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Abstract. Finding a solution of a linear equation Au = f with various minimization properties
arises from many applications. One such application is compressed sensing, where an efficient and
robust-to-noise algorithm to find a minimal ¢1 norm solution is needed. This means that the algorithm
should be tailored for large scale and completely dense matrices A, while Au and ATwu can be
computed by fast transforms and the solution we seek is sparse. Recently, a simple and fast algorithm
based on linearized Bregman iteration was proposed in [28, 32] for this purpose. This paper is to
analyze the convergence of linearized Bregman iterations and the minimization properties of their
limit. Based on our analysis here, we derive also a new algorithm that is proven to be convergent
with a rate. Furthermore, the new algorithm is simple and fast in approximating a minimal ¢; norm
solution of Au = f as shown by numerical simulations. Hence, it can be used as another choice of
an efficient tool in compressed sensing.

AMS subject classifications. Primary 65K05, 65F22; Secondary 65T99.

1. Introduction. Let A € R™*" with n > m and f € R™ be given. The aim
of a basis pursuit problem is to find u € R™ by solving the following constrained
minimization problem

152%@“(“) s Au = f} (1.1)

where J(u) is a continuous convex function. In other words, it is to find a solution
of the linear system Au = f, which has a minimal energy J(u). Throughout this
paper, we assume that A is a surjective map, i.e., AAT is invertible. Therefore,
Au = f is under-determined, and has at least one solution, i.e., u = AT (AAT)=1f
which minimizes the ¢ norm among all the solutions of the equation. The set of all
solutions of Au = f is convex. We assume also that J(u) is coercive, i.e., whenever
|u|| = oo, J(u) — oo. This implies that the set of all solutions of (1.1) is a nonempty
convex set. Furthermore, when J(u) is strictly or strongly convex, the solution of
(1.1) is unique.

This basis pursuit problem arises from many applications. For example, in a
recent burst of research in compressed sensing, it amounts to solving (1.1) with J
being the £; norm to obtain a sparse solution of the equation. The interested reader
should consult, for example, [2, 8,9, 10, 11, 12, 19, 21, 22, 23, 24, 29, 30, 31, 33, 34] for
details. The problem (1.1) can be transformed into a linear programming one, and
then solved by a conventional linear programming solver in many cases. However,
such solvers are not tailored for matrices A that are large scale and completely dense
while the solution to find is sparse. It does not use, for example, the fact that matrices
A are normally formed by rows of some orthonormal matrices corresponding to fast
transforms either where Au and ATu can be computed by fast transforms. This fact
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is, indeed, the case in some applications of compressed sensing. Hence, the algorithm
should utilize the fact that the solution to seek is sparse and Au and ATw can be
computed by fast transforms. More importantly, it should also be robust to noise.

1.1. Linearized Bregman Iteration. To solve (1.1) with emphasis on J(u) =
lu|l1, a linearized Bregman iteration was proposed in [28, 32], which was inspired
by the work in [16]. The idea of the linearized Bregman iteration is to combine a
fixed point iteration and the Bregman iteration in [27, 32]. Given p® = u" = 0, the
linearized Bregman iteration is generated by

utt = argmingern {u(J(w) = J(W¥) = (u —u*, p*)) + g llu — (u* = SAT (Au" — £))[IP},
pk-‘rl — pk _ %(uk-‘rl _ uk) _ %AT(AUI@ _ f)7
(1.2)
where § is a fixed step size.
This paper is to provide a complete analysis for the linearized Bregman iteration
(1.2). In particular, we prove the convergence of (1.2) (both of the sequences {u*}ren
and {p*}ren) under the assumption that the convex function J(u) is continuously

differentiable and there exists a positive constant § such that
10J (u) — 8J(v)||* < B(OJ (u) — AT (v),u —v), Yu,ve€R™, (1.3)

where 0J(u) is the gradient of J(u). This implies that 0.J(w) is Lipshitz continuous.
Note that we also use 0J(u) to denote the subdifferential of the convex function J(u)
throughout the paper. Moreover, the limit of {u*}1ey is the unique solution of

min {MJ(U)+2L5||U||2 :Au:f}. (1.4)

u€R™

Though (1.4) is not the same as (1.1), we will show that (1.4) approximates (1.1) with
a large pu.

1.2. Linearized Bregman Iteration for J(u) = ||u|l;. When J(u) = ||ull1,
after reformulation, algorithm (1.2) can be rewritten as

Rl = oF — AT (AU — f),
ukJrl — Tp&(akarl)y

0 =199 =0, and

Ta(w) := [ta(w(1)), tx(w(2)), -, ta(w(n))]” (1.6)

is the soft thresholding operator [20] with

e = {sgn@ma ), il > A 47

where u

This algorithm is shown to be accurate and efficient in many cases by numerical
simulations in [28]. As shown in [28], algorithm (1.5) is an extremely fast algorithm
that is very simple to program, involving only matrix-vector multiplications and scalar
shrinkages. We remark here that it is not the first time in signal and image processing
to combine an iterative algorithm together with a soft thresholding to obtain a solution
that minimizes the ¢; norm in some sense. In fact, one can find many of them in the
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literature; see, e.g., [3, 4, 5, 6, 7, 13, 14, 15, 17, 18] for details. With all of these, we
have good reason to believe that algorithm (1.5) works, as the numerical simulation
of [28] has already illustrated.

Here, we would like to emphasize that algorithm (1.5) is robust to noise. In the
first step of (1.5), it multiplies the error f — Au* by AT and adds it into v* to obtain
v¥+1. This step does not blow up the noise. In the second step of (1.5), it thresholds
skt by T,s. This step produces a sparse vector u**1 and removes the noise. In fact,
if we choose a large u (as we will see later, this is the case in both theory and practice),
only large components in v**! are nonzeroes in «**1!. This implies that u**! is a
sparse vector, and the noise contained can be efficiently removed. Furthermore, since
we start with u® = 0, algorithm (1.5) adds very important nonzero entries into u step
by step. Altogether, it indicates that algorithm (1.5) is robust to noise. This means
that, by properly choosing stopping criteria (e.g., stopping whenever ||f — Au*||? is
less than the standard deviation of the noise), algorithm (1.5) can handle the case
when f is very noisy. Indeed, even for the case that the noise dominates the signal in
f, this algorithm gives an impressive result; see [28].

1.3. Application to Compressed Sensing. The original goal in [28, 32] of
the linearized Bregman iteration is to solve the basis pursuit problem in compressed
sensing, i.e.,

min {flufly: Au=f}. (1.8)

Therefore, another theme of this paper is to apply the theory and analysis presented
here to approximate a solution of (1.8). Hence, algorithms given here can be used as
efficient tools for compressed sensing. Our strategy is as follows.

First, we use the solution of

. 1
min {,u|u|1 + %HUH2 cAu = f} (1.9)

ueR™

to approximate a solution of (1.8). We prove that, as 4 — oo, the solution of (1.9)
tends to a solution of (1.8). The algorithm to find the solution of (1.9) is the lin-
earized Bregman iteration (1.5). Since |lu||; is not differentiable, we cannot prove
the convergence of (1.5) by applying the theory here. However, we show that, when
{u*}ren in (1.5) converge, the limit uj , of {u*}ren is the solution of (1.9).

Second, in order to have a proven convergent algorithm, we further approximate
the solution of (1.8) by the solution of

: 1 2. —
min {jedi(0) + gl du =1} (1.10)

by properly chosen J. that satisfies (1.3). In particular, we choose

- & if €
Jo(w) = S Fu(i)), with F.(€) = {gl’_ . :g: i - (1.11)
=1 27 :

The function J.(u) is Moreau-Yosida C! regularization for ||ul/1; see [25]. It is also
known as Huber’s norm in statistics [26]. The function J, is continuously differentiable
and the gradient 0Jc(u) satisfies (1.3); see Figure 1.1. Since the function ||u|/1, which
is denoted by Jo(u) = |Jul|1, can be approximated by J., we prove that the solution
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Fic. 1.1. The left figure shows the approximation of Fe to the absolute value function, the
middle one shows the approzimation of F! to the subdifferential of the absolute value function, and
the right one shows the approximation of ty . to the soft-thresholding function ty .

of (1.10) can be as close to that of (1.9) as possible as long as pe is chosen sufficiently
small. This, in turn, reveals that, as © — oo and pe — 0, the solution of (1.10)
converges to a solution of (1.8).

The algorithm for solving (1.10) is the linearized Bregman iteration (1.2) with
J = J., which is guaranteed to be convergent by applying the convergence result of
this paper. Furthermore, iteration (1.2) with J = J¢, which has a compact form as
(1.5), can be reformulated as

Pl = ok — AT (Auk — f),

{uk—i-l = Tys.e(60F+), (1.12)

where u? = v? = 0, and
The(w) := [tac(w(1)), tae(w(2),. .., txc(u(n))” (1.13)

with
< ¢ if €] < A+,

tre(£) := & Ate 1.14
reld) {sgn@ma N il > Ate (114

By comparing (1.14) with (1.7), we see that T} . in (1.12) is very simple to implement
and very close to Ty in (1.5), where Th o = T as it is also illustrated by Figure 1.1.
In fact, as we will see, T . is essentially T numerically, when ¢ is sufficiently small.
Therefore, iteration (1.5) can be identified with iteration (1.12) numerically for suffi-
ciently small e. Furthermore, we will show that iteration (1.12) converges to the limit
that can be a good approximation of a solution of (1.8) by choosing sufficiently large
1 and small pe. Hence, it can be used in various applications in compressed sensing.

1.4. Organization. The paper is organized as follows. In Section 2, we refor-
mulate the linearized Bregman iteration defined by (1.2) which helps us to understand
the algorithm better. In Section 3, a complete analysis of (1.2) is presented, includ-
ing the convergence of the iteration and minimization properties of its limit. The
theory developed here is then used to derive algorithms approximating a solution of
(1.8) in Section 4. It is shown that the derived algorithms are as effective as (1.5) to
approximate a solution of (1.8).

2. Linearized Bregman Iteration. Before giving a full analysis of the conver-
gence of the linearized Bregman iteration (1.2), we reformulate it into two different
forms to better understand the algorithm.
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We first interpret (1.2) as a one-step approximation of the Bregman iteration in
[32]. Then, we show that the linearized Bregman iteration for J(u) is, in fact, also a
linearized Bregman iteration for another cost functional J(u) 4+ Z|lu||* with different
parameters 0 < 7 < %. This immediately leads to understanding why (1.2) converges

to the minimizer of (1.4).

2.1. Reformulation. Here, we reformulate the linearized Bregman iteration
(1.2) as a one-step approximation for the Bregman iteration in [32].

The Bregman iteration is defined in terms of the Bregman distance. Recall that
the Bregman distance (see, e.g., [1] for details) based on the convex function J between
points v and v is defined as

D (u,v) = J(u) = J(v) = (u—v,p),

where p € 0J(v) is a subgradient in the subdifferential of J at the point v. Because
D" (u,v) # D% (v,u), in general, D (u,v) is not a distance in the usual sense. How-
ever, it measures the closeness between u and v in the sense that D% (u,v) > 0 and
D¥ (u,v) > DY (w,v) for all points w on the line segment connecting v and v. More-
over, whenever J is convex, D" (u,v) > 0; whenever J is strictly convex, DY (u,v) > 0
for u # v; and whenever J is strongly convex, there exists a constant v > 0 such that
DP(u,v) > v|lu— v

To solve (1.1), the Bregman iteration is proposed in [32]. Given u°’ = p° = 0,
define

uF T = argmingepn {p(J(v) — J(uF) — (u — u¥, p*)) + 3| Au — fII}, (2.1)
pk—i-l :pk _ %AT(Auk'H _ f)

Since, by induction, p* € 9J(u"), the first equation can be written in terms of the
Bregman distance as

1
uFt = arg In%%n {Hng (Uvuk) + §HAU - f|2} :
ueR™

It was proven in [32] that, if J(u) € C?(Q2) and J(u) is strictly convex in a compact set

Q, then ||Au” — f|| decays exponentially in k whenever u* €  for all k. Furthermore,

when the limit of u* exists, it is a solution of (1.1). It was also proven in [32] that,

when J(u) = ||ul]1, or J is a convex function satisfying some additional conditions

(see [32] for details), iteration (2.1) leads to a solution of (1.1) in finitely many steps.
As shown in [32], the Bregman iteration (2.1) can be written as

F = R (f - Ak, 02)
uF Tl = argmingern {pJ(u) + 5[ Au— fEFH2} '
where % =0 and u° = 0. Indeed, by the second equation of (2.1), we have
k .
—pup* = AT (Au’ - f). (2:3)

=1
Let E(u) = u(J(u) — J(uF) — (u — uF,p*)) + L[| Au — f||%. Then, by (2.3),

k
= —pp* + AT (Au— f) = AT(Au— (f =D (Au' = f))

i=1

I(E(u) — pd(u))
ou
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and

0*(E(u) — J(u))
ou?
Therefore, E(u) — pJ(u) is a quadratic function, and

=ATA.

k
Blu) = pT(u) + 5l Au— (f = S (Au' = P+,

i=1

where C is independent of u. By the definition of u**1 in (2.1), we have that

k
1 .
k41 . - . - _ _ i 2

u™™" = arg min E(u) = arg min {uJ(u) + 5|l Au — (f ;Zl(Au IFY - (2.4)

Define f© =0, f' = f and fFtl = f — Zle(Aui — f). Then
P = R (f - Adb), O =0, (2.5)

With this, (2.4) becomes
. 1

= arg min {uJ (u) + 5| Au— 7, (2.6)

which is (2.2). By (2.2), the Bregman iteration (2.1) is essentially using the solution
of the Lagrange multiplier relaxed problem

. 1
min {070 + 3lldu - g2} (2.7

as a solver to approximate the solution of (1.1). The Bregman iteration (2.2) applies
this process iteratively. The first equation of (2.2) is to update the residues from the
result of the solver, and the second equation of (2.2) is to derive a new approximation
by solving (1.1) from the updated data.

Since, generally, there is no explicit expression for the solver (i.e., the second
equation of (2.2) or the first equation in (2.1)), we have to turn to iterative methods.
Therefore, we need an inner-outer iteration for (2.1), where the inner iteration is for
solving the first equation of (2.1) at each step, i.e., (2.8), and the outer one is to solve
(2.1). In the following, we show that the linearized Bregman iteration (1.2) is just an
approximation of this inner-outer iteration, where only one step of the inner iteration
is performed for each outer iteration.

The inner iteration used for solving

. 1
W = angann {u(0) = J) ~ =) + glAu- 2L (28)
is the proximal forward-backward splitting (PFBS) iteration of [15]. The goal of the

PFBS iteration is to solve the minimization problem

fel%}l F(z) with F(x)= Fi(z)+ F»(x), (2.9)

by the (simplified) iteration

" = proxsp, (2 — SV I, (%)), (2.10)
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where § is a constant, and proxsp, is the proximity for 6/ defined by

, 1
proxsp, (v) = arg min {0F1(y) + 3llo — y/I*}- (2.11)

The following convergence theorem is an immediate consequence of the main results
in [15].
THEOREM 2.1. Assume that Fy and Fs satisfy
1. Fy is a proper, conver and continuous function whose range is in R U 400,
and
2. Fy is a proper, convez, differentiable function, whose gradient satisfies

10F(z) — 0F3(y)|| < Bllz — yll, (2.12)

and whose range is in R. Suppose that there exists at least one solution for (2.9).
Then, for any initial guess 2°, iteration (2.10) converges to a solution of (2.9), when
0<d<2.

The PFBS iteration has been used to analyze the convergence of tight wavelet
frame based algorithms for deblurring and inpainting in [3, 4, 5, 6, 7]. Next we apply
the PFBS iteration (2.10) to the minimization problem (2.8) by splitting the energy
function in (2.8) as Fy (u) + F»(u), where

1

Fi(uw) = (T () = Jb) — w— b p)  and  Byu) = gl Au— f% (213)

By the definition of the proximity operator, we have
. k k ok 1 2
proxsp, (v) = arg min {pd(J(u) — J (%) = (u =", p")) + gllu —v|*}.

Then we obtain the PFBS iteration for (2.8) as

. 1 _ _
ket = arg min {00 = J08) = =) + gl (0= 04T (- )2}

ueR™
(2.14)

Based on Theorem 2.1, we have the following convergence result for (2.14).
PROPOSITION 2.2. Assume that 0 < § < ﬁ. Then iteration (2.14) converges

to a solution of (2.8) whenever (2.8) has a solution.

Proof. It is easy to see that the assumptions on F; and F, in Theorem 2.1 are
satisfied. O

Based on this, iteration (2.1) can be written as

L

i . 1 i i
bt = ang i {0 = )~ (0= ) + gl (b BT~ IR}
uk}-‘rl — uk,Mk7
pk—i-l = pp — %(uk—kl _ uk,Mk—l) _ iAT(Auk’M"_l _ f),
(2.15)
where u® = p® = 0.
The last equation in (2.15) for updating p**! is to ensure that p*+1 € 9.J(u**1).
Theoretically, to make this iteration to be identical with (2.1), the numbers M}, in
each iteration should be infinity. Practically, the number Mj in each iteration is
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chosen to be finite. If we choose My to be its minimal, i.e., My = 1 for all k, we
obtain the algorithm

uFH = argmingern {p(J(u) = J(u*) = (u =, p*)) + g5lu — (u* — AT (Au* — [))[IP},
pk-‘rl — pk _ %(uk-‘rl _ uk) _ %AT(AUI@ _ f)7
(2.16)

which is exactly the linearized Bregman iteration (1.2).

2.2. Functional J(u)+ Z|ju|?>. The reason why iteration (1.2) converges to the
minimizer of (1.4) is because the linearized Bregman iteration for the functional J(u)
is the same as the linearized Bregman iteration for the cost functional J(u) + Z||ul|?,
0<71< %, with a different step size. This is shown in the next proposition.

PROPOSITION 2.3. Let H(u) = J(u)+ Z||ul|* with 0 < 7 < %, and % =T
Define the sequence {u*}ren and {p*}ren by

@ = argmingegn {u(H (@) — H(@) = (@ -, 7)) + & - (@ - 54T (AT — )2},
5k+1 :fﬁc _ %(akJrl _ ak) _ %AT(Aﬂk _ f),
(2.17)
where u° = p° = 0. Let {u*}ren and {p*}ren be generated by (1.2). Then

at =t pF=pF+ruk, VEeN. (2.18)
Proof. We prove (2.18) by induction. It is obvious that it holds for £ = 0. Assume
that (2.18) holds until £ = j. Then, by its definition, we have
@ = arg min {u(J (@) + il — J@!) = Zlo/ | = (@ !\ p) = 7 - o))
ueR”
1 S ,
+ =i (= 5AT (4 — )P}, (2.19)

Denote the energy function in the above minimization problem by E(@). Then we
have
O(E(@) — pd () + pJ (w’))
ou

(i — (F + ) + %{a — (u — BAT(Au? — f))]
= p(r+ L)(ﬂ — ) + AT (Au? — f)
1 Ho

= g[u — (u? = SAT (Au? — f))

and

O B(@) — pJ (@) + pJ(w))) _ 1

0(u)? R
Hence, the function E(u) — puJ (@) + pJ(u?) is quadratic. Then it follows that

~ ~ . 1, - . ) .
E(w) = p(J (@) = J(w) + 55 [|@ = () = 6AT (A’ = f))|* + C(w).
Since C'(u’) is independent of @, by (2.19), we have

W = arg min {u(J (@) = J(u')) + o5 T = (u = 5AT (A — P,
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Compared with the definition of u/*1 in (1.2), the above equality implies that
w =it (2.20)

Substituting (2.20) and (2.18) with k = j into the second equation in (2.17), we get

» oy 1 4
Pl =p 4wl — = (uI =) — —AT (AW — f)
1o M
_ . 1 . 1 _
=p + 71t — (1 4+ =) (W T —wd) — —AT(AuT — f)
1o H
1. | 4 ,
=p) — — (Wt =) — —AT (AW — f)+ 1/ T?
S ) AT -
:p.]"rl +T’LL]+1.
Thus, (2.18) holds for k =7+ 1. O

3. Analysis of Linearized Bregman Iteration. In this section, we give a
complete analysis for the linearized Bregman iteration (1.2). We prove the conver-
gence of (1.2) when J(u) is continuous differentiable and the gradient satisfies (1.3).
Moreover, we show that, whenever the sequence {u”*},ecy converges and {p*}rey is
bounded, the limit of {u*},en is the minimizer of

min {ILLJ(’UJ)—F%HUH2 :Au—f}. (3.1)

u€R™

3.1. Convergence. To prove the convergence of the linearized Bregman iter-
ation (1.2), we first estimate the residual ||Au* — f||. The following lemma follows
from ideas in the proofs of Theorems 5.2 and 5.3 in [32]. To make the proof work,
the key step is to construct a symmetric, positive semi-definite matrix Qz at each
step k satisfying (3.4) and CoI < QY + (3 — 0)I < Cy1, where 0 < Cy < €y < 00
are independent of k. It is compared with the proof of Theorem 5.2 in [32] for the
Bregman iteration (2.1), where one needs to find @y, satisfying CoI < Qr < C1I and
Qr(uFtt —u¥) = —AT(AuF+! — f). Thanks to the additional terms in the linearized
Bregman iteration, the matrix QZ demands weaker conditions than those imposed to
Qy; in the proof of the corresponding result (Theorem 5.2 in [32]) for the Bregman
iteration. The stronger conditions on Qy, in [32] force that the cost functional J there
must meet stronger conditions.

LEMMA 3.1. Suppose that J(u) is convexr and continuously differentiable satis-
fying (1.3). Let {u*}ren be generated by the linearized Bregman iteration (1.2) with
0<d< ﬁ. Assume that u*t1 £ uF. Then

[AuHE = £ <l Au® — £, (3.2)

where n = max{||I — JAAT|,||I — ﬁAATH} < 1.
Proof. Since

pFealwr),  pMteaswhth,
and J(u) is convex, the nonnegativity of the Bregman distance implies that

Ty = Tk — @ =t ) > 0
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and
J(uF) — Tty — (ub — gkt gy > .
By summing the above two equations together, we obtain
(R — b pE L — Ry > 0. (3.3)

Let 6 € (0, %) be a constant. Define v¢ := (uFt1 —u® pu(phtt — pk) + O(uF+1 — uk)).
Then ¢ > @llufT! — w*||2. When «**! #£ w¥ 49 > 0. Therefore, we can define a
matrix

1
Qf = E[M(pwrl = ")+ 0 — M) = p") + O — W)
k
where p(p*F*! — pk) + 9(uF*tt — uk) is viewed as a column vector. It is obvious that
QZ is symmetric positive semi-definite and satisfies

p(P* = p) + 0 —uh) = QWM — ). (3.4)
Furthermore,
Q4 = %ZW@’““ —p") + 0P — ), p(PF T = pF) + 0T — uF))
= %(Wk*l R+ BT — ), (T — ) + 69)
< %Z(ﬂu +O) (W =k, u(pt = ph)) + 0
1

< ?(ﬁu +0) (WP — b (Pt — pF) + (T — b)) + 6
k
= Pp+ 20,

where the first inequality is obtained by applying (1.3). Note that the second equation
in (1.2) gives

P pk) 4 %(ukJrl —ub) = —AT(AuF — f). (3.5)

By substituting (3.4) into (3.5), we have
(@L+ (5 =D — ) = —AT (A" - f),
or equivalently,
uFt — b = —5(6QY + (1 —60)1) P AT (Au* — f).
Therefore,
AurTt — f = (I = 6A(6QY + (1 —00)1) 1 AT) (AuF — §).

In the following, for given matrices B and B’, the inequality B < B’ (or B > B’)
means w! Bw < w?B'w (or w! Bw > w’ B'w) holds for any vector w of the right
size. Since 0 < Qf < (Bu + 20)I, we have

(1 —80)I <6QY + (1 —00)T < (14 6Bu+ 60)I,
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which implies

1 1

— >0+ (1-00)) > ——— I
1—66 = (005 + ™ ~14+66p+00
This leads to
1
- T > 0 _ 14T o T
1—69AA A(GQL+(1—=060)I)""A _1+(5ﬁu+56’AA )
which further leads to
1) 1)
I— ——AAT <T-6A 1—40 AT < T — ——— _AAT
1-50 SACQL+ (L= 00D TAT < I~ fmmep
Since all of matrices in the above equation are symmetric, we obtain
) )

_ 0 _ 14T < T _ Gy
1= DAGQE + (1= 86)1)™ AT | € mase{([] ~ ;=55 AAT . |~ 5555 AT )
Consequently,

44— 7| < max{[] — o AT ] = et AT} A — ]|
- 1+ 08+ 46
Since # can be any positive number in (0, %), and the norm is a continuous function
of 0, by letting 6 tend to 0, we obtain (3.2) with
)
_ _ T _ T
= max{(|1 = SAAT| T = 5 AAT])
Furthermore, since 0 < § < ﬁ, we have
T<T-dAAT<T- — AT <1
- 1+08u

The above inequality also implies n < 1. O

Next, we prove the convergence theorem for (1.2).

THEOREM 3.2. Suppose that J(u) is convex and continuously differentiable satis-
fying (1.3). Then both the sequences {u*}ren and {p*}ren generated by the linearized
Bregman iteration (1.2) with 0 < § < ﬁ converge with a rate

5
14+ 608u

n = max{||[ - SAAT|,||II ~ AAT(} < 1.

Proof. Suppose that there exists an integer K such that «®+1 = «®X. Then,
by the definition, we have pX*! € 9J(uf*!) and pX € 8J(u’). Since, by the
assumption, J is continuously differentiable, pX+! = p&. Therefore, from (1.2), we
see that u#+1 = u* and p**! = p¥ for all k > K. Thus, both the sequences {u*}en
and {p*}ren converge.

Otherwise, suppose that u*+! # u* for all k. We take the inner product of both
sides of (3.5) with respect to u*+1 — u*, then we have

1
(' = ) = ) S 2 = (AT (A )t k),
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This, together with (pF*! — p* u*+1 —4*) > 0, implies that

1
Sl = b < (AT (Au® = ) uf =) < (AT AR = fllut =t

Therefore,
[u*t — b < 8 AT Au® ~ f].
On the other hand, since 0 < § < Wiqp by Lemma 3.1,
| Au Y — fIl < | Au® — £
Therefore,
| Au® — fI| < n*[|Au® — f].

Thus, for any j and k such that j > k,

j—1 j—1 j—1
[ub —wd || <7l = u T < SIATD At — £l < SIATD D ntllAu® — £
T 0 77k
< o[[A7[[[| Au —fl\m- (3.6)

We see from the above equation that {u*}xen is a Cauchy sequence, hence converges.
Let u* be its limit. By letting j — oo in (3.6), we obtain
|| A1 Au® — £]] ot

Jub —u*|| <
1-nm

It means that the convergence rate of {u*}ren is 7. The convergence of {p*}ren can
be shown analogously. O

3.2. Minimization. In this subsection, we study minimization properties of the
limit for the linearized Bregman iteration (1.2). We have the following theorem, which
holds for any continuous convex function J(u) including ||ul|;. Some ideas of this proof
are motivated by those in the proof of Theorem 5.3 in [32] and the proof of Theorem
3.1 in [28].

THEOREM 3.3. Suppose that J is a continuous conver function. Let {u*}pen
and {p*}ren be generated by (1.2). Assume that {u*}ren converges and {p*}ren is
bounded. Then the limit u* of {u*}ren is the unique solution of (3.1).

Proof. We first prove that Au* = f. The proof of this fact given here is from
[28]. It is proven by contradiction. Assume Au* # f. Then AT(Au* — f) # 0
since AT has full rank. This means that, for some i, (AT (AuF — f)); converges to
a nonzero value, which by (1.2) implies that pf"’l — p¥ does as well. On the other
hand, by the assumption, we have {p*}ren, hence {p¥}ien is bounded. However, if
pf"’l — p¥ converges to a nonzero limit, {p¥}ren is not bounded. This contradicts the
assumption that {p*}ren is bounded. Therefore, Au* = f.

Since p® = u® = 0, by the second equation in (1.2), we have

k—1

1 .
k k _ AT
Up —I—gu =A E (f — Au?).

=0
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Define w* = Z;:é (f — Au?). Then, since A is surjective and both {p*}y and {u*}ren
are bounded, we have that {w*},cy is bounded, i.e., |w*| < C for all k.
Let H(u) = pJ(u) + o5||ul|?. By the definition, p* € 8.J(u¥). Therefore,

1
pp* + Suk € OH (uk).
Since H (u) is a strongly convex function, there exists a unique solution of (3.1), which
is denoted by u°P'. By the nonnegativity of the Bregman distance for H (u), we obtain

H(uk) < H(u°P*) — (u°P* — u®, up® + %uk> = H(u°P") — (u°P* — u®, Aka>
= H(u°") — (A(uP" — uF), w"). (3.7)
On the other hand, by Cauchy-Schwarz inequality, we have
(AP — ), wh)] < ([ AP — ub) ] < Ol AW — ub)]|.
Letting k — 0o, and noticing that Au°P* = Au* = f, we obtain that

klim [(A(u°Pt — uF), wk)| = 0.

Since J(u) hence H(u) is continuous, by letting k — oo in (3.7), we have
H(u*) < H(u°P").
This and Au* = f means that «* is the unique solution of (3.1). O

4. Application to Compressed Sensing. As for applications of compressed
sensing, one needs to solve (1.8). In this section, we develop algorithms for (1.2) by
choosing J = J., where J. is defined in (1.11), to approximate a special solution of
(1.8).

We first show that the linearized Bregman iteration (1.2) with J = J. becomes
iteration (1.12). Therefore, it converges to the solution of (1.10). Furthermore, we
will see that iteration (1.12), which is as simple as iteration (1.5), is iteration (1.5)
numerically for a sufficiently small e. Then we prove that, as pe tends to 0, the
solution of (1.10) tends to the solution of (1.9). Moreover, as p goes to infinity, the
solution of (1.9) goes to a particular solution of (1.8). Therefore, by properly choosing
w and pe, iteration (1.12) converges to a good approximation of a solution of (1.8).
We further discuss the sparsity of the solution of (1.9). Numerical simulations are
also given to illustrate the effectiveness of iteration (1.12) in compressed sensing.

4.1. Algorithms. In this subsection, we derive the linearized Bregman iteration
(1.2) for J = J. in (1.11). The first equation in (1.2) becomes

uFT! = arg min {,u(JE(u) — Je(uF) = (u— ¥ p*)) + %HU — (u" — AT (Au" — f))||2} :

ueR”
(4.1)
It can be easily verified that the minimization problem (4.1) can be decoupled into
the following n one variable minimization problems. Let w* = u* — §AT (Au* — f).
Then

W) = arg min ()~ ()~ o )0+ 5 (e @) =1
(4.2)
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where F. is defined in (1.11), that is also shown in Figure 1.1. Since the above
minimization problem is strongly convex, it has a unique solution. Hence, the solution
uF*t1(4) of (4.2) is the unique solution of the following equation:

POFL(C) + ¢ = w* (i) + 6pp* (4). (4.3)
Furthermore, ¢y ((§) defined in (1.14) is the unique solution of
AFL(Q) +¢=¢. (4.4)
Indeed, the derivative of F is given by
, s if [ <,
FI(¢Q) = : (4.5)
sgn(¢) if [{| > e.

The conclusion follows by substituting ¢ = ¢y (§) into (4.4).
Therefore, the solution u**1(i) of (4.2) is

uM (i) = tus.e (W (0) + Sup® (7).
Due to the definition of T ¢ in (1.13), we have
WP = Tys e (w* + 0pp*) = Tys e (u® + up™ — 6AT (Au® — ). (4.6)

Now the linearized Bregman iteration (1.2) with J = J. becomes
UMt = Ts.c(uF + opp” — SAT (Au¥ — ), )
pFH = pF = L (b — ) — LAT(AuF - f),
where u? = p® = 0. By introducing a variable v* = up* + %uk, we obtain the final
linearized Bregman iteration (1.12)

Rl = oF — AT (AU — f),
ub Tt =T (S0FFL),

where u’ = v° = 0. We see that iteration (1.5), which has been illustrated by [28],
an extremely fast algorithm, is just (1.12) with e = 0. Note that Ty ¢ equals T}, the
soft thresholding operator in (1.6), and that T} . is essentially T numerically, when
e is sufficiently small. Hence, iteration (1.12) is essentially the same as iteration (1.5)
numerically, when e is sufficiently small.

By applying Theorems 3.2 and 3.3, we have the following convergence result for
(1.12).

COROLLARY 4.1. Lete >0, and 0 < 6 < ﬁ. Then the sequence {u”*}ren
generated by (1.12) converges to the unique solution of (1.10), i.e.,

. 1 2
min {MJS(U) +osllull” s Au= f} :

Proof. From (4.5), we see that F_ is a Lipshitz function with constant % There-
fore, 8.Jc(u) satisfies (1.3) with 3 = 1. The rest follows immediately from Theorems
3.2and 3.3. O



LINEARIZED BREGMAN ITERATIONS FOR COMPRESSED SENSING 15

Furthermore, by Theorem 3.3, we have the following corollary for € = 0.
COROLLARY 4.2. Let e = 0. Assume that the sequence {u*}ren generated by
(1.12), or equivalently (1.5), converges. Then the limit is the unique solution of (1.9),

i.€.,

. 1,
min {uIIUIll + o llull”: Au= f} :

Proof. Since 0.Jy(u) € [—1,1]" and p* € dJy(u*), {p*}ren is bounded. Therefore,
the corollary follows from Theorem 3.3. O

4.2. Approximation. Let vy , = limy . u®, where u”* is generated by (1.12).
Then u , for € > 0 is the unique solution of (1.10). This subsection is to show that
uy , can be a good approximation to a solution of (1.8).

First, we show that for fixing u, u; , tends to the unique solution of (1.9) as
pe — 0.

THEOREM 4.3. Let u}

< u» where € >0, be the limit of (1.12), and u ,, the unique
solution of (1.9). Then

Hug,u - u:,u” < V 5#”6 (48)

Proof. Let H(u) = pJe(u) + 55 ||ul|* and Ho(u) = pf|ull1 + o5 [|u]|®. Since, for any
u(i), |Fe(u(i)) — |u(i)|| < §, we obtain that, for any wu,

|H(u) — Ho(u)| < %,Lme. (4.9)

= (Ho(ug ) = He(ug ) + (He(ug ) — He(ug ) + (He(ug ,,) — Ho(ug ,,))
< (Ho(ug ) — He(ug ) + (He(ug ) — Ho(ug )

< |H0(u: ,u) - Hf(u: ,u)| + |H€(U’Ek),,u) - HO(U‘S m |

< une

Define the indicator function

Iw) = {o, if Au = f,

400, otherwise.

Let K(u) = Ho(u) + I(u). Since the set {u : Au = f} is a nonempty convex set, the
function I(u) is a proper, lower semi-continuous and convex function. This, together
with Hy(u) is a strongly convex function, implies that K(u) is a strongly convex
function. In particular, for any element px(u) € 0K (u), we have

1
K (v) = K(u) = (v = u, px(u)) = 5]lu—o] (4.10)
On the other hand, it is obvious that the minimization problem min, {K (u)} is

equivalent to (1.9). By the first-order optimality condition, 0 € 0K (u ,). Thus, by
(4.10),

1
K(u*,u) - K(ug,u) > < ”u:,u - U’S,MH2'

€
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However, K (u; ,) = Ho(u; ), due to the fact that Au; , = f. Similarly, K(ug ,) =
Ho(ug,,). Therefore,

”u:,,u - U’Ek),,qu < 6|H0(u:”u) - Ho(ua,u” < (S/M’LE

a

The above result says that when pe is sufficiently small, the limit of (1.12) is
sufficiently close to the unique solution of (1.9). Next, we show that when p is
sufficiently large, the unique solution of (1.9) is sufficiently close to a solution of
(1.8).

Let S be the set of all solutions of (1.8) and define

: 2
= 4.11

s = angmin ]} (a.11)

where, as always, || - || denotes the 3 norm. Since the set S is convex, and |lul|?

is coercive and strongly convex, u; is uniquely determined. We have the following
result.

THEOREM 4.4. Let ug , be the unique solution of (1.9) and uy be given in (4.11).
Then

#ILII;O l|ug,, —uill = 0. (4.12)

Proof. Since ug , and u; are solutions of (1.9) and (1.8) respectively, we have
that

* 1 * 2 1 2
[[ug,ulln + m”uo,y” < fJully + 2—MIIU1II (4.13)
and
urlly < lug,,lla- (4.14)
Since 2—}16 > (0, summing the above two equations gives
gl < [lual- (4.15)

This means that [|ug ,,[| is uniformly bounded in , which leads to the fact that |[ug ,[[1
is also uniformly bounded by the norm equivalence in finite dimensional space. By
letting p — oo in (4.13), we see that

limsup ||ug ,/[1 < [lusf1-
H— 00

By letting ;1 — oo in (4.14), we see that

[lu1]]r < liminf ||u37#|\1.
p—o0

Therefore, lim,, . [|ug ,|l1 exists, and

il [l = [l (4.16)
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Next, we show that, if a sequence {uauk}kENv where limy_, o 1 = 00, converges, then
it must converge to u;. Let u. be the limit of {uauk}kENv ie.,

;}EEO Huauk —uc|| = 0.

Since Aug ,, = f for all k, and A is a continuous linear operator, we must have that
Au, = f. This, together with (4.16), implies that u. is a solution of (1.8). Therefore,

l[well = [[uall, (4.17)

by the definition of u;. On the other hand, [lug ,,, | < [[u1]| by (4.15). Letting k¥ — oo
leads to ||uc|| < [Ju1]|. This, together with (4.17), implies that ||u.|| = |Juy||. Since u,
is a solution of (1.8) with ||u.|| = ||u1||, we conclude that u. = u; due to the fact that
w1 is uniquely defined.

Finally, we prove (4.12) by contradiction. Suppose that ug,, does not converge
to u1. Then there exists a o > 0 and a sequence {ux breny with limg_,o pr = 0o such
that

lug,p,, —wil >0, VE. (4.18)

Since the sequence {ug)uk}keN is bounded, there is a convergent subsequence that
must converge to u; by the discussions above. This leads to a contradiction. O
Combining Theorems 4.3 and 4.4 together, we conclude that, by properly choos-
ing p and pe, one can use the limit of the linearized Bregman iteration (1.12) to
approximate to a special solution of the basis pursuit problem (1.8).
THEOREM 4.5. Let uy be given in (4.11). For given o > 0, one can choose u,
and € < %, such that

”u _u1|| <o,

e
where u , is the limit of (1.12) and the unique solution of (1.10).
Proof. By Theorem 4.4, there exists a u such that

g
*
e = wall < 2

Eixing this u, since we choose € < %, we have y/oune < Z. By Theorem 4.3, we
ave

This leads to

lJug = il < lug = ug ll + llug e — wl <o

*
€1

4.3. Sparsity. The ultimate goal of all these efforts is to find a sparse solution
of the equation Au = f. The sparsest solution amounts to solving the problem

min fuflo : Au= £}, (4.19)

where ||ullp is the number of nonzero entries in u. As pointed out by [2], it is a
conceptually challenging and computationally hard problem. Due to the combinatory
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complexity of (4.19), it is usually relaxed to its “nearest” convex counterpart (1.8).
In fact, the equation (1.8) can lead to a much sparser solution than the least square
solution given by u = AT(AAT)~1f. This paper proves that the simple and fast
iteration given in (1.12) converges and its limit can be a good approximation of
a solution of (1.8). Recently, there have been a vast number of papers (e.g., see
[8, 19, 23, 24, 29, 33, 34]) concentrating on proving the equivalence between (1.8) and
(4.19) under suitable assumptions. A recent survey article [2] gives a detailed account
of this, and interested readers should consult [2] and the literature cited there for
details. One of the results in this direction (e.g., Theorem 4 in [2]) roughly says that,
if the columns of the matrix A are incoherent, then (1.8) is equivalent to (4.19). The
following result indicates the same flavor of this. It says that, to have a sparse solution
of (1.9), the columns of matrix A have to be incoherent.

THEOREM 4.6. Assume that the columns A; of A are normalized to 1, i.e.,
|Aill =1 for alli. Let ug ,, be the unique solution of (1.9), and pij = (A;, A;) be the
correlation between A; and Aj. Then, if ug ,(i)ug ,,(7) > 0, there exists a constant k

such that
g, (1) — ug , (5)] < K54/2(1 = pij).

Proof. In the Lagrange multiplier formulation, solving (1.9) is equivalent to solv-
ing

{0 € oullug ulln) + Fug , + ATw, (4.20)

Auau = fu

where w is the Lagrange multiplier for the constraint Au = f. By the first equation
in (4.20), we have for each 4, j,

0e 8u|u0)u(z)| + SU’O;H(Z) + (A;,w) (4.21)
and
. s 1, .
0 € dplug,(5)] + guo,u(ﬁ + (4, w). (4.22)

By the assumption that ug ,(i)ug ,(j) > 0, both dulug ,(7)| and dulug ,(j)| contain
only one element. Hence, the “€” in (4.21) and (4.22) can be replaced by “=", and
oplug ,,(4)| = Oplug ,(j)|. Subtracting (4.21) from (4.22) gives

|ug,. () = ug,, (7)] = O[{Ai = Aj, w) < 8[| Ai = Aj[[[wl]. (4.23)

Since ||A1H = HAJ” = 1, we have ||Al — Aj||2 = 2(1 — <Ai,Aj>) = 2(1 — pij)-
Next we estimate ||w]||. The first equation in (4.20) gives

* 1 *
ATw € ~0plug ) — 5.,

To have a solution, there must exist a vector p € 9(|[ug ,[[1) such that

1
ATw = —pp — UG

4]
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Hence, the right hand side belongs to the range of A”. Then, by multiplying both
sides by A, we have that

w=—pu(AAT) 1 Ap — %(AAT)_lAuaM
= ~U(AAT) M Ap — (AAT)
Therefore,
_ 1 _
loll <l (AAT) 2 AJllpl| + S 1(AAT)HIIIF (4.24)

Because each entry of p € 9(||ug ,||l1) is in [~1, 1], we have

Pl < V/n. (4.25)

Note that we also have

|(AAT) "L A]| = \/[(AAT)-LA)T(AAT) 1A = |/ AT(AAT)2 Al = | /]| (AAT)1 .
(4.26)
By combining (4.23), (4.24), (4.25) and (4.26) together, we finally obtain that

3 (6) — w50 ()] < <6m/n|<AAT>1| n II(AAT)lllllfll) 20— poy).

This result indicates that the entries of the solution of (1.9) corresponding to
strongly correlated columns tend to be close. This may affect the sparsity of the solu-
tion (1.9), when the columns of A have a strong coherence. The similar phenomenon
is known for the solution of (1.8) (see, e.g., [2]).

Finally, we remark that the minimization of the cost functional p|ully + 5 ||ul|?
in (1.9) is known as the elastic net [35] in variable selections in statistics. The proof
of Theorem 4.6 is motivated by the corresponding results of [35].

0

4.4. Simulations. Although numerical simulations are not the major focus of
this paper, as a comprehensive numerical study on the linearized Bregman iteration
based on (1.5) for compressed sensing given in [28], we give some numerical results
to show that iteration (1.12) for (1.10) is numerically the same as iteration (1.5) for
(1.9) when e is sufficiently small, as the analysis of this paper already says. Hence, we
can foresee that iteration (1.12) will be widely used in compressed sensing as (1.5),
since it is also shown to be a convergent iteration with a rate.

In the numerical experiments, we choose A to be partial discrete cosine transform
(DCT) matrices, whose rows are randomly chosen from the n x n DCT matrices.
These matrices are known to be efficient for compressed sensing. We store A in the
computer implicitly. Only the indices for the chosen rows are stored, so that the
matrix-vector multiplications Au and ATw can be computed very efficiently by the
fast DCT or the fast inverse DCT.

The numbers of nonzeroes of the tested original sparse signals @ are 0.05n or 0.02n
rounded to the nearest integers. The positions of the nonzeroes of @ are randomly
selected, and the values of the nonzeroes are randomly drawn from the uniform distri-
bution in the interval (—0.2,0.2) £ 1, where the signs + and — are randomly selected
with equal probabilities. Then the observed data f are computed by f = Au. Since u
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_ # of iters for e = | ||u¥ , —all/||z| for e = time(s) for e =
" mo o | T s - | 0" 100 10t | 0 10-% 10
4000 2000 51.4 514 514 | 9.1e-6 9.1e-6 1.7e-4 | 0.21 0.21 0.22
20000 | 10000 | 0.05n 53 53 53 83e-6 8.3e-6 1.7e-4|1.22 1.19 1.18
50000 | 25000 784 784 784 | 1.le-b 1l.le-b 2.4e-4 | 448 4.42 451
4000 1327 68.1 68.1 681 | 9.3e-6 9.3e-6 2.8¢-4 | 0.31 0.29 0.28
20000 | 7923 | 0.02n || 57.4 574 574 | 7.6e-6 7.6e-6 2.2e-4| 123 1.25 1.26
50000 | 21640 50.2 50.2 50.2 | 8.0e-6 8.0e-6 1.9e-4 | 2.81 2.77 2.72
TABLE 4.1

Ezxperiment results for partial DCT matrices.

is sparse enough, we expect that the solution of (1.8), which is approximated by our
algorithms (1.5) and (1.12), can yield .
We choose ¢ = 10 and § = 1.9. The stopping criterion is

[Au® — ]|
/1]

The results are summarized in Table 4.1, where all the quantities are the averages of
the outputs obtained from 10 random instances. From Table 4.1, we see that both
iteration (1.5) and iteration (1.12) with small e = 10~% are very effective in solving
(1.1) arising from compressed sensing. Furthermore, as predicted, when ¢ = 1078,
that is, very close to 0, the results obtained by (1.12) are almost identical to that
obtained by (1.5) (the case ¢ = 0). However, if we choose a larger ¢ = 1074, then the
difference between the results obtained by (1.5) (the case € = 0) and those by (1.12)
becomes larger; see the errors ”uj“’;ﬁu” for different €’s in the table.

As illustrated in [28], algorithm (1.12) is robust to noise. Next, we show that,
similar to algorithm (1.5), algorithm (1.12) is also robust to noise. The settings are
the same as those in the previous experiment, but we add a Gaussian noise of standard
deviation o = 0.03 into Au to obtain f. We choose = 10 and § = 1.9. We stop the
iteration when the square error is less than the variance of the noise, i.e., when

< 1075,

| Au* = £ < mo>.

We show the results in Table 4.2. From this table, we see that both iteration (1.5) and
iteration (1.12) with small € are robust to noise. Furthermore, again, when ¢ = 1078,
that is, very close to 0, the results obtained by (1.12) are almost identical to that
obtained by (1.5) (the case € = 0).

In this simulation, @ has a relatively small dynamic range. When # has a large
dynamic range, a new and simple numerical device called “kicking” (which resembles
line search) is introduced and used in [28] to speed up convergence of (1.5) numeri-
cally. A similar “kicking” device can also be applied to iteration (1.12) to speed up
the convergence numerically for a large dynamic range of u. We forgo the detailed
discussions of the “kicking” device here, since it is not the focus of this paper. The
interested readers should consult [28] for details.

Acknowledgement. We thank Bin Dong from the Department of Mathematics at
UCLA, for helpful discussions on the numerical simulation part of this paper.
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n m lallo 7?)& of 1;%r_s8for 160_4 ||u6# ul|(/)ﬂ18¢|| f011"oe_4 Otlme(lsg_f;)r 610_4
4000 2000 44.4 444  44.4 | 4.9e-2 4.9e-2 4.9e-2 | 0.19 0.19 0.19
20000 | 10000 | 0.05n || 42.4 424 424 | 5.4e-2 5.4e-2 54e-2 | 0.99 0.98 1.03
50000 | 25000 42.2 422 422 | 5.4e-2 5.4e-2 5.4e-2 | 238 231 238
4000 1327 789 789 782 | 6.4e-2 6.4e-2 6.4e-2 | 0.36 0.35 0.33
20000 | 7923 | 0.02n || 499 499 49.8 | 5.2e-2 5.2e-2 5.2e-2 | 1.13 1.08 1.08
50000 | 21640 43.3 43.3 43.1 | 4.9e-2 4.9e-2 5.0e-2 | 243 237 2.39

TABLE 4.2
Ezxperiment results for noisy f with noise o = 0.03 for partial DCT matrices.
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