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1 Vector spaces

A vector space is a nonempty set V, whose objects are called vectors, equipped with two operations,
called addition and scalar multiplication: For any two vectors w, v in V and a scalar ¢, there are unique
vectors w + v and cu in V such that the following properties are satisfied.

l.u+v=v+u,
2. (u+v)+w=u+ (v+w),

There is a vector 0, called the zero vector, such that u + 0 = u,
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For any vector u there is a vector —u such that u + (—u) = 0;
c(u+v) =cu+ cv,

(c+ d)u = cu + du,

c(du) = (cd)u,

® N o

lu = u.
By definition of vector space it is easy to see that for any vector w and scalar c,
Ou=0, c0=0, —u=(-1)u.

For instance,

0w @ out0 @ out Out(—0uw) 2 (0u+0u)+ (—0u)
© (0+0)u+ (—0u) = Ou—+ (—O0u) @ o,
c0 = ¢(0u) @ (cO)u = Ou = 0;
—u = —u+0=—-u+(1-1lu=—-uvu+u+(-1)u=0+(—1)u=(-1)u.

Example 1.1. (a) The Euclidean space R™ is a vector space under the ordinary addition and scalar
multiplication.

(b) The set P,, of all polynomials of degree less than or equal to n is a vector space under the ordinary
addition and scalar multiplication of polynomials.

(¢) The set M(m,n) of all m x n matrices is a vector space under the ordinary addition and scalar
multiplication of matrices.

(d) The set C[a,b] of all continuous functions on the closed interval [a,b] is a vector space under the
ordinary addition and scalar multiplication of functions.

Definition 1.1. Let V and W be vector spaces, and W C V. If the addition and scalar multiplication in
W are the same as the addition and scalar multiplication in V', then W is called a subspace of V.



If H is a subspace of V', then H is closed for the addition and scalar multiplication of V| i.e., for any
u,v € H and scalar ¢ € R, we have
u+veEH, cveH.

For a nonempty set S of a vector space V, to verify whether S is a subspace of V| it is required to check
(1) whether the addition and scalar multiplication are well defined in the given subset S, that is, whether
they are closed under the addition and scalar multiplication of V; (2) whether the eight properties (1-8) are
satisfied. However, the following theorem shows that we only need to check (1), that is, to check whether
the addition and scalar multiplication are closed in the given subset S.

Theorem 1.2. Let H be a nonempty subset of a vector space V.. Then H is a subspace of V if and only if
H is closed under addition and scalar multiplication, i.e.,

(a) For any vectors w,v € H, we have u +v € H,
(b) For any scalar ¢ and a vector v € H, we have cv € H.

Example 1.2. (a) For a vector space V, the set {0} of the zero vector and the whole space V' are subspaces
of V; they are called the trivial subspaces of V.

(b) For an m x n matrix A, the set of solutions of the linear system Ax = 0 is a subspace of R"™. However,
if b # 0, the set of solutions of the system Ax = b is not a subspace of R™.

(¢) For any vectors vy, v, ..., v, in R™, the span Span {v,vs, ..., v} is a subspace of R™.
(d) For any linear transformation T : R™ — R™, the image
T(R™) ={T(x): x € R"}
of T is a subspace of R™, and the inverse image
T710) = {x € R": T(x) = 0}

is a subspace of R”.

2 Some special subspaces
Lecture 15

Let A be an m x n matrix. The null space of A, denoted by Nul A, is the space of solutions of the linear
system Ax = 0, that is,
NulA = {x e R" : Az = 0}.

The column space of A, denoted by Col A, is the span of the column vectors of A, that is, if A =
[a1,as,...,a,], then
Col A = Span{ai,as,...,a,}.

The row space of A is the span of the row vectors of A, and is denoted by Row A.

Let T : R® —» R™, T(x) = Az, be a linear transformation. Then Nul A is the set of inverse images of 0
under 7" and Col A is the image of T, that is,

NulA=7"%0) and ColA = T(R").



3 Linear transformations

Let V and W be vector spaces. A function T': V — W is called a linear transformation if for any vectors
u, v in V and scalar c,

(8) T(u+v) = T(w) +T(v),
(b) T(cu) = cT'(u).
The inverse images T~1(0) of 0 is called the kernel of T and T(V) is called the range of T.
Example 3.1. (a) Let A is an m x m matrix and B an n x n matrix. The function
F:M(m,n) - M(m,n), F(X)=AXB

is a linear transformation. For instance, for m = n = 2, let

12 21 [ m
S EEI R EE A Py
Then F : M(2,2) — M(2,2) is given by

F(X)_ 1 2 xT1 X9 2 1 . 2x1 + 2x0 +4x3 + 4ry  x1 + 3T + 273 + 624
11 3 T3 X4 2 3| | 221 +2w0+6x3+6x4 1 +3we+3T34+924 |

(b) The function D : P3 — Py, defined by
D(ao =+ alt + a2t2 + a3t3) = ax + 2a2t + 3a3t2,

is a linear transformation.

Proposition 3.1. Let T : V. — W be a linear transformation. Then T—1(0) is a subspace of V and T (V)
is a subspace of W. Moreover,

(a) If Vq is a subspace of V', then T (V1) is a subspace of W;

(b) If Wy is a subspace of W, then T—*(Wy) is a subspace of V.
Proof. By definition of subspaces. O
Theorem 3.2. Let T : V — W be a linear transformation. Given vectors vy,va, ..., v, in V.

(a) If vy, va,...,v are linearly dependent, then T(v1), T(va),...,T(vk) are linearly dependent;

(b) If T(v1),T(v2),...,T(vk) are linearly independent, then vyi,vs, ..., vy are linearly independent.

4 Independent sets and bases

Definition 4.1. Vectors v, v, ..., v, of a vector space V' are called linearly independent if, whenever
there are constants cy, ca,. .., ¢, such that

c1v1 +cova + - - + v, = 0,

we have

cp=cp=---=c¢cp,=0.
The vectors v1,va, ..., v, are called linearly dependent if there exist constants ci, ¢, ..., c,, not all zero,
such that

c1v1 + cva + -+ v, = 0.



Any family of vectors that contains the zero vector O is linearly dependent. A single vector v is linearly
independent if and only if v # 0.

Theorem 4.2. Vectors vy,va,...,vx (k > 2) are linearly dependent if and only if one of the vectors is a
linear combination of the others, i.e., there is one ¢ such that
V; = a1U1 s+ Q-1Vi—1 + Q141 + 00 Qg Uk

Proof. Since the vectors vy, vs, ..., v are linearly dependent, there are constants ¢y, ca, ..., ¢k, not all zero,
such that
c1v 4+ covg + - -+ v = 0.

Let ¢; # 0. Then
c Ci— Ci c
v¢=(—1)v1+-~-+(— 1)v¢1+(— +1>'ui+1+~-~+(—k)'uk.
(&5 Ci Ci Ci

Note 1. The condition v; # 0 can not be omitted. For instance, the set {0,v2} (v2 # 0) is a dependent
set, but v, is not a linear combination of the zero vector v; = 0.

O

Theorem 4.3. Let S = {v1,vq,...,vx} be a subset of independent vectors in a vector space V. If a vector
v can be written in two linear combinations of v1,vs, ..., Vg, say,

V=1V + CoU2 + - v = div1 + dove + - - + dpug,

then
Clzdl, ngdg, ey Ck:dk.
Proof. If (c1,¢a,...,ck) # (d1,da, ..., dg), then one of the entries in (¢; —dy,ca —da, ..., cp —dy) is nonzero,
and
(Cl — dl)’Ul + (Cg — dg)’vg + -4 (C;€ - dk)'uk =0.
This means that the vectors vy, vs, ..., vg are linearly dependent. This is a contradiction. O
Definition 4.4. Let H be a subspace of a vector space V. An ordered set B = {v1,v2,...,v,} of vectors

in V is called a basis for H if
(a) Bis a linearly independent set, and
(b) B spans H, that is, H = Span {v1, va,...,v,}.

Example 4.1. (a) The set {1,¢,t?} is basis of P.
(b) The set {1, + 1,2 +t} is basis of P.
(c) The set {1,t+ 1, — 1} is not a basis of P.

Proposition 4.5 (Spanning Theorem). Let H be a nonzero subspace of a vector space V. and H =
Span {vi,va,...,Vp}.

(a) If some vy, is a linear combination of the other vectors of {v1,va, ..., v}, then
H =Span{vy,...,05-1,Vkt1,-..,Vp}.
(b) If H # {0}, then some subsets of S = {v1,va,...,vp} are bases for H.
Proof. It is clear that Span {v1,...,Vk_1,Vg+1,...,0,} is contained in H. Write
Vi =C1V1 + -+ Cr—1Vk—1 + Cl1Vkt1 + - - + CpUp.
Then for any vector v = a;v; + -+ apvy + -+ - + a,v, in H, we have

v = (a1+akcr)vi+- -+ (ag—1 + agpcr—1)vr—1

+(ag+1 + agcCra1)Vpr1 + -+ (Clp + akcp)'vp.

This means that v is contained in Span {v1,...,V—_1,Vk+1,...,Vp}. O



Example 4.2. The vector space P(t) of polynomials of degree < 2 has a basis B = {Lt,tQ}. The set
By = {1,t+1,t?} is also a basis of P(t). However, {1,t+1,¢ — 1} is not a basis of P(t).

Example 4.3. The vector space M(2,2) of 2 x 2 matrices has a basis

s={lo o] ool [V [0 7))
o ol-loo] ol lal)

The following set
C

is also a basis of M(2,2).

5 Bases of null and column spaces

Example 5.1. Consider the matrix

1 40 2 4
-1 -4 1 -3 -2
A= 8 1 3 10 | T a1, a2, as3,a4,as].
1 41 1 6
Its reduced row echelon form is the matrix
1 40 2 4
00 1 -1 2
b= 0 0 O 0o 0|~ [b1, b2, b3, by, bs).
000 00

Since Az = 0 is equivalent to Bz = 0, that is,
T1a1 + oas + x3a3 + r4a4 + 505 = 0 <=  x1b1 + 22by + x3b3 + 14bs + x5b5 = 0.

This means that the linear relations among the vectors a1, as, as, a4, as are the same as the linear relations
among the vectors by, bs, bs, by, bs. For instance,

b2 = 4b1 —— Qa2 = 4(11
b4:2b1—b3 — a4:2a1—a3
b5 = 4b1 + 2b3 — QA4 = 4(11 + 20;3.

This shows that row operations do not change the linear relations among the column vectors of a matrix.

Note 2. Let A and B be matrix such that A ~ B, that is, A is equivalent to B. Then
NulA=NulB, RowA=RowB, but ColA +# ColB.

Theorem 5.1 (Column Space Theorem). The column vectors of a matrix A corresponding to its pivot
positions form a basis of Col A.

Proof. Let B = [by, by, ..., by,] denote the reduced row echelon form of A = [a1,as,...,a,]. Let b, ,b;,, ..., b;,
be the column vectors of B containing the pivot positions. It is clear that b;,, b;,, ..., b;, are linearly inde-
pendent and every column vector of B is a linear combination of the vectors b;,, b;,, ..., b;, .

Let a;,, a;,, ..., a;, be the corresponding column vectors of A. It suffices to prove that a linear relation
for by, bs,...,b, is also a linear relation for ai,as,...,a,, and vice versa. Notice that a linear relation
among the vectors by, bs, ..., b, is just a solution of the system Bax = 0; and the systems Az = 0 and
Bz = 0 have the same solution set. Thus a;,,a;,,...,a;, are linearly independent and every column vector
of A is a linear combination of a;,,a;,,...,a; . So a;,,a;,,...,a;, form a basis of Col A. O



6 Coordinate systems
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Theorem 6.1. Let S = {vy,vs,...,v,} be a basis of a vector space V. Then for each vector v in V, there
exists a unique set of scalars c1,co, ..., c, such that

V= C1V1 + CoVg + - -+ CpUy,.
Proof. Trivial. O
Let B = {v1,v9,...,v,} be a basis of a vector space V. Then every vector v of V has a unique expression

V= C1V1 + CoUg + - -+ CpUy.

The scalars ¢, ca, . .., ¢, are called the coordinates of v relative to the basis B (or B-coordinates of
v); and the vector
C1
C2
ws=1 .
Cn

V=C1U] +CoVg + -+ CrUy = [’01,’02,...,1)”} . :B[’U}B.

Example 6.1. Any two linearly independent vectors of R? form a basis for R2. For instance, the set

={:]-[ 4]}

. 2 .
} has the B-coordinate vector [ 1 } However, the coordinate vector of

is basis of R2. The vector [ :1))

[ ; ] is just itself under the standard basis

1 0
=L ]H
Theorem 6.2. Let B = {vy,vs,...,v,} be a basis of a subspace H of R"™. Let Pg be the matriz

Pg = [v1,v2,...,Vp).

Then for any vector v in R",
v = PB [’U]g.

The matriz Pg, which transfers the B-coordinate vector [v]g of v to its standard coordinate vector v = [v]g,
is called the change-of-coordinate matrix from B to £.

Proof. Let v = civ1 + covg + - -+ + ¢cv,. Then

v =[v1,v,..., 0, . = Pilv]s.



Theorem 6.3. Let B = {v1,va,...,v,} be a basis of a vector space V. Then the coordinate transformation,
V->R" v~ [v]s,
1$ linear, one-to-one, and onto.
Proof. For vectors v, w of V' and scalar a, if
V=11 +CoV2 + -+ CrUp,

w = djv; —|—d2’lﬂ2+"'+dnvn7

then
v+ w= (01 +dy)vr + (o +da)va + -+ (e + dn)vn,
av = a(c1v1 + V3 + -+ - + ¢ y,) = (act)v1 + (ac2)va + -+ + (acy ) vy,
Thus
C1 + d1 C1 d1
Co + d2 C2 dQ
[v+ w|p = : = . [+ . |
cn +dy Cn dn
CC1 C1
ela= | |=c| ¢ | =clols
cen, Cn

So the coordinate transformation is a linear transformation.
Now for any vector
C1
C2
in R",
Cn

consider the vector v = c1v1 + cov9 + -+ - + ¢, v, in V. The coordinate vector of v relative to B is

C1
C2
[vls =
Cn
Thus the transformation is onto. The linear independence of {v1, v, ..., v, } implies that the transformation
is also one-to-one. O

A one-to-one and onto linear transformation from a vector space V to a vector space W is called an
isomorphism.

Example 6.2. The vector space P3 of polynomials of degree at most 3 in variable ¢ is isomorphic to the
vector space R*, and {1,¢,t2 3} is a basis of P3.

Proof. The map F : P5 — R*, defined by

co
c
F[p(t)] = F (Co =+ Clt + 62t2 + C3t3) = C; s
c3
is a one-to-one linear transformation from P35 onto R*. O]



Example 6.3. The vector space M(2,2) of 2 x 2 matrices is isomorphic to R*, and the matrices

ool Lol [Va] [o1]

form a basis of M(2,2). In fact, the map F : M(2,2) — R*, defined by

a
F(M)_F(|:a1 . :|): . 7
as Qa4 as

aq
is a one-to-one linear transformation from M(2,2) onto R*.
Theorem 6.4. Let B = {vy,v,...,v,} be a basis of a vector space V.. Then any set of V' consisting more
than n vectors are linearly dependent.
Proof. Let {u1,us,...,u,} be a set of vectors with p > n. Since any set of more than n vectors of R™ is
linearly dependent, the vectors [u1]s, [u2]g, - - ., [up]g of R™ must be linearly dependent. Then there exist

constants ¢y, ¢z, ..., ¢p, not all zero, such that
cilur]g + cofuslp + - + Cp[up]B =0.

Thus
[C1’U,1 + couo + -+ + Cpup]g = Cl[ul]g + CQ[’LLQ]B + -4 Cp['u,p]g =0= [O]B

Note that the coordinate transformation is one-to-one. It follows that
c1uy + coug + - - + cpu, = 0.
This means that the vectors wi,us,...,u, are linearly dependent by definition. O
Theorem 6.5. If By = {u1,us,...,uy} and By = {v1,vs,...,v,} are bases of a vector space V', thenn = p.

Proof. Suppose n < p. By Theorem 6.4, {v1,vs,...,v,} is linearly dependent, contrary to the properties
for a basis. Thus n > p. A similar argument shows that n < p. Hence n = p. O

7 Dimensions of vector spaces
Lecture 18

A vector space V is said to be finite dimensional if it can be spanned by a set of finite number of
vectors. The dimension of V', denoted by dim V', is the number of vectors of a basis of V. The dimension of
the zero vector space {0} is zero. If V' cannot be spanned by any finite set of vectors, then V' is said to be
infinite dimensional.

Theorem 7.1. Let H be a subspace of a finite dimensional vector space V. Then any linearly independent
subset of H can be expanded to a basis of H. Moreover, H is finite dimensional and dim H < dim V.

Proof. Let S = {vy,va,...,v;} be a set of linearly independent vectors of H. If SpanS = H, then S is a
basis of H by definition. Otherwise, there exists a vector vi41 in H such that viy; is not in Span S. Then

{v1,v2,...,Vk,Vt1} is a linearly independent set of H. Now set S = {vy,ve,...,vp41}. If SpanS = H,
then S is a basis of H. Otherwise, continue to add one vector of H—Span S to S in this way until Span S = H.
Since H is of finite dimensional, the extension ends in finite number of steps. O
Theorem 7.2 (Basis Theorem). Given a set S = {v1,va,...,v,} of n vectors of an n-dimensional vector
space V.

(a) If {v1,v2,...,v,} is linearly independent, then {v1,va,...,vn} s a basis of V.



(b) If Span{vy,va,...,v,} =V, then {v1,va,...,v,} is a basis of V.

Proof. (a) By Theorem 7.1, S can be extended to a basis of V. Since S has n vectors and all bases have the
same number of vectors. It follows that no vectors were added to S to be extended a basis of V. Hence S
itself must be a basis.

(b) We need to show that S is linearly independent. Note that if S is not a basis, then S is linearly
dependent. Thus S contains a linearly independent proper subset S’ such that Span S’ = V. So S’ is a basis
of V; therefore #(S5’) > n, contradict to #(5’) < n. O

8 Rank

Theorem 8.1. For any rectangular matriz A,
dim Row A = dim Col A = #(pivot positions of A).

Definition 8.2. The rank of a rectangular matrix A is the number pivot positions of A, that is, the
dimension of the row space and the column space of A. For a linear transformation T : V — W, the rank
of T is the dimension of the subspace T'(V).

Theorem 8.3 (Rank Theorem). For any m x n matriz A,
rank A + dimNul A = n.

Proof. The rank of A is the number of pivot positions of A and the dimension of the null space of A is the
number of free variables of the system Ax = 0. It is clear that

#(pivot positions) + #(free variables) = n.

Theorem 8.4. Let A be an n x n invertible matriz. Then
dim Row A = dim Col A = rank A = n,

dim Nul A = 0.

Proof. The invertibility of A implies that the number of pivot positions of A is n. So rank A = n and
dim Nul A = 0. O

9 Matrices of linear transformations

Definition 9.1. Let T : V. — W be a linear transformation from a vector space V with basis B =

{v1,v9,...,v,} to a vector space W basis C = {wy,wa, ..., w,}. Let
T(v1) = anwi+aaws+--+ GpiWn
T(v2) = aiawi + aews+ -+ tpaWn,
T('vn) = a1pW1 + A2pW3 + -+ AmpWhy,

writing more compactly,

a1 ai2 - A1n
a1 Qg2 -+ A2p

[T(v1),T(v2),...,T(vy)] = [wy,wa,..., wy] : _— : = [wy, wa,..., wy A
aAml1 Am2 - Omn



The m x n matrix A is called the matrix of T relative to the basis B of V and the basis C of W.
Alternatively, the matrix A can be defined as

A= [[T('vl)]c, [T(vs)le, -, [T(vn)]c]
Consider the isomorphisms

T :V—R" by Ti(v)=[v]s,

Ty : W —R™ by Ti(w)=[wl.
The composition
1 o Tt T Ty m
TooToT, " :R" —V —W —R
is a linear transformation. For any vector & of R", let v be the vector of V' whose coordinate vector is «,
ie., [v]gp ==, or
V=21V + T2V F - TpUy = [’01, V2. .., V).
Then
T(v) = T(xlvl + Too 4+ - -+ xnvn)
= 1T (v1) + z2T(v2) + -+ + 2,7 (vn)
= [T(vl), T(va),... ,T(vn)]m
= [wl,wg,...,wm]Aw.

The coordinate vector of T'(v) relative to the basis C is Az. Thus
(Tg oTo Tl—l)(a:) =T, (T(Tl—l(a:))> =T, (T(v)) = [T(’U)]C = Ax.

This means that A is the standard matrix of the linear transformation T 0o T o T} ' : R® — R™.
In particular, for a linear transformation T': R® — R™, T(x) = Azx. Let &, = {e1,e2,...,e,} be the
standard basis of R", and let &, = {e1,ea,..., e, } be the standard basis of R™. Then

[T(el),T(eg), . 7T(en)] = [el, €s,..., em]A.
Example 9.1. Let T : P3 — P5 be a linear transformation defined by
T(ao + ait + a2t2 + a3t3) = (ao + a3) + (al + Cbg)t =+ (ao +a; +as + a3)t2.

It is clear that P3 has a basis
B={1,¢t tit+1), t{t+1)(t+2)}

and P5 has a basis

c={1t tt-1)}

The matrix of T relative to the bases B and C can be found as follows:

T(1) = 1+t2 = 1L+t+t(t—1)

Tt) = t+t2 = 2t +t(t—1)

T(tt+1) = 2t +2t2 = 4t +2t(t — 1)

T(tt+1)(t+2) = 1+45t+6t2 = 1+11t+6t(t—1)

which is equivalent to

1 00 1
[T(l),T(t), T(t(t+1)),T(t(t+1)(t+2))}:[1,t, tt—1] |1 2 4 11
1 12 6

Thus the matrix of T relative to the bases B and C is

1 0 0 1
1 2 4 11
1 1 2 6



Theorem 9.2. Let V' be an [-dimensional subspace of R™ with a basis B = {v1,va,..., v}, and let W be a
k-dimensional subspace of R™ with a basis C = {wq,wa, ..., wi}. LetT : V — W be a linear transformation.
Then the matrix A of T relative to the bases B and C is given by

[wi s, | T(01), T(w2), . T()] ~ { Ly | A ] .

010

Corollary 9.3. Let T : R — R™ be a linear transformation. Let B = {vl,vg, .. .,vn} be a basis of R",
and let C = {'wl,wg, . ,'wm} be a basis of R™. If

[wl,wg,...,wm‘T('vl),T('vg),...,T(vn)} ~ [Im‘A},
then A is the matriz of T relative to the bases B and C.

Example 9.2. Let V be the subspace of R* defined by the linear equation z; + xo + x3 + 24 = 0, and let
W be the subspace of R? defined by y; + 2y» + 3 = 0. Let T : R* — R3 be defined by

T($1,$2,$3,$4) = (31’1 + T2,T2 + r3,x3 + 3‘T4)

(a) Show that T is a linear transformation from V' to W.

(b) Verify that

1 1 1
-1 0 0
B - vl - 0 ) U2 - _1 9 ’U3 - 0
0 0 -1
is basis of V, and
0 1
C= w, = 1 , Wy = -1
-2 1

is basis of W.
(¢) Find the matrix of T relative to the basis B of V and the basis C of W.
Solution. (a) Let [x1, 22,23, 74]7 € V, ie., 11 + 13 + 3 + 14 = 0. We have
(221 + x2) + 2(x2 + x3) + (x5 + 223) = 3(x1 + 22 + 23 + 24) = 0.
So T is a well-defined linear transformation from V' to W. (b) Trivial. (¢) Consider the matrix

0o 1] 2 3 3
[wi, wy |T(v1),T(vg), T(v3)] = 1 -1|-1 -1 0|~
-2 1| 0 -1 -3

1 -1|-1 -1 0 1 -1|-1 -1 0 1 0|1 2 3
0 1 2 3 3|1 ~1]0 1 2 3 3| ~]10 1(2 3 3
-2 1| 0 -1 -3 0 -1|-2 -3 -3 0 0/0 0 0
The matrix of T relative to the basis B and the basis C is
1 2 3
2 3 3|

11



10 Matrices of linear operators

Let V be an n-dimensional vector space with a basis B = {vy,va,...,v,}. A linear transformationT : V — V
is called a linear operator on V. The matrix

A= [[T@)] g [T@)] g [T(00)] 5]
is called the matrix of T relative to the basis B.

Theorem 10.1. Let T : V. — V be a linear transformation from a finite dimensional vector space V' to
itself. Let B ={vy,vq,...,v,} and B’ = {v],v},...,v],} be bases of V with the transition matriz P, that is,
[v],v5,...,v,] = [v1,02,...,0,] P.

rn

Let A be the matriz of T relative to the basis B, and let A’ be the matriz of T relative to the basis B'. Then

A'=P AP
Corollary 10.2. Let T : R™ — R", Tx = Az, be a linear transformation. Let £ = {e1,ea,...,e,} be the
standard basis of R™, and let B = {v1,va,...,v,} be another basis. Then
[’Ul,’Ug, e ,vn] = [el,eg, .. .,en]P,
where P = [v1,va,...,v,], and the matriz of T relative to the basis B is
P7AP.

Example 10.1. Let T : R? — R? be the linear transformation given by

no=[} 2][2]

Find the matrix of T relative to the basis

Solution. Since

then
o TOon] = el [ 2 2.

The matrix of T relative to the basis B is [ _:(3) (2) ] .

Let £ ={ej,ez}. Then [’Ul,’Ug] = [el,eg]P, where P = [’Ul,’Ug] = . One verifies

1 2777 —107[1 2] [-3 0

11 5 -8 1 1] 0 2|’
1 2 . . . 7 —10
11 } diagonalizes the matrix { 5 _g ]

Definition 10.3. An n x n matrix A is said to be similar to an n x n matrix B if there is an invertible
matrix P such that

1 2
11

We say that the matrix the matrix {

P~lAP = B.

Theorem 10.4. For a finite dimensional vector space V' and a linear transformation T : V — V| the matri-
ces of T relative to various bases are similar. In other words, the matrices of the same linear transformation
from a vector space to itself under different bases are similar.
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11 Change of basis

Let B ={uj,us,...,u,} and C = {vy,vs,...,v,} be bases of a vector space V. Then
V1 = p11uir +p2auz + -+ Ppilp,
V2 = piraUl + pauz + -+ Ppalp,
Uy = PinUl + P2nU2 + - +pnnun

We may write this more compactly as

P11 P12 - DPin

P21 P22 - DPon
[’U17v27"'7vn]:[ulauza"'7unj| . . . :[u17u2;-"7u’n]P'

Pn1 Pn2 - DPnn

The matrix P is called the transition matrix from the basis B to the basis C. Clearly, the transition matrix
from the basis C to the basis B is the inverse matrix P~!.

Let B = {uj,us,...,ur} and C = {vy,vq,...,v;} be bases for a k-dimensional subspace V' of R™. Then
there is a k x k invertible matrix P such that

[’Ul,’Ug,. ..,'Uk] = [ul,'uQ,. .. ,uk}P.
The matrix P is called the transition matrix from the basis B to the basis C. For a vector v in V| let «
and y be the coordinate vectors of v relative to the bases B and C, respectively, i.e.,
vV = [’U,l,’LLQ, .. .,uk]:c = [’1)17’[)2, .. .,’l)k]y.

Then
[ul,u%...,uk}w = [ul,ug,...,uk]Py.
It follows that
x=Py or y=P lx.

The matrix P! is also called the change-of-coordinate matrix from the basis B to the basis C.
To find the invertible matrix P, we set

P:[p17p27"'7pk]7 B:[Uhll/g,.--,uk,], C:[Ul,’vg,---,vk]
Then
Bpy =vi1, Bpy=wv2, ..., Bpy =
This means that pq, ps, ..., pr are solutions of the linear systems
Bx=v,, Bxr=wvy, ..., Bxr=wv;

respectively. The linear systems can be solved simultaneously as follows:

Iy, P}

[u17u27-~-7uk|U1,’02,-~-,Uk] ~ { 010

Example 11.1. Let V be a subspace of R® with two bases

6 5 3 1 2 2
6 7 0 2 1 1
B={l2|,[3]|,| -1]}, c= 1|{,lof,]o0
4 3 2 2 1 1
5 4 3 0 2 2

13
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Let v be a vector of V' whose coordinate vector relative to the basis Bis | 2 |. Find the coordinate vector
3
of v relative to the basis C.

Solution. Performing the row operations to the n-by-n matrix [A|B], we have

1 2 116 5 3
2 1 216 7 0 };2 __251
1 0 1/2 3 -1 3_} !
2 1 04 3
0 2 1|5 4 3 Ry =21
(1 2 1] 6 5 3
0 -3 0|-6 -3 —6 Ry /(-3)
0 -2 0| -4 -2 -4 —
0 -3 —-2|-8 -7 —4 R3 < Ry
0o 2 1| 5 4 3
L2 16 5 3] Lo
0 1 0 2 1 2 R, 4 3R
0 2 1| 5 4 3 4 i 2
0 -3 —-2|-8 -7 —4
0 2 0|4 2 —4| T
1 2 1 6 5 3 Ry +2Rs
0o 1 0| 2 1 2 ol
o o0 1] 1 2 -1 1_} 3
0 0 —-2|-2 —4 2
0 0 o] 0 0 0 i~ 2R,
1 0 0|1 1 0
01 02 1 2
0O 0 1|1 2 -1
0 0 0|0 O 0
0 0 0|0 O 0
Then B = C'P, where
1 0
P= 2 1 2
1 2 -1
So the coordinate vector of v relative to C is
1 1 0 1 3
2 1 2 2 = 4
1 2 -1 3 1
Example 11.2. Let T : R3 — R? be defined by
0 1 1 x1 T
Tx)=|1 0 1 T |, = | a9
1 1 0 T3 T3
Consider two bases
1 1 0
B=<u;=|1|,u=|0]|,u3=| —1 ,
0 1 2

14
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w

C= V1 = 0 , Vg = 0 , V3 = -1
3 2 6
Then
1 1 1
[v1,v2,v3] = [u1,u,us] | 1 0 2
1 1 2
Theorem 11.1. Let B = {v1,v9,...,v,} and B = {v},v},..., v} be bases of V' with the transition matrix
P, that s,
[v],v5,...,v,] = [v1,0v2,...,0,] P.
Let C = {wy,wa,...,wy} and C' = {w],w},...,w,,} be bases of W with the connection matriz Q, that is,
[wllﬂw/27 s 7w:n] = [wlaw27 s 7wm]Q

Let T : V. — W be a linear transformation with the matrixz A relative to the bases B and C, then the matrix
of T relative to the bases B' and C' is given by

Q~'AP.
Proof. Let A’ denote the matrix of T relative to the bases B’ and C. Then
[T(v}), T(vy),...,T(v},)] = [wh,w),...,w,|A" = [wi,ws,..., w,|QA"
On the other hand, since

V7 = P11V1 +P21V2 + -+ PriUn
P12V + P22Us + - - + PpovUy,

<
)
Il

UV, = PinV1 T P2pV2 + -+ PppUn
then
T(v)) = puT(vi)+paT(v2) + -+ puT(v,)
T(vy) = p1aT(v1) +paaT(v2) + - + pu2T(vy)
T(vy,) = p1aT(v1) +p2nT(v2) + -+ pnnT(vy)
Thus

[T(v}), T(vh),...,T(v},)] = [T(v1),T(v2),...,T(v,)| P = [wy,ws,...,wy,]|AP.
Therefore QA" = AP, that is,
A= Q AP,

Example 11.3. Let T : P3 — P5 be a linear transformation defined by
T(ag + art + ast?® + ast®) = (ag + a3) + (a1 + a2)t + (ag + a1 + az + a3)t>.
Then the matrix of T relative to the bases
B={1,¢t tlt+1), tt+1)(t+2)} and C={1, ¢ t{t—1)}

is the matrix

10 0 1
1 2 4 11
11 2 6
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Given new bases

B ={1,t tt—1), tt—1)(t—2)} and C' ={1,¢ t{t+1)}.
Since
T(1) = 1+t> = 1—t+t{t+1)
Tt) = t+t* = t(t+1)
) = 0 = 0’
T(t t—l 2)3 = 1-t = 1—t

the matrix of T relative to the bases B’ and C’ is

100 1
-1 0 0 —1
110 0
Note that
100
[T(1), T(t), T((t + 1)), T(t(t+1)(t+2))}:[1, Ltt-1)] |1 2 4 1
11 2
10 0
01 —2
(1, ¢, t(t—1), t(t—1)(t—2)] = [1, ¢, t(t+ 1), t(t+1)(t +2)] 00 1
00 0
100
1, ¢, tt+D)] =[1, ¢, t¢t—-1] | 0 1 2 |.
00 1
One verifies that
100 1 1001 '[1 00 1 (1)(1)_(2)2
-1 00 -1 |=]01 2 12 4 11 00 1 6
110 0 00 1 112 6 00 0 1
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