix A is positive (semi)definite
if and only if \; > 0 (\; > 0) for all the eigenvalues of A.

Proof. Substitute x ~» Px where A = PDP? is the diagonalization. O

Remark. If all eigenvalues are \; < 0 (\; < 0), we call the quadratic form negative (semi)definite.
Otherwise if some are positive and some are negative, it is called indefinite.

We can always find a “square root” of A if it is positive (semi)definite.
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Chapter 5. Diagonalization 5.6. Singular Value Decomposition (Optional)

Theorem 5.23. If A is positive (semi)definite, then there exists exactly one positive (semi)definite
matrix B such that
B’ =A

We call B the square root of A and denote it by v/A. It is given by
VA =PD:P”

where D2 is the diagonal matrix where we take the square root of the entries of D.

We can also construct the “absolute value” of any matrix A:

Theorem 5.24. Let A be any m x n matrix. Then AT A is a positive semidefinite matrix, and
|A| == VATA

is called the absolute value of A.

Proof. ATA is symmetric, and x - AT Ax = ||Ax||? > 0 for any x € R™. O

This is used in the construction of Singular Value Decomposition in the next section.

Example 5.17. Let A = <5 4> =P <9 0) P7 where P = L < 1 1). Then

_ 3 0\pr_ (21
\/K_P<0 1>P _<1 2)
= ! —2 Te [0 4 (21
Let B = <_2/5 _11/5>. Then B'B = <4 5>, therefore by above |B| = <1 2)_

5.6 Singular Value Decomposition (Optional)

We know that not all matrix can be diagonalized. One solution to this is to use Jordan Canonical
Form, which give us an approximation. Another approach is the Singular Value Decomposition,
and this can even be applied to rectangular matrix! This method is also extremely important in
data analysis.
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Chapter 5. Diagonalization 5.6. Singular Value Decomposition (Optional)

Recall that if Av = A\v is the eigenvector, the effect is “stretching by A” along the direction of v.
We want to consider all such directions if possible, even for rectangular matrix.

Definition 5.25. Let A be m x n matrix. The singular values of A is the eigenvalues o; of

A = VATA.

If A has rank r, then we have r nonzero singular values. We arrange themaso; > o9 > -+ > o, > 0.

Since ATA is a positive definite symmetric matrix, it has an orthonormal set of eigenvectors
{v1,..., v, } with positive eigenvalues {A1,...,\,}. Then

HzAViH2 = VZTATAVZ' = VZTAZ‘VZ' = /\i
therefore the singular values o; = v/A; = ||Av;|| of A is precisely the length of the vector Av;.

Let us denote a “quasi-diagonal” matrix of size m x n and rank r < m, n:

r o on—r
s_(D 0] r
o 0) m-—r
where D is a diagonal matrix. (When r = m or n, we omit the rows or columns of zeros).

Theorem 5.26 (Singular value decomposition). Let A be an m x n matrix with rank r. Then we

have the factorization
A=UuxVvT

where

e X is as above with D consists of the first r singular values of A
e U is an m x m orthogonal matrix

e V is an n x n orthogonal matrix

V=|v: -+ v, | where the columns are the orthonormal eigenvectors {v1,...,v,} of ATA.
| |
For U, extend the orthogonal set {Avy,...,Av,} to a basis of R™, and normalize to obtain an
| |
orthonormal basis {uy,...,up,}. Then U= [u; -+ uy

-55-



Chapter 5. Diagonalization 5.6. Singular Value Decomposition (Optional)

11 1

Example 5.18. Let A = (1 1 —1

2 20
). Then ATA = |2 2 0] and it has eigenvalues \; =
0 0 2

4, Ao = 2, A3 = 0 with orthonormal eigenvectors

1 0 -1
v 1 1 A% 0 v 1 1
1= 7= ) 2 = 3 3= =
V2 0 1 V2 0
Therefore

1 1 0 -1
V=—1|1 0 1
V2 0 V2 0

Also 01 = VA = 2,09 = /Ay = V2. Therefore

S5

Finally
Avy Av, 1 (1)
u; = — = —=
I|Avy]| o1 2 \1
u AVQ o AV2 - i ( 1 )
T AV T e V2 \ L
therefore )
1 1
U= NG (1 —1)
and

1 1
2 0 0
A:UEVT:(\@ V2 (

N———
=S
Seosk
—

U

-
T

Figure 5.2: Multiplication by A. It squashed the vs direction to zero.
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One useful application of SVD is to find the bases of the fundamental subspaces.

Theorem 5.27. Let A be m x n matrix with rank r, and A = UXV7 be the SVD.

AssumeU=[u; --- u, | and V=|vy --- v, |. Then

{ui,...,u,} is an orthonormal basis of ColA.

{u,41,...,u,} is an orthonormal basis of Nul(AT).

{v1,..., v, } is an orthonormal basis of RowA = ColA”.

{Vr41,..., v} is an orthonormal basis of NulA.

Another application is the least-square solution which works like the example from QR decom-
position in Chapter 3.

Definition 5.28. Let U, = |u; -+ u,.|,V,=1[|v:i --- v, | be the submatrix consists of

T
A= (U, x (13 8) <V;F> =U,DV/.

The pseudoinverse of A is defined to be

the first » columns. Then

AT =Vv,D'UT

The pseudoinverse satisfies for example
AATA =A

and
AA+ = ProjcolA

because

AAT = (U,DV])(V,D'U]) = U,DD'U} = U, U/ = Projcoia
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Theorem 5.29. Given the equation x = Ab, the least-square solution is given by

X=A"b=V,D'Ub

Proof. Since AX = AA™b = Projc,ab, AX is the closest point to b in ColA. O
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APPENDIX A

Complex Matrix

If the field K = C, we have many similar results corresponding to the real matrix case.

Definition A.1. If ¢ = x +iy € C is a complex number, we denote by ¢ = z —iy € C the complex
conjugate of c.

Instead of transpose, we have adjoint, which is conjugate transpose:

ail a2 - Qin
Definition A.2. If A = : : is an m x n complex matrix, then the adjoint

Am1 Am2 ° Gmn
is an n X m complex matrix given by

aii o Aml
A* ai2 am2
Qln *°° Qmn

That is, we take the transpose, and then conjugate every element:

(a5)" = (@5)

The definition of an inner product is changed slightly, as already noted in Chapter 3.
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Uy U1
Definition A.3. The inner product of u= | : | ,v=1| : | € C"is given by
Up, Up,
V1 n
u-v:u*v:(m Tn) :Zuﬁvie(c
v i=1
n

The important properties of inner product is property (4) from Theorem 3.2:

u-u >0, and u-u=0<=u=0

Using this definition of inner product, most of the definitions and results of Chapter 3.1-3.3
applies (length, distance, projection, orthogonal, orthonormal basis etc.) However we cannot talk
about “angle” anymore in the complex case.

The properties of determinant is slightly changed:

Theorem A.4. The determinant of the adjoint is the complex conjugate:

det A* = det A

Next, for a linear isometry, that is, the linear transformation that preserves inner product:
(Tu)-(Tv)=u-v

instead of orthogonal matrix, we have the unitary matrix:

Definition A.5. A square matrix U corresponding to a linear isometry is called a unitary matrix.
It is invertible with

The set of n x n unitary matrices is denoted by U(n). It satisfies all the properties of Theorem
3.25.
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From the properties of determinant, we have
Theorem A.6. The determinant of a unitary matrix is a complex number with norm 1:

|det Ul =1

We just have to replace orthogonal matrix by unitary matrix everywhere in the setting of
K = C. For example:

If A = QR is the QR decomposition and A is a square matrix, then Q is a unitary matrix.

By the Fundamental Theorem of Algebra, any degree n polynomial p(A) has n roots (counted with
multiplicity). Therefore

Theorem A.7. Every complex nxn square matrix A has n eigenvalues (counted with multiplicity)

Instead of symmetric matrix, we have Hermitian matrix:

Definition A.8. An n x n square matrix A is called Hermitian if

A"=A

Next we talk about diagonalization:

Definition A.9. A matrix A is unitary diagonalizable if
A =UDU ' =UDU*

for some unitary matrix U and diagonal matrix D.

Then we have the Spectral Theorem of Hermitian Matrices similar to the one of symmetric
matrices (see Theorem 5.7, 5.9 and 5.10):
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Theorem A.10 (Spectral Theorem for Hermitian Matrices). We have

e If A is Hermitian, then two eigenvectors from different eigenspaces are orthogonal.
e A is Hermitian if and only if it is unitary diagonalizable.

e If A is Hermitian, then it has n real eigenvalues (counted with multiplicity). The characteristic
polynomial p(\) has n real roots (counted with multiplicity).

Finally, as mentioned in Chapter 5.4, since p(\) always has n roots:

Theorem A.11. Every complex matrix A is similar to a Jordan Canonical Form.

Summarize: We have the corresponding definitions and results for n x n matrices:

Real inner product: — Complex inner product:
u-v=uvs+- -+ uUpty u-v=uv+ -+ UpUp
Transpose: — Adjoint (conjugate transpose):
AT (ai)" = (a;1) A" (ai)" = (aji)
det AT = det A — det A* = det A
Orthogonal matrix: — Unitary matrix:
UTU =1d U*U=1d
det U = +1 — |detU| =1
Symmetric matrix: — Hermitian matrix:
AT = A A*=A
Orthogonal diagonalizable: — Unitary diagonalizable:
A = PDP” A = UDU*

Some matrix may not have eigenvalues ~—  All matrix has n eigenvalues (with multiplicity)

Symmetric matrix has n real eigenvalues — Hermitian matrix has n real eigenvalues
Jordan Canonical Form: — Jordan Canonical Form:
when p(A) has n roots always
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