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In this paper, we study the asymptotic behavior of the extreme
eigenvalues and eigenvectors of the high dimensional spiked sample
covariance matrices, in the supercritical case when a reliable detec-
tion of spikes is possible. Especially, we derive the joint distribution
of the extreme eigenvalues and the generalized components of the
associated eigenvectors, i.e., the projections of the eigenvectors onto
arbitrary given direction, assuming that the dimension and sample
size are comparably large. In general, the joint distribution is given
in terms of linear combinations of finitely many Gaussian and Chi-
square variables, with parameters depending on the projection direc-
tion and the spikes. Our assumption on the spikes is fully general.
First, the strengths of spikes are only required to be slightly above the
critical threshold and no upper bound on the strengths is needed. Sec-
ond, multiple spikes, i.e., spikes with the same strength, are allowed.
Third, no structural assumption is imposed on the spikes. Thanks
to the general setting, we can then apply the results to various high
dimensional statistical hypothesis testing problems involving both
the eigenvalues and eigenvectors. Specifically, we propose accurate
and powerful statistics to conduct hypothesis testing on the princi-
pal components. These statistics are data-dependent and adaptive to
the underlying true spikes. Numerical simulations also confirm the
accuracy and powerfulness of our proposed statistics and illustrate
significantly better performance compared to the existing methods
in the literature. Especially, our methods are accurate and powerful
even when either the spikes are small or the dimension is large.

1. Introduction. Covariance matrices play important role in multi-
variate analysis and high dimensional statistics, and find applications in

77.G. Bao was is partially supported by Hong Kong RGC grant GRF 16301519 and
NSFC 11871425.

Iy M. Wang was partially supported by Hong Kong RGC grant ECS 26301517 and
GRF 16300618.

**K. Wang was partially supported by Hong Kong RGC grant GRF 16301618 and GRF
16308219.

MSC 2010 subject classifications: Primary 60B20, 62G10; secondary 62H10, 15B52,
62H25

Keywords and phrases: random matrix, sample covariance matrix, eigenvector, spiked
model, principal component, adaptive estimator

1


http://arxiv.org/abs/2008.11903v2

2 ZHIGANG BAO, XIUCAI DING, JINGMING WANG, KE WANG

many scientific fields. Moreover, many statistical methodologies and tech-
niques rely on the knowledge of the structure of the covariance matrix, to
name but a few, Principal Component Analysis, Discriminant Analysis and
Cluster Analysis. For detailed discussions of the applications and method-
ologies, we refer the readers to the monographs [1, 39, 43, 74] for a review.
It is well-known in the high dimensional setting when the dimension is com-
parable with or much larger than the sample size, a direct application of
the sample covariance matrix for hypothesis testing may result in untrustful
conclusions [82]. Consequently, a thorough understanding of the distribu-
tions of the eigenvalues and eigenvectors of sample covariance matrices is in
demand for high dimensional statistical inference.

In the literature of high dimensional statistics, a popular and sophisticated
model is the spiked covariance matrix model proposed by Johnstone in [40],
where a finite number of spikes (i.e., eigenvalues detached from the bulk of
the spectrum) are added to the spectrum of the population covariance ma-
trix; see (1.2) and (1.4) below. Throughout the paper, with certain abuse of
terminology, we use the word “spike” to represent either a detached eigen-
value 1+d; (c.f. (1.2), (1.4)) or the whole rank one matrix corresponding to
a detached eigenvalue (1 + d;)v;v} (c.f. (1.2), (1.4)). These spikes can have
various practical meanings in different fields. For instance, they correspond
to the first few important factors in factor models arising from financial eco-
nomics [33, 64], the number of patterns in genetic variation across the globe
[28], the number of clusters in gene expression data [44] and the number of
signals in single detection [62, 65]. In this paper, we investigate the distri-
butions of the principal components of the spiked sample covariance matrix,
i.e, the sample counterparts of the extreme eigenvalues and eigenvectors (es-
pecially those spikes) of the population covariance matrices. The principal
components of spiked sample covariance matrices play important roles in
Principal Component Analysis for high dimensional data. A lot of work has
been devoted to estimating the principal components in various settings. For
instance, sparse principal component analysis [15, 41] is proposed to esti-
mate the spiked eigenvalues and eigenvectors assuming some sparsity struc-
ture in the population eigenvectors; factor-model based estimators [2, 3, 66]
for the eigenvectors are constructed if the population covariance matrix is
of approximate factor-model type; and some regularization-based methods
[56, 75, 83] have been proposed under various structural assumptions.

Despite the wide applications of the principal components in high dimen-
sional statistics, most of the literature focus on the estimation part. Much
less is known about their distributions, especially for the leading eigenvec-
tors. As a consequence, a thorough study of the statistical inference for the
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population covariance matrix in the high dimensional setting is still missing,
especially for hypothesis testing problems involving both eigenvalues and
eigenvectors. For instance, eigenvectors and eigenspaces play an important
role in statistical learning. However, the existing literature has only been able
to test whether the eigenvectors or eigenspaces of the population covariance
matrix are equal to some given ones under the assumption that the dimen-
sion is much smaller than the sample size [35, 49, 63, 76, 77]. For another
example, in Principal Component Analysis, the loadings are transformations
of the original variables to the eigenvectors. They describe how much each
variable contributes to a particular eigenvector and researchers are inter-
ested in hypothesis testing and constructing confidence intervals for them
[50, 67, 81]. The loadings are scaled eigenvectors using their corresponding
eigenvalues and therefore, the joint distribution of the extreme eigenvalues
and eigenvectors of the sample covariance matrices will be needed to conduct
the hypothesis testing on them.

Driven by these challenges, we study the joint distributions of the extreme
eigenvalues and the generalized components of their associated eigenvectors
for the spiked sample covariance matrices, in the high dimensional setting.
Based on these results, we will be able to perform hypothesis testings with
statistics constructed from both eigenvalues and eigenvectors.

Specifically, in this paper, we consider the sample covariance matrices of
the form

Q=TXX*T*, (1.1)

where T is a M x M deterministic matrix and X is a M x N random matrix
with independent entries and EX X™* = I,;. Further, we assume that the
population covariance matrix ¥ := T admits the following form

E:IM—I—S, (1.2)

where S is a fixed-rank deterministic positive semi-definite matrix. We first
impose the following assumptions.

AssuMPTION 1.1. Throughout the paper, we suppose the following as-
sumptions hold.
(1)(On dimensionality ): We assume that M = M(N) and N are comparable
and there exist constants 7o > 11 > 0 such that

yEyN:M/NG(Tl,TQ). (13)
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(ii)(On S ): We assume that S admits the following spectral decomposition
S = Z di’Ui’U;k, (14)
i=1

where v > 1 is a fized integer. Here d1 > -+ > d, > 0 are the ordered eigen-
values of S, and v; = (vi1,...,vip)* s are the associated unit eigenvectors.
All d; = d;(N) may be N-dependent.

(1it)(On X ): For the matriz X = (x;;), we assume that the entries x;; =
zi;(N) are real random variables satisfying

Ez;; =0,  Eaj;=1/N

Moreover, we assume the existence of large moments, i.e., for any integer
p > 3, there exists a constant C, > 0, such that

E|\/Nl‘ij|p < Cp < Q.

We further assume that all v/ Nx;;’s possess the same 3rd and 4th cumulants,
which are denoted by k3 and k4 respectively.

Throughout the paper, for simplicity, we will mainly work with the setting
T =x:. (1.5)

We remark that our results hold for much more general T satisfying ¥ =
TT*. We refer to Remark 2.8 for more discussions on the extension along
this direction.

1.1. Summary of previous related theoretical results. In this section, we
summarize the results related to the spiked sample covariance matrix from
the Random Matrix Theory literature.

We denote by py > -+ > pupan, M AN := min{M, N}, the nontrivial
eigenvalues of @) and &; the unit eigenvector associated with p;. The primary
interest of the sample covariance matrix @ lies in the asymptotic behavior
of a few largest u;’s and the associated &;’s when N is large, under various
assumptions of d;’s and v;’s. Significant progress has been made on this topic
in the last few years. It has been well-known since the seminal work of Baik,
Ben Arous and Péché [7] that the largest eigenvalues p;’s undergo a phase
transition (BBP transition) w.r.t. the size of d;’s. On the level of the first
order limit, when d; > ,/y, the eigenvalue y; jumps out of the support of the
Marchenko-Pastur law (MP law) and converges to a limit determined by d;,
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while in the case of d; < /¥, it sticks to the right end of the Marchenko-
Pastur (MP) law (1 + /7). In the former case, we call p; an outlier or
outlying eigenvalue, while in the latter case we call u; a sticking eigenvalue.
On the level of the second order fluctuation, it was revealed in [7] that a
phase transition for y; takes place in the regime d; —/y ~ N -3, Specifically,
if di —\/y < N -3 (subcritical regime), the eigenvalue p; still admits the
Tracy-Widom type distribution; if d; — /y > N -3 (supercritical regime),
the eigenvalue p; is asymptotically Gaussian; while if d;—./y ~ N —3 (critical
regime), the limiting distribution of the eigenvalue p; is some interpolation
between Tracy-Widom and Gaussian. The works [40] and [7] are on real
and complex spiked Gaussian covariance matrices respectively. On extreme
eigenvalues, further study for more generally distributed covariance matrices
can be found in [8, 22, 12, 69, 5, 6, 16, 27, 52]. The limiting behavior of the
extreme eigenvalues has also been studied for various related models, such as
the finite-rank deformation of Wigner matrices [22, 12, 24, 25, 34, 46, 47, 70,
73], the signal-plus-noise model [13, 53, 26], the general spiked 5 ensemble
[17, 18], and also the finite-rank deformation of general unitary/orthogonal
invariant matrices [14, 10, 11].

In contrast, the study on the limiting behavior of the eigenvectors asso-
ciated with the extreme eigenvalues is much less. On the level of the first
order limit, it is known that the &;’s are delocalized and purely noisy in the
subcritical regime, but has a bias on the direction of v; in the supercritical
regime. We refer to [14, 13, 21, 26, 69, 16, 27] for more details of such a
phenomenon. It was recently noticed in [16] that a d; close to the critical
point can cause a bias even for the non-outlier eigenvectors. On the level of
the second order fluctuation, it was proved in [16] that the eigenvectors are
asymptotically Gaussian in the subcritical regime, for the spiked covariance
matrices. In the supercritical regime, a non-universality phenomenon was
shown in [23] and [9] for the eigenvector distribution for the finite-rank de-
formation of Wigner matrices and the signal-plus-noise model, respectively.
The non-universality phenomenon in the supercritical regime has been pre-
viously observed in [24, 46, 47] for the extreme eigenvalues of the finite-rank
deformation of Wigner matrices. Here we also refer to [58, 42, 32| for related
study on the extreme eigenstructures of various finite-rank deformed models
from more statistical perspective.

1.2. An overview of our results. In the theoretical part of this paper, we
will primarily focus on the distribution of the eigenvectors &;’s associated
with the outlying eigenvalues pu;’s. That means, we will focus on the super-
critical regime, in contrast to the work [16] where the eigenvector distribu-
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tion in the subcritical regime was obtained. The results in the supercritical
regime are particularly important for the statistical applications, since it is
well-known that a reliable detection of spikes based on eigenvalues is only
possible in this regime in general; see [59, 60, 61, 71] for instance. Our as-
sumption on the spikes is fully general (c.f. Assumption 2.3). Especially, we
do allow d;’s to be divergent and multiple (i.e. some d;’s are identical). In
case that the spikes are simple (i.e. d;’s are all distinct), we also establish the
joint distribution of the outlying eigenvalues and the associated eigenvectors
for the spiked covariance matrices. This is the primary goal of the Princi-
pal Component Analysis from statistics point of view. More specifically, in
this paper, we are interested in the distribution of the largest u;’s and the
generalized component of the top eigenvectors, i.e., the projections of those
eigenvectors onto a general direction. More specifically, let w € SH]{[ ~! be any
deterministic unit vector. We will study the limiting distribution of |{w, &;)|?
in the supercritical regime under general assumption of the spikes, and also
state the joint distribution of |(w,&;)|? and p;’s in case that the spikes are
simple. We emphasize here that in case that a spike is multiple, one can
also describe the joint distribution of eigenvalues and eigenvectors using the
approach in this paper. But the result does not have a succinct form so we
omit it from the statements of our main theorems; see Remark 2.10 for more
details. Nevertheless, we will describe (in certain equivalent form) and prove
an extension of the joint eigenvalue-eigenvector distribution to the multi-
ple case in the application part, Section 3, and present applications of this
result.

In the application part of this paper, we construct statistics to infer the
principal components. We mainly focus on two hypothesis testing problems
regarding the eigenspaces, (3.2) and (3.3). To our best knowledge, it is the
first time that these problems are tackled for spiked covariance matrices in
the high dimensional regime (1.3) without imposing any structural assump-
tions on the spikes. Our proposed statistics make use of some plug-in esti-
mators and are adaptive to the information of unknown spikes, for instance,
their values and multiplicity. Thanks to the joint distribution of the eigen-
values and eigenvectors, we can easily establish the asymptotic distributions
of our testing statistics; see Section 3.1 for more details. Our methodology is
simple, computationally cheap and easy to be implemented. Extensive nu-
merical simulations lend strong support to our testing statistics. Especially,
our proposed statistics are accurate and powerful regardless of the value of
y and magnitude of the spikes. Moreover, for testing (3.2), our statistics
show better performance compared to the existing methods in the literature
both in terms of accuracy and power. We point out that our methodology
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can be used to study other hypothesis testing problems regarding Principal
Component Analysis and this will be discussed in Section 3.

Finally, we remark that our theory and applications are highly compat-
ible. The theoretical results are not only interesting and natural on their
own, they are also highly motivated by the applications, which are all fun-
damental problems in the statistics literature. Especially, the generality of
our assumptions in the theoretical part is not pursued only for technical
interest; it is indeed indispensable in the application part. We leave more
details about our contribution and novelties to Section 2.2, since they can be
better illustrated only after necessary notations and main results are stated.

Notation: Throughout the paper, the sample size N will be the fun-
damental parameter which goes to oco. The symbol oy(-) stands for any
quantity going to 0 as N goes to co. We use ¢ and C to denote positive fi-
nite constants that do not depend on the N. Their values may change from
line to line. For two positive quantities Ay, By depending on N we use the
notation Ay = By to denote C~1Ay < By < CAp for some constant
C > 1. Further, we write Ay = By if Ay = By (1 + on(1)).

For vectors v, w € CV, we write v*w = (v, w) for their scalar product.
We emphasize here, unless otherwise specified, the vectors in this paper are
real vectors and thus v*w = v w. Further, for a matrix A, we denote by
|Allop its operator norm, while we use ||v|| to represent the ¢? norm for a
vector v.

We use double brackets to denote index sets, i.e. for ny,ne € R, [ny, ns] :=
[n1,n2]NZ. In addition, we use 1,, = %(1, ..., 1)* to denote the n-dimensional

normalized all-1 vector. Further, we denote by 1(E) or 1g the indicator
function of an event F.

Organization: The paper is organized as the following: In Section 2, we
state our main results and proof strategy. In Section 3, we discuss several
applications of our results and present the simulation results. In Section 4,
we introduce some basic notions and preliminary results for later discussion.
Section 5 is devoted to the Green function representations of our eigenvalue
and eigenvector statistics. Then in Section 6, we prove our main result,
Theorem 2.5, based on a key technical recursive moment estimate for some
Green function statistics; see Proposition 6.2. The proof of Theorem 2.9
is also stated in Section 6. The proof of Proposition 6.2 is postponed to
Appendix B. In addition, in Appendix A, we collect some basic formulas
concerning the derivatives of Green function, for the convenience of the
reader. In Appendix C, we provide the technical proofs for the statistics
used in Section 3. Finally, Appendix D collects some additional simulation
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results regarding non-Gaussian data.

2. Main results, proof strategy and novelties. In this section, we
state our main results and explain our proof strategy and novelties. We will
need the following notions of a high-probability bound and convergence in
distribution. The notion of stochastic domination was introduced in [31],
which provides a precise statement of the form “Xy is bounded by Yy up
to a small power of N with high probability”.

DEFINITION 2.1.  (Stochastic domination) Let
X = (Xn(u): NeNueUy), Y= (Yy(u):NeNucUy)

be two families of random wvariables, where Y is monnegative, and Uy 1is
a possibly N-dependent parameter set. We say that X is bounded by Y,
uniformly in u, if for all small o > 0 and large ¢ > 0, we have

sup P(|Xn(u)] > Ny (u)) < N9
uelUn

for large N > Ny(o,$). Throughout the paper, we use the notation X =
O<(Y) or X <Y when X is stochastically bounded by Y wuniformly in u.
Note that in the special case when X andY are deterministic, X <Y means
for any given o > 0, | Xn(u)| < NYn(u) uniformly in u, for all sufficiently
large N > Ny(p).

In addition, we also say that an N-dependent event £ = E(N) holds with
high probability if, for any large ¢ > 0,

P(E)>1-N"%,
for sufficiently large N > No(¢).

DEFINITION 2.2.  Two sequences of random vectors, Xy € RF and Yy €
R*, N > 1, are asymptotically equal in distribution, denoted as Xy ~ Yy,
if they are tight and satisfy

lim (Ef(Xy) —Ef(Yn)) =0

N—oo

for any bounded continuous function f : RF — R.
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2.1. Main results. Since we will focus on the supercritical regime, we fur-
ther make the following assumption. First, we recall the notation [1,m] :=

Y

ASSUMPTION 2.3. Let € > 0 be any small but fized constant. Let d; =
d;(N),i € [1,7] be the eigenvalues of S in (1.4). There exists a maximum
integer ro = ro(€) € [1,7], such that for any i € [1,r],

di —y'/2 > N"5te (2.1)

for all sufficiently large N > Ny(€). Moreover, for a fized i € [1,7¢], there
exists a (unique) index set | = 1(i) C [1,7¢] such that i € | and for any t € |,

de = d;, 0 = min|d; — d;| > 4Py -y /2 ENTI, (2.2)
Jele

where we denote 1° := [1,r] \ |. By definition, §; (or |(t)) is the same for all
t e l(q).

REMARK 2.4. It is known that the BBP phase transition takes place
on the regime d; — y'/? ~ N_%; see for instance [7, 46, 16]. Hence, (2.1)
ensures that we are in the supercritical regime. Further, note that we do not
assume the spikes d; = d;(IN) to be bounded in N. That means, we do allow
d; ~ N¢ for any ¢ > 0, say. In (2.2), the first identity means that we allow d;
to be multiple. And the second inequality is the so-called non-overlapping
condition which guarantees that the distinct (possibly multiple) d;’s are well-
separated such that the eigenvalues p;’s corresponding to distinct d;’s do not
have essential overlap on the scale of fluctuation; see detailed explanation
in [16] for instance. Note that the prefactor df/ ? is not included in the
non-overlapping condition in [16]. But this factor is needed to cover the
case when the N-dependent d; is large. More precisely, when d; is large,
as stated in Theorem 2.3 of [16], the fluctuation of u; around its limiting
location is of order O (d;N~'/?), and thus the lower bound on the RHS of
the second inequality in (2.2) which separates the limiting locations of pu;’s
corresponding to distinct d;’s is slightly larger than the fluctuation of u;’s.
We emphasize here that in reality, it can certainly happen that two distinct
d;’s are close enough to violate the non-overlapping condition. However,
in this case, since the fluctuation of their sample counterparts, u;’s, have
essential overlap, effective inference of d;’s based on pu;’s is believed to be
impossible in general. Also, since eigenvectors are sensitive to the eigenvalue
gap, in this case, inference of v;’s based on &;’s will also be unreliable.
Therefore, the non-overlapping condition together with (2.1) can be regarded
as a nearly minimal condition for a reliable detection of spikes.



10 ZHIGANG BAO, XIUCAI DING, JINGMING WANG, KE WANG

We will state our main results under Assumptions 1.1 and 2.3, after
necessary notations are introduced. Rewrite the spectral decomposition of
Yoas X = Zf‘il ovv = Iy + Zf‘il d;v;v}, where by Assumption 1.1,
dyry1 = -+ = dp; = 0. Further, we emphasize here that the specific choice
of the orthonormal v;’s for ¢ = r 4+ 1,..., M is irrelevant to our discussion
since only ZJNLT 41 viv; will be involved. In the sequel, we fix an 7 and con-
sider a (possibly) multiple d;. Let | = I(i) be the index set of this multiple
d; in Assumption 2.3. In order to study the generalized components of the
eigenvectors of the |l|-fold multiple d;, we introduce

Z) = th'vf, (2.3)
tel

the orthogonal projection onto Span{w;}:| and the corresponding random
projection

Py = Z&E:v (2.4)
tel

which is the sample counterpart of Z;. Note that in case [I| > 1, it is meaning-
less to do statistical inference for an individual d;v;v;, since in the multiple
case, there is an arbitrariness in the choice of {v;}c| as a basis for certain
subspace. Hence, it is more natural to study Z, and its sample counterpart.
For any unit w € RM, denote its projection onto Span{wv;}:| by

w)| = er, (25)

and its weighted projection onto Span{v;}epi, a1 by
dir/dj +1
JelLMNI

with its normalized version

si/llsill, if ¢ # 0;
e 1/ llsill 7 ¢ 2.7)
0, otherwise.

For any vectors a; = (a;(7)) € RM,1 € Z*, we set the notations

M
Sty k(@ a) = > ar() - an(h)F (2.8)
j=1
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. M . .
For instance, s;3(ai,a2) = ijl ai(j)az(j)3.
For brevity, we introduce the following auxiliary functions for d > 0

_y(l+4d) d(1+d) 2/(d+1)(d+ /)
£(d) = m@ + Ty), g(d) == Tty . (2.9)
h(d) := %, 1(d) :== %—iy) (2.10)

With the above notations, we further define two symmetric matrices A} and
B of size (r+2) x (r+2), indexed by the vectors wy, g, {v¢ }+er and {v;}jeie.
Here we recall the definition 1° = [1,7] \ | from Assumption 2.3. The only
non-zero entries of A}’ are given by the ones below and those followed by
symmetry

1 (wi, wi) = 2yn(di)*(1 + yu(do)) [will*, AP (a1, 61) = g(di)?|lwn]?,

AP (v, v) =0(dy), AP (vj,v5) = 1(di)? ||,
i(s1,v1) = g(di) (d')<w|7’vt> AP (s1,v5) = g(di)1(di) (s o) lw
W vy, v5) = V/h(dg)1(d) (wy, ve) (L, vj), fort el j el (2.11)

The only non-zero entries of BY are given by the ones below and those
followed by symmetry

B (wi, wy) = £(di)sa(wr),  Bi(s1,91) = g(di)?s2,2(s/, w),

B (04, 01) = h(di)s1,12(061,05,6), B (v)y,05,) = 1(di)*s1,1,2(v5,, vj5, w1),
B (wy,s1) = £(di)g(di)s13(s),wy), B (wy,vy) = £(d;)/h(d;)s1.1.2(vs, 60, wy),
B (wy, v;) = £(d;)1(d;)s1,3(vj,wi), Bl (s1,v) = g(di)vV/h(di)s1,1.2(ve, wi, 6),
B (q1,v5) = g(di)1(di)s1,12(vj, 51 wr),

B’ (v, v5) = h(di)l(di)sl,lvl,l(vt,vj,w|,§|0), for ¢,t1,to € I,j,jlzgglg)lc.

To avoid the ambiguity on the realizations of the matrices A’ and B due
to the possible permutations of the vector-indices wi, g1, {v; }ser, {v;}jeie, we
fix the ordering of these indices as follows: wj, ¢, followed by v;’s in ascending
order of ¢ € |, and then followed by v;’s in ascending order of j € I°. Then,
Al (w), ) will be the (1,2)-entry of A}’ for instance. Correspondingly, in
the sequel, we use the shorthand notation such as (o, 8, {7 }+e1, {05} jerc) to
represent the vector with components a, 8,v;,0; € R,t € I, j € 1°. Further,
the ordering of the components in (o, 3, {7 }te1, {d;j }jeic) is analogous to the
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ordering of the vector-indices of the matrices A}’ and B”. Similar notations
are used throughout the paper without further explanation.

With the above notations, we now state the first main theorem regarding
the general components.

THEOREM 2.5.  Suppose that Assumptions 1.1, 2.3 and the setting (1.5)
hold. Fiz an i € [1,7¢] and let w € S]I]{[_l be any deterministic unit vec-
tor. In case d; = d;(N) — oo as N — oo, we additionally assume that
ly — 1| > 79 for some small but fixed 79 > 0. Then there exist random vari-
ables O, AL { A her, {ILy Yjere such that (w,Pyw) admits the following
expansion

P - V)
(w, Piw) = iy ;@w +MA“’

w, Zyw) +
d;(d; +y)< o) N —y) VNd; K
sl o 1 did; 2
AY) — — Iy
+ Ndz ZI( 'l)t) Njelc (dl—d )2( 'l)j)

1 w2 di_y1/2
0 (ol )

d;

+ 0 (= (B 4 i S 2% .13

for some small constant ¢ > 0, and

w w w w w dz2 — Y hw
<®’w|7A§| 7{Avt}t€|7 {H’Uj }j€|‘:) ~ N (O,A| + K4 d2 B| > . (214)

d2— . .
Here N'(0, Al” + k4 ’dgyBlw) represents a Gaussian vector with mean 0 and
i df Ly
d?

covariance matric A’ + k4 B with A" and B{* defined in (2.11) and

(2.12) respectively.

REMARK 2.6. Here we further explain how to read off the information
of the limiting behaviour of (w,Pjw) from the expansion in (2.13). The
first term in the RHS of (2.13) is the first order deterministic estimator of
{(w, Pyw) which can be biased in the high-dimensional case, especially when
d; is a fixed constant independent of V. The second and the third terms
in the RHS of (2.13) are asymptotically normal, and the fourth and fifth
terms are (asymptotically) linear combinations of y?, according to (2.14).
These four terms together describe the limiting distribution of (w, Pjw) —
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%(w, Zyw), after appropriate scaling. We further emphasize here that
the sizes of the first five terms may not be comparable and it is not uniformly
determined which one is the leading term in all cases. Under different choices
of d;’s and w, say, the leading term may change. However, in any case, the
two error terms in (2.13) are always smaller than the sum of the second to

the fifth terms with high probability. This can be checked easily from the
2
sizes of the entries in the covariance matrix A + /14%&“’. Hence, from

the expansion (2.13), one can get the limiting distribution of (w,Pyw) —
2_

%(w, Zyw) in all cases. In the next remark, we show how to get the

limiting distribution for some specific examples.

REMARK 2.7. If w € Span{wv;}e, then wy = w and ¢ = 0 (c.f. (2.5),
(2.6)). Hence, Ag =0 and Ay} = 0 for all ¢ € I. The conclusion of Theorem
2.5 is reduced to

(w, Pw) di + L O%w ! Z did, (1))
e TR TS
—& —& .
+ O<< N n NN v dldzi 2), (2.15)

for some small ¢ > 0, and (7, {II}/ };eic) is asymptotically Gaussian with
mean 0 and covariance matrix with entries given by the RHS of the following
equations

Var(28) = 24(d)2(1 + y(d: ) + Ve (s ),
2 Z
var(IT¥) = 1(d;)? + Ky Zdz 1(d;)*s2,2(vj, w)
d? — Y
cov(Oy, IIy)) = k4 Zd? £(d;)1(di)s1,3(v;, w)
w w a7 - Y 2
cov(ij,Hvi) = K4 2d2 1(d;) 31,1,2(’0]'71’371”)7

for j,j € I¢. In particular, if x4 = 0, the limiting distribution of (w, Pjw)
does not depend on the specific choice of w € Span{wv;}:|. Here we recall
the notation Ay = By for Ay = By(1 + on(1)).

If w € Span{v;}jcp a1, then w = 0 and thus (2.13) becomes

(w, Piw) = MZ(AW)2+O<< lall ) (2.16)
’ Nd; 25 Nired;
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Hence, the eigenvectors &;’s are unbiased to any direction orthogonal to the
spike directions v;’s.

REMARK 2.8. In this remark, we discuss several extensions. In (1.5), we

assumed T = ¥2. But our result holds under much more general assump-
tion on T. We can indeed extend our result to the matrix ¢ = T X X*T*
with (M + k) x N random matrix X and M x (M + k) matrix 7. As long
as k € N is fixed and TT* = ¥ satisfying (1.2), our result remains true.
Such an extension has been discussed in Section 8 of [16] for the joint
eigenvalue-eigenvector distribution in the subcritical regime and large de-
viation for eigenvector in the supercritical regime. It is easy to verify the
validity of the same extension for the joint eigenvalue-eigenvector distribu-
tion in the supercritical regime. The discussion in [16] relies on the rewriting
Q = TXX*T* = £2YY*S3, where Y = (Iny 0)0X. Here 0 is the M x k
zero matrix and O is some (M + k) x (M + k) orthogonal matrix. It will be
clear that all our arguments in the proof of Theorem 2.5 are valid, as long as
the isotropic local law of the matrix X X* (c.f. Theorem 4.2) holds. So here
it would be sufficient to have the isotropic local law for the matrix YY*,
which has been demonstrated in Theorem 8.1 of [16]. Further, we excluded
the point 1 from the possible values of y = yx in case d; = d;(IN) diverges.
This is essentially due to the same restriction in one technical result we need,
Theorem 4.10, which is established in [80]. We emphasize here that Theo-
rem 4.10 is only used in the case when d; = d;(IN) grows with N, but not
needed in the case when d; is fixed. Therefore, when d; is fixed, the result of
Theorem 2.5 and also Theorem 2.9 below also apply to all y = yny € (11, 72).
Also, our result shall hold without the restriction |y — 1| > 79 even if d;
diverges. But this extension will be left as future work.

Our second result is the joint eigenvalue-eigenvector distribution, i.e., joint
distribution of the outlying eigenvalues and the generalized components of
the associated eigenvectors. We state it for the case when d; is simple, i.e.
| = {i}. For simplicity, we abbreviate the notation Ag;, to A; for A = w, P, ®,
etc. Further, we use {i}¢ to represent [1,r] \ {i}.

THEOREM 2.9. Under the same assumptions as Theorem 2.5, with | =
{i} and w; = (w,v;)v;, the conclusion of Theorem 2.5 for the generalized
component {(w,P;w) = |(w,v;)|? holds. Additionally, there exists a random
variable ®; such that the outlying eigenvalue admits the expansion

LA 7”%2_1/@- + 04 (7M> (2.17)

14+ d
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for some small constant ¢ > 0, and

(@i, 0%, A2, A% I }je gy ) = N (0,C2).
Here N(0,C}*) represents a Gaussian vector with mean 0 and covariance
matriz C}* of size r + 3. The lower right (r +2) x (r + 2) corner of Ci* is

2
didzyBZ" as in (2.11) and (2.12). The entries of the first

row of C* is given Il)y the RHS of the following equations

given by AY + Ky

d? —
var(®;) = (1+d; ')? (2 + Ky Zdz y34(v,~)),
. 2 1 2 di — Y 1
COV(q)Z', @32) = 2yh(dl) (1 + dz_ )<’LU, ’l)i> + I{4ZT(1 + dz_ )f(di)8272(’wi, ’Ui),
O, AY) = dzz -y d d—l 0
cov(®;, Ag) = Ka 2 g(di)(1 +d; " )s1,1,2(;, wi, vi),
wy - dzz -y -1 0
cov(®s, Ay) = Ky 2 Vh(di) (14 d; ")s1,3(s; 5 vi),
d? —y

1(di) (1 +d; Y)s112(vj,wi,v),  for j € {i}°.

cov(®;, I1y)) = Ka Zd?

Here we recall the notation Ay = By for Ax = By(1 4 on(1)).

REMARK 2.10. Here we remark that in the supercritical regime, a gen-
eralized CLT for the eigenvalues has been established in [5] previously, for
fixed d;’s which are away from y'/2 by a constant order distance. When there
is a multiple d; in the supercritical regime with multiplicity |l|, it is known
from [5] that the corresponding eigenvalues {y}e; will converge jointly to
the eigenvalues of a [l| x |I| Gaussian matrix GOE. Since it is not conve-
nient to express the distribution of the eigenvalues of this fixed-dimensional
GOE and their dependence with the the generalized components of &;’s, we
are not going to state the joint eigenvalue-eigenvector distribution in the
multiple case here. Nevertheless, we will state the joint distribution of the
generalized components of &; and all the matrix entries of this limiting GOE
in Appendix C which equivalently describes the joint eigenvalue-eigenvector
distribution; see Proposition C.4.

2.2. Proof strategy and novelties. Finally, here we remark that a related
problem has been previously studied in [9] for the so-called matrix denoising
model, where the distribution of the leading singular vectors of this model
was studied. Due to the additive structure of this model, the distribution of



16 ZHIGANG BAO, XIUCAI DING, JINGMING WANG, KE WANG

the singular vector may depend on the structure of the deformation and the
entire distribution of entries of the noise matrix (rather than their first 4
moments only), and may not be Gaussian or Chi-square or linear combina-
tions of them. Such a phenomenon is called non-universality, which exists in
the additive models [9, 23]. However, such a phenomenon does not show up
for the spiked covariance matrix, as one can see from Theorem 2.5, where
the distribution has a Gaussian nature in the sense that it is a polynomial of
Gaussian variables. This is essentially due to the multiplicative structure of
the spiked covariance matrix where the structure of the spikes are smoothed
out by the random matrix X. In addition, we emphasize here that in [9]
the assumption of the strengths of the deformation, counterpart of d;’s, is
much more limited than the assumption here. In [9], the strengths are as-
sumed to be bounded and thus cannot grow with N, and also the strengths
are away from the critical threshold by a constant order distance. Further,
the strengths in [9] are assumed to be simple, and thus no multiplicity is
allowed, and also distinct strengths are away from each other by a constant
order. In addition, only the projection of the random singular vector onto
the directions of the deformations are discussed therein. Finally, no joint dis-
tribution of eigenvalue and eigenvectors is obtained in [9]. The generality of
the settings and the results bring various technical problems but meanwhile
they are highly motivated by the applications. In the sequel, we highlight
several novelties from both theoretical and application point of views.
Similarly to [9], we start with Green function representations of the eigen-
vector and eigenvalue statistics. It turns out that both the eigenvector and
eigenvalue statistics can be expressed (approximately) in terms of some
quadratic forms of the Green function of the matrix X X*. Then a recursive
moment estimate for the linear combinations of these quadratic forms leads
to the joint distribution of the eigenvector and eigenvalues statistics. A key
technical input is the isotropic local laws derived in [19, 48]. Equipped with
this general strategy, we face several new technical obstacles, in contrast to
the discussions in [9]. First, since the d;’s could be either very close to the
critical threshold or diverging, and meanwhile could be equal or close to
each other, the control of the sizes of the terms (especially the error terms)
becomes much more delicate. One needs to keep tracking the dependence
of the size of terms on d; — /y, d; — d; and d; carefully to conduct a uni-
fied analysis in all cases of d;’s. Especially, in case that d; is diverging, one
needs to exploit a hidden cancellation between two quadratic forms of the
Green function, which is absent in case that d; is fixed. In order to see such
a cancellation, one needs to adopt the recently established nearly optimal
convergence rate of the so-called eigenvector empirical spectral distribution
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(VESD) in [80]. Second, in contrast to [9], where only the projection to the
direction of the deformation is considered, here we consider the projection
to arbitrary direction. Especially, when one considers the projection to the
orthogonal complement of the direction of the deformation, the size of the
whole projection will degenerate to a smaller order. In order to study the
fluctuation of the eigenvector projection onto arbitrary directions, including
the direction orthogonal to the one of the spike, one needs to express the
eigenvector projection in terms of the Green function up to a higher order
term, and involve the higher order term in the recursive moment estimate,
since it could be significant. Third, the joint distribution of the eigenvalue
and eigenvector statistics is obtained for the first time in the supercriti-
cal regime for the whole range of d;. Such a complete result was even not
available for the eigenvalue statistics only.

All the theoretical novelties are well motivated by our applications. First,
in most of mathematical work on spiked models, d; is assumed to be bounded.
However, in many popular statistical models such as the factor model [2, 3, 4,
64], d; = d;(N) could be diverging. We provide a unified result in the whole
supercritical regime, no matter d; is close to the threshold or diverging. Prac-
tically, that means our results can be applied no matter the spike is weak or
strong. Second, in the application part, we consider two hypothesis testing
problems. The first is to test whether an eigenspace formed by any part of the
spikes is equal to some given subspace, while the second is to test whether it
is orthogonal to certain given subspace. Both questions are significant in the
statistics literature. We raised two testing statistics for these two problems
respectively, and the limiting distribution of the first statistic relies on our
joint eigenvalue-eigenvector distribution in case w € Span{wv; };¢|, while the
limiting distribution of the second statistic relies on the joint eigenvalue-
eigenvector distribution in case w € Span{'vj}je[[l, a1~ This explains the
necessity for us to derive the distribution of the projection onto general di-
rections. Third, in two applications, if we construct the testing statistics,
using the result in Theorem 2.5 solely, the limiting distribution of the statis-
tics will contain the parameter d;, which is normally unknown in real appli-
cation. Hence, in order to construct adaptive statistics which do not depend
on the unknown parameter d;, we use a plug-in estimator of d; which is given
in terms of u;. Then, in order to derive the distribution of these adaptive
statistics, we have to establish the joint eigenvalue-eigenvector distribution,
as what we have in Theorem 2.9, and its multiple extension in Proposition
C.4.
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3. Statistical inference for principal components. In this section,
we apply our results and some of their variants to the statistical applica-
tions regarding the inference of principal components. We focus our dis-
cussion on the hypothesis testing regarding the eigenspaces of covariance
matrices. Eigenspaces of covariance matrices are important in many sta-
tistical methodologies and computational algorithms. A lot of efforts have
been made to infer the eigenspace of the covariance matrices in the setting
M < N, for instance, see [35, 49, 63, 76, 77].

In this section, we consider a generic index set Z C [1,7¢], which may
contain indices for both simple and multiple d;’s. Further, we set

Z7 = Z'vtvf. (3.1)
tel
We remark here that Zz shall be regarded as an extension of Z;) defined
in (2.3), in the sense that the former may be constituted of v;’s associated
with distinct d;’s.
Specifically, in the literature, researchers are particularly interested in
testing the following hypothesis: for Z C [1, ro],

HY : z;=2yvs HY : 27 + Z, (3.2)

for a given projection Zj. For the general alternatives H, ,51), we are particular
interested in testing whether Zj is in the complement of Z7. Specifically, the
hypothesis testing problem can be formulated as

HY 771 Zyvs HY : Z7 | Z. (3.3)

Note that (3.3) is the complement of the test considered in [78, 79] and
hence it can be used to study the alternative in [78, 79].

In Section 3.1, we propose accurate and powerful statistics for the afore-
mentioned two hypothesis testing problems (3.2) and (3.3) in the high di-
mensional regime (1.3). We construct test statistics using some plug-in esti-
mators and then derive their distributions utilizing the joint distribution of
the eigenvalues and eigenvectors established in Section 2 and its extensions
in Appendix C. For (3.2) and (3.3), the plug-in estimators are nonlinear
shrinkers of the sample eigenvalues. Consequently, the proposed statistics
are adaptive to d;’s. We mention that this methodology can be potentially
applied to perform statistical inference and build up confidence intervals for
other important statistics related to the principal components. For instance,
the loadings of principal components [43], the shrinkage of eigenvalues [30],
the number of spikes [29, 68], the estimation of eigenvectors [57] and the in-
variant estimator for covariance matrices [20, Section 6]. These applications
will be studied in the future.
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3.1. Test statistics and their asymptotic distributions. In this section, we
propose statistics to test (3.2) and (3.3). We start with (3.2). In what follows,
we construct a data-dependent statistic to address the high dimensional
issue. Denote Zy = ZieI u;u;. We first study

7= ((wi, Prus) - 9(dh)), (3.4)

€L
where
d? — Y

Pr=> &&, 9(d) = ddty)

i€T

(3.5)

and (Z = () is a nonlinear shrinkage of the sample eigenvalues denoted
as

di = v(wi), Y(z) = %(—y +x—1)+ %\/(—y +r—1)2—-4y.  (3.6)

We remark here that Pz shall be regarded as an extension of P(;) defined in
(2.4), in the sense that the former may be constituted of &;’s associated with
distinct dy’s. Further, we remark here, according to the definition in (3.4),
the statistic 7 does not depend on the specific choice of the basis {u;} of
Zy. Hence, we have a freedom to choose any basis {u;} of Zj in the sequel.

Since we are studying general Z in this section, the indices in Z may
not belong to the same multiple d;’s. To facilitate our discussion in the
sequel, we do a decomposition of Z into subsets with each consisting of the
indices for one multiple (or simple) d;. For Z = {iy,--- i, } C [1,70], we
assume that 7 = U£:1 Zj, for some fixed integer ¢ such that 7, NZ; = @
for k # j € [1,4]. We assume that (2.2) holds for all the d;,i € Z. For each
i € Z, there is a k; € [1,¢], such that i € Zy,. Moreover, we suppose that for
1 <k <U, dy,t €Ty are all the same, and d; # d; for i € Zy,, j ¢ Zj,. Note
that by definition Z, = I(i) (c.f. Assumption 2.3). Further note that ¢ = r,
corresponds to the case that all the spikes in Z are simple , £ = 1 corresponds
to the case that all the spikes are equal and 1 < £ < r, corresponds to a
mixture case.

For the brevity of the discussion in the first test problem (3.2), we further
restrict ourselves to the case satisfying the following assumption.

ASSUMPTION 3.1.  Let the index set T C [1,rq] be defined above. We
assume that for any i € I, the following inequality holds

1 did; N-¢
2 <

2 =) (3.7)
je(@)e

1
VN(d? —y)
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for some small but fized € > 0. Here i € Ij,, = |(i) for some k; € [1,/].

REMARK 3.2.  We remark here that the inequality (3.7) insures that the
x? terms in (2.15) are suppressed by the Gaussian term. We impose such a
condition in order to simplify the discussion in the application part, thanks
to the simplicity of the Gaussianity. But our result can be applied without
this additional assumption. In the general case, we need to work with a
linear combination of Gaussian and y? variables. For brevity, we omit such
a general discussion and leave it to the future work.

We record the results regarding the asymptotic distribution of (3.4) in
the following theorem and postpone its proof to Appendix C.

THEOREM 3.3.  Suppose that Assumptions 1.1, 2.3, and the setting (1.5)

hold. In case d; = d;(N) — 00 as N — oo for some i € I, we additionally

assume that |y — 1| > 79 for some small but fized 19 > 0. Suppose that Hél)

of (3.2) and Assumption 3.1 hold. For the statistic (3.4), we have that
_VNT_

Vy(dz)

where V(dz),dz = (d;,,--- ,d;,,) is defined as

~ N(0,1), (3.8)

Vi (dz) = a*Cra.

Here o = (o, -+ - , a9, )* € R?™ is defined as
1
o = by 2 )+ y) @ —y)TE ISk <
- 1
‘ @ .~y re+ 1<k <2r,,

and C7 is a positive definite matriz of dimension 2r, and explicitly defined
in Proposition C.1. Particularly, when all the spikes di,t € T are equal to
de, i.e., T =1(i) for some i, we have that

2 2
(dZ) -9 d2—y 1<yh |I| (de+2de+y)(1+de)>

(de +y)*de
)™ (sl 21+ o) 21 21
f(de d? 4 2d, 14 d.)\2

where h(-) and £(-) are defined in (2.9) and (2.10).
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By Theorems 3.3 and 2.9, we can construct a pivotal statistic. Denote

T N G ) i) (3.10)

Vl(C/l\I)

We mention that (3.10) is adaptive to the d;’s by utilizing their estimators
(3.6). We summarize the distribution of T; in the corollary below, whose
proof will also be postponed to Appendix C.

COROLLARY 3.4. Under the assumptions of Theorem 3.3, we have that
’]I‘l ~ ./\/(0, 1)

Since Ty is asymptotically pivotal, we will use (3.10) as our statistic for
the testing of (3.2). For an illustration, we record the behavior of our statis-
tic for a single spike model (i.e., rg = r, = 1) in Figure 1. The more general
and extensive simulations will be conducted in Section 3.2. We find that
under the null hypothesis of (3.2), our proposed statistic is close to N'(0,1)
for different values of d and hence it is suitable for the hypothesis testing
problem (3.2). We mention that even though we have not justified the case
d; diverges under the assumption y = 1 theoretically, our statistic is still ac-
curate and powerful according to empirical illustrations for this case. Hence,
in the sequel, we also present the simulation results for the case y = 1 for
more extensive simulation study.

In what follows, we provide a few examples with explicit formulas of V().
These will be used for the simulations in Section 3.2.

EXAMPLE 3.5. We consider that Z = {1,2}, both d; and ds are simple
and v; = e;,¢ = 1,2. In this case, we have that

2
Vi(dy,do) =) a* { An(di) - Aus(ds) ]a,
i=1

where

y(di +2di+y) o 1\
o ( (di +y)(d? —y)%7(di & )

A (d) =21+ d7 M)+ ka(1 — yd; 31+ d;7 )2,

Ara(d;) = 2yn(d;)* (1 + d; ) + ka1 — yd; 2)E(di) (1 + d;7 1),
Aza(d;) = 2yh(di)* (1 + yh(di)®) + ra(1 — yd; *)E(di)?,

and the functions h(-) and £(-) are defined in (2.9) and (2.10).
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y=0.1 y=1 y=10
1.00- — 100 — 100
0.75 / 0.75 // 0.75: /
0.50- 0.50- / 0.50- /
0.25- / 0.25- / 0.25 ,
owo—"  o00—"  o00—
402 0 2 4 42 0 2 4 420 2 4

N(0,1) - d=5 — d=10 —d=100

Fig 1: Simulated empirical cumulative distribution function (ECDF) for the proposed
statistic (3.10) under null of (3.2) with ro = r, = 1. Here, the spiked covariance ma-
trix is denoted as ¥ = diag(d + 1,1,---,1) and we use the statistic v N(|(&1,e1)|> —

ﬁ(dA))/ Vi (dA)7 where V1 (d) = $Vi1(d, d); see Example 3.5 for the definition of V1 (-, -). Here
N = 500 and we report our results based on 8,000 simulations with Gaussian random
variables.

EXAMPLE 3.6. We consider the case that Z = {1,2} with d; = dy = d
and v; = e;,¢ = 1,2. In this case, we have that

d? +2d +y)(1 —|—d)>2
(d+y)2d

+2(d ~ )~ (2yn(d)? — 2y°n(a)*)

d d? +2d 1+d)\2
PSS

Vi(d,d) :2(d2 — y)_l (th(d)2 _ y(

kel

Next, we consider the hypothesis testing (3.3). In this case, we further
assume that the true model or the population matrix 3 only contains su-
percritical spikes, i.e.,

ro =T (3.11)

It will be seen that if there exist subcritical spikes, one will need to pro-
vide a plug-in estimator of the subcritical d;’s in order to raise a testing
statistic which is adaptive to all the spiked eigenvalues. However, it is well-
known now that an effective detection of subcritical d;’s based on u;’s is
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impossible in general, unless one knows additional information such as the
structure of v;’s. And also, indeed, in many applications, d;’s are very large
and even divergent, and thus are certainly supercritical. Hence, in the se-
quel, we will focus on the case when (3.11) is satisfied. Suppose that in this
case Zy = ) ;c 7 uju; for some fixed index set J and {u;}jes is a family
of orthonormal vectors.
We employ that
To= Y (& u)” (3.12)
ISY TSNS
The asymptotic distribution of Ty is recorded in the following theorem. It
turns out that its asymptotic distribution coincides with linear combinations

of x? variables. For convenience, we first define d := (dy, ..., d,) and
q(d) = ie%l,?éj Z h(d;) (dz — dk)2 <u]7 vk>
ke[1,M\Z

which depends on the subspace Zj and all the d;’s for i € [1,7]. Here
dyy1 = ---dy = 0. We emphasize that all d;’s for i € [1,r] satisfy (2.1) and
(2.2) in this part.

THEOREM 3.7. Suppose that Assumptions 1.1 , 2.3, and the settings
(1.5) and (3.11) hold. In case d; = d;(N) — oo as N — oo for some i € Z,
we additionally assume that |y — 1| > 79 for some small but fized 79 > 0.
Suppose that Héz) of (3.3) holds true. For the statistic Ty defined in (3.12),
we have

NT, g*Ug

~

q(d)  q(d)’

where g € REITI g ~ N(0,I7)17)), and U = U(d) is a symmetric matriz
of dimension |Z||J| defined explicitly in Proposition C.1.

(3.13)

REMARK 3.8. We remark here that in (3.13), we add the factor 1/q(d)
on both sides to scale them to order one random variables. Since we use the

notation “ ~ ” which is defined in Definition 2.2 , we have to require the
sequence of variables on both sides to be tight.

The results of Theorem 3.7, especially q(d) and U, still contain the val-
ues of d;,7 € Z and also the other nonzero spikes d;,j € Z¢ which are all
supercritical (c.f. (3.11)) so that we can use (3.6) to estimate them all. To
construct a data-dependent statistic, we can use the plug-in estimator (3.6)
to generate critical values of the hypothesis testing (3.3) using the samples.
Recall d = (dy, ..., d;).
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COROLLARY 3.9. Under the assumptions of Theorem 3.7, we have that

NT, g'Ug
a(d)  q(d)’

where U = U(d).

We can use our statistic (3.12) with the critical values generated from
Corollary 3.9 to study the hypothesis testing problem (3.3). Here we shall
point out that although our statistic NTy/q(d) is adaptive to the d;’s, it
is nevertheless dependent of {v;};c1,J\z and also a 4 term which involves
some {v;};cz-dependent parameters of the form sy 1,1,1(:,-,-,-); see the def-
inition of U in Proposition C.1. Hence, first of all, we shall only apply our
statistic NT2/q(d ) in case either {v;};c[1,\z is known a priori, or Z = [1, 7]
such that the set {vi}ie[[l,r]]\I is empty. In practice, this restriction is mild
and fits the following real scenario: if some of the v;’s are already known,
we only need to do inference for those unknown wv;’s, while if none of the
v; is known a priori, we consider the inference for all {v;};c1,] together.
Certainly, it is also natural to consider a part of v;’s even if none of them is
known, as what we did in the test (3.2). Nevertheless, due to the restriction
of the theoretical result, we focus on the aforementioned scenario, which is
more restricted but still very natural. Second, the unknown k4 term will be
absent in case we consider the Gaussian matrix X which is often the case
in reality. Hence, in Gaussian case, we can apply our statistic directly if we
restrict ourself to the aforementioned scenario of v;’s. Nevertheless, for the
reader’s reference, we also present our simulation study in the Appendix for
the two-point case, as if the additional parameter, the x4 term, was known a
priori. Here, we remark that the restriction of scenario to apply our theoret-
ical result for the test (3.3), which is not necessary for (3.2), is actually quite
reasonable. Note that, in (3.2), the necessary parameters from {v;};cz are
completely fixed by the null hypothesis, and the distribution of our statistic
(under the null hypothesis) can be expressed in terms of these given param-
eters. However, in the test (3.3), our null hypothesis is Z7 L Zj. In case that
the rank of the projection of the given Zj is small, as a low-rank subspace
living in the complement of Zy, Z7 can have many choices and thus there is
a big uncertainty on the unknown parameters of Z7 which cannot be fixed
by Zj.

For an illustration, we record the behavior and power of our statistic for a
single spiked model (i.e., 79 = r = 1) in Figure 2. We find that our proposed
statistic is close to Chi-square distribution with one degree of freedom for
various values of d and hence it can be applied for testing (3.3) for this single
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spike model. For more general case, the asymptotic distribution of (3.12) is
a linear combination of Chi-square distributions. We will conduct extensive
simulations in Section 3.2.

y=0.1 =1 y=10

1.00- - 1.00- 1.00-
/

0.75- 0.75- 0.75-

0.50- 0.50- 0.50-

0.25- 0.25- 0.25-

W ———— 0.00 ) e i 0.00- ]
0 5 10 15 20 0 5 10 15 20 0 5 10 15

X2 = d=5 — d=10 -~ d=100

Fig 2: Simulated empirical cumulative distribution function (ECDF) for the proposed
statistic under null of (3.3) with ro = 1. Here, the spiked covaraince matrix is denoted as

Y = diag{d+1,1,--- ,1} and Zo = es in (3.3). We use the statistic Nd(d+y)|(&1, es)|?/(d+
1). Here d = y(p1), N = 500 and we report our results based on 8,000 simulations with
Gaussian random variables.

We next consider a few examples to specify the asymptotic distribution
stated in Theorem 3.7 and the results will be used in Section 3.2.

ExAMPLE 3.10. We consider that rg = 3, Z = {1,2}, d;,i = 1,2,3 are
simple and satisfy (2.1), (2.2) and v; = e;,7 = 1,2,3 and Zy = eze} + eqe].

. . diy/da 1 da/dz 1
In this case, since cff} = bl_fi: es, g{623} = ﬁeg and g{ef} = c{e;} =ey

and s1.1.1,1(€;,, €y, €j,,€j5,) = 0 for i15 = 1,2, 412 = 3,4. Further, q(d) =
q(dy,ds,ds) = max{ (ds(jl'll)_ddlsh)gdl), h(dd11), (ds(ji';)_djsgd”, h(dd;) }. We have that the
statistic NTy/q(d) will be asymptotically distributed as

1 a <(d3+1)d1h(d1) h(dy) (d3+ 1)doh(d) h(d2)>
a(d) ? (di—dg)? "y (da—dy)?  dp )T

where g € R? is a Gaussian random vector such that g ~ N(0,14).

ExAMPLE 3.11.  We consider that ro = 3, Z = {1,2},d; = dy = d,d3 is
distinct from d by a distance of order 1, and v; = e;,7 = 1,2, 3. In this case,
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q(d) = max{%, @}. We have that the statistic NTy/q(d) will be

asymptotically distributed as

I, ((ds+1)dn(d) n(d) (ds+1)dn(d) h(d)
a7 ( (d—dg)? " d ' (d—dg)? ' d >g’

where g € R* is a Gaussian random vector such that g ~ N(0,1;).

3.2. Simulation studies. In this section, we perform extensive Monte
Carlo simulations to study the finite-sample accuracy and power of our pro-
posed statistics. For (3.2), we not only report our results but also compare
them with the existing statistics in the literature. We will call our statistics
as Fr-Adaptive.

We start with (3.2). In what follows regarding (3.2), we use Fr-boostrap
to stand for the bootstrapping method using the Frobenius norm proposed
in [63], Fr-Bayes to stand for the frequentist Bayes using the Frobenius
norm proposed in [77], Fr-DataDriven to stand for the sample splitting
method using the Frobenius norm proposed in [49], HPV-LeCan to stand for
the Le Cam optimal test proposed in [35], En-bootstrap and En-Bayes
to stand for the bootstrapping method and the frequentist Bayes method
respectively using the power-enhanced norm introduced in [76] with s; =
s9 = 1 (see Definition 3.1 of [76]), and Sp-bootstrap and Sp-Bayes the
bootstrapping method and the frequentist Bayes method respectively using
the spectral norm. In the following discussion, we compare the performance
of our Fr-Adaptive with all the aforementioned statistics.

In all the following simulations, we conduct 2,000 Monte-Carlo repetitions
for the bootstrapping and frequentist Bayes procedure. For the accuracy of
the tests, we focus on reporting the results with the type I error rate 0.1
under different values of y = 0.1,1,10 and various choices of the spikes.
Moreover, we consider different scenarios to illustrate the usefulness and
generality of our results.

e Scenario I: We consider the case 1o = 3 with dy =d+ 7, do = 7 and
ds = 5, where d takes a variety of values. We consider the hypothesis
testing for the eigenspace of & = I + 327 | die;e’ with T = {1,2},
where the null is

Zy = e1€] + ezes. (3.14)

In this scenario, the spiked eigenvalues are simple. We will consider the
standard Gaussian distribution and the two-point distribution %(5 Noha

%5 1 as the distribution of entries of X.

S
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e Scenario II: We consider the case rq = 3 with d; = dy = d+5 and d3 =
5, where d takes a variety of values. We consider the hypothesis testing
under the null (3.14). In this scenario, we have multiple/identical d;’s.
We consider both the standard Gaussian random variables and the
two-point distribution %5 Noks %5_ 1 as the distribution of entries of

X.

S

We mention that the asymptotic distribution of our statistic (3.10) under
the null hypothesis of (3.2) has been established in Examples 3.5 and 3.6 for
Scenarios I and II, respectively.

For both of the above two scenarios, we consider the alternative

Zo = v1(p)v1(p)" + v2(p)va(p)”, (3.15)

where for ¢ € [0, §]
v1(p) = cos pey + sin pey, v2(p) = cos pey + sin pes.

Note that ¢ = 0 corresponds to the null case of (3.14). It is easy to see that
kg4 = —1.5 for the two-point distribution and x4 = 0 for standard Gaussian
random variable.

For Scenario I, from Tables 1-3, we find that our proposed statistic (3.10)
is very accurate even for smaller values of N and d. Moreover, our statistic
reaches accuracy regardless of the values of y. In contrast, for the other
methods in the literature, we find that all of them lose their accuracy when
y increases (i.e. M increases). Moreover, we find that most of the methods
are conservative except for the Le Cam test. Finally, we find that some
of the methods, especially the frequentiest Bayes method with Frobenius
norm, spectral norm or the power-enhanced norm in [76] are also reasonably
accurate for larger values of d when y is small. Since our results allow us
to deal with identical d;’s, we report the simulation results in Tables 4-6
for Scenario II. We find that our statistic (3.10) is also very accurate and
outperforms the other methods especially when either the d;’s are small
or y is large. In Appendix D, we report the simulation results for random
variables with two-point distribution in Tables 7-9 for Scenario I and Tables
10-12 for Scenario II. We can get analogous conclusions.

In summary, our proposed statistic (3.10) is quite accurate for different
values of d satisfying Assumption 2.3, even for smaller and multiple /identical
ones. This accuracy is robust against different values of y. As summarized
in [76, Section 7.4], all the previous methods in the literature request that
M < N. Therefore, when y increases (i.e., M diverges faster), we find
that our methods perform better than all the other methods. Indeed, all
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our current results can be extended to the regime log M < log N following
the discussion of [16, 19]. We will pursue this direction in the future work.
Moreover, since the computational complexity of the aforementioned meth-
ods depends on the a polynomial order of the dimensionality M (see [76,
Section 7.4]), they can be computationally intensive as M diverges faster. In
contrast, our method works faster since it only depends the sample eigen-
values and eigenvectors.

N =200 N = 500

Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.041 0.044 0.044 0.054  0.062 0.047  0.051 0.049  0.063 0.067
Fr-Bayes 0.055 0.049 0.079 0.089  0.095 0.045 0.053 0.082  0.093 0.094
En-bootstrap  0.047 0.053  0.068 0.067  0.077 0.052  0.049 0.063  0.069 0.075
En-Bayes 0.053 0.058 0.077 0.093 0.096 0.051  0.064 0.088 0.098 0.093
Fr-Datadriven 0.046 0.049 0.051 0.063  0.067 0.041  0.043 0.057  0.059 0.065
HPV-LeCam 0.381 0.374  0.383 0.391  0.373 0.376  0.368 0.365  0.342 0.373
Sp-bootstrap  0.047 0.054  0.062 0.073  0.079 0.042  0.053 0.063  0.069 0.076
Sp-Bayes 0.066 0.069 0.072 0.083  0.094 0.072 0.078 0.075 0.088 0.095

Fr-Adaptive 0.091 0.108 0.103 0.107 0.096 0.11 0.107 0.095 0.104 0.102

TABLE 1
Scenario I: simulated type I error rates under the nominal level 0.1 for y = 0.1. We
report our results based on 2,000 Monte-Carlo simulations with Gaussian random
variables. We highlighted the two most accurate methods for each value of d.

N =200 N =500

Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.053 0.045 0.051 0.049  0.047 0.052  0.049 0.047  0.053 0.061
Fr-Bayes 0.045 0.039  0.047 0.063  0.071 0.039  0.041 0.052  0.061 0.068
En-bootstrap  0.057 0.051  0.042 0.043  0.049 0.041  0.039 0.048  0.052 0.059
En-Bayes 0.057 0.053 0.061 0.067  0.075 0.048 0.059 0.064 0.073 0.078
Fr-Datadriven 0.026 0.023  0.034 0.037  0.039 0.041  0.04 0.048  0.042 0.047
HPV-LeCam 0.87 0.79 0.82 0.81 0.85 0.882  0.835 0.823  0.872 0.823
Sp-bootstrap  0.049 0.057  0.056 0.062  0.059 0.043 0.041 0.045 0.053 0.062
Sp-Bayes 0.057 0.058 0.062 0.074 0.081 0.053 0.057 0.059  0.059 0.069

Fr-Adaptive 0.103 0.092 0.105 0.107 0.099 0.11  0.107 0.104 0.097 0.103

TABLE 2
Scenario I: simulated type I error rates under the nominal level 0.1 for y = 1. We report
our results based on 2,000 Monte-Carlo simulations with Gaussian random variables. We
highlighted the two most accurate methods for each value of d.

Then we compare the power of the above statistics under the alternative
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N = 200 N =500
Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.028 0.034  0.037 0.041 0.043 0.039  0.045 0.052  0.038 0.047
Fr-Bayes 0.038 0.051 0.049 0.062 0.071 0.051 0.049 0.046 0.053 0.069
En-bootstrap  0.032 0.041  0.045 0.046  0.059 0.037  0.041 0.0564  0.049 0.054
En-Bayes 0.046 0.048 0.057 0.061 0.068 0.039  0.042 0.049  0.052 0.064
Fr-Datadriven 0.027 0.033  0.038 0.041 0.043 0.038  0.034 0.029  0.045 0.052
HPV-LeCam 0.897 0.939 0.964 0.971 0.972 0.891 0.911 0.943  0.932 0.953
Sp-bootstrap 0.046 0.048 0.045 0.054  0.052 0.039 0.047 0.049  0.053 0.058
Sp-Bayes 0.043 0.049  0.052 0.057  0.068 0.051 0.048 0.059 0.063 0.068
Fr-Adaptive 0.104 0.102 0.095 0.098 0.103 0.091 0.097 0.104 0.097 0.103
TABLE 3
Scenario I: simulated type I error rates under the nominal level 0.1 for y = 10. We report
our results based on 2,000 Monte-Carlo simulations with Gaussian random variables. We
highlighted the two most accurate methods for each value of d.
N = 200 N =500
Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.036 0.041  0.045 0.049 0.062 0.039 0.047 0.039  0.053 0.067
Fr-Bayes 0.042 0.047  0.063 0.087 0.096 0.053  0.062 0.072 0.085 0.096
En-bootstrap  0.045 0.047  0.043 0.046  0.052 0.058 0.049 0.059  0.062 0.066
En-Bayes 0.062 0.069 0.075 0.074  0.094 0.054 0.064 0.063 0.085 0.108
Fr-Datadriven 0.043 0.046  0.043 0.052  0.059 0.052  0.049 0.061 0.058 0.063
HPV-LeCam 0.394 0.379  0.433 0.436  0.398 0.431  0.441 0.423  0.412 0.393
Sp-bootstrap  0.058 0.056  0.047 0.059  0.068 0.051  0.042 0.049  0.047 0.062
Sp-Bayes 0.058 0.068 0.072 0.081 0.095 0.049 0.062 0.069 0.087 0.104
Fr-Adaptive 0.105 0.103 0.097 0.102 0.103 0.104 0.096 0.095 0.093 0.105
TABLE 4

Scenario II: simulated type I error rates under the nominal level 0.1 for y = 0.1. We
report our results based on 2,000 Monte-Carlo simulations with Gaussian random
variables. We highlighted the two most accurate methods for each value of d.

(3.15) for different values of ¢ regarding Scenarios I and II and d = 5,50,
respectively, in Figures 3—6. We find that our method is very powerful even
when y becomes larger and d becomes smaller, and it outperforms the other
methods especially when either y is large or d is small. When y is small
and d is large, even though for larger values of ¢, many methods can obtain
high power, we find that our proposed statistic (3.10) is quite powerful even
under a relatively weak alternative, i.e., smaller values of ¢. We mention
that the high power of HPV-LeCam is not trustful since we have seen from
the simulated type I error rates that it is not accurate. Similar results can
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N = 200 N =500
Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.039 0.043  0.038 0.051 0.058 0.042 0.045 0.049 0.048 0.052
Fr-Bayes 0.052 0.049 0.048 0.067 0.072 0.048  0.042 0.051 0.057 0.068
En-bootstrap 0.054 0.049 0.053 0.047  0.061 0.052 0.047 0.041 0.039 0.051
En-Bayes 0.041 0.046  0.052 0.062 0.078 0.043  0.046 0.059 0.063 0.068
Fr-Datadriven 0.325 0.029 0.038 0.041 0.047 0.039  0.042 0.047  0.046 0.052
HPV-LeCam 0.844 0.829 0.814 0.87 0.88 0.865  0.825 0.853  0.792 0.83
Sp-bootstrap  0.038 0.047  0.042 0.057  0.049 0.037  0.042 0.058  0.052 0.048
Sp-Bayes 0.038 0.046 0.057 0.065  0.069 0.042  0.039 0.0564  0.061 0.074
Fr-Adaptive 0.11 0.093 0.097 0.096 0.102 0.091 0.09 0.098 0.096 0.102
TABLE 5
Scenario I1I: simulated type I error rates under the nominal level 0.1 for y = 1. We report
our results based on 2,000 Monte-Carlo simulations with Gaussian random variables. We
highlighted the two most accurate methods for each value of d.
N = 200 N =500
Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap 0.035 0.041 0.035 0.045  0.058 0.032 0.04 0.043  0.039 0.052
Fr-Bayes 0.039 0.042 0.046 0.059 0.062 0.034 0.052 0.049 0.056 0.065
En-bootstrap  0.039 0.042  0.038 0.041 0.045 0.032  0.029 0.042  0.047 0.048
En-Bayes 0.041 0.047  0.051 0.059 0.066 0.045 0.036 0.047  0.053 0.065
Fr-Datadriven 0.025 0.031  0.029 0.038  0.041 0.031  0.033 0.041 0.039 0.048
HPV-LeCam 0.914 0.979 0.974 0.959  0.963 0.932 0.941 0.893  0.962 0.912
Sp-bootstrap 0.042 0.053 0.052 0.052  0.057 0.039  0.042 0.049  0.052 0.049
Sp-Bayes 0.039 0.045 0.046 0.054  0.062 0.042  0.048 0.051 0.053 0.064
Fr-Adaptive 0.107 0.103 0.103 0.094 0.098 0.102 0.092 0.097 0.104 0.098

TABLE 6
Scenario 11: simulated type I error rates under the nominal level 0.1 for y = 10. We
report our results based on 2,000 Monte-Carlo simulations with Gaussian random
variables. We highlighted the two most accurate methods for each value of d.

be found for two-point random variables in Figures 13-16 of Appendix D.

Next, we investigate the size and power of the orthogonal test (3.3) us-
ing our proposed statistic (3.12) with critical values generated adaptively
according to Corollary 3.9. We conduct numerical simulations using the fol-
lowing two scenarios.

e Scenario A: We consider the case ro = 3 with dy =d+ 7, do = 7 and
ds = 5, where d takes a variety of values. We consider the hypothesis
testing of the eigenspace of ¥ = I+Y7_ d;e;e} with T = {1,2}, where
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y=0.1 y=1
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* Fr-Datadriven
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Fig 3: Comparison of power for Scenario I. We choose d = 5 and use Gaussian random
variables. We report our results under the nominal level 0.1 based on 2,000 simulations.
Here N = 500.

*+ Fr-hootstrap

* Fr-Bayes

* En-hootstrap
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+ Fr-Datadriven
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Fig 4: Comparison of power for Scenario I. We choose d = 50 and use Gaussian random
variables. We report our results under the nominal level 0.1 based on 2,000 simulations.
Here N = 500.

the null is
Zy = eze; + eqey. (3.16)

In this scenario, the spiked eigenvalues are simple. We will consider the
standard Gaussian random variables and the two-point distribution
%5 NG + %5_ % .

e Scenario B: We consider the case rg = 3 with di = ds = d+5 and dg =
5, where d takes a variety of values. We consider the hypothesis testing
under the null (3.16). In this scenario, we have multiple/identical d;.
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Fig 5: Comparison of power for Scenario II. We choose d = 5 and use Gaussian random
variables. We report our results under the nominal level 0.1 based on 2,000 simulations.
Here N = 500.
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Fig 6: Comparison of power for Scenario II. We choose d = 50 and use Gaussian random
variables. We report our results under the nominal level 0.1 based on 2,000 simulations.
Here N = 500.

We consider both the standard Gaussian random variables and the
. s s . 1 2
two-point distribution 36, 5+ 50_ N

For both scenarios, we consider the alternative
Za = v1(p)v1(p)" + v2(p)va(p)”, (3.17)
where for ¢ € [0, §]

v1(p) = cos pes + sin peq, v2(p) = cos pey + sin pe,.
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Note ¢ = 0 corresponds to the null case (3.16). For Gaussian random vari-
ables, we report the simulated type-I error rates in Figure 7 for Scenario
A and in Figure 8 for Scenario B for a variety of choices of y and d. The
results for the two-point random variables can be found in Figures 11 and
12 of Appendix D. We can see that our proposed statistic (3.12) with crit-
ical values generated adaptively according to Corollary 3.9 are reasonably
accurate even for smaller values of d and N and we have better accuracy
when N increases. Finally, we examine the finite sample power for Gaussian
variables in Figures 9 and 10 and two-point variables in Figures 17 and 18,
we find that our statistic is powerful even for smaller values of ¢ (i.e., weaker
alternative) and d.
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(a) N = 200. (b) N = 500.

Fig 7: Scenario A: simulated type I error rates for (3.3) using (3.12). We report our

results based on 2,000 Monte-Carlo simulations with Gaussian random variables. The

critical values are generated using Corollary 3.9.

4. Preliminaries.

4.1. Basic notions.

In this section, we collect some basic notions and
preliminary results which will be used in the proof of our main theorem. A
key technical input is the isotropic local law from [19, 48].

In the sequel, we denote the Green function of () by

G(z) :

Q—2)71,

zeCT.

The matrix () can be regarded as a finite-rank perturbation of the matrix
H = XX*. In the sequel, we also need to consider H := X*X which
shares the same non-zero eigenvalues with H. We further denote the Green
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Fig 8: Scenario B: simulated type I error rates for (3.3) using (3.12). We report our
results based on 2,000 Monte-Carlo simulations with Gaussian random variables. The

critical values are generated from Corollary 3.9.
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(a) d=5. (b) d = 50.
Fig 9: Power of Scenario A for Gaussian random variables using (3.12). We report our
results under the nominal level 0.1 based on 2,000 simulations. Here N = 500 and the

critical values are generated using Corollary 3.9.

functions of H and H respectively by

Gi(2) == (XX* — 2)7L, Go(2) = (X*X —2)71, zeCT, (4.1)
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Fig 10: Power of Scenario B for Gaussian random variables using (3.12). We report our
results under the nominal level 0.1 based on 2,000 simulations. Here N = 500 and the

critical values are generated using Corollary 3.9.

and their normalized traces by

man(2) = %Trgl(z) _ / (2 — =)~ dFix (2),
man(2) = %Trgg(z) _ / (= =)~ dFon (2),

where Fyy(z), Fon(x) are the empirical spectral distributions of H and H
respectively, i.e.,

M LN
Fin(z Z H)<z), Fhy(z :NZ < ).

Here we used \;(H) and \;(H) to denote the i-th largest eigenvalue of H
and H, respectively.

It is well-known since [55] that Fixy(z) and Fon(x) converge weakly (a.s.)
to the Marchenko-Pastur laws vyp 1 and vyp 2 (respectively) given below

ipa(da) i= 5 (= 2)( = A0) da o (1 1)),
e a(dr) = 5 [ — )@ = A0) o + (1 - y)sdda),  (42)

where Ay 1= (14,/y )2. Note that here the parameter y may be N-dependent.
Hence, the weak convergence (a.s.) shall be understood as [ g(z)dF,n(z) —
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[ g(x)vmp o(dz) £ 0 for any given bounded continuous function g : R —
R, for a = 1,2. We further denote by F, the cumulative distribution func-
tion of vypo for @ = 1,2. Note that m;y and moy can be regarded as
the Stieltjes transforms of Fjny and Fby, respectively. We further define
their deterministic counterparts, i.e., Stieltjes transforms of vamp 1, vmp 2, by
m1(z), ma(2), respectively, i.e.,

mi(z) = /(m —2)lump 1 (dx),  ma(z) = /(a: —2) e o(da).
From the definition (4.2), it is elementary to compute

_ l—y—z+iy/(Ar —2)(z—A0)

ma(2) 2zy ’
m2(z):y—l—z—l—i\/(22+—z)(z—)\_)7 (4.3)

where the square root is taken with a branch cut on the negative real axis.
Equivalently, we can also characterize mi(z), m2(z) as the unique solutions
from CT to CT to the equations

zymi + [z — (1 —gy)m +1=0, 2m3+ 24+ (1 —y)|me+1=0. (4.4)
Using (4.3) and (4.4), one can easily derive the following identities

1 1 !
1+2my = w, my ((zmg) +1) = ﬁ, (4.5)

m =—-——-,
! 2(1+ mg) Yy my

which will be used in the later discussions.

4.2. Isotropic local law. In this section, we state the isotropic local law
from [19, 48] together with some consequences which will serve as the main
technical inputs in the proofs. But before the statements of these estimates,
we first introduce a basic lemma about the notion “stochastic domination”
introduced in Definition 2.1.

LEMMA 4.1. Let
Xi=Xni(u): NeN,ueUy), Vi=Yniu): NeN, uelUy), i=12

be families of random variables, where Y;,i = 1,2, are nonnegative, and Uy
s a possibly N-dependent parameter set. Let

® = (By(u): N €N, ueUy)
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be a family of deterministic nonnegative quantities. We have the following
results:
(Z) If X1 <Yy and Xo <Yy then X1+ Xo <Y1+ Y5 and X1 X9 < Y1Y5.
(ii) Suppose Xi; < ®, and there ezists a constant C > 0 such that
| Xn1(u)] < N a.s. and ®x(u) > N~ uniformly in u for all sufficiently
large N. Then EX; < ®.

PROOF. Part (i) is obvious from Definition 2.1. For any fixed ¢ > 0, we
have

EXy| < E[Xi1(]Xy]| < N9®@)| + E[X11(|X1] > N°D)|
< N2® + NYP(|X1| > N2®) = O(N°®)

for for sufficiently large N > Ny(p). This proves part (ii). O

In the sequel, we state the isotropic local law and related estimates. We
first introduce the following domain. For a small (but fixed) 7 > 0, we set

P2=9(r)={z=E+ineC:E>X\ +N 3" 0<p<7 '} (46)

Conventionally, for a = 1,2, we denote by G/ and g,S” the [-th power of G,
and the [-th derivative of G, w.r.t. z, respectively. With the above notation,
we have the following theorem.

THEOREM 4.2. Let 7 > 0 in (4.6) be a small but fized constant. Let
u, v be complex deterministic unit vectors of proper dimensions. Suppose X
satisfies Assumption 1.1. Then, for any givenl € N and o = 1,2, we have

min{(k + )2, (k + 1)1}

l(w, 6D (2)v) — mP (2)(u, v)| < PN , (4.7)

X G1 )| < | R X0 o) < [T
(4.8)

02~ () = O (o) (19

uniformly in z € 2, where Kk = E — \y. Further, when x > K for some
sufficiently large constant K > 0 and |y — 1| > 19 for any small but fized
70 > 0, (4.9) can be improved to

\mggv(z) —m{(2)] = 04 <W> (4.10)
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REMARK 4.3. The case of [ = 0 of (4.7) and (4.8) is from the isotropic
law for extended spectral domain in Proposition 3.8 of [16] which is derived
from Theorem 3.12 of [19] and the anisotropic laws in Theorem 3.7 of [48].
We emphasize that the extension to all z for (4.8) is not directly included in
Proposition 3.8 of [16]. Nevertheless, the approach used there can be adapted
to prove (4.8) for all z, starting from the result in [48] which is stated for
fixed z only. Specifically, writing 2(u, X*G1(z)v) = (Xu + v)*G1(2)(Xu +
v)—(Xu)*G1(2)(Xu)—v*G1(2)v, one can use the approach for the extension
in [16] to each symmetric quadratic forms and conclude the extension of the
estimate for (u, X*G!(2)v). For other I > 1, we can derive the estimate
easily from the case [ = 0 by using Cauchy integral with the radius of the
contour taking value |z — Ay|/2 < k + n . We also remark here that the
original isotropic local laws in [19, 48] were stated in much larger domains
which also include the bulk and edge regimes of the MP law. But here we
only need the result for the domain far away from the support of the MP
law. The (4.9) can be obtained by the rigidity estimates of eigenvalues in
[72, Theorem 3.3] and the definition of the Stieltjes transform; see e.g. [9,
Remark 4.5] for more details. For (4.10), denoting by F, the cumulative
distribution function of the measure v\ip,, and using integration by parts,
we have

miN (2) —m{(z) = / ﬁd(Fa (\) — Fa(N))

= [ e v~ Fa)ax

1 )\++N732§+% 1
= — 7d)\),
O<(N/O |\ — z|t+2

where the last step follows from the rigidity results in Lemma 4.7 below and
its consequence on the convergence rate, sup, |Fon () — Fo(z)| < 3 see for
instance [72]. Then (4.10) follows by elementary calculation.

Further, in the following lemma, we collect some basic estimates of mq
and msy which can be verified by elementary computations.

LEMMA 4.4. Recall the definition of my and mse in (4.3). For a = 1,2,
we have

. _ n
lema(2)] <1, 14 2me(2)| < min{l, (k +7)7'},  Sme(z) X —5—,
a a a |Z|% e
(4.11)
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and

D=

(k+n) 't

‘ ’% , foril>1 (4.12)
z

122mP(2)] = (s +m) 72, [(zma)P] =

uniformly in z € 9 for some positive constant C, where k = E — A4

REMARK 4.5. By Theorem 4.2, Lemma 4.4 and Lemma 4.12 , we can
easily bound (k —|—77)lzu*g§l)'v, (k+ n)lzu*X*gfl)v and (k +77)lu*X*g§l)X'v
for any deterministic unit vectors u and v of appropriate dimensions. For
instance, for (k 4+ n)lu* X *Qy)X v, we have the following estimates on &,

wX*G1Xv = (1+ zma)uv + O (min{(x + 1), (x + 1) 5 }N"2)
= O (min{1, (k + 77)_1}),

(k+ n)lu*X*Qy)XU = (k4 n)u* (G + zgﬁl)v
= 0 (15 +n)'(zma) Vuo]) = O~ (1273 VEF 7).

Using the isotropic local law, one can also get the following result, which
gives the location of the outlier and the extremal non-outlier.

LEMMA 4.6. (Theorem 2.3 of [16]) Under Assumption 1.1 and (2.1), we
have for i € [1,7¢]

S ol

i = 0(d)] < (d; = VA)TAINTZ, Jprggn = Ay| < N7,
where
0(z) =1+z+y+yz", forze€C, Rz>./y. (4.13)
Further, for the eigenvalues of H, we have the following rigidity estimate.

LEMMA 4.7 (Theorem 3.1 of [72]). Suppose that Assumption 1.1 holds.
Denote by ~y; the i-th largest N-quantile of Fy, i.e, 1 — Fy(y;) = # We
have

=

I\ (H) — ;]| < N5 (min{min{ N, M} +1—4,i}) 3, (4.14)

for 1 < i < (1 — 79)min{N, M} or for all 1 < i < min{N,M} in case
ly — 1| > 79, for some small but fized 79 > 0. Especially, (4.14) implies

A (H) = M| < N5
Also, we note that \i(H) =0 if i > min{N, M} + 1.
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REMARK 4.8. By setting z := 6(d;)+iN ¥ for a sufficiently large integer
K, we have the estimates

|z| <0(d;) < d;, kK+n=xrxT. (4.15)

Here we set
Applying the above estimates, we can further simplify the error bounds in
Theorem 4.2 to get

(., 'GP (2)0) — ThmlD () (u, v)| = O< (A(dr)N~2), (4.16)
max {|(u, Y71 X*G1 (2)v)], [(u, Y7 XGh(2)v)|}

= O ((di — V534, TN, (4.17)
IT'm, (2) = Pim®(2)| = O<((di — 5) 2NY), (4.18)

for any deterministic unit vectors w, v of appropriate dimensions, where for
convenience, we set

A(d) :=min{(d — /y)~1d?, (d — /y)"/2d"/*}. (4.19)

We remark here that due to the Lipschitz continuity of g (2), m{ (2),G(2),
the estimates in (4.16)-(4.18) also hold for z = 0(d;) with the error bounds
unchanged.

REMARK 4.9. According to the definition of A(d), by simple calcula-
tions, we see that for ¢ € [1,70], i.e. d; > \/,

(dl — \/g)_l/2dg/4 if d; < (
(di — 5) 12 if d; > (
_|_

e i< (5 v i>2 (4.20)

B d;? ifdi2<%+ \/§+§)2.

A(d;) =

Finally, for the large d; regime, i.e., d; > K for some sufficiently large
K, we will also need a convergence rate of the so-called eigenvector em-
pirical spectral distribution (VESD), which is recently obtained in [80]. For
simplicity, we state the result with necessary modification to adapt to our
assumption. We also refer to [80] for the original statement under more
general assumption.
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Recall the notation \;(H) for the i-th largest eigenvalue of H = X X*.
We further denote by ¢; the unit eigenvector of H associated with \;(H).
Then, for a fixed unit vector v, we define the so-called eigenvector empirical
spectral distribution (VESD) with respect to v by

M
Fiy(z) = 3" (i 0) "L (H) < ). (4.21)
=1

With the definition, we now introduce the following theorem which gives the
convergence rate of VESD.

THEOREM 4.10. Under the Assumption 1.1 and the additional restric-
tion |y — 1| > 19 with any small but fixed 19 > 0, for a given deterministic
vector v € Sé/[_l, we have

sup |Fiy(z) — Fi(z)| < N_%, (4.22)

where Fy is the cumulative distribution function of vyp 1 defined in (4.2).

4.3. Auziliary lemmas. The following cumulant expansion formula plays
a central role in our computation, whose proof can be found in [54, Propo-
sition 3.1] or [45, Section II], for instance.

LEMMA 4.11.  (Cumulant expansion formula) For a fixred ¢ € N, let f €
C'H(R). Supposed & is a centered random variable with finite moments to
order { + 2. Recall the notation k(&) for the k-th cumulant of €. Then we
have

l
Bef©) = 3 S Op ) L Beuer©). (429

k=1

where the error term ro(§f(§)) satisfies

[E(re(€£(€)))] SCE(IE[*2)supyy <, fH (1))
+ CE(IEI?1(I€] > s))suprer] [ (2)] (4.24)

for any s > 0 and Cy satisfied Cy < (C)¢/L! for some constant C' > 0.

Next we collect some basic identities for the Green functions in (4.1)
without proof.
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LEMMA 4.12.  For any integer | > 1, we have

1 dtlg 1 (1-1)
G=aTniea T a-n9 (4.25)
GIXX* =G 1260, X*GIX =G X*X =gt + 26 (4.26)

Further, for a € [1, M] and b € [1, N], we denote by E,, the M x N
matrix with entires (Egp)cqd = 0qc0pq- Let

‘@gb = Eap(Eab)", ‘@fb = Eqp X7, @gb = X (Ea)" (4.27)

For any integer [ > 1, it is also elementary to compute that

G 2
TS Y ol (4.28)
Lab a=1 11,la>1

l1+lo=l+1

Repeatedly applying the identity (4.28), we can get the formulas for higher
order derivatives of Qi w.r.t. xq,. Moreover, by (4.28) and the product rule,
we can easily deduce the derivatives of X *g{ w.r.t. T4. For the convenience
of the reader, we collect more basic formulas of the derivatives of Green
functions in Appendix A.

5. Green function representation. In this section, we express (w, Pjw)
in terms of the Green function G;(z) in (4.1). And for singleton | = {i}, we
also express the eigenvalue p; in terms of the Green function G;(z) in (4.1).
Both representations are obtained via doing expansions of certain function-
als of the Green function. The expansion for the eigenvalue in the multiple
case can be done similarly, and the details will be stated in Appendix C.
This representation will allow us to work with the Green function instead of
the eigenvalue and eigenvector statistics. We also remark here that similar
derivation of the Green function representation has appeared in previous
work such as [46, 16, 47]. But here for eigenvectors, we need to do it up
to a higher order precision, in order to capture all contributing terms for
the fluctuation. For instance, when w € Span{wv;},cp amq\i, the fluctuation
of (w,Pjw) is one order smaller than that of the case w € Span{v;};c. In
order to cover the situation like the former case, we will need to investigate
a higher order term in the expansion.

We start with a few more notations. The vector w is decomposed as

T
w = Z(w,vj>vj +u, where u € Span{v; -+, v} . (5.1)
j=1
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Hereafter, we take (5.1) as the definition of w.
We define the centered Green function by

2(z) == Gi(z) —mi(2)1, (5.2)
and introduce its quadratic forms
Xij(2) = v;E(2)vj, Xuj(2) = u*E(2)v;, i,j €[1,r]. (5.3)

For brevity, we further set

r
w = 2_%117 = Z{Ejvj +u with ’[Ej = (w,'u]>

= 1+ dj .
Also, for d > 0, we define the following functions
1 1
Fd) = 5@+ D@ ), gld) = ~(d+ D@+ y)(d —y),  (55)

which are of order O(d(d — /y)) and O(d?(d — ,/y)) respectively. And for
i € [1,r], we set for d # d;,

di(d+1)
i(d) = ———= 5.6
n(d) = T (5)
and further introduce the following shorthand notations
(52']' = ’dl — dj’, (52'0 = ’dl - \/m (57)

for i, € [1,r].
With the above notations and wy, ¢ from (2.5) and (2.6), we have the
following lemma.

LEMMA 5.1.  Suppose that the assumptions of Theorem 2.5 hold. For
i€ [1,70], we have

2 _ .
(w.Prao) == o = 20+ D 2000 — 2= 6 o
)2
= (le'wra'(e(di))m o) Y (vi=(0(d)s)”
' tel
~ 0L+ d)g(d) - = (R0 )

jele

_1_

+ 0 (N2 (0i0\/ds i + dilfn]) [jn | A ()

+ 0 (N-l-f (dllsal® + @ o] —j (> —j ) ) di A(dn?)
jele jele 7t
(5.8)
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for some small fized constant € > 0.

REMARK 5.2. It will be seen that the bounds in (4.17) actually give the
true typical size of the quadratic forms. In light of this, Lemma 5.1 suggests
that the distribution of (w, P;w) is ultimately governed by the joint distribu-
tion of the quadratic forms w;Zwy, ¢ Ew), w;'E'w, {v; =G }el, {U;Eun}jgc,
since the last two error terms in (5.8) are smaller than the sum of the sec-
ond to the fifth fluctuating terms in any case, with high porbability. Here
we drop the parameter 0(d;) from = for simplicity.

PROOF OF LEMMA 5.1. Recall (1.2) together with (1.4). We rewrite S
as
S = leag(dlv e 7d7‘)V*7

by setting V' = (v1, -+ ,v,). Therefore, we have
»t=I1-VDV*~

with

. dy d,
D—dlag<1+d1,---,1+dr>.

From Lemma 4.6, we observe that all u;,7 € | tend to the identical limit
0(d;) with error bound O (N~Y2(d; — /y)"/?).
Let I'; be the boundary of a disc centered at d; with radius p;,

pi 1= (minld: — dj| A (ds — v/3)). (5.9
JEl°

such that the disc is away from the critical value ,/y and other distinct d;’s.

Therefore under the definitions of p; and 6(z) in (4.13), with Assumption

2.3, the contour #(T';), which is the image of T'; under the map 6(-), encloses

exactly |l| eigenvalues of @, i.e. p;,7 € |. This follows from the fact

10(d; + pi) — 0(ds)| = (di — \/5)pi > (di — /7)2N "2, for some & > 0,

where the last inequality is guaranteed by Assumption 2.3. According to
Lemma 4.6, together with the Cauchy integral, we have the following equal-
ity with high probability

1

(w,Pyw) = = ) w*G(z)w dz. (5.10)
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With the notations for V, .S, D and ¥, using the setting (1.5), we can write

G(2) = (SEXX"2E — 21) oy (671(2) + 2272 5373) e

—¥72 (G (z) + 2VDVH) e,

[NIE

Then, it follows from the matrix inversion lemma that
G(z) =£72G1(2)87% — 253Gy (2)V (D™ 4 2V*Gi (2)V) ' V*Gi(2)8 5.
With the notation introduced in (5.4), we can further write

w*G(2)w = w* G (2)w — 2w*G1 (2)V (D' + zV*Ql(z)V)_IV*Ql(z)QE.
(5.11)

Plugging (5.11) into (5.10), and noticing that the contour integral of w*G; (z)w
on O(T;) is zero with high probability by Assumption 2.3 and the rigidity of
eigenvalues of H (c.f., (4.14)), one has

(w,Pyw) = i?é 2w G1(2)V (D™ + zV*Ql(z)V)_lv*gl(z)ﬁ dz
27 Jo(ry)

(5.12)

with high probability.
For the integrand in (5.12), we first recall the notation in (5.2) and then
we apply resolvent expansion

(D™' +2V*Gi(2)V) ! =L(2) — 2L(2)V*E(2)VL(2)
+ (zL(z)V*E(z)V)z(D_1 + ZV*gl(Z)V)_17
(5.13)

where

L(z):= (D' + zml(z))_l :
With (5.13), we can further rewrite (5.12) as

(w, Pyw) = % 7% L mEEY L@ EEY) (L) — LV EEVL()

+ (zL(z)V*E(z)V)2(D_1 + zV*Ql(z)V)_1> (m1(z)V*w + V'E(2)w) d=.
Hence, we can write

(w,Piw) = S1 + S2 + S3 + R, (5.14)
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by defining
1

S1i= — zm w*VL(z)V*wdz,

= gy, EOTVEC)

1 ~ ~ .

Sy 1= — (22m1(z)w*VL(z)V*E(z)w — 22m3(2)w*V L(z )V*E(z)VL(z)V*w) dz,
27 Jory)

Sz = L (zﬁ;*”( WL(2)V*E(2)w — 22°my (2)w* (VL(2)V*E(2))*w
27 o(Ty)

+ z3m%(z)ﬁ*(VL(z)V*E(z))2VL(z)V*a> dz,  (5.15)

and we take (5.14) as the definition of the remainder term R. It remains to
estimate Sp, Se,S3 and R. From the definitions in (4.3) and (4.13), it is easy
to check the identity

14271+ 0(2)m1(A(2)) = 0. (5.16)

With the above identity, we see that

" vV} zdjvv
VL 0 V* — 777 — .7
OV = S T T o Z
7j=1 J
Therefore, by the residue theorem,
1 ~ ~
S; = 0(2)0' (2)m3(0(2))w*V L(0(2))V*w dz
27Tl T;
_ d?—vy
/ 2 2 * 2 i * 2
= i i i))a; =<7 . 1
0(di)/(di)m3 (6(d;))d tZ@(w )’ = T tZ(w w)’. (5.17)
Similarly, using (5.16), we can get
1 . zd] &=
o 3 <29(z ]:1 - (w*vj)w*E(8(2))v;
(0 (mi0(:) i b (G 50202 ) d
(2 —dj)(z—di)" "’ !

jk=1

Further by the residue theorem together with the definition of § and m; in
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(4.13) and (4.3), we can get

Sy = —2d;(d; + 1) Z wjwgXjk(0(di)) — 2f(d;) Z vi(d;)w; Z Wi x5 (0(ds))

J,k€l jele tel
= 2(di) Y Wexur(O(di) — f(di)* D @y(0(ds)
tel J,k€l
f(dl) k= f(dl)2 *=/

= —2d,;(d; + Dw{E(0(d;))w) — 2

wy E(0(di))si —

wi='(0(d;))w),
(5.18)

\/1+di 1‘|‘di

where we recall the notations in (5.3), (5.5) and (2.6). Next, we fix a suf-
ficiently large K > 0. For the case d; < K, by isotropic local law (4.16),
we can bound both the first and third term on the RHS of (5.18) by
O<(> el |W¢|2A(d;)N~'/2). In the case d; > K, this crude bound shall be
refined to O« (3, @i |2d? A(d;)N~1/2). Here in the latter case we carry the
additional factor d since it can be very large; for instance, when d; ~ N .
Nevertheless, a more precise bound can be obtained for the combination of
the first and third terms (5.18) due to a hidden cancellation in case d; > K.
In order to see this cancellation, we need to apply in Theorem 4.10. To this
end, we first set the following notation for the normalized vector

b {wl/uw.n, if wy # 0;

) (5.19)
0, otherwise.

Note that due to the triviality of the case w; = 0, we only discuss the case
w) # 0 in the sequel.
Recall the definition of the VESD from (4.21) with v = w}

M
Fiw(@) =" (e, wd) PL(N(H) < 2), (5.20)
i=1

and we denote by F(z) the distribution function of vyp i(de) in (4.2). By
Theorem 4.10, we obtain,

sup |F1Y (@) = F(a)| = O<(N 3. (5.21)

In light of the fact that 'w|0 is the normalized w), we can write the combina-
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tion of the first and third terms on the RHS of (5.18) as

2
| = 24+ Vw20 Y — L= 0 |
2] [ (22 ) (U d)(dE =) R e
GG = sy AN A

ApAN"ETE 2di(d; +1)  2(1+d;)(d? —y)?/d?
__N"3t3 (x—@(d,'))2 (x—e(di))s

9

) (R () — Fi(a))da
(5.22)

where in the last step, we used integration by parts, together with the rigidity
results in Lemma 4.7. In the case d; > K for sufficiently large K, by the
definition of 6(d;), we see that 0(d;) ~ d; and thus 0(d;) is also sufficiently
large. Hence, applying Taylor expansion for both 1/(z—6(d;))?,1/(z—0(d;))3
at £ = 0, we can easily get the bound

2d;(d; +1)  2(1+d;)(d? —y) /d2
(x—@(d,))2 (x—@(d,))?’

uniformly for x € [A_ —N_%Jr%,)ur +N_%+%]. Then using (5.23) and (5.21),
we finally get the estimate

O(1/d;) (5.23)

d (jigljw,*E’(H(di))w‘ = 0. ( Sl PN-t).

- (5.24)

— de(dz + 1)w|*E(9(d2))w| —

We therefore get a unified estimate O<(Zt€| \{Dth?A(di)N_%) for this
combination, no matter d; < K or d; > K.

Further, from the isotropic local law (4.16), Assumption 2.3, and the
definition of wy, g in (2.6), we get the following crude bound

0= 0 Slaa@N (& il + 3 16,5422 + asu)

tel tel jele
= 0-(A2), (5.25)

where we recall the notations 6;;,d;0 in (5.7) and define

i (30 It S 10 ) (32 %) shacaon
te jEle

(5.26)
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Since Ay can degenerate depending on the size of ), |wy|, it is necessary
to also consider the fluctuation of the higher order term S3. We shall obtain
more precise estimates for the summands in S in later context, after first
obtaining an estimate of Ss.

Next, we turn to estimate S3 (c.f. (5.15)). We estimate the integrals of
three terms in the integrand separately. First, using the residue theorem
together with the notations in (5.3) and (5.5), we have

L 2w E(z 2)V*E(z)w dz = 6(d; 2 w*=E((d;))v ’
S iy *% SOV LV B(E)E dz = () ) S (@ ( (0(di))ve)
Z < Z wjwex; (0(ds)) xen (0(di)) + QZWJXU i) Xut (0(ds)) + Xit(e(di)))
tel  jkele jele
+ 04 (d2(d - di)? > ||| @ N ) (5.27)
tel

where the error bound follows from the isotropic local law (4.16) and the
expression for g(d).
For the second part of the integral, we have

i- —2Z2m1(z){ﬁ*(VL(z)V*E(z))?ﬁ dz
27 Jo(ry)

T (W0 )W E(0(ds) Jvix; (0(di)
jele, tel J

d3d;

= —20%(d)0' (di)ma (8(dy))

jele, tel

2 3 (@) (7(2)0 (= >m1<e<z>>z%*a<9<z>>vkxtk<e<z>>)’

= 29(d;) 1d+_dd Z Xt (0 ( > Wexen(0(di)) + Xue (0(d; )))

jele kele

rol( Y (dfdj5’°+d4)\wtmw|m< 4PN ). (5.29)

5
tel jele B

Similarly, we used isotropic local law (4.16) for [ = 0,1 and the definition
for g(d) in (5.5) for the estimates in the last step.

Analogously, for the last term, we obtain

1

— 2m2(2)w* (VL(2)V*E(2))*VL(2)V*w dz
2 Jo(r.)



50 ZHIGANG BAO, XIUCAI DING, JINGMING WANG, KE WANG

N2,7.
= g(d;) Z (di(1+d2) i wiwg > xt5(0(di)) xak(0(d:))

g (di = dj)(di — d) -
+29(dz')j%€:lc (dl(l_zjl),();:i]_d,; wiX k(0 ;thtg
2 3 diyd; 24, (0(:)°0 (2 (0(2)) = djxtkw(z))xme(z)))' »
t,kel,jele
Y mdd (00 (hm(0(2) = S 0E) |,
t,kel,jele
+ 3 i (50 (2 OO (0:) |- (6:29)

In the sequel, we will keep the first term on the RHS of (5.29) as it is and
estimate the other terms. First, notice that the second term on the RHS of
(5.29) can be estimated by

1+4d; 2d'dk ~
jikele T tel
o d?djdk&o 2 n7—1
=0 X 0| =SSR AN ). (5.30)
jkele tel

Similarly, simple calculation shows that the third term on the RHS of (5.29)
can be bounded crudely by

0" (d;)d* + 0 (d;)2d3 + 0/ (dy)d?  0'(d;)d?
t7k€§|;€|0 ZUt’lUjdzd [( d; — dj + (di — dj)2>th(9(di))ij(9(di))
(4.2 4
+ % (xik(e(di))xkj(e(di)) + xtk(e(di))xgj(e(di)))}
5 5.5,
B O*( 2 'wt”““'(décj : ZQCSZO)A(CZZ')W—I)‘ (5.31)
tel,jele 2 ij

Next, we turn to the last term on the RHS of (5.29). We split the discus-
sion into two cases: d; < K or d; > K, for some sufficiently large (but fixed)
K > 0.Ford; < K , it is easy to compute the derivative by chain rule and use
isotropic local law (4.16) to get the bound O ( >t kel |y ||| 67" A(d;)2N 1)
directly for the last term on the RHS of (5.29), and thus we omit the detail.
In case d; > K, we first introduce a new form of eigenvector empirical spec-
tral distribution(VESD) of H with respect to two fixed unit vectors u,v,
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which is defined by

M
Z i, u) (i, v)L (N (H) < ). (5.32)

Correspondingly, we set F;“"(x) = (u,v)Fi(x). Then by triangle inequality
and Theorem 4.10, we have the estimate

1 0
sup |F}7(2) = F{**(2)| < Zllw+ vl sup |F{y™ (2) ~ Fi(a)]
xT x

1 1
+ —sup |Fiy(x) — Fi(z)| + 5 sup |Fiy — Fi
X X

1

=O0<x(N72). (5.33)

Here we use (u + v)° to denote the normalized u + v. Similarly to (5.20)-
(5.24), after computing the derivative of the last term on the RHS of (5.29),
we will see the hidden cancellations among the resulting terms using the
following estimates,

2x15(6(2)) + 0(di)xi;(6(2)) = O<(d; *N~?),

Xt (0(2))X0; (0(2))8" (di) = O<(d; ' A(di)*N~1/2),

6xj(0(2)) +60(di)xt; (0(2)) + 0(di)*x15(6(2)) = O«(d; *N~1/?)
which can be checked readily by using (5.33). Then after elementary compu-
tations, we can get for the case d; > K, the last term on the RHS of (5.29)
admits the bound O (Zt’kel \{EtHf[Dk\N_l). Combining the estimates for

the two cases, d; < K or d; > K, we can uniformly bound the last term on
the RHS of (5.29) by

O« (D lwllinldiog' Ad;2N ). (5.34)
t,kel

Next, we turn to estimate the fourth term on the RHS of (5.29), which
by product rule can be written up as

23

> mkdfdj(e<z>39'<z>m1<e<z>>2 S0 06))

t.kel,jele =
d;
= _di(l + di) t kg;@c wtwkmm] (e(di))ij(e(di))
30 g (0 (ma 02 (0 s 0D |-
tkel jele '

(5.35)
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The first term on the RHS of (5.35) can be further simplified to

01+ d)a() Y s (wize@)y,) . (539
jere \di T 4y

The above may exceed the stochastic bound As defined in (5.26). While a
posteriori, it will be clear that As gives the typical size of Ss. Hence, we
shall keep the term (5.36) explicit instead of grouping it into the errors. As
for the second term of (5.35), analogously to the last term on the RHS of
(5.29), by splitting the discussion into two cases based on the size of d;, we
can get the estimate

o~ did; _
o<< > || wl ;fA(dﬁ?N 1). (5.37)

tkeljele Y
Combining (5.27)-(5.37), after necessary simplification, we arrive at

S = gld) 3 (vi=0(d))a)’ - di(1 + dg(a) Y ﬁ (v3=(0(d)wn)

tel jele
+ O<(R3)
=: S5+ O (R3), (5.38)

where

Ro= (X1 ), r~|r(25—j + L)

+ <jez:c |wj5|id‘idj)< wt| >< 5_]f _Z Z%)d?5i20A(di)2N—l

kele

(X "f;f ) (2 5_ﬂ)d25 -1, (5.39)

tel

Now we claim that Rg < N~¢Ay for some small (but fixed) € > 0, where Ay
is defined in (5.26). This can be achieved by applying assumption (2.1) and
(2.2) and using the following three estimates

d3

SLA(d;)NTT < N7F, SLA(d))NTE < N7°,
dio poert ik
2
S Gk (g NE < N (5.40)
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The first two estimates in (5.40) can be easily checked by combining the
assumption for 8,0 = d; — \/y in (2.1), the non-overlapping condition (2.2)
with the definition of A(d;) in (4.19) and its estimates in Remark 4.9. The
last estimate in (5.40) can be derived as follows

dek —*<Z(5k+d2> (di)N~

< Z (d_3 + d—g) (d)N"2 < N“*. (5.41)

l\?\b—‘

Here for the first inequality, we use the triangle inequality dp < d; + k.
The last inequality above holds from the definition of A(d;) and the non-
overlapping condition (2.2) for §; = minjec d;; as well as the first estimate
n (5.40).

Thus to see Rg < N As, we first observe that the second and third terms
on the RHS of (5.39) are much smaller than Ay by applying the estimates in
(5.40) and the trivial fact d; > ;0. For the first term on the RHS of (5.39),
notice that

i < (01500 5 B ), (5.42)

Z

tel jele
which is a consequence of the fact
d;id; >0
|d; — d;|

for some constant C' > 0. Using (5.42) and the first and third estimates in
(5.40), we get the first term on the RHS of (5.39) is also negligible compared
to Ao. To conclude, we have R3 < N ¢As.

Therefore, we can rewrite

Ss =S5 + O (%) (5.43)

for some small fixed positive . Further, using isotropic local law (4.16)
together with the definitions of w, ¢ in (2.6), we can crudely estimate the
size of S3 in (5.38) by O (A3) where

— lwjld; | [lull 4 1
Ag._(%:Tij 0 ) dt 650 A(d;) 2N~
,7 c

+< 3 |@t|dj) ( T |@i|d; )d4510 A(d)2NY, (5.44)

. 5
tel jele Y tel jele 4
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Now it remains to estimate the remainder term R in (5.14). We shall
prove that

Ao+ As
v )
Following the derivation of (5.14), one has

Rl = 0(

R = ('w,P|w>—51 —52—53

= —% emy (2)W*V (2L(2)V*E(2)V)3 (D™ + 2V*G1(2)V) "ty (2)VFw dz
T Jo(ry)
+ % 2my (2)W*V (2L(2)V*E(2)V)2 (D! 4 2V*G1(2)V) 'V E(2)w dz
T Jo(ry)
— i 2w E(2)V (2L(2)V*E(2)V)(D™ 4+ 2V*G (2)V) TV E(2)w dz
27 Jory)
=TV 4+ 15+ T3. (545)

The estimations of T3,75,T3 cannot be computed by only applying the
residue theorem. Instead, we shall follow the method used in Lemma 5.6
of [16]. More specifically, for T, we first use the resolvent expansion formula

(D7 4+ 2V*G(2)V) L = L(2) — (D7 4+ 2V*Gi(2)V) " L2V*E(2) V L(2)
to split it into two parts

1

T =—— 2my (2)w*V (2L(2)V*E(2)V)3L(2)my (2)V*w dz
27 Jo(r,)
o emy (2)w*V (2L(2)V*E(2)V)3 (D! + 2V*G1(2)V) " W*E(2)VL(2)my (2)V*w dz
T Jo(ry)
=:T11 + T1o. (5.46)

For 111, we estimate it using the residue theorem. Similar to the previous
calculations as in (5.18)-(5.25), one can derive that the magnitude of 71, is
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stochastically bounded by
d

(SRR T 5 (X 5oy
icle Y j & tel jele Y jele
(Z ]w]\d - \wt\d )(Z ]w]\d Z \@zst\dj +Z |1?|di)d?A(di)3N‘%
~ i 4 dio

v

t€| jele | Elc
i (Z |w]|d Z |wt|d )(Z |w]|d Z |U§f'|-dj +Z ’;Ut’>d7520A(d)
Jjele ZJ tel,jele U jele teljele Y tel 10
+(z’wﬂd Z \ugt;dj)( Z \wt\d )d76 A(d)PN~3
jele ZJ tel jele i tel jele W
+ (X |wt|d ) dSA(d;)P N2, (5.47)

tel

It is easy to check that (5.47) is negligible compared to As, A3 in (5.26) and
(5.44). Hence, we can write

Ao + A
\T11!=O<< 2N€ 3)- (5.48)

For the term Tis, instead of using the residue theorem as above, we di-
rectly bound the integral as follows

|Th2| <C/ ‘Z L+ 2)* (Z ,ﬁ"g;)%; |2 ikdk’>2‘A(9(z))’4N—2

< I(D™! +0(2)V*Gi(0 ( NV) " Hlop [dz]. (5.49)

Notice that for z € T';,

|z < di, [z—=yl=<di—\/y and ‘Z_dj’x{ ]di;idj’ ff(())l;ieellc |
(5.50)
Besides,
|7 +oevaeEv) |
N H <(D_1 +0(2)m1(0(2))) + H(z)V*E(H(z))V>_1 op
1
(5.51)

< — = :
min; |z — d;|/|zd;| — [[0(2)V*E(0(2))V [lop



56 ZHIGANG BAO, XIUCAI DING, JINGMING WANG, KE WANG

where for the last bound we used the fact that 6(z)m;(6(z)) = —(14+1/z). By
elementary computations and the definitions of p;, d;; (see (5.9) and (5.7)),
one has

0ij Pi Pi
m —dj|/|zdj| < m d; — dj|/d;dj > m J > = —
1n|z |/|Z | 1n| |/ €1IIcl d'(di+5ij) - di(di—l—pi) d%’

I;lenll\z i1 /12d;] 2,

and
10()V*E(0(2))V [lop < dil[V7E(O(2))V [lop
= O(d; min{|0(z) — A|72,6(2) — Ay |TVIINT12)
= O (d;A(d;)N~Y/?).
Note that the following bounds are implied by the non-overlapping condition
(2.2)
i di —\/y
- >CN*, ——— >CN*
d2A(d;)N-1/2 ~ T dBA(d)N-2 T ’
where 0; = minj¢cje |d; — dj|. Recall p; from (5.9). Thus

10V ZOE)V | < N5,

Consequently, from (5.51), we get

(D™ + () V*Gi(0())V)  lop < p—l (5.52)

2

Inserting the estimates (5.50) and (5.52) into (5.49), we arrive at

iaf <3 Zﬁwi > ey’

jele tel jele 49

(X % T P ﬁ) 7610 A(d;) N2, (5.53)

jele 4 jelcaij 0io

Further, applying the estimates (5.40) to the term E]elc 5, T Z]ec iy gl—,f)
above, we get

(Tig] < N~ (Z'wﬂd Z‘wt‘d S INAD

jele tel jele Y
(5.54)
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Next, we expand the squared term on the RHS of (5.54) and analyse them
term by term. Recalling the expression of Ag in (5.44), we directly have

(ZM) 36,0 A(d;)2N~1 < As. (5.55)
jele )

Further recalling the estimates for S, i.e. Ay in (5.26) and using the first
estimate in (5.40), we obtain

(> |wt|d) a0 A(d)* N < N7 (D0 |wt|d) 5 Ad)N"2 < N™Ag.

tel tel 0io

(5.56)

It remains to bound the last squared term (3, ;e [Wt]di/ 8;7)?. First notice
that it follows from the triangle inequality and d;/d;0 > 1 that

3 \z’?\-dig > I@(;e'l_der 3 [wild; (5.57)

teljele Y tel,jele Y tel jele 010
By (5.57), we have
( Z |wt'|d) 0350 A(dy) 2N
tel jele 49
|&5t|dl |wt|d 3 -1
(2 5 X0 5 )diee AN
teljele Y tel jele O
|w¢|d; |We|di\ 5 N2 -1
X K’ ) (375, )it Ald*N
tel jele tel
<Az + As. (5.58)

To obtain the last inequality above, we compared the first term with the
latter part in the expression of Ag in (5.44). And for the second term, we
used the non-overlapping condition (2.1) for d;; and further compared it
with Ay in (5.26).

Combining (5.53)-(5.58), we finally have

<A2+A3)

e = O+ (=1

(5.59)

for some small fixed positive e.
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Next, we turn to estimate T5 and T3. The method is analogous to that of
T12; we omit the details. By definition, we can bound 75 and T3 as follows

T| = ‘2 7{ my (2)w*V (2L(2)V*E(2)V)2 (D™ + 2V*G1(2)V) T WWV*E(2)w dz
™ Jo(r)

w;|d; ~ 2)?
<074‘ (1+2)6 '(2)‘(;y’z—‘izljy)(%:yszdky)”w”mj(vé)‘
< (D71 +0()V*Gr(8())V) ™ [lop |d]

_3 ”[E‘d "{Et‘dz \wt\d ~
<NTE(Y RS SRS S B
- 3 51 520 . 51
jele J tel tel jele 4

x (Zﬁ T L) 2o A(B(d;))?

jele i jele 51] 5@0

Lyl E(er]\d ertrd b3 Y 5 Ao(a)?

jele tel jele 4
(A2 + A3) (5.60)

and
1

Tol = | — —
T3] = 5

749@ | 2w E(2)V (2L(2)V*E(2)V) (D™ 4+ 2V*G1(2)V) TV E(2)w dz

<cf 1@ \(Z|Z_dk|)'AN;' (D~ + BV Ga(BV) o I

< Hauz(z =y Z ot —)d4 5i0 A(O(d;))P N~

jele 2] ZO
N_a(AQ + A3) (5.61)

To obtain the above bounds, we used the estimates in (5.40) and the in-

equality (5.42) for ||w||. Hence, using the estimates of T7,T5 and T3, we get
that

Ao+ A
2t 3), (5.62)

NeE
for some small constant ¢ > 0. Finally, using the definitions of As, Az in
(5.26) and (5.44) and the expression of wy, g in (2.6), one can rewrite the
error bound

Az + A _1_
= = 0<((60V/d: il + dillwn]) || A(dy)N 372

0 ( (sl a2 (X2 52) (3 5) ) A2
Y7 jere Tt

jele

(w,Prw) :Sl+52+§3+04<

N—
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as in (5.8). This completes the proof. O

Besides the Green representation for the eigenvector, we also have the
following lemma for the representation of the eigenvalue p; in the simple
case | = {i}. The extension to multiple case can be found in Appendix C;
see Proposition C.3.

LEMMA 5.3.  Suppose that the assumptions in Theorem 2.5 hold. In the
simple case | = {i}, we have

i = 0(ds) — (62 — )0(de)xis (0(d)) + O« (B0 AWdIN"37)  (5.63)
for some small fixed constant £ > 0.

PrOOF OF LEMMA 5.3. Recall the notations at the beginning of proof of
Lemma 5.1,

V=(v, ), D= diag(dl/(l v dy), e do /(1 dr)>.
Then, by elementary calculation, we have
Q — 2 =x"Y2G7 1 (2) (Ins + 2G1(2)V DV*) 212,

Notice that p; is the ith largest real value such that det (@ — u;) = 0. Further
by the fact that u; stays away from the spectrum of H with high probability
(c.f., Lemma 4.6, Assumption 2.3), together with the identity det (I M+
2G1(2)VDV*) = det(D) det (D! + 2V*G1(2)V'), we have that y; is the ith
largest real solution to the equation det (D! + 2V*G;(2)V) = 0 with high
probability.
For x € Ay +N"2/310 o0)(0(d;)—d}/* 61> N=1/2+5 0(d;)+d}/*6}]> N—1/2+9)

with sufficiently small constant > 0, we define the matrices A(z) =

(Aij(x)) and Alz) = (Aij(x)) by setting

Ajj() = (L+di oy + 2v;Gi (2)v; — am (2)3y,
Aj(x) = 8i5((1+ d;7 ) + 207G (x)v; — 2y (),
Further, we denote the eigenvalues of A(z) and A(z) by a1(z) < ... <
and a1 (z) < ... <a,(x) respectively. Apparently, one has

ai(z) = (1 +d; 1) + 207G (2)v; — 2my (z), (5.64)
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with high probability by the isotropic local law (4.7) and the Assumption
2.3. We then claim that, in order to prove (5.63), it suffices to show the
following two estimates

1o
i () = —ai(0(di)) + O (d; 0,,* N737%), (5.65)
11
ai(0(d:)) = @ (0(d;)) + O (di 252.02N‘%‘5>. (5.66)
for some small constant € > 0. Combining (5.64), (5.65) and (5.66), we have

pima (pi) — 0(di)ma (0(d;))
—(L+di ) = 0(di)v; Ga(6(d;))vi + O (d;%%% N7,

Expanding p;mq(p;) around 0(d;)mq(6(d;)) with the aid of Lemma 4.6 will
then lead to (5.63). Therefore, what remains is to prove (5.65) and (5.66).
We start with (5.65). First, by the fact that y; is a solution to det (D! +
2ZV*Gi(2)V) = 0, it is easy to see that p;mi(p;) = —ak(,ul) for some
k. But by 1sotroplc law (4.7), we see that A = A+ O<(d; 25Z02N_‘)
where O<(d 2510 N~ ) represents a matrix bounded in operator norm by

O<(d; : 5202 N~ ) This leads to the estimate ax(p;) = ar(p:)+O0<(d; 3 5202 N")
Further, by (4.7) and Lemma 4.6 one can easily show that ,u,ml(uz) =
—(1+d; M) +0<(d, 25202N 2) and @ (1) = (1+d; Y +0<(d 25202N—’)
Therefore, due to the fact that d;’s are well separated, more specifically,
non-overlapping condition (2.2), we have p;mi(p;) = —a;(p;) with high
probability. Next, by the isotropic law (4.7), one can also check that

15
102 A(@)llop < d7 87* N2
This together with Lemma 4.6 leads to
11
lai(p) — @i (0(d;))| < dibig? N~ < d; 26,2 N~27°,

where the last step is due to the fact that didi_ogN “3 = O(N~¢) following
from (2.1).

Combining the above with the fact pu;mq(u;) = —a;(p;) with high proba-
bility, we arrive at (5.65).

Next, we prove (5.66). Observe that the diagonal entries of A4 — A are 0,
and A is a diagonal matrix. So expanding the eigenvalues of A around the
eigenvalues of A using the perturbation theory, we see that the first order
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term vanishes. Hence, it suffices to estimate the second order term. More
specifically, we have

A - A2,
min;; |a;(0(d;)) — ai(0(d;))|
for some small fixed ¢ > 0, where the last step follows from the fact that
1

_1 1
ap(0(d;)) =1+ d,;l + 0<(d, 252-02N_%) and the fact that the d;’s are well
separated and satisfy (2.2). This concludes the proof of (5.66). O

lai(0(d;)) — ai(6(di))| =

_% _% —i_¢
<d; ?0,)°N"27°,

6. Proof of Theorems 2.5 and 2.9 . In this section, we prove the
main result Theorem 2.5, based on Proposition 6.2. The proof of Theorem
2.9 is nearly the same, and thus it will be only briefly stated in the end of
the section. The proof of Proposition 6.2 will be deferred to Section B. The
starting point is Lemma 5.1 and Remark 5.2, which state that the study of
(w,Pyw) can be reduced to the study of the random vector

(Wi (2w, wiE(2)w, §E@)w, {viE(R)ahe, {v]E()wiljer)

at z = 6(d;).
In view of the isotropic local laws in Theorem 4.2 and Lemma 5.1, we
shall study the limiting distribution of the rescaled random vectors

w)) E(2)w) + e2(w)) E (2wl () E()w), {v7E(2)q beer, {U§E(Z)WP}jelc>

(6.1)

at z = 0(d;), where w{ and ¢ are defined in (5.19) and (2.7) and we further
introduced the shorthand notations

(4 —y)*

cl = Cl(di) = 2dz and Coy = Cg(di) = d2

(6.2)

We remark here, in the case when d; > K for sufficiently large K or even
grows with IV, that either summand in the first component of x;(z) may have
larger typical order than the other components of the vector x (z), by a di-
rect application of the isotropic local laws (4.16). However, for such large d;,
referring to the estimate of (5.18) in the proof of Lemma 5.1, more precisely,
(5.22)-(5.24), we shall also exploit a cancellation between two summands in
the first component of (6.1) that is simply proportional to the combination
in (5.18). Consequently, all the components of x|(z) are of comparable sizes.
The details of such arguments will be provided in later proofs. Thus our goal
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is to prove that x|(z) is asymptotically Gaussian (c.f. Lemma 6.1) and this
leads to the proof of Theorem 2.5.

Before we give the precise statement, let us introduce some necessary no-
tations. For brevity, in the sequel, we will very often omit the z-dependence
from the notations. For instance, we will write my 2(z) as mj 2.

In the sequel, we fix an ¢ € [1,7¢] and its corresponding index set | = 1(i).
For simplicity, we also denote
A2y +y (d; —y)?
=ty ry o, =Y 6.3
! di +y S d? (6.3)

Define a symmetric matrix My = M;(z) € Cr+2*(+2) with diagonal entries

2 (aq—1) (b+ag—1)
2 ~ m (zm1) 2 e 4
A(d;)? a%;l CaCpMy . %2;1 1(a1_1)!(b+a2_1)! , ifj=1;
M(j,7) = ’ a1+az=a+1
A(}ii)? mi(zmy), otherwise ;
(6.4)

and its non-zero off-diagonal entries as

M2 .7 +2]) = Ko (miem ) <{<w.°,vt>}tel, {<<P,vj>}j€,c),
1

M3, 1+ 20 T3, 420) = s (3 e ) (ol w60 03)

tel jele

(6.5)

Here for any matrix A = (ai;)nxn and index sets Si, Sy C [1,n], we denote
by A(S1,S2) the submatrix of A obtained via taking rows from &; and
columns from Sy. More specifically,

A(S1,82) := (aij)ies, jes,-

When S; = {a} is a singleton, we use the abbreviation A(a,S2) instead
of A({a},S2). We then further define the symmetric matrix K, = K(z) €
Cr+2)x(r+2) whose r x r lower right corner has the block structure

( KLl  K(1,19) >
Ko, ) K(le1e) )7

given by

Ki(1,1) = g7z (ememd)? (sua2(vn v 6f))
i t1,t2€l
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c ey — 1 2\2 . 0
Ki(16,19) = INCAE (zmamf) (3171,2(vj,vk,w| )>j’kelc,
c\ __ ; 2\2 . -0 0

K'(Ial ) - A(dl)2 (Zm2m1) <8171,171(vt71j]7§| , W) )>t€|,j€|0' (66)

The remaining entries are defined by
)s=1) 2 2\(s—1)
— my(zmamy) (zmamy)

1) = (Z Go1) )(;c (s— 1 ):

_ 2. mi (zmamy )~ ngm =1
IC|(1,[[2,7‘+2]])—2A(di)2(ch o) +Z )

S
X <81,3(<|0,w|0) {s1,12(vs, 6, w) beer, {31,3(Uj’wl)}jeIC)a

K2 [2,7 +2]) = 7(221(232)2
% (s2alsl w), {sraa(vnwl,sher. {s12(v; 5 w)}jer).
(6.7)
Finally, we define
Vi(2) = Mi(2) + kaKi(2). (6.8)

Recall x| defined in (6.1). We have the following lemma.

LEMMA 6.1.  Under the assumptions of Theorem 2.5, we have
x1(0(di)) ~ N (0, Vi(6(d))) -

With the above lemma, we now can finish the proof of Theorem 2.5.

PROOF OF THEOREM 2.5. Recall the shorthand notation 6;0 = d; — \/y.
Set

OF i= —(d — y) ¥ (1+ d;)Ald, )(% (er(wf) Bl + c2<w.°>*a'<z>w.°)>,
A = 20—\ A (Y &S ),

W\ Jdig(di) A(d;) <%vf5(9(di))g9> for t €I,

w \/N *= 0 . c

,j (1+d;) (d,-)A(d,)(A(di)vj:(H(di))wl) for j € I°. (6.9)
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Notice that ©Y, A}, A}y and H,‘;’ for t € 1,5 € I¢ are all linear combinations
of the components of x|(6(d;)). Then by Lemma 6.1, they are also asymptot-
ically jointly Gaussian with mean 0. The entries of the covariance matrix of
(017, AV, {Al her, {I1}2 }jere) can be obtained from Vi(0(d;)). Further sim-
plifications can be achieved using the following identities at z = 6(d;)

1 2d3

2 ; 2 " — ?

mEm) =@y M S g
6d(d? + ) d;

2 "o i\ ! [ L
e @ g M S @ e
mim)(zmq)” = 2d; emymy = e

I T 4 ) (@ =) T dildit+y)
(zmami)’ = 2Ly ma(zmamy )’ = 1

C(diy)2(d? —y)’ (di +y)(d? —y)’

as well as the explicit expressions for ¢y, co,¢1,¢2 in (6.2) and (6.3).
We further set

O = O |wil*, Ay =APllwil, Ay = AR, I =10 w.

It follows immediately from Lemma 5.1 that (w, Pjw) can be written as the
RHS of (2.13) in Theorem 2.5 and

2

w w w w w dz Y Hw
R T o e (]

1

with the matrices A{” and B/" defined in (2.11) and (2.12). This completes
the proof of Theorem 2.5. O

In the rest of this section, we prove Lemma 6.1, based on our key tech-
nical result, Proposition 6.2. In order to show the asymptotic Gaussianity
of x1(0(d;)), it suffices to show that all linear combinations of the compo-
nents of x(6(d;)) are asymptotic Gaussian. Our proof will be based on a
moment estimate. This requires a deterministic bound for the Green func-
tion, in order to control the contribution of the bad event in the isotropic
local laws. To this end, we introduce a tiny imaginary part to the parameter
z, such that the Green functions can be bounded by 1/3%z deterministically.
Specifically, in the sequel, we set

z=0(d;) +iN"XK, (6.10)
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for some sufficiently large constant K > 0.
For a fixed deterministic column vector ¢ = (co1, co2, {ci1t}eel, {c25}jee)* €
R™+2, we define

P = c*xi(z), (6.11)

where z is given in (6.10). Notice that |P| < 1 by the isotropic local law.
Here we omit the dependence of P on ¢ and the index set | for simplicity.
Hereafter we always assume that ¢ and | are fixed. The following proposition
is our main technical task.

PROPOSITION 6.2 (Recursive moment estimate). Let P be defined in
(6.11) with z given in (6.10). Under the assumption of Theorem 2.5, we
have

_3 3
(i) EP=O0L(N"26,%d?), (6.12)
_3 3
(i) EP = (1— ) EP'"2+ O(N"26,,2d?), (6.13)

where V) o = ¢*Vi(0(d;))c with Vi(0(d;)) defined in (6.8) and d;0 = d; — \/y
is defined in (5.7).

With the above proposition, we can now show the proof of Lemma 6.1.

PROOF OF LEMMA 6.1. By Proposition 6.2, one observes that P(z) is
asymptotically Gaussian with mean 0 and variance V) .. By the definition
of z in (6.10), and a simple continuity argument for the Green function,
one can easily see that P(0(d;)) admits the same asymptotic distribution as
P(z), when K is chosen to be sufficiently large. Since V| . = ¢*Vi(6(d;))c
and c is arbitrary, we have

x1(0(di)) ~ N (0,V(6(d:))) -
This concludes the proof of Lemma 6.1. O
In the end of this section, we briefly state the proof of Theorem 2.9.

PROOF OF THEOREM 2.9. In addition to the expansion of (w, P;w) which
can be easily obtained from Lemma 5.1 in case | = {i}, by setting

®; := —VN/d? — y8(d;)xa: (0(di)), (6.14)

it follows immediately from Lemma 5.3 that the eigenvalue p; can be written
in terms of ®;. Note that ®; is also a quadratic form similar to the other
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quadratic forms in the expansion of eigenvector in Lemma 5.1 in case | = {i}.
Hence their joint distribution can de deduced analogously to the proof of
Theorem 2.5 by adding one more quadratic form into the linear combinations
of quadratic forms P. Since the proof strategy of Theorem 2.5 can apply
mutatis mutandis to that of Theorem 2.9, we omit the details and conclude
the proof. O

Acknowledgment. The second author would like to thank Igor Silin
for sharing the Python codes of [76] and providing some insights on the
statistical applications.

APPENDIX A: COLLECTION OF DERIVATIVES

In this section, we summarize some derivatives that appear in the previous
sections. And all these derivatives can be obtained by repeatedly applying
the second identity in (4.28) and chain rule. For convenience, we set

Op:={(o1,---,01) : Fie{1,---,l},0;, =0,and 0; = 1,2 for all j # i}
(A1)

For simplicity, in the sequel, we still use G, gff) to denote T571G3, TSQC(LS)
respectively for a = 1,2. Below, we first collect the derivatives of (X*Gjv)
for any deterministic unit vector v, which can be derived by using (4.28)
and the product rule. The first derivative of (X*Gjv)y, is

O(X*Giv)g . .
(qu) (G1v)q Z Y (XGrZEGRu). (A.2)
= s—|1-782>1+1
S1T82=8

The second derivative of (X*Gjv)y is

2 * (7S
0 (X glv) . ( Z Z (gf1@gkgf2v>q

8qu a=1 s1,52>1;
S1+s2=s+1

2
£ X (xeronerondie),

a1,a2=1 s1,52,832>1;
2?21 s;i=5+2

_ (X*gfl gzg’fgf%) ) (A.3)
51,52>1; i
S1+s2=s+1
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The third derivative of (X*Gjv)y, is

*MS 2
Pt o § T (omerton)

3
8qu ai,a2=1 s1,582,53>1;
Z‘?:lsi:s+2
k
- Y (o)
51,52>1; 7
S1+s2=s+1
2 3
k
- Y Y ((MTerzd)am),
a1,a2,a3=1 s1,,842>1; =1
Z?:lsi:s"‘?’
2
+ X+ G 2 )Gv) ). (A4
Vo)
(a1,a2)€02 s1,+,8321; 1=1
Z?:15i25+2

The fourth derivative of (X*Gjv); is

4 X*GS 2 ’
%ﬁ;ﬁf:m(— > > ((E v ”)q

a1,a2,a3=1 s1,,842>1;

St si=s+3
2
X X ((TIerz)gr)
(a1,a2)€Q2  51,52,5321; i=1
Zf 1 8i=8+2
4
+ Z > (x(Ierzm)er),
ay,,aq4=1 81, ,85>1; i=1
25_131—3—4-4
3
- X X (x(Ilerem)de),
(a1,a2,a3)€03 51,+,542>1; i=1
Z?:lsi:s+3
2
+ (X*(H(gfiﬁzgk))gfgv>k>. (A.5)
$1,82,532>1; i=1

Z?:l 8;=5+2

Next, for P defined in (B.6), we collect its derivatives

PP VN L[ 0°GE VN &L 0°G
aazgk_A(di)y(]( Ca;k)ﬂo 7Y
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For the first derivative, we have

aP VN & . . )
OTan NCD) an Z <(2‘/0g1 ) (XG1200)k + (X*G Yo )k (g12190)q)
1 Y a= ai,az21;
! a1+a2—2a1+1
N 2
\/(d— Z ( Y7 G1)g(X Gy, + (X*glyt)k(glﬁt)q>. (A.6)
i) t=1

By (4.17) and Remark 4.5, it is easy to see that the second term on the RHS
of (A.6) can be estimated by

VN
NG

E

: ((yfgl)q(X*glﬁt)k + (X*glyt)k(glﬁt)qﬂ < A(di)_ld;%(di - \/@_%
v =1

=1,

where the last step follows from the estimate of A(d;) in (4.20). For the first
term on the RHS of (A.6), first using (4.16), We see that

oP _ VN [<c1
0z g, A(d;) |\ 2

+ (G Gu00)i 4 ca(X*GE90)1 ) (Gra)g + (G + comt ) (X7 Gryo)idog

my + szl) (X*gl'lgo)kZJOq

c * * * 33 —5
+ (5 (X*Guyo)i + ea(X"Gyo)r <glﬂo>q} +0(df 5,,*N"3).
Note that by plugging the values of ¢1,co and my, m) at z = 0(d;), we have

y(d; +1)
(di +y)?

If d; is large, i.e. d; > K for sufficiently large constant K > 0, performing
the expansions for Gy, G? around —1/6(d;) and 1/(0(d;))? respectively, we
can further see the cancellation

€1, s «
El(X G190)k + c2(X*G190)s,

= 0dy) x ((X*Grdo)i + B(di) (X*G30q)1 ) + O~(N™%)
(X*Hdo)k
0(d;)?

which leads to 0P /0zq, = O<(1). Here we used the estimate (X*Hvy);, =
O<(N _%), which can be easily verified by the moment method. For the

=0(d ).

1 !
—my + comy = — i

2

= O(di) % O( ) = 0<(d;'N3).
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case d; = O(1), simply using isotropic local laws (4.17) and Remark 4.5, we
obtain OP/0x g = O<(1). To conclude, we always have

oP
aqu

= 04(1). (A7)

The second derivative of P is

2

a7> 2\/_2 (Y ¥ (ﬁglg,gk)ggﬁo

ai,az=1 b1 ,b2,032>1;

Zz,1b =b+2
b k ~b
- Z yékgll@g 912190)
b1,b2>1;
bl—l—bg_b—l—l

i\(/g 22: ( Z (ﬁ gl@q >gll9t - y;fglg’g’“glﬁt) (A.8)

Recalling the definition of @fk for i =0,1,2 in (4.27), one observes that all
the terms in the parenthesis admit one of the following forms

(X*g1 m)k(X* g1 )kq(g1 12)g5 (X*g1 )k (g1 )aq(X™ g1 12)k>
(GV M) (X*GP X1, (GP o)

for mn,n2 = yo,yl,yg,’lgo,’lgl,'ﬂg, a = 0,1 and bl,bg,b3 = 1,2 satisfying
by + b3 — 1+ a(by — 1) = b € {1,2}, which are bounded by OL(N~!(d; —
V) Hd?), O (N~YHd; — /y)~1d; ), O(d;?) respectively for b = 1 and by
O<(N7Hd; =) ~2d; 1), O<(N " (di —/5)~*d; 1), O<((di — /5) ' d; %) re
spectively for b = 2, in light of (4.17) and Remark 4.5. Therefore, combining
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with the prefactor v/N and coefficients c; 5 in (A.8), we get
axgk - A(dy)
+ 2 ((G0)o(X*G1 X )t (G190)q + (G190)g (X GE X1 (G190),

1((G190)0 (X" G X)14(G190), — (Gran),(G190), )

+ (G0, (X G X)14(GF00), — (Gun)a(G190), — Guun)a(GF00),)|
+O<(VNA(d)'d;?)

- i(—\g_v) |:Cl((glyO)Q(Zg2)kk(gll90)q> + e ((Q%yo)q(z%)kk(glﬁo)q

+(G190)4(G2 + 2G2) 1k (G190)4 + (glyo)q(zg2)kk(g%190)q>:|
)

(c1mi(2ma) + 2 (2mimy (2ma) + mi(zmy) )))

+O<(VN(di - v5)?d;

\/—
= 0% <Z(dl)

+ O<(VN(di = vy)2d; ?)
— OL(VN(di - i)id; ?). (A.9)

In the last step above, we used

=

2 .
c1mi(zmy) + ca(2mimy(zma) + mi(zmy)) = —% = 0(d;?).

The third derivative of P is

2 2 3
oSmie( X% (i(TIe )

b=1 a1,a2,a3=1 by, ,bg>1; Jj=1
Soisg bi=b+3
2
- XY (w([Terem)ere))
(a1,a2)€02 b1,b2,b3>1; Jj=1
8 bi=bt2

[1(6:289)619:)

| o
S
M)~
~
N
am

- X (:‘/Z‘ ( ﬁ(gl %{f)) Qlﬂt) > : (A.10)
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By plugging in 2 defined in (4.27), one can see that all summands above
contain either more than two quadratic forms of (X*G{) and one quadratic
form of (G?), or one quadratic form of (X*G¢) and two quadratic forms
of (G%) for some a,b = 1,2, which by (4.17) and (4.16) will contribute a
O<(N™ 1/2d_1/2+(a 1(d —/9) /372D factor and a O (d; H(d;—/y)~ (@)
factor respectlvely Using this fact together with contrlbutlon of ¢p/A(d;),
one can easily obtain the crude bound

( P ( (A.11)

axk

The fourth derivative of P is

P AN & &
s OIS SR 101 DY
qk ay,,as=1 b%, bb >bi4 j=1

=171

Sy oy ((ﬁglw>g§m)

(a1,a2,a3)€03 b1, ,ba>1;

S bi=bt
2
. b;
v 2 (w(ITero)ore)]
b1,b2,b3>1; Jj=1
3 bi=b+2

S ol I o U101 (R RS

Z
a1, a4=1 Jj=1

- > (y(f[ G205))619;) + (u; (f[ (G 7" )gmt)].

(a1,a2,a3)€03 J=1 j=1
(A.12)

APPENDIX B: PROOF OF PROPOSITION 6.2

This section is devoted to the proof of Proposition 6.2, the recursive mo-
ment estimates of P defined in (6.11). The basic strategy is to use the cumu-
lant expansion formula in Lemma 4.11 to the functionals of Green functions.
In the context of Random Matrix Theory, such an idea dates back to [45].
We also refer to [38, 51, 36, 37] for some recent applications of this strategy
for other problems in Random Matrix Theory.

First, we provide estimates for some random terms that appear frequently
in the proof. Indeed, they have one of the following forms: n7X*Gins,
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N1 X*G{ X2, niGine, for any fixed s € N and deterministic vectors m, 12
whose £2-norm are bounded by some constant C' > 0. Notice that under the
choice of z in (6.10), we have the deterministic bound

[ Gime| < C(32)7° (B.1)

Similarly, by Cauchy-Schwarz inequality, we have

NI

(X Gima| < ||| X*Gina | < € (m3G3(2) X XGi (=) )

= (mAEI+2000 (=)m)* <C(S2)™ (B2
and

i X*Gi Xmo| = [ni X*XG5ma| = [niG5~'m2 + 2niGimp| < C(S2) "
(B.3)

According to Lemma 4.1 (ii), the above deterministic bounds allow us to
use the high probability bounds for the aforementioned quantities (following
from the isotropic local law) directly in the calculation of the expectations
in (6.12) and (6.13).

Next, we derive an initial bound on P := ¢*x (z) in (6.11), where x; is
the random vector defined in (6.1) and ¢ = (co1, co2, {cit}eer, {c2j}jec)* €
R"*2 is an arbitrary fixed deterministic column vector of size r + 2. For
the case d; < K for sufficiently large constant K > 0, one can easily get
|P| = O<(1) by a direct application of the isotropic local law (4.16). As for
the case d; > K for sufficiently large constant K > 0, it is easy to see that
all the components of x)(z) other than the first one are of size OL(1) by
applying the isotropic local law directly. Actually, as we mentioned earlier,
there is a cancellation between two summands in the first component of
X|1(z). After exploiting this cancellation, similarly to the discussion in (5.22)-
(5.24), we can also get an O(1) bound for the first component of x;(z).
Hence, according to the above discussion, we have

P =0(1). (B.4)

With the above preliminary bounds at hand, we can now start formally
the proof of Proposition 6.2. The main tool for the proof is the cumulant
expansion formula in Lemma 4.11. For convenience, we first introduce the
following three column vectors

Yo i=corwl, Y=Y vy, Yo i=cps + Y ey (B.5)
tel jele
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and define
9o =97 =w), V=g

Then we can rewrite

VN am - VN
P = yO(an(% 1)—m§ 1) )90 + Zy —my)Y,

A(d;) a=1,2 Alds) t=1,2
(B.6)
and
B(P) = B0 X a6l —m ) o+ 3 wi (G- m o) P

a=1,2 t=1,2
(B.7)

gi :Z_l(Hgi _gi_l)v t=1,2,

I . 1 2, M2 Lo (zmg)  (2mg)+1,
E(P) _A(di)E<y0 (Cz((l—i-mg)ZHgl * 1+m2g1 * (1+m2)zgl (1+m2)z G ml)
1 mo 1
+Cl<7(l+ ] Hgl+1+ngl_7(1+m2)z_ml>)'00
my 1 -1
+t§1:2 ( Hgl+1+m2gl—(1+m2)z—m1>19t>77 :

Repeatedly using the first and third identities in (4.5), we have

_VNmy
A(d;)

+c <Hg1 + zm2g1) - 62—%(g1 1))’490

E(P!) =

E <y0 <62 (Hgl + 2maGi + (Zm2),gl)

+ Z Y; (Hgl + 2m291)19t>77l_17

t=1,2
which can be further simplified to

VNmy
A(d;)

E(Pl) = — E <yf§ (Cg (Hg% + ngg% + (ng),gl)

/

+ <C1 + 622—> <Hg1 + Zngl))

1

+ Z i (Hgl + zm291)6t>77l_1. (B.8)

t=1,2
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For the coefficient ¢; 4+ com//my on the RHS of (B.8), by elementary com-
putations, we see

(6(d;
e eo— o =7,
T

where ¢ is defined in (6.3) and c;,cp are given in (6.2). If we substitute
z=0(d;)+ iN~¥ into m/;,my above, since the imaginary part can be taken
arbitrarily small, we can get ¢ + cam} /m1 = ¢ + O<(N~F) for some suffi-
cient large K. Thus in later estimates, we shall simply replace the coefficient
¢1 + camf/my in (B.8) by ¢ and the resulting error will be negligible by
taking K sufficiently large. Similarly, in the following, once we do the sub-
stitution to get the value of certain function of z, we simply take z = 6(d;)
for the computation, up to negligible error.

To ease the notation, we use ¢z = ¢ (see the definition in (6.3)) in (B.8).
For t =0, 1,2, we introduce the following functions in terms of G;

2 G, ift=0;
TG = { G, if t =1,2. (B.9)

With the above notations, we can simply write (B.8) as

VNmy
A(d;)
VNmy

- WE<QS (EQ(zng% + (zm2)'Gy) + 512m291>190

3
E(P!) = — EY y HT(G)9 P!
t=1

+ Z yfzm2g10t>73l_l. (B.lO)

t=1,2

Now, we apply the cumulant expansion to the terms —%Ey;‘ HT(G1)Y:
for t = 0,1,2. For simplicity, we use the following shorthand notation for

the summation u
2=

q,k q=1k=1

and similar shorthand notations are also used for single sum. By Lemma
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4.11, we have
VNm VNm
NG )1Ey HT/(G1)9.P™" = 3 1E§jythqk X T (G1)9)k P!

\/_ml Z tqz Ra+1 qu) aizk ((X ,Tt(gl)ﬂt)klpl 1> +Rt,

(B.11)

where R; satisfies

|R:| \/_‘A ‘Z <CE zgk]?) ( sup

|mqk|SC

ytqai—; ((x* T (@) P' ™))

+ CE(Jzgi L (leqr] > C))E( sup ‘ytqaai ((X*Tt(gl)ﬁt)kpl_l)‘))

{Eke

for any constant ¢ > 0 and some constant C' > 0.
By the product rule, we have

e (TGP ) = 3 (5)8‘“<X*ﬂ<glwt>k6a2pl—l'

(0% (0%
Oy, o arso Oz Oz p
a1tas=a
(B.12)
For t =0, 1,2, we set the notation
m K 1(2gk) (1 + a2 0% (X*Ty(G1)y)), 02 P!~
ho(an, o) = 1 th oot q)<1 2> ( 8to(c11) t) b
a +a2) o1 T g T
(B.13)

Note that h(a, a2) depends on [ and i. However, we drop this dependence
for brevity.
Using (B.11)-(B.13), we can now write

VNm
NG )1Ey HT,(G)9 P = > Ehlor,a2) + Ry (B.14)
1o ats

In the sequel, we estimate hi(cq,a9) and the remainder terms R, for
t =0,1,2. We collect the estimates in the following lemma, whose proof will
be postponed to the end of this section. Before we state the lemma, let us
first recall the shorthand notation 4,0 = d; — \/y.
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LEMMA B.1. Letl in (B.13) be any fixed positive integer. With the con-
vention m,(l_l)/(—l)! =1 for a = 1,2, we have the following estimates on
hi(aq, az) and Ry where t = 0,1, 2.

(1): For hy(a1,as), the non-negligible terms are
VvV Nmy
A(dy)
~ 2 -1 35 Nl
+ 0 (YiGE90) (2ma) ) P + O <d§5i02N‘5>, (B.15)
(a1-1)

=D &K - m (zmq)Fe2h)
ho(O,l)——W<ancb< > (all—l)!(bj—ag—l)!>

a,b=1 a1,a2>1,
a1+az=a+1

x <(:‘/5y0)(’l93190) + (9w0)?)

+Zm1(z A C) (5w 950 + (0. 950 | P

ho(1,0) = — 52 (@ (45 G190) (2ma) + (45 G190) (zms)

+ O<(di2 5i02 N_E) (B.16)
2 2
/il—lm 2Zmeom zmm2b1)
(12 = =" 1265(%)@: s (30, 90)
s=1 b=

2
1
+ Z(Zm2m%)81,1,1,1(y07 9o, Ys, 195)>77l_2 +O<(N72),
s=1

(B.17)

and fort=1,2,

h(1,0) = */A:;”)l Y G109y (2ma) P 1+0<(d;5202N—§> (B.18)
_ 2 om (a—1)
0. =~ LD (0 C I (g i00) + w0 0ia0)
i a=1 :
2
# Y e (079(009.) + (9 0.)07w.)) ) P2
s=1
4 OL(d? %m-é), (B.19)
ka(l — zmam?) 1)
hi(1,2) = —ﬁ('wmm%m Cb%sl,l,l,l(yuﬁt,yoﬁo)
¢ b=1 )
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2

+ Z(Zm2m%)31,1,1,1(yt, 9, Ys, ’493)>7Dl_2 +O(N72).
s=1

(B.20)

(2): Except for the above terms, all the other hy(aq, ag) terms with aq, ag >
0 and ay + ag < 3 can be bounded by O<(N_%).

(3): For the remainder terms, we have
Ry = OL(N"2). (B.21)
Now we show the proof of Proposition 6.2, based on Lemma B.1.

PROOF OF PROPOSITION 6.2. First we show the proof of (6.12). Using
Lemma B.1 with [ = 1, we can rewrite (B.14) as

\/N%EnyTt(gﬂﬂt — Ehy(1,0) + O<(N~3).

Plugging the above estimate into (B.10) with [ = 1, we obtain

VNmy

A(d;) E (51(98%190)””2 + 2 (y§G190) (z2ma) + 52(y8g%190)zm2>

EP = — (Eho(l,o) +

zZmeom

A(d;)

Zmomq

LEyiGi191 + Ehy(1,0) + VN A

+Ehy(1,0) + VN

Ey5G: 192)

+OL(N72).

We substitute the estimates (B.15) and (B.18) with [ = 1 into the above
estimate and immediately get

ISH
St olw
N

EP = O (N~ 25, (B.22)

This proves (6.12).
Next we turn to prove (6.13). By (B.14) and Lemma B.1, we observe that

\/NAT;)Ey;‘Hﬂ(gl)ﬁml—l = Ehy(1,0) + Ehy(0,1) + Ehy(1,2) + O<(N"2)
(B.23)

for t = 0,1,2. Plugging (B.23) into (B.10), together with the estimates
(B.15) and (B.18), we get

E(P!) = — (Eho(o, 1) + Eho(1,2) + Eh1(0,1) + Ehi(1,2) + Eha(0,1) + Eho(1, 2))

_3 3
+0< (N_%éiozdiz ). (B.24)
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It remains to compute the explicit expression for the RHS of the above
equation. First, using (B.16) and (B.19), we get

- (Eho(O, 1) + Ehy(0,1) + Ehso (0, 1))

-1 2 mlmgal_l)(zml)(””_l)
- w? CaCy
A(d;)? <<”y°” (yowr) ) 6;1 b a%:x (ay — Db+ ag — 1)
a1+;12£a—Ll

+ (lyal? + (wis)?) (mi(zm))
+ (viva(e!) wl + yiwlyse? ) (2miem)) + (el + (wsw)?) (miem))

+ (wiws (wl)'s! + yisPyiw] + yigellw! | + yiwlysw))
2\ (a—1)

2 (a— 2
(zml)’m _ m2(zm (a) B 3 3 1
X < E Ca( a!l) + E Cal(aill) EPl 2+O<(di25i02N 2).
a=1 a=1

Recall the definitions for yg,y; and y3 in (B.5) and the matrix M, in (6.4)
and (6.5). By elementary calculation, we arrive at

1 1
- (Eho(o, 1) + Ehy (0,1) + Eh(0,1)) = (I — 1)e* McEP'~2 + O (d? 5;? N73).
(B.25)
Next, by (B.17) and (B.20) , we have

— (Eho(1,2) + Ehy(1,2) 4 Eho(1,2))
1

57 & 2mom# )\~
- (oo () (3, e

+ <81,1,1,1(y0,w1,y1, CI) + 31,172(y0,y2,w?)>zm2m%
_ m( Zm2m1)(s Q) Zm2m1 1))
(Z oo T Z

+ (s22(y1. D) + 5222, w)) ) (zmam?)? + 1,014 (w1, cl,yz,w9>(2<zm2m%>2))EPH,

which, by the definitions of yg,y; and y2 in (B.5) and the matrix K in
(6.6)-(6.7), can be simplified to

— (Eho(1,2) + Ehi(1,2) + Eho(1,2)) = (I — 1)rac*KicEP2. (B.26)

Combining (B.25) and (B.26), we complete the proof of (6.13) in Proposition
6.2. Hence, we conclude the proof of Proposition 6.2. O
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The rest of this section is devoted to the proof of Lemma B.1. It is con-
venient to first introduce the next lemma, which will be used to control the
negligible terms in the proof of Lemma B.1.

LEMMA B.2.  For a fized integern > 1, let n; = (n;1,...,mir)* € CM i €
[0,n] be any given deterministic vectors with max; ||n;|| < C' for some pos-
itive constant C. For positive integers So, S1,-*+ , 8, € {1,2} and a = 0,1,
t =0,1,2, we have the following estimates:

n

Z(%q (G (H )y | = O (d7=2(ds — i)~ TimaletoD),

‘ Z ((X*gfoX)kk)a(X*Tt(gl)’fh)k‘ =0 ((dl — \/zj)—%—a(so—l)d‘—%—a).
k

PROOF OF LEMMA B.2. The first estimate (B.27) can be proved by (4.25)
and the isotropic local law (4.16) as follows:

Z‘WOq (G1°)aq (H GiF i) )‘

3

Q

mlso~ D a n sk 1) i
_Z 770q< 1_1 o+ <TSO 1\/_)> k];[l< 'nkq+0<<’rsﬁ(ij\}_)>'
= 0. <di_n_a(di — i)™ S (sg—1)—a(so—1) >

where in the last step we used the first and last estimates in (4.11) and the
fact |z| < |0(d;)| < d;.

f Recall the definition of T;(G;) from (B.9). To prove (B.28), we first claim
that for t = 0,1, 2,

1

| S TUGm| = O<((di — i) ~2d; ?) (B.29)
k

Notice that for t = 1,2, by (4.17),

Jun

| TG mx| = | S0 Gume] = VIVIRX G = O<((d: = Vi) 24, ),
k k
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where we recalled the notation v N1y € RY for the all-1 vector. For ¢ = 0,
by definition, Tp(G1) = ¢1G1 + ¢2G? where ¢; 5 are defined in (6.3). If d; < K
with sufficiently large constant K > 0, then similarly to the above estimate,
we have

‘ Z(X*To(gl)nl)k‘ <aVNIZX*Gim + &VNIZX*Gin
K

= 0<((d: = /i) 2d; %),

However, in the case that d; > K with sufficiently large constant K > 0,
1,2 are no longer bounded. Instead, we do the expansion for Gy, gl around
—1/6(d;) and 1/(0(d;))?, respectively, to get a cancellation. More specifically,

NI

| ST (Gm| = VNI (0(d)Gr -+ 0(d:)G s + O (d7)
k

= W% +0<(d;") =0<(d; ).

In the last two steps above, we used
13 X*Ho = O4(N"2) for any a € Z*, (B.30)

which can be checked easily by the moment method.
Hence, we conclude the proof of (B.29). Further, by (4.26) and the isotropic
local law Theorem 4.2, we get

‘Z (X*Gr X)) (X*Ty(G1)m1) ‘— ‘Z (G~ 1+zg§0)kk)“(x*:/;(g1)m)k‘

(so—1)

B (Z ( 50— ) fnf_ op +O< (N 20557 D A) ) (X TG

(So 1) a
— ‘Z ( 1 +SZZ71_21 ey (N——d805—2(so 1)A(di))) ((X*Tt(gl)rll)k‘

1,
~- 0. ((dz . \/@)—E—a(so—l)di 2 >7 a=0,1,

by using the convention mg_l) /(=1)! =1, the product rule and also noticing
that 1+ zmo = O(1/d;) and (2m2)' = O(d; *(d; — \/y)~') from (4.11) and

(4.12). This concludes the proof of Lemma B.2. O

With Lemma B.2, we can now prove Lemma B.1.
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ProOF OF LEMMA B.1. In this proof, we fix [ and ¢. First, we compute
ht(1,0) for t = 0,1,2. Recall the definition in (B.13) and the expression of
T;(G1) in (B.9). We need to compute separately for t = 0 and ¢t = 1,2. By
(A.2), we have

o(X*(X212.01)9)

mi k pl—1
ho(1,0) = ———— P
0( ) A(dl)\/]v%y()q 8qu

2 2
mi ~ s * S ks -1
= = s Yo)g — X Gt ZIEGEY P,
A(di)VN %y%(;c((% ol ; Z (Xor 224 O)k)>
s1+so=s+1

where L@gk,a = 1,2 are defined in (4.27). Taking the sum over ¢, k, we get

VNML =~ se o
ho(1,0) = A(d-)l > aysGiveP' !

2
mi ~ * P8 * 18 * PS8 * S -1
NN Cs y()gllXX 912190+y0912190 TI‘(X gllX) P .
a2 )
s1+s2=s+1

(B.31)

By the identity in (4.26) and the explicit expression for ¢; 2 in (6.3), we get

2
mq ~
oy CS *g81XX*g8219
VNA(d) Zs:l 2w o

81,82>1
S1+82=s+1

= \/NTl(d) <51 (Y1 X X*G19o) + 252(3/6Q1XX*Q%190))
Z P —v)?

my d? +2dy+y, . / (di
(g, WG+ =690 + -

7

(5 (201 + 267 )0) ),
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which, by isotropic local law (4.16), can be estimated by

2

m ~ * *
ST o A S TP 3 Sl

51,521
s1+sa=s+1
my d? +2dy +y < I A(d;)d? >
= v Zm g + O L
\/NA(dZ-)< Gry  \Cmvde << 52.20\/1\7)

(a0 (208

m1 d? + 2diy +y / (d2 - y)2 //) * d?
= ! zmy) + —+—="—(zm Y+ O~ ===
VNA(d) < ity ™ g ) e+ O (6301\7 )
1 1
my 1 d? d; 262 d?
— _ ) 9] i -0 (e 9] i
Tam " ary) w0 0<(y) =0« (" 50) T o« )
d;
- 0<< Sy ) (B.32)

Here we used the facts (zm1) = 1/(d? — y) and (2my)"” = —2d3/(d? — y)3
together with the asymptotic expression for A(d) in (4.20). The last step is
due to the assumption (2.1).

Substituting (B.32) into (B.31) and using the fact P = O<(1), we get

vVNm L s _
ho(1,0) = ﬁ > CyiGideP !
v s=1
2
mq ~ * A8 * A8 -1
_— Cs YoG2 9 Tr(X*G' X) ) P
\/_NA(di); Z>1 < ! ! )
81-‘,-82:784-1
d;
+0<(y/5% )- (B.33)

Using the second identity in (4.26), and Theorem 4.2, more specifically,
(4.18), we have

3 <y5‘gf2f¢90 Tr(X*gfl)())Pl—l
81,82>1
S1+82=s+1

. Tr(X*G1 X
(Cl(ygglgo)%

2
mq ~
VNA(d) ; o

_ VNmy
—A(d)

Tr(X*G2X)
N

- Tr(X*G1 X
+ e (yoG19g) ————— + Cz(ysgfﬂo)@

N

)Pl—l
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= \ZN(CZ? (E1(y3g1’l90)(1 + 2ma) + G2 (yiG100) (2ma) + G2 (y5G390) (1 + Zm2))731_1
ox(fagggnia( M5 o)) oy (M )
+ 04 (‘ %mlm'{c} (Tr(;[%) - zm2> D (B.34)

Notice that ¢; = O(d;) and ¢2 = O<(6%). To estimate the error bounds in
(B.34), again, we need to separate the discussion into two cases: d; < K
or d; > K for sufficiently large constant K > 0. In the case d; < {( , we
can use the isotropic law (4.9) directly together with A(d;) < §,,% and
m1 = O(1),m} = O(1/d;0) to get an O<(6;]3/2N_1/2) bound for all the
error terms in (B.34). In case d; > K, we use the improved isotropic local
law (4.10) to get

Tr(zGs)
N

Tr(Gs + 2G3)
N

— zmg| = OZ(N~1dY), — (2mg)'| = O<(N71d;?).

(B.35)

The above two estimates with the facts mi(z) = O(1/d;) and m)(z) =
O(d; 16;,") yield the OL(N~'/2) bound for all the error terms in (B.34) in

the case d; < K. To unify the two cases, we use the O<(d?/25i_03/2N_1/2)
bound to estimate all the error terms in (B.34).
Then, we obtain

2

81,82>1
S1+82=s+1
7\/N C- * Py * ~ * _
= A(gl (Cl(yoglﬁo)(l + zma) + G2 (Y5 G190) (zma)’ + G2 (y5G390) (1 + ng))Pl 1

3 3
+0<(d2og* N ),
which, together with (B.33), leads to

ho(1,0) = — gg; (El(yéglﬁo)(zmﬁ + & (ypG19o) (2ma)’ +52(y39%190)(2m2)>7’l_1

3 _3 1
+ 0L (d 0, N7H ). (B.36)
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For the case t = 1,2, we have

hi(1,0) = qu

2
zﬁﬂgﬁt -3 (X 2G,), )P
a=1

X*g1’l9t) b pl-1

\/—ml mi \/—ml
Y Gy — ————(y; G X X*G1Y9 y; G119 TXgX
A(dl) 1Vt — A(di)\/ﬁ(yt 1 1 t) A(d) 1 t 1"( 1 )
VNmy 3 3 1
= — A(dl) glﬂt(zmg) + O< <dz 620 N >
where we used the estimates
my mi d;
— (Y XX"G1Y) = ———— I+ O
A(di)\/ﬁ(yt ! 190) A(di)\/ﬁ(zml)yt t <<N530)
—O<( 2(5202N__)
and
\/le % * \/le % 3 -2 1
SNOOK. gmt Tr(X ng):mytglﬂt(l—|—zm2)—|—0<<di25i02N 2).

Both follow directly from the isotropic local laws (4.16) and (4.18).
Next, we turn to estimate h;(0, 1), which by the definition in (B.13) reads

ap
> ug (X Ti(G)D1) 5 — kPl 2. (B.37)

ht(0,1) = (I — 1)W
Z q,k‘

Using the formula (A.6) to (B.37), we get

ha(0,1)

l_ 1 m1 [Z > <(y§gi“yo)(19§1}(g1)XX*ngO)

ay,a2>1;
a1+az=a+1

+ (Y G 90) (0T (G1) X X G o) )
2

+ Z ((y:glys)(19Z<Tt(g1)XX*gll95) + (y:glﬁs)(ﬁ;tth(gl)XX*glys)>:| Pl_2'

s=1

(B.38)
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By (4.26), we have
gleX*gfz — gf1+82—1 + ngl+827 a=1,2.

Hence, for t = 0, by (4.16) and the bound |P| < 1, we have

(a1—1) (b+a2 1)
B m1 mq Zml *
hO(O, 1) |:Z ) ;1 <(a yoyo (ZC[, b Fag— 1) )(190’[90)
al—ll—a; a+1
(ag—l) 2 (b+a1 1)
m * Zml *
o (A G L)

+ZZ: (ml (Yoys) (i:cb Zml > 959s)
=1

~ zml

(g dy) ( ) 190ys))]731_2 +R, (B.39)

where the error term R is dominated by the sum of the absolute values of
the following two terms

l—1 “ (b+a2 1) .
e ml{z ;1 (=) <Z o ta— 1) b+a2—1) ) (9590)
a1a-il-a22 a+1
2 )(brar=1)
(S o)
: o - ~(Zm1)(b) 959,) Zml ®) (®
+;((yo~ys)(b;cb 7 ) (959,) + (yi=0 (Zcb ) Oys)):|7
and
l— 1 m1 (a1—1) (ZE)(b+a2—1)
Ro = — [Z a1§2:>1 <_(a11 o] (Y0Yo (Zcbﬁo{i(b—kag—l)!}ﬁo)
a1+az=a+1

m 2 (b+a1—1)
T (35 W*M

iS5 ]0.) ¢ i (o[ 57w )|

5> (matwiwa) (Y05 [
- - (B.AO)
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In the sequel, we prove both Ry and R, are negligible. First, we apply (4.16)
and the facts which can be checked by elementary computations

Zcb zm1 y(1+d;) Z Z (zmq) b+ _ d?y
T (diry)(@—y) (b+1)! (di +y)(dF —y)?

to get

11
Ry = O-(d26,,*N"2).
Next, we turn to Re. If d; < K with sufficiently large constant K >
0, dlrect apphcatlons of the isotropic local law (4.16) yield that |Rs| =

O0<(3; N ) Hence, we focus on the case that d; is large, i.e. d; > K

with sufficiently large constant K > 0. Recall the new form of eigenvector

empirical spectral distribution(VESD) of H with respect to two fixed unit

vectors u, v from (5.32), Then for any given unit vectors v, u, we can derive
=)(®)

2 (-2
ZE;{U*[ - }u
b=1 R N R B
- / (mc—l z * (a;c—lzz)Q + (x i22)2 + (xc_zzz)z),) d(FfLJ\’fv(x) - Fluv(x))

2.1
V/A”N ﬁ?( G 202426 3z
(

r—2)2 (x—2)3 (m—z)4)(F1qu( ) — F{"*(x)) da.

—~

2
__N"3t3%

Further by (5.33), i.e. sup, |Fyx’ (z) — F{*"(z)| = O<(N_%) and the simple

estimate _ _ ~ ~
—C1 2c1z + 2¢o 3¢caz

(@—2? (z-2 (z—2)

which follows form the substitution of ¢, ¢ and z =< d;, we finally have

=0(d;?)

2 ~ a0k (ZE)(b) —2 77—
3 G [ = ]u:0<(di N73). (B.41)
b=1
Analogously, we have
(b+1)

Zcb'v [ o }u = O(d;3N"3). (B.42)
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Plugging (B.41) back into (B.40), we see

Ro=— (ZA_(% -<§2:5b195 [(Z’Ebﬁ]’& )(yoyO)( 217”1 + C2m1)]

S (w5 s G ca)

(ZH)(b—i—l)

_ (ZA_(% -m1<cl Zcbﬁo{ )]190 +C2ZCM90 [W] 190) (ya‘yo)}

_ % - <Cl Z Cbﬂo[ )]’yo +c2 Z &y [%} 190) (ySﬂo)}

+OL(N"2). (B.43)

By (B.41) and the fact that cymy/2 + cam| = O<(1/d;), we see that the

first two terms on the RHS of (B.43) are of order O<(N _%) Similarly to
the estimates of (B.41) and (B.42), we also get

nn( 3w S5 o+ en i G2 o)

2.1
)\++N7?§+7 o~ __ . -
c1 c1 2c1z + 2¢9 3Ca2 ) w e
= — _ _ o _ g d
m1< / 3 ((x —2)? (x—2)3 (x — 2)* (F% (@) 1Y (x)) da

2
Ap+NTET2 -2 3c1z + 3¢ 4coz
+ e / ( - - ) F2(z) — F%(z) d:n>.
N (x — 2)3 (z — 2)1 (x — 2) ( IN 1 )
For z < d; > K, expanding (z — 2)"%i = 1,--- ,5 at = 0 and plug-
ging in the values of ¢;2,¢; 2 defined in (6.2) and (6.3), after elementary
computations, we see that

C_1< -1 B 2¢1z 4 2¢9 B 3¢z )
2 \(z —2)? (x —2)3 (x —2)4

—251 351Z + 352 4522 - _92
(x —2)3 (x — 2)4 (x — z)5> = 0(d;™),

+C2<

which together with (5.33) and m; = O(d; ') leads to

(ZH)(b—i—l)

( Zcb’ﬁo[ )]00+C220b60[m] > O_<( 3N_,)
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Hence, we see the third and fourth terms on the RHS of (B.43) are crudely
bounded by O (N 1) NOW we conclude that |Rq| = O<(N _%) for large

d; and |R2| = 04(520 N— ) for bounded d;. This, together with |Rq| =
O<(d25 2N ) finally leads to

(a1—1)

(b+a 1)
hO(O, 1) = ml |:Z Z ((7211 yoyO (ZCb 2b771+1 - _21) )(198190)
a 1a-il- aa22 >a1+ 1
(a2=1) b+a1 1)
(7: (y90) (Zcb Zzﬁla o >(190y0)>
2 2
+ Z (ml (Yous) (Zcb Zml > 959;)
s=1 b=1
(b)
+ma(ypds) ( Z Eb%) ('&Oys)>:| P2 4 O<(d§ 5;)%N—%),
- (B.44)

For t = 1,2, using the same arguments as for ho(0,1), we can derive

he(0,1) = ”” [Z P (%@ o) (“%;;)) (9;90)
BT
v %wo)(%)w:ya))
+ 2; (1w ) (e ) (959, + m1<yws><zm1>'ways>)} P2
+ SO_<(d§ S iNTH). (B.45)

Next, we show (B.17) and (B.20). First, by the definition in (B.13), we
have

K4 m1 (X Ty (G1)O)k
hi(1,2) = —24_
(1,2 = 5 3 Z Yo

(-2 (2 )

=: H,4(l - 1)j1t + /€4(l - 1)(l — 2)j2t, (B46)
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In the following, we estimate J1; and Jo; for ¢ = 0,1,2. We only state the
details for the case t = 0 as proofs for the cases t = 1,2 are analogous and
even simpler according to the the definition of 7;(G;) in (B.9).

To estimate [J19, using (A.8) and (A.2), we see

2
1 ~ I(X*G$0)k O*P
Ji0= —5 s D E g (X590 P2

aNz Aldy) = 7 4= Oxg 012,
1 mq 2
= NA(di)Q Sz_:lgs z};yot]( g1’190 Z: S ;1 (X*gfl f@gkgf200)k)
- B - 81-13522 s+1
2 2 9
x [Zcb< S0 w(llwrom)are - > v 25are,)
b=1 ay,a2=1 by,b2,b3>1; j=1 br,ba>1;
Zf’ 1 bi=b+2 b1+ba=b+1
2 2
(Y v (H (G 2) )glﬂt—y:glﬂgkglﬁt)]pl—2.
t=1 a1,a2=1 =1
- J (B.47)

Further, we claim that

1 2 ‘51 5
T =5 50 ;cs%;yofz((gfﬁo)q - Y (XG0

81,82>1
S1+82=s5+1
2
* b1 gpak ~b2 gpqk b3 b1 gpak ~b2
X[E Cb’!/0< E Gl PG PyGE — E, G' 75617 )9
b=1 b1 ba,by>1 br,be>1
b1+ba+b3=b+2 b1+b2=b+1

2
+) (gl %G 78 -G L@g’“gl)ﬁt} P2 L O (N"2).
t=1

(B.48)

To see the reduction from (B.47) to (B.48), we first observe from Lemma
4.4 that |my| ~ d; '. Further notice that the terms absorbed into O (N_%)
always contain some quadratic forms of X*G{ for some a > 1 and at least
one quadratic form of G¢ for some b > 1. Then the isotropic local law (4.17)
and Remark 4.5 can be applied to show that the quadratic forms of X*G{

11
and G} are bounded by O<(N_%5i02di 2(8:52d;)? 1) and O<(di_1(5i6(b_l)),
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respectively, for a,b = 1, 2. For instance, we have

~ O*P
"%%y%( S (XGH PGV ) oy P

s1,52>1 O 21@
s1+s2=s+1
-~ * S * S 827)
Z Z YogCs (X" G1 kg (X g1219<p(t))k87
s1,52>1 qk
81+82 s+1
_— C. *8 % S di —
= N_l An(l;’) Z CS<Z |thD Z ‘(X gll)qu(X g12’190)k| d\/?
Y s1,50>1 q k i
s1+s2=s+1

Jun

= O<(N72).

In the first and second steps above, we used the bound |P| < 1 and (A.9),
respectively. In the last step, we used the isotropic local law (4.17) and
also the fact Zq ‘ytq| < v/N. The other negligible terms can be estimated
similarly. We omit the details.

Plugging the definitions in (4.27) into (B.48) yields

2
Jio = ﬁ ;Es %}; Yoq ((gfﬁO)q - Z (X*gle)kk(gf200)q>

51,8221
S1+82=s5+1
2
X (Y59 )q(X G X )k (G2 90)g — (Y591 )q(G1200)
Co YoY1 )g 1 kk\Y1°V0)q YoY1 )q¢\Y1"V0)q
b=1 b1,b2,b3>1 b1,b2>1
b1+ba+b3=b+2 b1+ba=b+1

2
+ Z ( (Y7 G1)qg(X G1 X )k (G194) g — (y:gl)q(glﬁt)q)],])l_2 + O<(N_%).

t=1

Again, applying the identities in Lemma 4.12, the isotropic local laws (4.16),
and (4.9), we see

mi 2 mgs—l) méS1—2) mgﬁ—l) m?g—l)
Tio= o (- 2 )
107 A(d;)2 ; (s—1)! Z>1 ((31 —2) T (s — 1)1) (52— 1)!
s1+80=s-+1
2 (h—1)  (b3—1) (b2—2) (b2—1) 2)(b—1)
my m my my (m1) 2 42
X c +z — (v

(; b[ b gb:gx (bl—l)!(bg—l)!<(b2—2)! (b2—1)!> 1! ]Eq:y(]q 0q

b1+ba+b3=b+2

2
+ Z(m%(l + zmg) —m3) Z yqutqﬁOqﬂtq) P O<(N_%),

t=1 q
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which by elementary calculation can be rewritten as

( -1) 2
Zmamy) (Zm2m1
22 < (s —1)! ) X <Zcb Zyoqﬂoq

d;) b=1

2
+§:@mmn@§:ym%ﬂhﬁm>P“2+CL&N‘%- (B.49)
t=1 q

Next, we show that

2
mq X*glﬁo) OP \2 1—3 _1
J20 = Cs P =0O<x(N™2).
20 2N%A ) ; o Yoq D (aqu) <( )

(B.50)

With (A.2), we write Jog as

2 2
mi ~ * S ks OP \2 -3
Joo=—5—— > G Zy0q< Gido)g—>, Y, (XGn g12’l90)k> P
2N2A(di) = Gx a=1 s1,52>1 (8qu)
S1+82=s5+1
mq ZN s * 281 s2 IP 2 -3
- YA Y (G- X (G uGro, ) () P
2Nz A(di) = ox s10221 <8qu>
s1+s2=5+
+O4(N"2), (B.51)

where in the last step we bounded the a = 1 terms by O (N _%) since

* ~S * ~S IP \2 -3
‘2N2A( o Sz:lcsqzl;yoq 31%:21 (X*GM g (X g12ﬁo)kq<aqu> P

s1+s2=s+1

< N7'A(d 1lm1IZ ST A (XG k| [ (X G5200 )k
k

= s1,52>1
sl—l—sz s+1

1
“Yd; — \/g)"2dZ < N2

Here we used the O<(1) bound for both P and 0P /0xg (c.f., (A.T)) for the
first step, (4.17) for the second step and (2.1), (4.20) for the last step.
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Further, we have

Z & Zm( Gido)g— D (X*Qle)kk(gf%%)q) (8i7jk)27>l—3

2NA

81,82>1
S1+82=s5+1
. _ OP \2_ 5
YogVoq ( €1(—2mamy) + Ca(—2zmamy) P
gA(di) qzk: 0g Oq( 1( omy) + Ca( 2my) > <8qu>
+OL(N"2) (B.52)

by using (4.16). Recall (6.3) and the explicit expressions of ¢; o. Elementary
computations indicate

y(d? +2d; + y)

pTE T oY), (B.53)

¢1(—2zmomy) + Co(—2momy) = — ;

by which we can further estimate the RHS of (B.52) as

oP

Je| =0V (B.54)

[ma [N =2 A(d;) |yl 19old; !
Combining (B.51), (B.52) and (B.54), we proved (B.50). And this completes
the estimate of ho(1,2).

For the case t = 1,2, by similar arguments, we will have

he(1,2)

_ /£4 ml Xglﬁt B 07) e, - OP N2, .
_ (-1 M

= A(di)2 2m2m1<bz:1 b (b Zytqyoqﬁtqﬁoq

+ Z 221y Z ytqysqﬁtqﬂsq> Pl 2 + O ( 1 )

s=1

We omit the details here since it follows the same arguments as for ho(1,2).
In the sequel, we prove (2) of Lemma B.1, i.e., we show that except for
(B.15)-(B.20), all the other terms h¢(aq, a2) with ag+a9 < 3 can be bounded

by O<(N_%). We start with the case when a1 + ay = 2, i.e. (a1, a0) =
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(2,0),(0,2),(1,1). First, by (A.3), we have

2
K3m - 0?(X*Gs9 _
ho(2,0) = 2L 3 X Gido)i &CQZ 0k pi-1
q

2
:;ZTJZ.)ZES kﬂ@q( > > (X*gflﬁzfgf29’§§g53ﬂo)k

ai,a2=1  s1,82,53>1
s1+s2+s3=5+2

—22: > (arodar) - X (X*gfl@g’“gfzzso)k>7>l—1.

a=1 s1,52>1 51,8221
S1+s2=s+1 S$1+s2=s+1

(B.55)

Note that each term above contains at least one quadratic form of X*G{
as a factor, for some a > 1. This fact eventually leads to the O~ (NN _%di_l)
bound for all the terms above, by the isotropic local law. More specifically,
plugging the definitions in (4.27) into (B.55) and taking the sums, we can see
that the RHS of (B.55) is a linear combination of the terms of the following
forms

N_lgs(ill-l) D y0a (X7 G kg (X7 Gi)ig (X G 00)1 P (B.56)
(2 q,k
_128(7;1) > 90g (X7G7 X)) “ (XG5 )ig (G7200)g P, (B.57)
(2 q,k
—1 Es

A(T;Ll) ZyOQ((X*gle)kk)a(ng)qq(X*gfaﬂo)kPl_la a=0,1.
Y gk
(B.58)

where s = 1,2 and s = s1+s9+s3—2 for (B.56) and s = a(s1—1)+s2+s3—1
for (B.57) and (B.58).

It suffices to estimate (B.56)-(B.58). First, notice that [P~ = O(1),
|m1| = O<(1/d;) and the quadratic forms of (X*G;) and (X*G?) can be
bounded by O<(N_%(di - \/g)—%d;%) and O<(N_%(di - \/ﬂ)_%dzé) respec-
tively. By the Cauchy Schwarz inequality, >_, [yig| = O~(vV/'N). With the
expression of ¢j 9 in (6.3), one see that the term in (B.56) is bounded by
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O<(N7Yd; — /y)™"). Second, combining the following bounds
[P =0<(1), [(X"GiX )| = O<(d7),
(X*GEX )il = O<(d; ' (di — vy) 1),
1 1
[(X7G1)kgl = O<(N72(di — /y) " 2d; *),
5 1

(X*G3)rgl = O< (N3 (d; — \fy)~2d),

together with the estimate of A(d;) in (4.20), we have for a = 1,
(B5T) = O (N73ed > (d; = /)~ 707270 3 (0790
q

= OL(N"26,d23(d; — fy) = D=(27D) = O_(d7'N~2). (B.59)
In the last two steps above, we used (B.27), ¢ = O(d;) and ¢2 = O((d; —
V¥)?). More specifically, if s = 1, then sy = 1, Esdf2_3(di—\/17)_(8_1)_(82_1) =
O(d;h); if s = 2, we have G.d?2%(d; — /)~ (=D =(==10 = O(d; ¥~ (g, —

7

VY)?7%2) < O(d;!). The case of a = 0 follows similarly as

1

Sl e —2(s2— s -1
(B5T) = O« (N726,d 7 (di = /5) 22703 [y (07°0,)a] ) = O<(N7H).
q
(B.60)
Third, by Cauchy-Schwarz inequality and (4.16), we have

Csmy

‘N_l A(d;) Z Yoq ((X*Qle)kk)a(gf2)qq(X*gf3q90)k‘
(A q7k,‘

1 G|

<N A(dz) ||y0||<§q:(gf2)§q> 1/2‘ Ek: ((X*gle)kk)a(X*gfg’ﬁo)k‘

< N (s = ) DA) | 3 (006 X)) (X690
k

<Nz, (B.61)
—a—14s3—1 —L—a(sp—1)—2(s3—

In the last step above, we get the O (d, 2 Fes 152-02 (s0=1)=2ss 1)) bound

for the term ‘Ek (X*G* X)k) “(X*G*90) |, similarly to (B.28). Hence,

we conclude ho(2,0) = O<(N_%). Similarly, for the cases of ¢ = 1,2, the

estimates of h.(2,0) are reduced to those of the forms (B.56)-(B.58) only
with the coefficients ¢; removed. The computations turn out to be even
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easier; the details are omitted. Therefore, we also have h.(2,0) = O4(N _%)
fort=1,2.
Next, in the case of (a1, a2) = (0,2), by the definition in (B.13), we have

K31

h(0,2) = (1 = 1)(I — 2)2NA Zytq (X*T3(G1)01)k (82:7;)2771_3

KR3Mmq 827)

+U-Vamam Zytq X*T1(G1)9 )i agkﬂ 2. (B.62)

We then use the formula in (A.6). After expanding the first term in the RHS
of (B.62), one notices that it can be written as a linear combination of the
terms of the forms (by ignoring prefactor my/A(d;)?)

Z Ytq(G1m)q(G191)4 Z(X*Tt(gl)ﬂt)k(X*g1n2)k(X*g1'€b2)k7jl_3,

k
(B.63)
2
Zytq(X*ﬂ(gl)ﬁt)kzca Z (gl 771) (X*gl n2)
q,k a=1 ay,a2>1
ai1+az=a+1
2
xDe > (G (X G, (B.64)
b=1 b1,ba>1
b1+b2=b+1
Z?th X Tt 91 19t k(an Z (gl 770) (X gl n0)k >(gl¢s)q(X*91¢8)k,
" L

where the vectors 1y, ¥, (@ = 1,2) take 95 or y; for s,t = 0,1,2. We
_1
claim that the above forms (B.63)- (B.65) are bounded by O<(N_%di 2(d;—

\/ﬂ)_%) for all choices of 14, ¥, listed above. To see this, we first notice that
the isotropic local law (4.17) implies

3 (XG0 (X G (X Grapa)i = O<(N™3(d; — v/5) " 3d; ?). (B.66)

k

w

Plugging in the expressions of ¢; 2, we see that if d; < K with sufficiently
large constant K > 0,

2

(X*To(G1)Bo) = Y &(X*Gido) = O« (N 2(d; — /)~ 2d; ?).

s=1

o
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If d; > K with sufficiently large constant K > 0, expanding G1,G? around
—1/6(d;) and 1/(6(d;))?, respectively, we obtain

(X*To(G1)00)r = ) (X G100k

w
Il ]
—

=

0(d) (X7 (61 +0(d)G?) o)+ O<(N~3(d: — v/3) "2, *)
(

_ (X HYo) | O~(N"2d;%) = OL(N~2d7Y), (B.67)

0(d;) '

where in the last step, we used (X*H%)r = O<(N~/?) for a € Z* which
can be proved simply by moment method.

Combining the two cases together with the isotropic local law for (X*G;9¢)x,

we get the estimate

o

(X*Ty(G1)0 )k = O<(N"3(d; — §) 2d; ?), fort=0,1,2. (B.68)

This implies

w

Z(X*To(g1)'¢90)k(X*g1"72)k(X*gl¢2)k = O(N"3(d; — \/@_%di ?)-
g (B.69)

Further, from (B.27), we have

Zytq(glrll)q(gl’l/’l)q = O<(d;?). (B.70)

Combining (B.66), (B.69), (B.70), and the fact |P| < 1, we easily get

3
2

(B.63) = O<(N~3d; *(d; — /)~
For (B.64) and (B.65), the coefficients ¢; 2 contain powers of d; thus we

need to handle them more carefully in the case of large d;. Notice that if
d; = O(1) then ¢; 2 = O(1), hence similarly to the estimates (B.66), (B.69)

_1
and (B.70), we can easily derive the crude bound O (N_%di 2(d; — \/g)—%)
for (B.64) and (B.64) by using the isotropic local law. In the sequel, we only
state the details for the case d; > K with sufficiently large constant K > 0.

) fort=0,1,2.
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First by plugging in the expressions of ¢; 2 and recalling (B.67), we see that

Yoo Y (G m)e(XTGE M)k

a=1 ay,az>1
a1+az=a+1

& *
= <c2—1(X*g1772)k + C2(X*g%772)k) (Gim)q + (%(le)q + 02(g%"71)q> (X"Gima)k
= OL(N~3d Ymymg + (%ml + Cgmll)mq0<(N_%di_1) + O (N"2d;2)
= O (N~ 2d; ), (B.71)

where we use the fact that $my + com) = O(d;'). Then by (B.71) and
(B.68), we obtain that

(B.64) = O(N"2d7) (Y mmatbrg) = O<(NT2;7),  (B72)
q

which follows from Cauchy-Schwarz inequality for > ¢ Ytaq¥1q- Analogously,

we also have (B.65) = O (N_%df). Note that we get the bound O (N_%di_‘r’)
in the large d; case, which can be comloined together with the case d; = O(1)
to get the crude bound O<(N_%di_§(d,~ — \/g)—%) for (B.64) and (B.65).
Now, multiplying with the prefactor m;/A(d;)* and using my = O(d; '), we
finally get the first term on the RHS of (B.62) is of order OL(N~1/2).
Analogously, using the formula in (A.8), it is easy to see that the sec-
ond term in the RHS of (B.62) is a linear combination of the terms of the
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following forms containing coefficients c 2

N_%A,’(fr(z)Q Zcb Z <Zytq gl 771 g1 772) >

b=1 by,ba>1
by+ba=b-+1

« (XTGP, (B.73)

k

N_%Aqg;t)Q Zcb Z <Zytq gl 771 g1 772) >

b=1 b1,b2,b3>1
b1+ba+b3=b+1

x (Z(X*Q?3X)kk(X*1}(g1)19t)k)Pl—2, (B.74)
k

N_%Aq(?z;)z Zcb Z (%:ytq(g:lflnl)q)

b=1 b1,b2,b3>1
b1+b2+bz=b+1

[\

x (DG )y (X G M) (X (G190 ) P2,

k
(B.75)

Vigap e, 2 (Zva@a)

b—1 b1 babs>1
b1+ba+bz=b+1

< (S (X G (XT3 (G1)90) ) P2,

k
(B.76)

for mo,m1,m2 = V1,92,91,Y2,¥3, a = 0,1 and by1,b2,03 = 1 or 2 as well as
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the following forms irrelevant to ¢ 2,

NP (Zytq Gim)g(Gim)g ) (Do (X TG00k P2 (BTT)

k

N_%N (Z%q Gim)y(Gim2) )(Ek: (X761 X ) (XTi(G1)90)s ) P2,
(B.78)
(qu Gim) )(Z(X*%>kq<X*gm2>k<X*Tt<glwt)k)pl—a
(B.79)
(Zytq G1 QQ) (Z(X*glnl)k(X*le)k(X*Tt(gl)ﬁt)k)Pl‘2,

k

MI»—-

1
2

(B.80)

for no,n1, M2 = Y1, %2, Y1,Y2,y3, a = 0,1 and by, by, b3 =1 or 2. )
We claim that all of the above terms can be bounded crudely by O~ (N ™2 (d;—

1 1
\/ﬂ)_%df) First, recall the bound |P| < 1. The O<(N_%(di - \/g)%dﬁ)
bounds for (B.77) and (B.78) follow directly from |m4| ~ 1/d;, (4.20), (B.27)
and (B.28). From (B.27) and the isotropic local law (4.17), together with
(B.68), we see that (B.79) is bounded by O<(N_1di_%(di - \/g)—%) The
estimate of (B.80) is similar to that of (B.79) by using the Cauchy-Schwarz
inequality and the isotropic local law (4.17). We thus omit the details.

In the sequel, we bound the terms (B.73)-(B.76). The estimates for (B.74)-
(B.76) are the same as those of (B.78)-(B.80) by using isotropic local laws,
(B.68) and the bounds ¢; = O(d;),c2 = O((d; — /¥)?),m1 = O(d;"). We
observe that each summand for b = 1,2 in (B.74)-(B.76) is crudely of order
O<(N_%), hence we can conclude the O<(N_%) bounds for (B.74)-(B.76).
As for (B.73), in the case that d; < K, using the same arguments as for
(B.77), one gets the bound O« (N_%). We only need to show the case that
d; > K, and we will observe the same cancellation as (B.71). More specifi-
cally, for (B.73), notice that

2
Z &) Z ( Z ytq(g?l nl)q(g?2772)q>

b=1 b1,b2>1 q
b1+bo=b+1

1
= Z YtgMqT2q <clm% + 202m1m3> +O<(N™2d; %)
q

=0<(d7?). (B.81)
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This together with (B.28) leads to the bound O (N~2) for (B.73). Hence,
the second term in the RHS of (B.62) is also of order O (N~ 3 ). This together
(B.6

with the same bound for the first term in the RHS of (B.62) leads to
h(0,2) = O <N—%), for t = 0,1,2.

Next, we turn to hy(1,1). By the definition in (B.13), we have

D(X*T}(G1)d
K?’ml Z Uiq H9)00)k OP pis (B.82)

ht(1,1)
( 8qu 8:ch

Using (A.2) and (A.6), for t = 0, we can write

ho(1,1)
- 2 2
= (To(G1)D0) 2 X*gopikgey
TUNAWL)? Z?J&;( 0(G1)9) ;C; 31,3221( 1 1 O)k)
S1+82=s5+1
2
. <ZC“ > <(i‘/§g§“)q(X*g$2190)k+(X*g;“yo)k(g{@ﬂo)q)
¢ ala-ll—;lajgal-;-l
2
+ 3 (00,00 G000+ (G @00,) )P (B
t=1
Note that by denoting
To(G)) = 561+ 6, Ti(G) = G, (B.84)

we can represent the first term of 9P /0xy, as

2
Sew Y (WG (X GEI0) + (X6 y0)i(Gi200), )

a1,a22>1;
a1+az=a+1

= Y [T (@) (X T (G1)90)k + (95T, (G1)y (X TG -

t1,t2>0
t1+ta=1

Hence, it is easy to see that the RHS of (B.83) is a linear combination of
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the terms of the following forms

N_%A( 2<Zytq TO gl)'lgO) (T;h gl 771 )<Z X Tt2 gl 772) )fpl—l7
Z k

N R (S0 G0n), (B Gm), ) (266720 (X T 1) J P
k
v AW(L '82 <Zytq (ﬁl(gl)m)f) (Z(X*gfl)kq(X*ng’&o)k(X*ﬁz(g1)772)k>7’l_1,
Z q :

(B.85)

where t1,t2 = 0,1, 51,89 = 1,2 satisfying s = s; + s2 — 1 € {1,2} and
N,M2 = Yo,Y1,Y2, %0, 91,92. Recall the definitions of ¢;2 and ¢;2 (c.f.
(6.2), (6.3)). We can write

(X*To(G1)m2), = (X" To(G1)ma),, + O(1) x (X*Gimy),. (B.86)

Similar estimates like (B.28) and (B.68) can be deduced from replacing
T:(G1) by Ti(G1). Besides, we also have

(To(gl)m) = (To(gl)m)q +0(1) x (91771)

= (@mi + eam)mg + (GE+&E)n), + 0<(d; " )mg
(@=+&=)m), +0«(d; Y

O<(d; )mg (B.87)

which can be verified by directly applying isotropic local law (4.16) for the
case d; < K or involving eigenvector empirical spectral distribution to do
further analysis of ((¢1Z + ¢’ )n)q for the case d; > K. The details for
the case d; > K are analogous to that of (B.41) and hence we skip them.
Then, with the above estimates, similar to the estimates of (B.73)-(B.75),
all the terms in (B.85) can be bounded by O (N_%). For the case t = 1,2,
similarly, we still see the forms in (B.85) with 7y(G1) replaced by G; and the
coefficients ¢4 removed. These forms can be bounded by O (N _%) using the
isotropic local laws (4.16) and (4.17). We omit the details here. Hence, we
proved h(1,1) = O<(N_%).

Next, we consider the other cases for a; + ag = 3 except for (B.17)
and (B.20), i.e. (aq,a2) = (3,0),(2,1),(0,3). We start with the formulas in
(A.4) and (A.10). Notice that according to the definition in (A.1), we have
0, ={(0,1),(0,2),(1,0),(2,0)} in (A.4) and (A.10).
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With (A.4), we can now estimate h¢(3,0). By the definition in (B.13),

P (X*Ty(G)Y
RqmM Z o ( t(gl) t)k

| P, (B.88)
BINIA(d;) 47 Oz,

ht(37 O) =

For t = 0, after plugging in (A.4) and taking the sums, one can check that
except for the following type of terms

(Zyoq G7%)qq(G7"00)q )(Z ((X*gle)kk)a((X*QfQX)kk)b)Pl_l
%

a,b=0,1, (B.89)

3 mlcs

N—

all the other terms of (B.88) contain at least one quadratic form of X*Gf
for some a = 1,2 and one quadratic form of Qi’ for some b = 1,2. Here,
S1,52,53,84 = 1,2 satisfy s = s3 +s4 — 1 +a(s; —1) +b(s2 — 1) € {1,2}.
Actually, by the isotropic local law (4.17), those terms with at least one
quadratic form of X*G¢ and one quadratic form of G¢ can all be dominated

by a crude bound O (N _%) For instance,

_3 mlcs
2

A(d;)

Z Oq(gfl @qufzqugfgﬁ ) Pl_l

q,k

=N g ZyOq G5 gq (X7 G32)eg (X7 G390), P!

= OL(N"'(d; — Vi) ¥, %),

where s = s1 4+ s9 + s3 — 2 € {1,2} and s1, 82,83 = 1,2. The other terms
with at least one quadratic form of X*G{ and one quadratic form of Q{’ can
be estimated similarly. And we use a crude bound O<(N~/2) to estimate
them. We skip the details for those terms. Further, using (B.27), Remark

4.5, ¢ = O(d;) and ¢ = O((d; — \/y)?), one can easily get the terms in
(B.89) are bounded by O~ (N %) Analogously to the above statements, we
can derive the crude bound O (N %) for the case t = 1,2. As a consequence,
we get hy(3,0) = O<(N_%).

For h(2,1),t = 0,1,2, by the definition in (B.13), we have

(I —1)kgmy 0*(X*Ty(G1)9:)r, OP
he(2,1) = L MM
«(2,1) ON3 A(dy) ; ta 02, DT g

P2, (B.90)

Using the formula in (A.3) and further the O (N (d \/_) —2a=g- Fe- 1))
bound for the quadratic forms of X*Gf{ for a = 1,2, the O ((d;—+/y)~ =1 g1y
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bound for the quadratic forms of gi’ for b = 1,2, it is not difficult to see

(NI

5P (X G 1 -

— OL(N~3(d; — 5)"2d; 7).

2
c%zqk
Similarly, we can also obtain

2 * 1 .
_— g;ggl)ﬂt)k = O<(N72(d; — \/y) 2d;
qk

NI

) fort=0,1,2.

Then, from the above bound, |P| = O4(1), |0P/0zqu| = O<(1) (c.f., (A.7))
and my = O(d; '), one can conclude that for ¢ = 0,1,2, hy(2,1) = O<(N_%).
For h:(0,3), we write
K4 o*pi-1
3INZA(d;) 4 Al
= I{4(l — 1)(l — 2)(l — 3)£1 + I{4(l — 1)(l — 2)£2 + /i4(l — 1)£3,

ht(O, 3) Z ytq X Tt(gl),ﬁt)

where

> X TG00y (22 pi=s,

3Ni A(d dz g,

oP PP, ,
Lo = —7— (X*T, ) p—— —
R A(d);;ytq t(G1)01) e axng )
PP

L= ————— (X*T, 9 'P
3 3'N2A(d)qz,;ytq +(G1)Y4)k 8

First, note that £; = O<(N ) by usmg the facts |8P/8xlk| <1 (ef,
(A7), ] = d* and [(X*Ty(Gu)wi )] < N73(di— /)" d; * (.., (B.6S)).
together with the Cauchy-Schwarz inequality.

Second, as for Ly, we use the formula of 8277/8x2k in (A.8). Observe
that, by the isotropic local laws (4.16) and (4.17), the terms in (A.8) can be

1
bounded by either O (N~'/2(d; — \/_) 2 d2) or O<(W(di—\/§)%dl? ). More

precisely, the OL(N~1/2(d; — VY )_Edz) bound is derived for the following

forms

\/NCb * * \/_Cb

(X*g1 )k (g )aq(X™ g1 12)k>
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1
and the O (VN (d; — \/’)%df) bound is obtained for the form

\/_CbA( di)” (g1 M1)q(X” Q?ZX)kk(% M2)g-
Here, n1,m2 = yl,yg,yg,w| or c, a = 0,1 and by,by,b3 = 1 or 2 with
by + b2 tbh—2=be {1,2}. The contribution from the O (N~/2(d; —
VY)© 2d 2) terms can be discussed similarly to £;. We thus omit the details.
For the contribution from the those O (v N(d; — \/§)2d2-2) terms, recalling

the notations in (B.84), we notice that it suffices to consider the bound of
the following forms

m1Cy

\/_A( )3 (Zytfl gl M)g (gl m2)q (Tt1(gl)773) )

< (TG0 Toy (G (X7 G X)  P,

k
Z > <Zytq GV 1) (G m2) (T, (G1)M3)q )
oeEh
< (TGP T (G ) P,
k

T (2 valGm)y(@me)a(T (G

X (Z(X Ti(G1) 0 )k (X™ n2(g1)774)k((X*ng)kk)a>'Pl_3,
k (B.91)

fora=0,1, t1,t2 = 0, 1andb—b1+bg+bg—2€{1 2}. By (B.86), we get
similar estimates to (B.27) for the sum }_, ytq(g1 M) (gl n2)q (Ttl(gl)ng)q.
This bound, together with (B.87), (B. 68) Remark 4.5 and the estimates

c1 = O(d;),co = O((d; — /y)™?), leads to the crude bound O<(N_%) for
the first and last forms in (B.91). For the second form, one can refer to the
estimate (B.81). Analogously, we can also get

2
Zcb Z <Zny(gflnl)q(gfznz)q(ftl(g1)773)q> = 0-(d;?),

b=1 b1,b2>1 q
b1+ba=b+1

by which together with (B.87), (B.68), we have that the second form of
(B.91) is bounded crudely by O<(N _%) Hence, Ly is also bounded by
O<(N"2).
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Finally, for L3, we use the bound in (A.11). Then following the same
argument as for L9, one can prove that £3 = O<(N _%) Thus, we have
ht(0,3) = O<(N_%) for t = 0,1,2 and the proof of (2) in Lemma B.1 is
complete.

Before we proceed to the proof of the remainder term R, let us comment
that, using the same reasoning as we previously did for h; (o, ag) with ag +
as < 3,t=0,1,2, one can also get

* -1
N2 'm” Z\ G Ttagl)'&t) - )\ = O0(N"%),  (B92)
Lak
which implies that hy(aq,a0) = O (N_%) for a1 + a9 = 4. The main tools
are still Lemma B.2 and the isotropic local laws (4.16) and (4.17). We omit
the details. The necessary formulas for the fourth derivatives of (X*G7);
and P are recorded in the Appendix A for the readers’ convenience.

In the end, we prove (3) of Lemma B.1. By Lemma 4.11, we can bound
Rt by

IRl < ’ml‘ ZE< N~3 sup

" I ((X*Ty(G1)9 )k PI1) ‘

4
sl 3 O
X*T, (G, P 1
+ N K sup ‘ytq i( t(gﬂ) t)i )D
x kGR 8qu

(B.93)

for any sufficiently large constant K. We evaluate the RHS of (B.93) term
by term.
First, we claim that similarly to (B.92) we have

il IE(N—é su Z(ytqa4 (X*T3(G1) 90 1P~ l)D

Alds) |qu|<N b gk O g

1

= OL(N"2). (B.94)

The difference between (B.92) and (B.94) is that we actually consider a
random matrix X with the (g, k)-th entry deterministic while all the other
entries random. Using a regular perturbation argument through the resol-
vent expansion, one can show that replacing one random entry x4, in X by
any deterministic number bounded by N~1/2¢ while keeping all the other
X entries random will not change the isotropic local law. Thus the isotropic
local law together with the deterministic bounds (B.1)-(B.3) leads to (B.94).
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For the second term on the RHS of (B.93), we simply apply the crude
deterministic bounds (B.1)-(B.3). By choosing K sufficiently large, we can
conclude that the second term in (B.93) is negligible.

Thus |R¢| = O<(N_%). This completes the proof of Lemma B.1.

APPENDIX C: PROOFS OF THEOREMS IN SECTION 3

In this section, we prove the two theorems in Section 3, Theorems 3.3 and
3.7, and also their corollaries, Corollaries 3.4 and 3.9. We also provide a result
equivalent to the joint eigenvalue-eigenvector distribution in the multiple
case, which will be needed in the proofs of some of the aforementioned
theorems and corollaries. In addition, the proofs of Theorems 3.3 and 3.7 rely
on Propositions C.1-C.5, among which the proofs of Propositions C.1, C.4
and C.5 are analogous to that of Theorem 2.5, and the proof of Proposition
C.3 is an extension of that of Lemma 5.3. More specifically, Proposition
C.1 is an extension of Theorem 2.9 by considering more simple spikes and
it will support the proof of the all-simple spikes case for both Theorem
3.3 and Theorem 3.7. Second, Proposition C.5 generalizes Theorem 2.9 to
allow multiple spikes. Consequently, the case of all-equal spikes for both
Theorem 3.3 and Theorem 3.7 will rely on Proposition C.5. It will be seen
that the proof of Theorems 3.3 and 3.7 will also rely on Proposition C.3 which
establish the expansion of the spiked eigenvalue estimator for a multiple
spike.

Recall the notation 1g as the indicator function of some event E, and
also the notation Z¢ = [1,7] \ Z for any Z C [1,r]. Further, we recall the
notation | = () as the set of indices of the multiple d;’s including d;. We
remark here that throughout this section, Z is used to denote a generic
subset of [1,7], which may include the indices of distinct d;’s. In contrast,
the notation | = I(7) is always used to denote a set of indices of a multiple
d;.

Further, we raise the following notation as a rewriting of (2.6) in certain
cases: For a fixed i € [1,7], and any unit vector w € Span{v;};cp i)
we set

din/d; +1
JElL,MI\{i}
Here we made the convention that (u,v;)/(d; —d;) = 0, in case (u,v;) =
d;—d; = 0. Note that ¢}* = g ;) (with w = u) (c.f. (2.6)). Here we emphasize

the dependence of the notation on w = wu, and also the dependence of (i) on
i. Such a rewriting will be mostly suitable for the discussion in this section.
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Recall the projection Pz defined in (3.5). In the sequel, we state and briefly
prove the aforementioned propositions. We will consider the projections of
vectors onto Pz, and we are primarily interested in the case that either
{d;}1e1 are all distinct and well-separated or are all equal. We call the former
as all-simple case, and the latter as all-equal case. Nevertheless, many of our
results hold for more general Z in the sense that it can contain indices of
both simple and multiple d;’s.

First, we consider an extension of Theorem 2.9. Suppose we are interested
in the all-simple case, i.e., all the d;’s for i € Z are simple, we have the
following proposition.

ProrosiTiON C.1. Suppose that Assumptions 1.1 , 2.3, and the setting
(1.5) hold. In case d; = d;i(N) — o0 as N — oo for some i € I, we
additionally assume that |y — 1| > 19 for some small but fized 79 > 0. We
further assume that all d;,i € T are simple. Then for each i € T, we have the
expansion of i-th eigenvalue p; in (2.17). Moreover, we have the following
statements:

(1). For any v; with i € T, we have

d? —y 1 _
(vi, Prv;) ==+ Oy
di(d; +y) N(d? —y)
1 dide oy, 191§~ 1 e
(di —dy)2 ™ L dy
te{i}e JET\{3}
- IR
FOL (N S L)
jeT\{i} 7
_ 1 1 1 d;dy
+O<<N (v iy _Ah )
( /dZQ _ y N te{i}c (dZ - dt) >

Further, {®;}icz, {0y iz, {113 Yiez tefiye, {AV: Yijez,j#i are asymptotically
jointly Gaussian distributed. Especially,

<{(I)i}i617 {0 }iel) ~ N(0,C1) (C.2)
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where Ct is defined entrywise by the RHS of the following equations

cov (P, 5) = Ny—jy - 2(1 + d;t)?
+ (1= yd; )2 (1+d7 ) (1 = yd; )2 (1+ ) ) saa(vivy),
cov(03, O4)) = Ti_jy - 2yh(di)*(1 + yh(d:)?)
+ k(1 = yd; *) 22 (d;) (1 — yd;*) 2 £(d))s2.0(v3, v;),
cov(®;, O)) = Ti—jy - 2yh(d D21 +d; Y
+ra(l = yd72)3(1+ d7) (1 — yd; 2) 75 (d))sa0(vr, v;),
fori,j € Z. Here ®; is given in (2.17).

(2). Let J be any fized index set. Further, let {u;}jes C Span{v;}icp, vz
be any set of orthonormal vectors. Then

U5 |12
(uj,Pru;) Z ls: ” 210g (N_(H'E) Zdi—l\|§?j||2>a forjeJ

1€T i€T

and <{AZZ}(j7i)€sz) ~ N(0,Uy). The covariance matriz Uy is defined by
the RHS of the following equation

cov(Ay, Au?) = T, iph(di ) ((s2)", (6122)")

Vig 12

V(@ = yn(di,) /(@ — y)n(ds,)

d;, di, SLLL1 <vi1 » Vig; (<Zj1 )0’ (CZJQ )0) )

(C.3)

+ K4

for ji2 € J,i12 € Z. Here we use the notation (ciuj)o as the normalized ciuj
similarly to (2.7). And we define U to be the matriz obtained by multiplying
the entry of Uy, the RHS of (C.3), by |Is;” " [[llsi,” |/ +/ds, diy

REMARK C.2. We remark here that (C.2) and the whole statement (2)
in Proposition C.1 hold for general Z C [1,7¢], with the same expression
of the covariance structure C'z and Ujy. Here general 7 means that it can
contain the indices of either simple d;’s or multiple ones, or even both. The
proof of such an extended version is nearly the same as the simple one.

ProOF OF PROPOSITION C.1. The proof is basically the same as the one
of Theorem 2.9. The only change is that now one needs to put all Green
function quadratic forms corresponding to distinct simple spikes together
and consider their joint Gaussianity. It will only require one to change the
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quadratic forms in the definition of P in (6.11) and go through the recursive
moment estimate again. Hence, we omit the details and conclude the proof.
O

Next, we consider the all-equal case, i.e., all d;,i € Z are identical. Anal-
ogously to the all-simple case, we can also estimate the multiple spike from
the data. In the sequel, we present the detailed estimation of the unknown
d; in the multiple case. Recall the index set I(i) as the collection of in-
dices for a multiple d;. In the sequel, we are primarily interested in the case
[1(7)] > 1, but the results apply to the degenerated (simple) case as well.

For any ¢ € I(i), according to Lemma 4.6, we have |u; — 0(d;)| < d252N__
We shall derive the expansion for {ut}t@(Z and further get the expression of
>_tei(q) #t/[1()]| which can be applied to estimate the unknown 6(d;). Define

d;
Do =173,

where I};;; means an identity matrix of dimension [I(i)| and Vi) is the
submatrix of V' obtained by selecting the columns with indices in I(7). For
convenience, for the columns in Vj;), we keep their original indices in V.
With some abuse of notation, in this section, we will use the notation
()\t(VI(Z)AV(Z)))tQ(Z-) to represent the family of eigenvalues of Vl’(:.)AV](Z-), with
the increasing order >‘t1(V|(z)AVI(2)) < )\tQ(VIE‘i)AW(i)) if t1,t0 € 1(2),t1 < to.
We recall that 6;9 := d; —/y, the distance of the multiple d; to critical value
V. With the above notations, we have the following proposition, whose
proof will be stated in the end.

—— )5y and Vi) := ({vi}eeis));

ProrosiTiON C.3. Suppose that the assumptions in Theorem 2.5 hold.
Let i € [1,rq]. For any t € (i), we have

11
e = 0(d;) — (d7 — y)0(d;) )\t(‘/]’(ki)E(H(di))V,(i)) + O (diz 5i2()N—§—e)
for some small fized € > 0.

Recall the representation in Lemma 5.1. Similarly to Theorem 2.5, we can
also derive the joint distribution of generalized components of eigenvectors
and all entries of the matrix V|, ):(H(di))VK y under appropriate scaling. The
result is collected in the following proposition. Set the [I(7)| x [I(7)| matrix

Q= (Dyt)s := —/ N(dF — y) 0(di)Vi( E(0(di) ) Vi)

We remark here that with certain abuse of notation ®; = ®; in (6.14) in
the simple case |I(7)| = 1.
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ProrosiTiON C.4. Under the assumptions in Theorem 2.5, besides the
expansions for eigenvalues in Proposition C.3 and the expansion for gener-
alized components (2.13), for all of the upper triangular entries of @, i.e.,
{@st}s tei(i),s<t, together with the random terms in (2.18), we have

({{(I)st}tel(i)ﬂfzs}sg(l) @g,()a Cl(z)’{A }tel(z {H’U]}]E (I(z))e )2-/\/’(070?(1;))

where C{(,) is of size r+2+1(i )2 and the lower right (r+2) x (r+2) corner

of C|( is given by Al (i + /{4dd2 f{’i) with Al’f) and B deﬁned in (2.11)
and (2.12) respectively. And the other entires of C’l(i) are deﬁned by the RHS
of the following equations

oV (Ppy i, Proks) = Ly k)= (o o)} (1 + Loy ) (1 4 dj )2
+ ka(1 —yd;2) (1 +d; 1) ?s11.1.1(vey, Uiy s Vey, Uk ),
cov(Per, Oy ) = 2uh(d;)?(1 + di_l)<w|(,~), ve) (W) (5, Vk)
+ k(1 — yd; 2) (1 + d; )E(d;)s1.1.2(ve, vg, wy),
cov(Ppr, AY) = Ka(l — ydi_z)(l + d._l) (d')sl,l,l,l(’vﬁa’Uk,ﬁ(zi),wl),

cov (@, Ay) = ka(l — ydi_z)(l +d; )\/ (d )81,171,1(’04,’1)]@,’015,#27; ), fortel(i),
cov (P, Iy, ) = ka(1 = yd; ) (1 + d; )1(di)s1,1,1,1 (v, vk, 5, wis)), for 5 € 1(0)°,

fOT f,fl,EQ,k, k’l,k’g S |(Z) satisfyz’ng l < k‘,fl < k’l,fg < k’g.

PROOF. Note that the entries of VI’(Z.)E(H(di))V](i) admit the form x4 (0(d;)) =
vi=E(6(d;))ve for s, t € I(7). Putting these quadratic forms together with those
in Lemma 5.1, and modifying the definition of P in (6.11) by including those
quadratic forms as entries of VI’(k )”(H(di))‘/,(i), one can apply the proof strat-
egy of Theorem 2.5 mutatis mutandis to the proof of Proposition C.4. Hence
we omit the details and conclude the proof. O

We can then propose an estimator of 6(d;), that is >,y pe/[1(4)]. The
estimator of #(d;) then leads to an estimator of d; via taking the inverse 0~ 1.
Applying Proposition C.3, we see that this estimator admits the following
expansion

1 11

“ ; Z pe = 0(d) = (A = (i) 5 Tr Vi EO(d) Vi + O Crma}
tel(i

(C.4)
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Therefore, to perform hypothesis testing with this estimator, we shall study
the fluctuation of I Viin = Z(0(d;))Vi(s) under appropriate scaling. Note

N7 (
that (1)‘Tr ) :( (d; ))V(Z is simply a linear combination of the quadratic
forms, i.e,

1 -
||( )|Tr I(z) (e(d |(2) - | Z Xtt

tel(s

where we recall x4 (2) = v;E(z)v;. Hence, the joint distribution of the above
term and the other quadratic forms in the expansion of eigenvector in Lemma
5.1 can be derived in the same manner as the proof of Theorem 2.5.

Let

) = =/ N (d — o1 LS o (C.5)

tel(z)

We have the following proposition.

ProrosiTioN C.5. Under the assumptions in Theorem 2.5, we have

d22 -y 1 1 1
Z Ht = Wq)l(i) + O« (df 52'20N_§_E), (C.6)

tel(i

for some small fixed € > 0.
(1). For any vi, k € 1(i), we recall from (2.15) with w = vy,

&2 —y 1 did;
’U,PZ"U = L + OV _ H'ka
o o) = a4 y) N N R
_ 1 d;d
+O<<N (W —— N 2 d—zzt )> (©.7)

-y te{i}e

Further, <<I>|(Z-), {03 Y, {11 }kel,te(l(i))C> is asymptotically Gaussian dis-
tributed. In particular,

<<1>I(i)v {@3’;}1@@@)) ~ N(0,Cy.e) (C.8)
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where Cy;) . is defined by the RHS of the following equations

2141 (1= yd (a7

[1(4)[2
cov(Op,!, Oue2) = Lij gy - 2yn(di)*(1 + yh(di)?) + ka(1 — yd; >)£(di) s2,2(Vk, , Vky),

32 -1 =2 -1 )
cov (B, OU) = 2yh(dz)|l((i1)|+ d: ") +/¢4(1 yd; )|(I(1i;T d; 1)£(d;) S saalvnon)

Z 32,2(”1@17”1@2)7

verlin) = 0P
k1,k2€1(3)

tel(d)

for k,ki,ko € |(Z)

(2). Let J be any fived index set. Let {ug}res C Span{v;}jcn, mpue) be any
given family of orthonormal vectors. Then according to the second case in
Remark 2.7, i.e., (2.16), we have

I

> (@t + 0 (N ).

tel(i)

(ur, Piyug)

)

with {Avf e negxiy = N(0,Uy). Here Uy, is a symmetric matriz of
dimension |J||I(?)| that can be defined by the RHS of the following equation

u u . Uk, \0 Uk, 0
COV(A'vtkll ) A'Utk;) :]l{t1=t2}h(di)<(€t1kl) ’ (§t2k2) >

d? — 1\ 0 0
+ ’%4( Zd2 y)h(di)sl,l,l,l (Ut17vt27 (gzkl) 7(gzgk2) >7

)

forkio € J,t12 €l(i). Here (gf(‘ik))o represents the normalized glz’“) similarly

to (2.7).

PRrROOF. First, (C.6) is an obvious conclusion of (C.4)-(C.5). Then, (C.7)
is simply a rewriting of (2.15) with w = vy Observe that ®¢;) = [1(¢)] ™ 2tei) Pt
In addition, according Remark C.2, we can also write up the joint distribu-
tion of {®¢ }sc1(;) and {Oy} }rei(i), which admits the same form as (C.2) by
choosing Z = (). Then the joint distribution in (C.8) can be regarded as
a corollary of such a more general joint distribution. The whole statement
(2) above is also analogous to its counterpart, Proposition C.1 (2); see Re-
mark C.2. The details can be checked similarly to Theorem 2.5, and are thus
omitted. Hence, we conclude the proof. O

With the above propositions and remarks, we are now ready to prove
Theorems 3.3 and 3.7.
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PROOF OF THEOREM 3.3 . Under the null hypothesis of (3.2), without
loss of generality, we can choose u; = v; for i € Z, since our statistic vV NT
is independent of the choice of the basis of Zy. To ease the understanding
of the reader, we will first show the proof in all-simple case, and then we
discuss the all-equal case, and finally we conclude the extension to more
general case.

First, assume that all d;,i € Z are simple. We assume that &; is the
eigenvector corresponding to d; and the direction v;. By definition of T in
(3.4), we have the following derivation

VNT = VN (v;, Prv;) — 9(d))

1€l
= VN Y (1060 vl = 9(di) +9(ds) = 9(d)) + VN D2 D7 [(&00)P
1€l 1€L jeI\{i}

ov — VN> 9'(d;) d)+0<<N_ ZL)

_;\/Cp—y i€T €T d%—y
=S ——en = ST () (07 (0(d) &2 — y @

€T 1€l

1
i€T \/d?—y>7

for some small constant € > 0. Here in the third step, we used Remark 2.7
and Assumption 3.1 to absorb the x2-terms into the error, and also the term
VN et jen iy (&5 vi) |2 which possesses the same bound that can be seen
from Proposition C.1 and the definition of ¢!* in (C.1). More precisely, from
statement (2) of Proposition C.1, we see that for each i € Z,

+O. (N—€ (C.9)

[l S,
VN > g )P =02 > (A%)
JET\{i} ’ <jez\{z'} VNd; )
_1 d;dy
o Y @ap)
JET te{j}e

where in the last step, we plugged in the definition of ¢}*. Then by Assump-
tion 3.1, we can also absorb the above term into the error.
By elementary computation, we further obtain

y(df + 2d; + y)

9(dy) = NG TG Y)
) = =@ + g2

(1) (0(di)) = (1 —yd;*)",
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so that the coefficient of ®; in the last line of (C.9) is

y(df + 2d; + y)
_ -
(di +y)*(d; —y)>

Therefore, we can apply the result in Proposition C.1 to finish the proof by
the fact that it is a linear combination of asymptotically Gaussian random
variables.
Next, we prove (3.8) for the all-equal case, i.e. d; = d, for all i € Z, and
= 1(7). Recall the definition of 7 in (3.4). We have

VNT = VN Y (00, Prog) = 9(dy) + 9(dy) — ()

tel
= (@ 3 e VN ()07 (mgm (@)
L1
+O<<N 7d§—y>
= (d2—y)72 Y OU — [T|0'(de)(07) (0(de))(d2 — )7 Pz
tel
e 1
+O<<N m) (C.10)

for some small constant e > 0. Note that by (C.5) and d; = d, for alli € Z, we
can rewrite ®y(;) ol ZteZ @y by setting @y := — /N (d? — y)0(dy)xe: (0(dy))
which is con51stent to the defined ®; = ®;; in the simple case (see Theorem
2.9 and its proof). Hence, we can represent v NT by

VNT =3 (d2 — y)"70% — S0 (d) (071 (0(dy)) (d? — )7 0y

tel tel

(C.11)

0T )
5
which coincides with the representation in (C.9). And the asymptotic dis-
tribution is reduced to the joint distribution of {©3};cz, {®y }1ez which is
asymptotically Gaussian, sharing the same covariance structure as all-simple
case, as we mentioned in Remark C.2. Since here d; = d, for all i € Z, we can
get the explicit expression of the variance of vV NT (c.f.(3.9)) by applying
(1) of Proposition C.5.
In the end, we claim the result for the general case where Z = U£:1Ik
such that all the spikes with indices from the same subset Z; are equal
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and distinct otherwise with distance satisfying Assumptions 2.3 and 3.1 .
Especially, we do not further require that each subset is a singleton or not.
We then do the decomposition

J4
VNT = VNS (0, Proy) — 0(dy) + 9(dy) — 9(dy))

k=1teZy

Z(WZ o0, Pr,o0) = 0(d) + 9(dy) — (@)

teZy

(v ).

Applying the discussion for the all-equal case to each summand above, we
can finish the proof analogously. The details are omitted. Hence, we conclude
the proof of Theorem 3.3. O

PROOF OF THEOREM 3.7. Recall the definition of the statistic (3.12).
We can write

4
NTy = NZ(Uj,PZUj> = Z Z N(“j’PIkuj>

jeTJ k=1j€J

ISI2 s e
_ I W awy Lo (=S L),
ieZZ,:jej di << g\/d?—y)

for some small constant ¢ > 0 by using statement (2) of Proposition C.5 for
each summand in the third step. And the asymptotic distribution immedi-
ately follows from jointly CLT of {AL‘g }iez,jes- Then combining the results
in Proposition C.1 and Proposition C.5 further with Remark C.2, we can
then finish the proof.

O

In the end, we prove Proposition C.3, by adapting the proof of Proposition
4.5 of [47]. We emphasize that the discussion in [47] was done for deformed
Wigner matrices, where the strength of the deformation is required to be
bounded above by a constant. Here we need to adapt the discussion to
our model with possibly diverging d;’s. Hence, we need to keep tracking the
dependence of the error terms on d; more carefully. Nevertheless, apart from
the size of d;, the discussion is essentially the same as that of Proposition
4.5 of [47].
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ProOF OF PropPOSITION C.3 . Similarly to the proof of Lemma 5.3, 1
is an eigenvalue outside the spectrum of H if and only if z = u; solves the
equation det(D~! 4 2V*G(2)V) = 0 or equivalently D~" 4 u;V*Gy(111)V
has a zero eigenvalue. By Lemma 4.6, we see that for ¢t € 1(3), |u: — 6(d;)| =
O<(d1/ 2511 2N-1/ 2). Without loss of generality, up to a permutation, we
assume the following decomposition

1 _
D Dl(z) @ D % )c, V= (V|(i), V|(Z-)C). (C.12)
Here we recall 1(4)¢ = [1,7] \ (7). For simplicity, we set the following neigh-
borhood of 6(d;)

D(O(d;)) = (0(d;) — d;*53* N7V/240,0(dy) + & 25,0 N ~1/2+0)
= (07.67) (C.13)

for some sufficiently small §. We will identify those u;’s by analysing the
behaviour of eigenvalues of D™ + 2V*G(x)V as z varies. Our discussion
in the sequel will rely on the fact that the eigenvalues of D=1 + 2V*G;(2)V
should not attain zero simultaneously as x varies in D(0(d;)) with high
probability, so that we can exactly find all the y; for t € 1(7). In order to
see this, similarly to the counterpart in [47], we introduce an additional
randomness, by adding some small perturbation tA where A is a Hermitian
matrix with entries i.i.d. and has an absolutely continuous law supported
in the unit disc. And the scalar © = «(N) > 0 can be chosen arbitrarily
small, say e. We now turn to study the behaviours of eigenvalues of
D7 4+ 2V*Gi(2)V + LA instead.

First, for x € D(6(d;)) for some sufficiently small §, we define two matrices

At(z) and A(z) b

A(z) == D7t + 2V*G1(2)V 4+ 1A — zmy (2)1,,
Al(x) = 1)) () ® Ajye ().

Here we use the notation A} (z) to represent a submatrix of A*(x) by taking
columns and rows both from I. In particular, Af(i)( x) = Dl(l TV Ql( Wi
LA ) — xmy (z)1)i5)|, where Ay, is the submatrix of A with row and column
indices both from 1.

By definition, we see that A“(z) is obtained from .A*(z) by taking the
two block matrices on diagonal. Using isotropic local law (4.7) and taking ¢
small enough, say eV, we can easily get

A4 (@) — A(@)lop < d; 265> N3, (C.19)
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Next, we claim that the spectrum of the two block matrices in A‘(x) are
well separated, i.e. we will establish a lower bound on the spectral gap

dist (Spec (Af(i) (z)), Spec (.Af(i)c(:n))) .
This can be easily achieved by using triangle inequality and isotropic local
law (4.7), by choosing ¢ sufficiently small,

dist (Spec (AIL(i)f (z)),Spec(Aj; (m))) > dist (Dlzil), Dlzil)c) —d, : 52-:)% N—3+5

with high probability. Then by non-overlapping condition (2.2), we see that

11
dist (DI_(Z.I), DI_(Z.I)C) >d; 20;,>° N =3+ for some small fixed ¢ > 0. This implies
with high probability,

dist <Spec(.A|L(i) (z)), Spec(Aje (x))) > di_%(%% N—3te (C.15)

by slightly modifying the value of ¢.
Further, we define {a;(z)}cis) (vesp. {a@j(z)};eii)c) the eigenvalues of
./13(:17) (resp. .Zf(i)c(:n)) in an increasing order. And they are actually the

eigenvalues of .Z‘(x) due to its block structure. Correspondingly, we denote
by aj.(x) the eigenvalues of A*(x). Note that for x € D(0(d;)), by isotropic
local law (4.7)

@(z) =1+d; "+ O(d; 26 P N~12), for t € 1(i)
@(x) = 1+ d; 1+ 0<(d; 2o PNTY?), for j € 1()".

i
This with (C.14) and non-overlapping condition (2.2), implies that for j €
1(4)°,
aj(z) +zmy(x) < dj_1 —d; 1.

Hence, af(x) = —rm(z) get no solution on D(0(d;)) for j € 1()°.

We then further set H' := E}/zXX*ELl/z where we define that X, =
I+V(d1ag({1/dt}t€|(2), {1/dj}je|(i)0)+LA)_1v* with V = (‘/I(z)a V](Z)C) Note
that since ¢ can be choosing arbitrarily small, then by Lemma 4.6, we
get that H* has with high probability exactly [I(i)| eigenvalues {if}iei(s)
in D(6(d;)) and puy — 0(d;) = O<(d3/25i10/2]\7_1/2) further with pim;(u) =
—(1+1/d;)+ O<(di_l/25i_01/2N_1/2). Here tentatively we do not specify the
ordering of the eigenvalues {u;}ci(;)- Later we will see how to pin down
each pf for t € I(7). Recall the notations in (C.12). By elementary computa-~
tion, det(D~! + putV*Gy(us)V + tA) = 0 which implies that A*(u}) has an
eigenvalue —pimy (uh).
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From all the above arguments, we see that all those pj can be a solution
to the equation af(z) = —am;(z) only when ¢ € 1(i) and x € D(0(d;)). We
can further claim that for all x € D(0(d;)), aj(x) = —zmq(x) for at most
one t € 1(z) (a.s.) by referring to the proof of Proposition 4.5 in [47], thanks
to the continuously distributed perturbation term ¢A. Next, we can claim
that af(x) = —xm;(z) indeed has solution in D(6(d;)) for each t € (i) by
the continuity of af(x), —xmi(x) and showing that

ay(07) < —0"my(07), aj(07) > —0Tm(07). (C.16)

We will show the detail for the first inequality above and the second one can
be done analogously. By isotropic local law (4.7), we have

a;(07)+ 60 mi(07) =a(67) +60 mi(07)+ O<(d_1/25z_01/2 —1/2)
= —0(di)m1(0(d;)) + 0" m1(67) + O (d—1/25;]1/2 ~1/2
_ 0 —0(d)
- di-y

= —0L(d; P55 ANy <, (C.17)

+ O (d; P55 PNy

The above arguments state that with high probability each equation
aj(r) = —xmq(x) identifies at least one distinct uf for ¢ € 1(z), and totally,
we have |I(i)| eigenvalues of H* sitting in D(6(d;)). Thus with high proba-
bility, we shall have a one-to-one correspondence between p; and solution of
aj(x) = —xmq(x) in D(0(d;)) for t € 1(3) so that —pym(py) = af(uy). Next,
by isotropic local law (4.7), one can also check |[0.A"(x)||op < d1/25_5/2 —1/2
which together with pj —6(d;) = O<(d 1/2(51/2N_1/2) and (2.1) further leads
to

() — ay(6(di)) = O(d; 6 N~37°) (C.18)

for some small fixed € > 0.
Furthermore, by using perturbation theory we can claim that

a0(ds)) = @O(d)) + O<(d; FgE N—4-2), (C.19)
which can be checked by applying Proposition A.1 of [47] that
. A A3,
dist (o o) oA e @) = A= o
=0<(d, 25202N—’_‘E)
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Combining (C.18), (C.19) and —puimq(uy) = ai(ug), we eventually arrive at

— g (t) = @(0(d)) + O<(d; 267 N=37%)
=\ <D|_(~) + 60(di)Vi(591(0(di))Vigsy) + tDiay — H(di)ml(e(di))l\l(iﬂ)
b O(d; 26 NTE9),

Here we emphasize that we use the notation A;(Ay;)) for a [I()| x [I(i)| Her-
mitian matrix Ay(;) indexed by [I(i)| to denote its eigenvalues that admit the
ordering A¢, (Aj(;)) < Aty (Ay(y)) for any 1,22 € I(7), 1 < t2. Using the identity
1+d; ' = —0(d;)m1(0(d;)) and expanding pymy (k) around (d;)my(0(d;)),
we get

L — 1 . * = . . .
pi = 0(di) = ——5— y)\t <9(dz)‘/](i)~(9(dz))‘4(z) + LA|(1)>

b OL(d TS5 ENTEE,

In the end, let ¢ — 0, we ultimately proved Proposition C.3. O

PROOFS OF COROLLARIES 3.4 AND 3.9. The conclusions in Corollaries
3.4 and 3.9 follow from Theorems 3.3 and 3.7 and the fact that dr (resp. d)
is a consistent estimator of dz (resp. d) after appropriate scaling. O

APPENDIX D: ADDITIONAL SIMULATIONS

In this section, we provide additional simulation results regarding the
two-point random variable %5 va T %5_

Sk
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N =200 N = 500

Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.045 0.049  0.053 0.054  0.063 0.045 0.047 0.053  0.061 0.063
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TABLE 7
Scenario I: simulated type I error rates under the nominal level 0.1 for y = 0.1. We
report our results based on 2,000 Monte-Carlo simulations with two-point random
variables. We highlighted the two most accurate methods for each value of d.

N = 200 N = 500

Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.052 0.047  0.047 0.046  0.054 0.045 0.039 0.042  0.049 0.052
Fr-Bayes 0.048 0.054 0.061 0.069 0.088 0.055 0.048 0.046  0.062 0.084
En-bootstrap  0.046 0.049  0.051 0.046  0.048 0.052  0.039 0.049  0.055 0.062
En-Bayes 0.059 0.062 0.067 0.072  0.086 0.054 0.067 0.072 0.086 0.088
Fr-Datadriven 0.039 0.042  0.046 0.043  0.052 0.045 0.052 0.043  0.052 0.058
HPV-LeCam 0.783 0.779  0.813 0.793  0.754 0.789  0.832 0.789  0.787 0.813
Sp-bootstrap  0.059 0.057  0.049 0.054  0.053 0.049 0.051 0.058  0.061 0.059
Sp-Bayes 0.057 0.059  0.066 0.081 0.085 0.049 0.051 0.063  0.075 0.084

Fr-Adaptive 0.108 0.092 0.103 0.095 0.096 0.11 0.097 0.097 0.102 0.104

TABLE 8
Scenario I: simulated type I error rates under the nominal level 0.1 for y = 1. We report
our results based on 2,000 Monte-Carlo simulations with two-point random variables. We
highlighted the two most accurate methods for each value of d.
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N =200 N = 500
Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.031 0.042  0.039 0.043  0.052 0.035 0.043 0.045 0.051 0.049
Fr-Bayes 0.043 0.047 0.049 0.052  0.059 0.041  0.045 0.039  0.052 0.068
En-bootstrap  0.039 0.046  0.052 0.057  0.059 0.041  0.045 0.039  0.057 0.052
En-Bayes 0.038 0.043 0.052 0.061 0.068 0.041  0.049 0.043  0.057 0.064

Fr-Datadriven 0.034 0.038  0.029 0.042  0.048 0.029  0.035 0.044  0.051 0.059
HPV-LeCam 0.912 0.895  0.923 0.944  0.957 0.933 0.897 0.962  0.932 0.955
Sp-bootstrap  0.041 0.043  0.049 0.052  0.058 0.039  0.048 0.042  0.052 0.061
Sp-Bayes 0.039 0.048 0.052 0.061 0.059 0.048 0.053 0.049 0.061 0.068
Fr-Adaptive 0.102 0.107 0.099 0.103 0.095 0.102 0.096 0.103 0.094 0.093

TABLE 9
Scenario I: simulated type I error rates under the nominal level 0.1 for y = 10. We report
our results based on 2,000 Monte-Carlo simulations with two-point random variables. We
highlighted the two most accurate methods for each value of d.

N =200 N = 500
Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.045 0.053  0.058 0.065  0.063 0.039  0.046 0.048  0.055 0.062
Fr-Bayes 0.055 0.064 0.068 0.089 0.095 0.062 0.075 0.085 0.092 0.095
En-bootstrap  0.042 0.056  0.059 0.063  0.059 0.041  0.049 0.058  0.057 0.059
En-Bayes 0.059 0.06 0.062 0.085  0.094 0.064 0.067 0.073  0.085 0.089
Fr-Datadriven 0.034 0.033  0.042 0.049  0.052 0.039  0.045 0.048  0.052 0.055

HPV-LeCam 0.384 0.379  0.363 0.397  0.333 0.354 0.321 0.343  0.352 0.393
Sp-bootstrap  0.047 0.048 0.053 0.065  0.068 0.039  0.043 0.053  0.058 0.065
Sp-Bayes 0.057 0.063 0.069 0.088  0.092 0.063 0.074 0.082  0.089 0.095
Fr-Adaptive 0.091 0.103 0.104 0.095 0.103 0.103 0.103 0.093 0.096 0.098

TABLE 10
Scenario II: simulated type I error rates under the nominal level 0.1 for y = 0.1. We
report our results based on 2,000 Monte-Carlo simulations with two-point random
variables. We highlighted the two most accurate methods for each value of d.
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N = 200 N = 500
Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.037 0.042  0.048 0.053  0.061 0.042  0.048 0.051 0.057 0.059
Fr-Bayes 0.047 0.049  0.056 0.064 0.073 0.051 0.049 0.062 0.071 0.078
En-bootstrap  0.039 0.041  0.049 0.058  0.062 0.048  0.041 0.053  0.059 0.058
En-Bayes 0.052 0.049 0.058 0.062  0.064 0.049  0.053 0.059  0.061 0.063
Fr-Datadriven 0.031 0.029  0.042 0.046  0.051 0.047  0.052 0.042  0.051 0.049
HPV-LeCam 0.812 0.795 0.773 0.862  0.767 0.815 0.833 0.799  0.787 0.813
Sp-bootstrap 0.042 0.053 0.058 0.064 0.059 0.051 0.058 0.047 0.058 0.059
Sp-Bayes 0.056 0.049 0.052 0.058  0.063 0.042  0.051 0.057  0.063 0.059
Fr-Adaptive 0.11 0.11 0.104 0.097 0.095 0.102 0.092 0.094 0.107 0.103
TABLE 11
Scenario II: simulated type I error rates under the nominal level 0.1 for y = 1. We report
our results based on 2,000 Monte-Carlo simulations with two-point random variables. We
highlighted the two most accurate methods for each value of d.
N = 200 N = 500
Method d=2 d=5 d=10 d=50 d=100 d=2 d=5 d=10 d=50 d=100
Fr-bootstrap  0.035 0.037  0.051 0.049  0.059 0.036  0.045 0.0564  0.057 0.055
Fr-Bayes 0.049 0.047 0.055 0.059  0.062 0.043 0.051 0.057  0.053 0.062
En-bootstrap  0.041 0.042  0.053 0.052  0.049 0.048 0.053 0.049  0.055 0.062
En-Bayes 0.048 0.052  0.049 0.053  0.061 0.043 0.056 0.061 0.058 0.059
Fr-Datadriven 0.034 0.041  0.039 0.052  0.049 0.046  0.037 0.049  0.039 0.046
HPV-LeCam 0.894 0.913  0.952 0.934 0.933 0.898 0.913 0.922  0.935 0.911
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