Determinants
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1 Motivation

Determinant is a function that each square real matrix A is assigned a real number, denoted det A, satisfying

certain properties.
If Ais a3 x 3 matrix, writing A = [u, v, w|, we require the absolute value of the determinant det A to

be the volume of the parallelepiped spanned by the vectors u, v, w.
Since volume is linear in each side of the parallelepiped, it is required that the determinant function

det A satisfies the following properties:
(a) Linearity in Each Column:
det[u; + ug, v, w] = det[uy, v, w] + det[ug, v, w],
det[cu, v, w] = cdet[u, v, w|;
det[u, v1 + va, w] = det[u, v1, w] + det[u, va, w],
det[u, cv, w] = cdet[u, v, w;
det[u, v, w1 + wq] = det[u, v, w1 + det|u, v, wo,
det[u, v, cw] = cdet[u, v, w].
(b) Vanishing Property: If two columns are the same, then the determinant is zero, i.e.,
det[u, u, w| = det[u, v, u| = det[u,v,v] = 0.

(Actually, applying (a), it is easy to see that (b) is equivalent to requiring that det[u,v,w] = 0
whenever u, v, w are linearly dependent.)

(c) Regularity: Determinant of identity matrix is 1. (The volume of unit cube is 1.)

) v+w

Figure 1: Linearity of area in each column

Definition 1.1. For an n x n matrix A = [a;;], the determinant of A is a real number det A, satisfying

the properties:
1. Linearity:

det[vy,...,au; + bv;, ..., v,] = adet[vy, ..., uj, ..., v, + bdet[vr, ..., v ..., 0];



2. Vanishing Property:

det[vla , Ui,y , Ui,y 7v'n] = 07
or equivalently,
det[vi,...,v5,...,0j5,...,0,] = —det[vr,...,v5,...,0;,...,0,].
3. Regularity: det I, = 1.
2 Determinant of 1 x 1 and 2 x 2 matrices
For 1 x 1 matrices [a11] we must have
det[au] = all det[l] = dal1 - 1= alq.
The determinant for a 2 x 2 matrix A = [a;;] must be defined as
a1l a12 ‘ .
= 11022 — G12021-
a1 a2
In fact, write A = [a1, az]. Then
a; =ajje; +azieéz, az = aize; + aea.
Thus
detA = det[a1161 + ag1€e2, 0,2]
= ay1 det[er, as] + ag det[es, as]
= apjarzdetfer, er] + arraz detler, ea] +
a21a12 det[eQ, 61] + a21b22 det [62, 62] .
Since det[ey, es] = 1, det[e1, e1] = detles, e2] = 0, and det[ea, e;] = —1, we then have

det A= a11a922 — a12a91 .

3 Determinant of 3 x 3 matrices

The determinant for 3 x 3 matrices must be defined as

det A

ail a2 a3
= a1 Qg2 @23
azr as2 as3

= @11022033 + 12023031 + 413021032

—@11023032 — (12021033 — 031022031 -

4 Properties of determinant

Determinant can be equivalently defined by the same properties on rows instead of columns.
following, we state such properties in detail.

1. Addition:

ai

ai1 + bin

anl

Aln a1 Qln aii Q1n
Qin +bin | = | ai Qin |+ | bi1 bin
Gnn anl Gnn anl Gnn

In the



2. Scalar multiplication:

ail e A1n ailp Ain
cas1 -+ Clip | =C| Qi1 - Qi
an1 - Qnn Gnp1 - QOnn

3. If two rows are the same, then determinant is 0, i.e.,

air -+ Qin
a1t Qin
=0.
a1 Qin
Gn1 - QOnn
4. Switching two rows changes sign of determinant, i.e.,

ail -+ Gin ail -+ Gin
a1t Qin ajr c Qjn
ajr ' Qjn a1t Qin
anl - Qnpp anl - Qnpp

5. Adding a multiple of one row to another row does not change determinant, i.e.,

a1l e aln aip e aln
a1 e Qin a;1 (279
aj1+ca; - Gjn + Caip ajr - Qjn
anl ce Gnn Gp1 -+ QOpp

Property 4 and Property 5 follow from Properties 1-3.

Proposition 4.1. For triangular matriz,

ail a2 a3 -+ Gln
0 ag ag -+ an
0 0 as3 -+ a0 | =ajjag - apy.
0 0 0 - apn
Proof. If all ai1,a99,...,an, are nonzero, then the matrix A can be reduced to a diagonal matrix whose
diagonal entries are a1, a99,...,an,. Thus
det A = det (Diag[an, as, ..., am]) = a11a22 " Qpp-



If some of a1, a99,...,an, are zero, we need to show det A = 0. Let ¢ be the smallest index such that
a; = 0. If i = 1, then the first column of A is zero. Hence det A = 0. So we may assume ¢ > 2. Since

ai1, a2, .. .,0;—1,—1 are nonzero, applying column operations the determinant of A equals the following:
a7 0 - 0 0 - a
0 asy --- 0 0 - ag,
o 0 - ai-15-1 0 -+ aj—1n |=0.
0 0o - 0 0 - ap
0 0 --- 0 0 - apn
O
Example 4.1.
2 3 4 1 21 1 2 1
5 4 3| mer = —| 0 4 3| pi=—0 —6 —2| R-oRs
1 21 2 3 4 0o -1 2
1 2 1 1 1
= —|0 0 —-14| Ra=rs =] 0 -1 2 | = 14.
0 -1 2 0O 0 —14
Example 4.2. The Vandermonde determinant is
1 1 1 1 1 1
ar ay a3 | @lap = |0 ax-—a az — ai
a3 a3 a3 0 a3 —ajaz a3 —aias
1 1 1
= 0 ag — ap a3z — ay R3 — azRa
0 GQ(CLQ — al) ag(ag — al)
1 1 1
= 0 as—aq az —ax
0 0 ag(ag — al) — ag(ag — al)
1 1 1
= 0 ax—ay a3 — ai
0 0 (ag —a1)(az — az)
= (CL2 fal)(agfal)(ag *&2).
5 Laplace expansion formula
For a 3 x 3 matrix A = [a;;], by the addition property,
aj] ai2 ais ajl 0 0 0 ai2 0 0 0 ais
G21 Q22 Q23 | =| G21 Q22 Q23 |+ | @21 @G22 Q23 |+ | @21 @22 423
asr as2 ass az1 asz2 ass az1 azz ass az1 asz2 ass



Note that

a;; O 0 1 0 0 1 0 0
a1 Q22 as3 = a11| ag1 az a3 |=ai1| 0 azxn a3
a31 a32 ass a3l asz2 ass 0 a3z as3
1 0 O 1 0 O
= ajiaz| 0 1 ax |+aiias2| 0 0 a9
0 0 ass 0 1 as3
1 0 O 1 0 O
= a11a92 0 1 0 — 11432 0 1 ass
0 0 ass 0 0 a3
_ _ a2 Aa23
= 11022033 — (11G23a32 = A11
az2 ass
0 ap O a2 0 0
o - a1 ag3
a1 az2 a23 = —| 22 Q21 23 | = —Aai2
aszy ass
az1p a3z ass asz2 asr ass
0 0 ai3 ais 0 0
_ _ az; a2
a1 Qg2 a23 = a23 ag1 G2 | = 413
aszy asg
aszyp asz ass asz3 asr as2
Thus
a1l a2 ais
- a2 Q23 a21 a3 a1 Q22
as1 G2 Q23 = a11 — a2 + ais
asz2 ass a3zl ass a31 a32
az1p asz ass

Theorem 5.1 (Laplace Expansion). Let A = [a;j] be an n x n matriz. Then for any fized 1,

det A = Z(—l)i+jaij det Aij7
7=1

(5.1)

where A;j is the (n — 1) x (n — 1) submatriz obtained from A by deleting the ith row and the jth column.

The identity (5.1) is known as the Laplace expansion along the ith row. The determinant det A;;
is called the minor of the entry a;;. We define the cofactor of a;; as

Cij = (—1)i+j det Aij-

The classical adjoint of A is the matrix

Example 5.1.
5 4
2 3
-5 =7
1 -2

Cn Cn
adjA = 0,12 0,22
Cln C2n
2 1 1 -2 0
1 -2 |2 31
-3 9 N 1 2 0
-1 4 3 1 0
7 0
= —| =5 0
3 1

Cnl
Cng T
co| {C”}
Cnn
_; 1 -2 5
3 [ =~ 1 2 3
9 3 1 2
9
-1 :’ 7 9‘:—74-45:38.
9 -5 -1



Theorem 5.2. For any n x n matriz A = [a;;],

ainCj1 + aiCia + -+ + ainCjp = { 0 if i# j

In other words,

Aadj A = (det A) I,.

If det A # 0, then A is invertible and
1
-1 _
~detA

Proof. Applying the cofactor expansion formula for A along the ith row, we have

adj A.

ai1051 + a;2Cio + - -+ + ainCiy, = det A.

Let M be the matrix obtained from A by replacing the jth row of A with the ith row of A. Then
det M = 0. Applying the cofactor expansion formula for M along the jth row, we have

ai1Cj1 + aipCjo + -+ + ainCin, =0, i # j.

Corollary 5.3. A square matriz A is invertible if and only if det A #£ 0.

Example 5.2. For the matrix

1 -1
A= 1 1 - ,
-1 1 1
its adjoint matrix is given by
2 20
adjA=10 2 2
2 0 2
Then
1 -1 1 2 20 4 0 0
1 1 -1 022 |=|1040
-1 1 2 0 2 00 4
Thus
1/2 1/2 0
At =1 0 1/2 1/2
/2 0 1/2

6 Other properties of determinant
Theorem 6.1. For any n X n matrices A and B,

det(AB) = det Adet B.

Proof. The proof is divided into three steps.

STEP 1: det(AB) = det Adet B if A is not invertible.

We claim that AB is not invertible. Suppose AB is invertible. Then there is a matrix C such that
(AB)C = 1,i.e., A(BC) = I. This means that A is invertible, a contradiction. Since det(AB) = det B = 0,
we thus have det(AB) = det Adet B.

STEP 2: det(EB) = det E det B for elementary matrix .

This follows from the interpretation for left multiplication of elementary matrices, and the properties
of determinant.

STEP 3: det(AB) = det Adet B if A is invertible.



Since A is invertible, it can be written as product of elementary matrices, i.e., A = E1Fs--- E}.
Applying SEPT 2, we see that

det(AB) = det(ElEQ ce EkB)
det By det(E2 cee EkB)

= det Fydet By ---det B det B.
Applying the same property,
det A = det F det Ey - - - det E},.
Hence det(AB) = det Adet B. O

Theorem 6.2. For any square matriz A,

det A = det AT

7 Cramer’s rule

Theorem 7.1. Let A = [a;;] be an invertible n x n matriz. Then the solution of the linear system Ax = b
s given by

= detAi
" detA’

where A; is matriz obtained from A by replacing the ith column with b.

i=1,2,....n,

Proof. Let X; be the matrix obtained from the identity matrix I,, by replacing the i¢th column with .
Then

AX@ = A[ela'"7ei717maei+17"'7en]
= [Ael, . ,Aei,l, ACE, Aei+1, c. ,Aen]
= |:a'].’"'7aiflab7ai+la"'7ani| :A’L

Then det(AX;) = det A;. Note that
det(AX;) = det Adet X; = (det A)x;.

It follows that z; = det A;/ det A. O

8 Algebraic formula of determinant
A permutation of {1,2,...,n} is a bijection
o:{1,2,...,n} —{1,2,...,n}.
The set of all such permutations are denoted by S,,; the number of such permutations is n!. A permutation

o can be described as
U_(l 2 ... n) oF O = diinered
jiode e S
An inversion of ¢ is an ordered pair (j;, ji) of integers such that j; > jir. We denote by inv(o) the set of

all inversions of 0. A permutation o is called even (odd) if the number of inversions of ¢ is an even (odd)

number. We define
1 if o is even,

_(_ #inv(a):
sgno = (1) {—1 if o is odd.

For instance, the permutation 3241 of {1, 2,3, 4} has inversions (3,2), (3,1), (2,1), (4,1); so 3241 is an even
permutation. The permutation 2341 has inversions (2,1), (3,1), (4,1); so 2341 is an odd permutation.



Theorem 8.1. For permutations o, 7 € S,,, we have

sgn(Too) =sgn(7)sgn (o).

Moreover, sgno~! = sgno.

Proof. Consider the polynomial

g:g(xl,...,xn):H(xi—a:j)

1<j

and the 1-dimensional vector space {cg | ¢ € R}. For any cg, we define the polynomial

a(cg) = e[ (o) = To(z)-

1<j
Since o is a permutation of {1,2,...,n}, we have 0({1,2, e ,n}) ={1,2,...,n}. Thus
o(cg) = :l:cH (z; — xj) = (sgno)cy.
i<j

Thus, on the one hand,

(T00)(9) = (sgn(r00))g.
On the other hand,

(ro0)(g) =7(0(9)) =T((sgno)g) = (sgn7)sgn (o)g.

It follows that sgn (7 0 o) = sgn (7)sgn (o). O

Theorem 8.2. For any n x n matriz A = [a;;],

detA = Z sgn (0)ai, 1@ip2 - Qi

0=1112"in ESn

= ) (s810)ap(1)100(2),2  ** Cain) -
ocES

Proof. Let A =[ai,as,...,ay]. Then for each 7,
n
aj = aije; +azjez + -+ apjey = Zaijei-
i=1

By linearity, we have

detA = det[Zail’leil,ZaiQ,leiQ,...,Zain,nein}

= Z Gy 10,2 " " " Uy det[eil, €inyr - ,ein].
11,02,...,In
If 4149 .. .4, is not a permutation of {1,2,...,n}, then two of the vectors e;,, e;,, ..., e;, are the same, then
det[e;,, €y, ..., €i,] = 0.

If 0 = iyiy.. .14, is a permutation of {1,2,...,n}, then

detles,, iy, ..., €] = (1)) = gon 0.,
Therefore,

detA= Y sgn(0)ai 102 di,n.

o=1112InESn



The above algebraic formula is sometimes used to define determinant.
Theorem 8.3. For any n x n matric A = [a;;],

det AT = det A.
Proof. Let B = AT = [b;;]. Then

detB = 2(sgn 0)bo(1),105(2),2 " Do(n)n

g

= ) (800)a15(1)020(2) *** Gno(n)

g

= ) (5800)a-11)18-1(2)2 " G (n)n

g

= > (sen7 Nar)10:2)2 * Grmym

T

= detA (assgn7!

=sgnr).

Corollary 8.4. For any n x n matriz A = [a;],
det A = Z sgn (0)a1j,a2j, - - - Anj,
o=j1j2:jn€Sn

= Z (Sgn U)ala(l)a20(2) © Qpo(n)-
g€Sy,

For a 3 x 3 matrix A = [a;;], since
sgn (123) = sgn (231) = sgn (312) =
sgn (132) = sgn (213) = sgn (321) = —1,
we then have
det A = ai1a2a33 + a12a23a31 + a13a21a32
—011023032 — 412021033 — A13022031-

Theorem 8.5. Let T : R™ — R" be a linear transformation with the standard matrix A. Let P be a
parallelotope spanned by the vector vy,...,v,. Then

vol (T'(P)) = | det(A)| - vol (P).
Proof. Let v; = [v13,v2, . .., Vi), i.e., v; = vij€1 + vojea + - -+ + vpien (1 < i < n). Then

T(’UZ) = vliT(el) + UgiT(eg) + -+ vm-T(en).

Thus
Vi1 V12 o Ulp
Vo1 V22 - U2p
[T(v1),T(v2),...,T(vn)] = [T(e1),T(e2),...,T(en)] : : = Alvi,va,...,0y].
Unl Un2 - Unp
Therefore
vol (T(P)) = |det [T(v1),T(v2),...,T(vy)]]
= |det(A)|-|det [vl,vg,...,vnﬂ
‘det (A) ‘ ‘VOI



