Chapter 1: Systems of Linear Equations
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Lecture 1

1 Systems of linear equations

Linear systems

A linear equation in variables z1,x9,..., T, is an equation of the form
a1z1 + a2 + o+ apTn = b,

where a1, as,...,a, and b are constant real or complex numbers. The constants a; is called the coefficient
of x;, and b the constant term of the equation.
A system of linear equations (or linear system) is a finite collection of linear equations in same

variables. For instance, a linear system of m equations in n variables x1, o, ..., T, can be written as
a1171 + 1272 + -+ a1y = b1
a2171 + g2 + - + A2 Ty, = bo
(1.1)
Am1%1 + GmaT2 + -+ + AppTn = bm
A solution of a linear system (1.1) is a tuple (s1, $2,. .., $,) of numbers that makes each equation a true
statement when the values s1, so, . . ., s, are substituted for x1, zo, ..., x,, respectively. The set of all solutions

of a linear system is called the solution set of the system.

Theorem 1.1. Any system of linear equations has one and only of the following conclusions.
(a) no solution;
(b) unique solution;
(¢) infinitely many solutions.

A linear system is called consistent if it has at least one solution, and inconsistent if it has no solution.
Geometric interpretation

The following three linear systems

2.’,E1 +xy = 3 2I1 +xy = 3 2.171 +xy = 3
(a) 21‘1 —XT2 = 0 (b) 2.’£1 —Ty = 5 (C) 4£C1 +25U2 = 6
T, —2x9 = 4 T, —2x9 = 4 6xr;y 43z = 9

have no solution, a unique solution, and infinitely many solutions, respectively. See Figure 1.

Note: A linear equation of two variables represents a straight line in R2. A linear equation of three vari-
ables represents a plane in R3. In general, a linear equation of n variables represents a hyperplane in the



X

0 X 0 %

Figure 1: No solution, unique solution, and infinitely many solutions.

n-dimensional Euclidean space R™.

Matrices of a linear system

Definition 1.2. The augmented matrix of the general linear system (1.1) is the table

a1 ai2 . A1n b1
a1 a922 . agn b2
(1.2)
Am1 Gm2 -+ Qmp | bm
and the coefficient matrix of (1.1) is
ail a12 e QA1n
a1 a22 e aon
(1.3)
Am1 QAm2 ceo Qmn



Systems of linear equations can be represented by matrices. Operations on equations (for eliminating
variables) can be represented by appropriate row operations on the corresponding matrices. For example,

X +ry —2x3 = 1 1 1 -2 1
2r1 —3x9 +r3 = —8 2 -3 1] -8
3z +xo +drz = 7 3 1 4 7

[Eq 2] — Q[Eq 1] R2 - 2R1
[Fq3] - 3[Eq1] Ry~ 3F,

X1 “+xo —2x3 = 1 1 1 -2 1
—5ry +5x3 = -—10 0 -5 5| —10
—2x9 +10z3 = 4 0 -2 10 4

(—1/5)[Eq2] (—1/5)Ro
(—1/2)[Eq3] (=1/2)R3
r1 +x2 —2x3 = 1 1 1 -2 1
To —xr3 = 2 01 -1 2
To —bxrz = =2 0 1 —-5|-2
[Eq3] — [Eq2] R3 — Ry
Ty +xo —2x3 = 1 1 1 -2 1
Lo —xr3 = 2 01 -1 2
—4xry = —4 0 0 —4|—-4
(=1/4)[Eq3] (—1/4)Rs
X1 +29 —2I3 =1 1 1 =211
T2 —Tr3 = 2 0 1 112
z3 = 1 0 0 111
(Bq1] + 2[Eq 3] Ry + 2R3
[Eq2] + [Eq3] Ry + Ry
T “+xo = 3 I 1 1 013 i
To = 3 01 03
r3 = 1 L 0 0 1|1 i
[Eq1] - [Eq2] Ry — Ry
T = 0 [1 0 0]07
To = 3 01 03
r3 = 1 I 0 0 1|1 ]
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Elementary row operations

Definition 1.3. There are three kinds of elementary row operations on matrices:
(a) Multiplying all entries of one row by a nonzero constant;
(b) Interchanging two rows;
(¢) Adding a multiple of one row to another row.

Definition 1.4. Two linear systems in same variables are called equivalent if they have the same solutions,
that is, their solution sets are the same. A matrix A is said to be row equivalent to a matrix B , written

A~ B,
if there is a sequence of elementary row operations that changes A to B.

Theorem 1.5. If the augmented matrices of two linear systems are row equivalent, then the two systems
have the same solution set. In other words, elementary row operations do not change solution set.

Proof. Tt is trivial for the row operations (b) and (c) in Definition 1.3. Consider the row operation (a) in
Definition 1.3. Without loss of generality, we may assume that a multiple of the first row is added to the
second row. Let us only exhibit the first two rows as follows

a1 ai2 e A1n b1
az1 G2 ... Q2n | b2
(1.4)
Am1 Am2 cee Amn bm
Do the row operation (Row 2) + ¢(Row 1). We obtain
a1y a2 e a1n by
ao1 +cainr a9 +casy ... aon +casy, | ba + cby
as31 asz cee a3n b3 (15)
Am1 Am?2 .o Amn, bm
Let (s1,82,-..,8,) be a solution of (1.4), that is,
@181 + @282+ + AinSp, = by, 1< <m. (1.6)
In particular,
a1181 + a1a®a + -+ a1ps, = by, (1.7)
a2181 + ao1xo + - -+ + aspSy, = ba. (1.8
Multiplying ¢ to both sides of (1.7), we have
ca1181 + caia + -+ + cains, = cby. (1.9)
Adding both sides of (1.8) and (1.9), we obtain
(ag1 + cai1)s1 + (ase + cain)se + - - + (a2n + carn)sn = by + cby. (1.10)

This means that (s1, S2,...,5y) is a solution of (1.5).



Conversely, let (s1,s2,...,s,) be a solution of (1.5), i.e., (1.10) is satisfied and the equations of (1.6) are

satisfied except for i = 2. Since
ai1si +aip®z + -+ a1pSn = by,

multiplying ¢ to both sides we have
clar181 + a2 + -+ -+ a1pSn) = cbr.

Note that (1.10) can be written as

(a2151 + agess + - - + a2nSy) + c(a1151 + a1252 + - - - + ainsp) = by + by

Subtracting (1.11) from (1.12), we have
a2181 + 2282 + - -+ + AgnSn = bo.

This means that (s1, S2, ..., Sy) is a solution of (1.4).

2 Row echelon forms

Lecture 3

Definition 2.1. A matrix is called in row echelon form if it satisfies the following two conditions:

(a) All zero rows are gathered near the bottom;

(1.11)

(1.12)

(b) The first nonzero entry of a row, called the leading entry of that row, is ahead of the first nonzero

entry of the next row.

A matrix in row echelon form is said to be in reduced row echelon form if it satisfies two more

conditions:
(¢) The leading entry of every nonzero row is 1;
(d) Each leading entry 1 is the only nonzero entry in its column.

A matrix in (reduced) row echelon form is called a (reduced) row echelon matrix.

Note 1. Sometimes we call row echelon forms just as echelon forms and row echelon matrices as echelon

matrices without mentioning the word “row.”

Row echelon form pattern
The following are two typical row echelon matrices.

OO O OO
cocooco B
OO OO ¥ ¥
OO OO ¥ ¥
co o Bl x ¥
OO DO ¥ ¥ ¥
oo Bl x ¥ %
O O ¥ ¥ ¥ ¥
O O ¥ ¥ ¥ ¥
oo o oo
cocoococoo
OO OO %
OO OO %
cocooo ¥
OO OO % ¥
coco o Bl *x %
OO DO % ¥k ¥
oo B x ¥ %

o

0 0

where the solid squares B represent arbitrary nonzero numbers, and the stars * represent arbitrary numbers,

including zero. The following are two typical reduced row echelon matrices.

1 0 « x 0 x 0 % =x 01 %« x 0 x 0 0 O
01 « x 0 x 0 = = 00 0 01 x 0 0 O
0 000 1 %« 0 % = 00 0 O0O0OO0ODT1TTO0TU0
000 O0O0O0 1T % x|’ 00 0 0 O0O0O0OTO0°1
0000 O0OOTUO0ODT OO 00 0 O0O0OTO0DO0OTUO0DDO
000 O0O0OO0OTUO0DTO OO 00 0 O0O0OO0DO0OTUO0DDO



Theorem 2.2. Fvery matriz is row equivalent to one and only one reduced row echelon matriz. In other
words, every matriz has a unique reduced row echelon form (or canonical form).

Proof. See Appendix A. O

Definition 2.3. If a matrix A is row equivalent to a row echelon matrix F, we say that A has the row
echelon form F; if E is further a reduced row echelon matrix, then we say that A has the reduced row
echelon form (or canonical form) E.

Row reduction algorithm

Definition 2.4. A pivot position of a matrix A is a location of entries of A that corresponds to a leading
entry in a row echelon form of A. A pivot column (pivot row) is a column (row) of A that contains a
pivot position.

Algorithm 2.1 (Row Reduction Algorithm). (Proof of Theorem 2.2)
(1) Begin with the leftmost nonzero column, which is a pivot column; the top entry is a pivot position.

e entry of the pivot position is zero, select a nonzero entry in the pivot column, interchange the
2) If th t f the pivot ition i lect try in the pivot col interch th
pivot row and the row containing this nonzero entry.

e pivot position is nonzero, use elementary row operations to reduce all entries below the pivo

3) If the pivot ition i 1 t ti to red 1 entries below the pivot
position to zero, (and the pivot position to 1 and all entries above and below the pivot position to zero
for reduced row echelon form).

(4) Cover the pivot row and the rows above it; repeat (1)—(3) to the remaining submatrix.
Solving linear system

Example 2.1. Find all solutions for the linear system

X +2x2 —I3 = 1
221 +xo +4x3 = 2
3r1 +3zo +4x3 = 1

Solution. Perform the row operations:

1 2 1| 1] Ry—2R [1 2 —1| 17 (-1/3)R,
2 1 4 2 ~ 0 -3 6 ~
| 3 3 4 1] R3—3Ry | 0 -3 7| -2 ] R3— R
(1 2 1| 1] Ri+Rs [1 2 0]-1
01 -2 0 ~ 0 1 0|4 Rl;QRQ
1 0 0 11-2] Ra+2R3 | O 0 1] -2 |
1 0 0 7]
0 1 0| —4
| 0 0 1] -2 |
The system is equivalent to
X1 = 7
Zo = 74
I3 = -2
which means the system has a unique solution.
Example 2.2. Solve the linear system
T —T2 T3 T4 =
x ) +xr3 +xg4 =

4x1 —4dxy H4x3
—2x1 4+2x9 —2x3 14

I
W o O



Solution. Do the following row operations:

1 -1 1 -1 2 Ry — Ry 1 -1 1 -1 2 (1/2)Rs
1 -1 1 1 0 R3z — 4R, 0 0 0 2| -2 R3 — 2Ry
4 —4 4 0 4 ~ 0 0 0 4| —4 ~
—2 2 =2 1]-3 R4+ 2R, 0 00 -1 1 Ry+ (1/2)Ry
1 -1 1 -1 2 (1) [-1] 1] o
0 0 0 1|-1 R+ Ry 0 0 0o ()| -
0 0 0 0 0 ~ 0 0 0 O 0
0 0 0 0 0 0 0 0 O 0
The linear system has the following parametric description
g = 14+x9—123
Ty == -1
We see that the variables zo, x3 can take arbitrary numbers; they are called free variables. Let o = ¢,
T3 = co, where ¢1,c0 € R. Then 1 = 1+ ¢; — ¢2, x4 = —1. All solutions of the system are given by
1 = l4+ca—c
To = (1
r3 = C2
T4 = -1

The general solutions may be written as

Ty
Z2
Zs3
Ty —

+ 1 + co

)

_ o o =

-1
0
1
0

OO = =

where ¢1,co € R. Set ¢; = co =0, i.e., set o = x3 = 0, we have a particular solution

_ o o

Basic solutions

For the corresponding homogeneous linear system Ax = 0 of the above example, that is,

T —r9 43 —x14 = 0

X1 —X2 +r3 +x4 = 0

4r1 —4dzo +4x3 = 0

72I1 +2I2 72.%3 +xr4 = 0

we have

1 -1 1 —-11]0 (1) [-1] 1] =110
1 -1 1 110 0 0 0 (1)]o
4 -4 4 o|0| "~ 0 0 0 0]o0
-2 2 -2 110 0 0 O 00

Let x5 = ¢1, 3 = co, where ¢q,co € R. Then 1 = ¢; — ¢9, 4 = 0. All solutions of the homogeneous system
are given by

r1p = €1 —C2
T2 = C

xr3 = C2

Ty = 0



The general solutions may be written as

I 1 -1
xro _ 1 0
e | T 0 | T2 1
T4 0 0

Set ¢y =1,c0 =0, i.e., xz3 = 1,23 = 0, we have z; = 1 and x4 = 0; we obtain one basic solution

1
- 1
|10
0
for the homogeneous system Ax = 0. Set ¢c; = 0,c0 =1, ie., x3 = 0,23 = 1, we have 1 = —1 and z4 = 0;
we obtain another basic solution
-1
o — 0
o 1
0

for the homogeneous system Ax = 0.

Example 2.3. The linear system with the augmented matrix
1 2 —1]1
2 1 512
3 3 4|1

has no solution because its augmented matrix has the row echelon form

The last row represents a contradictory equation 0 = —2.

Theorem 2.5. A linear system is consistent if and only if the row echelon form of its augmented matrix
contains no row of the form

[0,...,0|b], where b # 0.

Example 2.4. Solve the linear system whose augmented matrix is

0 0 1 -1 2 1 0
e 36 0 3 -3 2| 7
12 0 1 -1 0| 1
2 4 -2 4 -6 —-5|-4
Solution. Interchanging Row 1 and Row 2, we have
12 0 1 -1 0] 1]
36 0 3 -3 2 7|1 _N3R1
0 0 1 -1 2 1 0
|2 4 -2 4 —6 —5|-4 - 2R,
[1 2 0 1 -1 0| 1]
0 0 0 0 2 4 R2 g R3
0 0 1 -1 2 1 0 ~
|10 0 -2 2 -4 5|6 |




12 0 1 -1 0] 1
00 1 -1 2 1| 0| Ri+2Ry
00 0 0 0 2| 4 ~
00 -2 2 —4 —5|-6 |
12 0 1 -1 0] 1
00 1 -1 2 1] o fatals
00 0 0 0 2| 4 e
00 0 0 0 -3|-6] 2%
12 0 1 -1 of 1
00 1 -1 2 1| 0| Ry—Rs
00 0 0 0 1| 2 ~
00 0 0 0 0] 0

M 2 o 1 -1 0] 1

0 0 (1) [-1] [27 0 |-2

0o 0 0 0 0 (1) 2

0o 0 0 0 0 0] 0

Then the system is equivalent to
r1=1—2x9 — 24 + x5
T3 = —24+ x4 — 275
Teg = 2
The unknowns x5, x4 and x5 are free variables.
Set xo = ¢y, ¥4 = co, T5 = c3, Where ¢y, c2, c3 are arbitrary. The general solutions of the system are given
by
1 =1—2¢c1 —cog+c3

To = C1
T3 = —24co — 2c3
Ty = Co
Is = C3
The general solution may be written as
T = + 1 + co + c3 , C1,C9,c3 €R.

NO O N O
oo oR N
o R kO
ouoml:o»—A

Definition 2.6. A variable in a consistent linear system is called free if its corresponding column in the
coeflicient matrix is not a pivot column.

3 Vector Space R”
Vectors in R? and R3
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Let R? be the set of all tuples (u;,us) of real numbers. Each tuple (uy,us) is called a point in R?. For
each point (u1,u2) we associate a column
Uy
)



called the vector associated to the point (uy,u2). The set of all such vectors is still denoted by R2. So by
a point in R? we mean a tuple

(2,9)
and, by a vector in R? we mean a column
x
Similarly, we denote by R? the set of all tuples
(u1,u2,u3)

of real numbers, called points in R3. We still denote by R? the set of all columns

Uy
U2 )
Uus

called vectors in R3. For example, (2,3,1), (—3,1,2), (0,0,0) are points in R*, while

P -3 0
31, 1|, |o
1 2 0

are vectors in R3.

Definition 3.1. The addition, subtraction, and scalar multiplication for vectors in R? are defined by
)=l

+ = ;
U U2 Uz + V2
U | | 1| _ | U1~ U
u9 (%) o U2 — Vg ’

)=l

c = .
Ug cug

Similarly, the addition, subtraction, and scalar multiplication for vectors in R? are defined by

U1 V1 up +v1
ug | + | v2 [ = | uz2tove |,
| u3 | | U3 | | U3 +v3 |
U1 U1 Uy — v
U2 — | V2 = U —v2 |,
us U3 uz — U3
Ul Cuq
C (75 = CUg
us cus

Vectors in R"

Definition 3.2. Let R™ be the set of all tuples (u1,us,...,u,) of real numbers, called points in R™. We

still use R™ to denote the set of all columns
Uy
U2

10



of real numbers, called vectors in R™. The vector

is called the zero vector in R"™. The addition and the scalar multiplication in R" are defined by

(751 V1 U + U1
U2 V2 Uy + V2
+ = )

Up, Up, Up, + U,

Uq Cu1

U CUu2

C =
Up, Cly,

The set R™ together with the addition and scalar multiplication is called the Euclidean n-space.

Proposition 3.3. For vectors w,v,w in R"™ and scalars ¢,d in R,

Subtraction can be defined in R™ by
u—v=u+(—v).
Linear combinations

Definition 3.4. A vector v in R™ is called a linear combination of vectors vy, vs,...,v; in R™ if there
exist scalars ci,ca, ..., ¢ such that

V= C1V] + c2U2 + - - - + C .
The set of all linear combinations of vy, v, ..., v} is called the span of vy, vs, ..., v, denoted
Span {vi,vs,...,vp} = {c1v1 + cava + -+ + VL : €1, Ca, ..., ¢ € R}
Example 3.1. The span of a single nonzero vector in R? is a straight line through the origin. For instance,

Span -1 =<t -1 |:teR
2

11



is a straight line through the origin, having the parametric form

ry = 3t
xo = —t , teR.
r3 = 2t

Eliminating the parameter ¢, the parametric equations reduce to two equations about x1, xs3, r3,

T1 +3x2
2582 +£Z?3

0
0

Example 3.2. The span of two nonproportional vectors in R? is a plane through the origin. For instance,

3 1 1 3
Span -1 1, 2 =J{s 2 | +t| -1 |:steR
2 -1 -1 2

is a plane through the origin, having the following parametric form

T, = s +3t
T2 = 2s —t
r3 = —s +2t

Eliminating the parameters s and ¢, the plane can be described by a single equation
31‘1 - 533‘2 — 7.133 =0.

Example 3.3. Given vectors in R3,

1 1 1 1 5
v = 2 , V2 = 1 , V3= 0 , V4 = 3 , Vs = 6
0 1 1 1 )

(a) Every vector b = [by, b, b3]” in R3 is a linear combination of vy, vg, v3.
(b) The span of {v;, vy, v3} is the whole vector space R?.

(b) The vector v4 can be expressed as a linear combination of vy, v, v3, and it can be expressed in one
and only one way as a linear combination

Vg = 0’01 + 3’02 — 2’03.

(d) The vector v is not a linear combination of ve, v3, and v4.

(e) The vector vs can be written as linear combinations of vy, v, and v in more than one ways. In fact,

v5; = 6vy — v3 = 3vs + 2v4 = 3vg + 2v3 + V4.

Solution. (a) Let b = zqv1 + x2v2 + x3vs. Then the vector equation has the following matrix form

11 1 1 by
2 1 0 ) = bQ
0 1 1 T3 b3
Perform row operations:
1 1 1|b 1 1 1 by
2 1 0|by | ~] 0 =1 —=2|by—2b |~
0 1 1]|bs 0 1 1 b3

12



1 0 -1 by — by 1 0 0 by — b3
0 1 2 2b1 — by ~ 1 0 1 0] —2by+ by + 2b3
0 0 —11]bsg+by—2b 0 0 1 2b1 — by — b3
Thus
21 =by — b3, 2= —2b; +by+2b3, w3 =207 — by — bs.
So b is a linear combination of vy, vo, v3.
(b) Since b is arbitrary, we have Span {v;, v, v3} = R3.

Example 3.4. Consider vectors in R3,

1 -1 1 1 1
vi=| —1 |, v= 2 l,v3=|1|; u=]|2|,v=1|1
1 1 b) 7 1

(a) The vector u can be expressed as linear combinations of vy, ve, v3 in more than one ways. For instance,

u = v1 + v2 + v3 = 4v + 3vy = —2v1 — vy + 2v3.

(b) The vector v can not be written as a linear combination of vy, ve, vs.

Geometric interpretation of vectors
Multiplication of matrices

Definition 3.5. Let A be an m x n matrix and B an n X p matrix,

a1 a2 PN A1n b11 b12 PN blp

a1 a9 N aA2n, bgl b22 N bgp
A= , B=

arrLl a’m2 e a/’rnn bnl an2 PP bnp

The product (or multiplication) of A and B is an m X p matrix

C11 C12 . Cip
C21 (&%) . Cop

C= . . : = AB
Cm1 Cm2 ... Cmp

whose (i, k)-entry c;, where 1 <i¢ <m and 1 < k < p, is given by

n
Cik = Z aijbjr = aibig + appbog + - - - + ainbnk.

Jj=1
Proposition 3.6. Let A be an m X n matriz, whose column vectors are denoted by a1, as, ..., a,.
any vector v in R™,
U1
V2
Av = lay,as,...,a,] . =viay +v9as + -+ vap.
Un
Proof. Write
ail a19 N A1n, (%
a1 a2 . agn (%)
A= , v=
Am1 Am2 ... G(Gmn Un

13

Then for



Then

a11 a12 A1n
a21 a22 a2n
a; = , a2 = ) , Ap =
Am1 Am2 Amn
Thus _ .
a11 a2 ... Qin U1
a1 a2 e aon (%)
Av =
L Gm1 Am2 ... Gmp Un |
1101 + a12V2 + - - - + Q1pUn
2101 + Q2202 + - -+ + A2pUp
L Gm1V1 + amav2 + -+ Amnn ]
a1 a120V2 A1nUn
a21V1 a22V2 21, Un
= + + -+
L Gm1U1 Am2UV2 QmnUn
a11 a12 A1n
a21 a22 a2n,
= v + 2 R )
Am1 Am2 Amn

= v1a1 +veas + -+ vpa,.

Theorem 3.7. Let A be an m x n matrixz. Then for any vectors u,v in R™ and scalar ¢,
(a) A(u+v) = Au + Av,
(b) A(cu) = cAu.

4 The four forms of linear systems
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A general system of linear equations can be written as

a1121 + a2 + -+ a1, = by
a2171 + 22T + - + A2pTy = b1
Am1T1 + A2 + - + AppTn = bm
We introduce the column vectors:
a11 A1n T by
a; = , , Qp = : ; T = ; b=
am1 Amn Tn b

14



and the coefficient matrix:

a11 a2 Ain
a1 a9 e agn

A= . . . = [(ll,(lg,.. ., Qp .
Am1 Am2 ceo Qmn

Then the linear system (4.1) can be expressed by

(a) The vector equation form:
r1a1 + 2202 + - + Tpan = b,

(b) The matrix equation form:
Ax=b

7

(¢) The augmented matrix form:
Pll,GQ,...,(ln |b].

Theorem 4.1. The system Ax = b has a solution if and only if b is a linear combination of the column
vectors of A.

Theorem 4.2. Let A be an m X n matriz. The following statements are equivalent.
(a) For each b in R™, the system Az = b has a solution.
(b) The column vectors of A span R™.
(¢) The matriz A has a pivot position in every row.

Proof. (Exhibit for m = 3 and n = 4) (a) < (b) and (¢) = (a) are obvious.
(a) = (¢): Suppose A has no pivot position for at least one row; that is,

L1 P2 Pk—1 Pk
A Ay T A ™ Ay,

where py, pa, ..., pi are elementary row operations, and Ay, is a row echelon matrix. Let e, = [0,...,0,1]7.
Clearly, the system [Af | e,,] is inconsistent. Let p} denote the inverse row operation of p;, 1 < i < k. Then

’
Pr—1

[Aelem] % [ |bi] "7 e R (A bea] R [A]by)
Thus, for b = by, the system [A|b] has no solution, a contradiction. O

Example 4.1. The following linear system has no solution for some vectors b in R3.

209 +2x3 +3x4 = by
2%1 4F4$2 4F6$3 4F7$4 = b2
I +xo —F2$3 —F2$4 = bg

The row echelon matrix of the coefficient matrix for the system is given by

0 2 2 3 11 2 2
2 4 6 7 Ry < R 9 4 ¢ 7| H2—2m
11 2 2| [0 2 2 3|
(1 1 2 27 (1 1 2 27
0 2 2 3 RS:R2 0 2 2 3
[0 2 2 3| [0 0 0 0|

15



Then the following systems have no solution.

112 2]0 112 2]0
022 3|0 R?’iRQ 02 2 3|0 RQiQRl
(000 01| 02 2 3|1 |
11 2 2]07 [0 2 2 3[17
2 4 6 7]0 R?":Rl 24 6 70
002 2 3|1 | 112 20 |

Thus the original system has no solution for b; = 1, by = b3 = 0.

5 Solution structure of a linear System

Homogeneous system

A linear system is called homogeneous if it is of the form Ax = 0, where A is an m X n matrix and 0
is the zero vector in R™. Note that & = 0 is always a solution for a homogeneous system, called the zero
solution (or trivial solution); solutions other than the zero solution 0 are called nontrivial solutions.

Theorem 5.1. A homogeneous system Ax = 0 has a nontrivial solution if and only if the system has at
least one free variable. Moreover,

#{pivot positions} + #{free Variables} = #{Variables}.

Example 5.1. Find the solution set for the nonhomogeneous linear system

I —x2 +Zy4 +2£L’5 = 0
—2x1 +2x9 —x3 —4dx4 —3xz5 = 0
X1 —x9 4x3 4314 45 = 0
—T1 +x2 +x3 +x4 —3z5 = 0

Solution. Do row operations to reduce the coefficient matrix to the reduced row echelon form:

[ 1 -1 0 1 27 Ry+2R;
-2 2 -1 -4 -3 Rs — Ry
1 -1 1 3 1 ~
| -1 1 1 1 3| Ri+Ry
1 -1 0 1 27 (-1)Rs
0 0 -1 -2 1 R34+ Ro
0 0 1 2 -1 ~
| O 0 1 2 -1 ] R4+ R
(1) [-1] o0 1 2
o 0o @ [2 [-1
0 0 0 O 0
| 0 0 0 O 0
Then the homogeneous system is equivalent to
r1 = X2 —T4 —21'5
r3 = —2x4 x5

The variables xo, x4, x5 are free variables. Set 9 = ¢1, x4 = ca, T5 = ¢3. We have

X Cl — Cop — 263 1 -1 -2
X2 C1 1 0 0
xr3 | = —2co + c3 =c1 | 0 |4+c| =2 | +c3 1
Ty Co 0 1 0
Is C3 0 0 1
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Set x5 = 1,24 = 0,25 = 0, we obtain the basic solution

v =

OO O ==

Set 9 = 0,z4 = 1,25 = 0, we obtain the basic solution

-1

0

Vo2 = —2
1

0

Set 9 = 0,24 = 0,25 = 1, we obtain the basic solution

V3 =

= O = O N

The general solution of the system is given by
T = c1v; + cov2 + c3v3, c1,C2,¢3,€ R
In other words, the solution set is Span {v1, v2,vs}.

Theorem 5.2. Let Ax = 0 be a homogeneous system. If w and v are solutions, then the addition and the
scalar multiplication
u+v and cu

are also solutions. In other words, any linear combination of solutions for a homogeneous system is again a
solution.

Theorem 5.3. Let Ax = 0 be a homogeneous linear system, where A is an m X n matriz with p pivot
positions. Then the system has n — p free variables and n — p basic solutions. The n — p basic solutions can
be obtained as follows: Select one of the free variables;

set the free variable equal to 1 and all other free variables equal to 0.

Nonhomogeneous systems

A linear system Ax = b is called nonhomogeneous if b # 0. The homogeneous linear system Ax = 0
is called its corresponding homogeneous linear system.

Proposition 5.4. Let v and w be solutions of a nonhomogeneous system Ax = b. Then the difference
v —w
is a solution of the corresponding homogeneous system Axz = 0.

Theorem 5.5 (Structure of Solution Set). Let v be a solution of a nonhomogeneous system Ax = b. Then
solutions of Ax = b are given by
Tr=7v+u,

where u are solutions of the corresponding homogeneous system Ax = 0.
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cu v+ cu

2x+3y=¢

2x+3y=0

Figure 2: Solution sets of non-homogeneous system and its homogeneous system.
Example 5.2. For the system 2x + 3y = 6 (its homogeneous system 2z + 3y = 0), the solution is given by
[I]Z{g}—kc{ —3/2 ] =v+4cu, ceR

Y 1

Example 5.3. Find the solution set for the nonhomogeneous linear system

T T2 +ry 25 = =2
—2x1 +2x9 —x3 —4dxy —3x5 = 3
I —T9 +I3 +3l’4 +x5 = -1
—X1 +x2 +x3 +x4 —3{E5 = 3

Solution. Do row operations to reduce the augmented matrix to the reduced row echelon form:

1 -1 0 1 21 -2 Ry + 2R, 1 -1 0 1 2| -2 (=1)Rs
-2 2 -1 -4 =3 3 Rs — Ry 0 0 -1 -2 1] -1 Rz + Ry

1 -1 1 3 11-1 ~ 0 0 1 2 -1 1 ~
-1 1 1 1 -3 3 Ry + Ry 0 0 1 2 -1 1 Ry + Ry

Then the nonhomogeneous system is equivalent to

I
T3

The variables o, x4, x5 are free variables. Set xo = ¢1, 4 = ¢2, x5 = c3. We obtain the general solutions

-2 Hx9 —xr4 —2T5
1 —2x4 +x5

€ —24c1 —co —2c3 -2 1 -1 -2
X9 C1 0 1 0 0
xs = 1—2¢cy+c3 = 1 |4+ | 0| 4| =2 | +es 1
T4 Co 0 0 1 0
Is C3 0 0 0 1

T = v+ vy + U2 + c3v3, c1,C2,c3 € R,

18



In particular, setting zo = x4 = x5 = 0, we obtain the particular solution

-2
0

1
0
0
The solution set of Ax = b is given by

S = v+ Span {vq, v, v3}.

Example 5.4. The augmented matrix of the nonhomogeneous system

x1 —x9 +x3 +3x4 +3x5 +drg = 2
—2x1 +2x9y —2x3 —3r4y —4dx5 —dDrg = -—1
—X1 “+x9 —5 —4%6 = =5
—x1 +xo +x3 +3x4 H+x5 —rg = —2
has the reduced row echelon form
(1) [-1] o0 0 1 0| -3
0 0 (1) 8] 2] 0 |-3
0 0 0 0 0 (1 2

0 0 0 0 0 O 0

Then a particular solution x, for the system and the basic solutions of the corresponding homogeneous
system are given by

-3 1 0 —1

0 1 0 0

-3 0 -3 —2

Tp = 0 , U1 = 0 , U2 = 1 , U3 = 0
0 0 0 1

2 0 0 0

The general solution of the system is given by
T =Xy + C1V1 + C2V2 + C3V3.

Example 5.5. For what values of a and b the linear system

1 +2x9 “4axz = 0
21‘1 +b$2 0
31’1 +2£E2 +£L'3 = 0

has nontrivial solutions. Answer: 8a + (3a — 1)(b—4) = 0.

6 Linear dependence and independence

Lecture 6
Starting with motivation of two or more vectors. Then conclude to the following formal definition.
Definition 6.1. Vectors v, vs,...,v, in R” are called linearly independent provided that if
c1v1 + v+ -+ cpvp, =0

for some scalars c,ca,...,¢p, thency =cp =---=¢, =0.
The vectors vy, v, ...,v, are called linearly dependent if there exist constants ci,ca,...,cp, not all
zero, such that
C1V1 + CoU2 + -+ -+ CpU, = 0.
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Example 6.1. The vectors v; = 1], v= 1 |,v3=1| 3 | in R? are linearly independent.
-1 2 1
Solution. Consider the linear system
1 -1 1 0
T 1 | +x9 1 | +x23| 3| =10
-1 2 1 0
1 -1 1 1 -1 1 1 0 0
1 1 3| ~1]0 2 2| ~10 10
-1 2 1 0 1 2 0 0 1

The system has the only zero solution xy = z9 = 23 = 0. Thus vy, v2, v3 are linearly independent.

1 -1 -1
Example 6.2. The vector v1 = | —1 |, vy = 2 |, v3= 3 | in R? are linearly dependent.
1 2 5
Solution. Consider the linear system
1 [ —1 -1 0
X1 -1 + X2 2 | +x3 3 = 0
1 |2 5 0
1 -1 -1 [1 -1 -1 [1 -1 -1
-1 2 3|1 ~10 1 2 |1 ~10 1 2
1 2 5 |0 3 6 L0 0 0

The system has one free variable. There is nonzero solution. Thus vy, vs, v are linearly dependent.

1 1 -1 1
Example 6.3. The vectors 11, —-11{, 11, 3 | in R3 are linearly dependent.
-1 1 1 -3

Theorem 6.2. The basic solutions of any homogeneous linear system are linearly independent.

Proof. Let vy,vs,...,v; be basic solutions of a linear system Ax = 0, corresponding to free variables
Zj s Ly, .., T4, Consider the linear combination

c1v; + cova + -+ v = 0.

Note that the j; coordinate of civi + cova + -+ + cpvy is ¢j,, 1 <4 < k. It follows that c¢;, = 0 for all
1 <4 < k. This means that v1,vs, ..., v are linearly independent. O

Theorem 6.3. Any set of vectors containing the zero vector 0 is linearly dependent.
Theorem 6.4. Let v1,v2,...,v, be vectors in R"™. If p > n, then vi,vs,...,v, are linearly dependent.

Proof. Let A = [v1,v2,...,v,]. Then A is an n x p matrix, and the equation Az = 0 has n equations in p
unknowns. Recall that for the matrix A the number of pivot positions plus the number of free variables is
equal to p, and the number of pivot positions is at most n. Thus, if p > n, there must be some free variables.
Hence Ax = 0 has nontrivial solutions. This means that the column vectors of A are linearly dependent. [

Theorem 6.5. Let S = {v1,vs,...,v,} be a set of vectors in R", (p > 2). Then S is linearly dependent if
and only if one of vectors in S is a linear combination of the other vectors.

Moreover, if S is linearly dependent and vy # 0, then there is a vector v; with j > 2 such that v; is a
linear combination of the preceding vectors vi,v2,...,0;_1.
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Note 2. The condition v; # 0 in the above theorem can not be deleted. For example, the set

SHESH]

is linearly dependent. But vy is not a linear combination of v;.

Theorem 6.6. The column vectors of a matriz A are linearly independent if and only if the linear system
Az =0
has the only zero solution.
Proof. Let A =laj,as,...,a,]. Then the linear system Ax = 0 is the vector equation
xr1a1 + x2a9 + -+ x,a, = 0.
Then a4, as,...,a, are linear independent is equivalent to that the system has only the zero solution. [

Corollary 6.7. A linear system Ax = b has unique solution if and only if Ax = 0 has the only zero solution.
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