Chapter 4: Eigenvalues and Figenvectors
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Week 11-12

1 Eigenvalues and eigenvectors

If a linear transformation 7" : R™ — R"™ has the form

I )\1 0 s 0 I
T2 0 )\2 cee 0 xT9

T . = . . )
Tn, O 0 - X\, Tn,

then we can easily see that T'(e;) = \je; (i = 1,2,...,n), i.e., each e; is dilated \; times by 7.
Example 1.1. The linear transformation T : R?> — R2?, defined by
2 0 T 21‘1
T == =
w-[5s][n]-ln]
is to dilate the first coordinate two times and the second coordinate three times.

Example 1.2. Let T : R? — R? be a linear transformation defined by
. 4 -2 T
re-|a S5 ]

What can we say geometrically about 77 Consider the basis B = {u;, us} of R?, where

Then
6 2
T(ul)—[?) ] 23[ 1 ] :3u1,
-2 1
T(’LLQ)— |: _6:|——2|:3:| :—2’(1,2
For any vector v = cju; + coug, we have [v]p = { El ] , and
2

T(v) = aT(u1) + c2T(u2) = 3ciu; — 2coug,



Thus
. 3c1 . 3 0 C1
o[ 2]-[3 2][3)
If one uses the basis B to describe vector v with coordinate vector [v]s, then the coordinate vector
of T'(v) under the basis B simply described as

3 0
Twls= |5 5| Bl
This means that the matrix of T relative to the basis B is as simple as a diagonal matrix.

The above discussion demonstrates that for a linear transformation 7" : V' — V, the nonzero
vectors v satisfying the condition
T(v) = \v (1.1)

for some scalar A is important in simplifying a linear transformation 7.

Definition 1.1. Given a linear transformation 7" : R” — R" with T'(x) = Az. A nonzero vector v
in R™ is called an eigenvector of T' (the matrix A) if there exists a scalar A such that

T(v) = Av = . (1.2)

The scalar X is called an eigenvalue of T' (the matrix A) and the nonzero vector v is called an
eigenvector of 7' (the matrix A) corresponding to the eigenvalue .

1 6

Example 1.3. Let A = [ 5 9

]. Then u = [ ] is an eigenvector of A. However, but

)

v = [ _g } is not an eigenvector of A.

Proposition 1.2. For any n x n matriz A, the value 0 is an eigenvalue of A <= det A = 0.

Proof. Note that det A =0 <= A is not invertible <= Nul A # {0}. The set of eigenvectors of A

corresponding to the zero eigenvalue is the set Nul A — {0}. O
Theorem 1.3. Let vy,...,v, be eigenvectors of a matriz A corresponding to distinct eigenvalues
A1y ..y Ap, respectively. Then vi,. .., v, are linearly independent.

Proof. Let k be the largest positive integer such that vy, ..., v, are linearly independent. If k = p,
nothing is to be proved. If & < p, then vy41 is a linear combination of vy, ..., vg, i.e., there exist
constants cq, ca, ..., ¢ such that

Vg+1 = C1U1 + -+ - + CRUg.
Applying the matrix A to both sides, on the one hand

Avpi1 = A1kt
= )‘k’-i-l (611)1 + -+ ckvk)
= 1 \k4+101 + -+ CEA+1Vk-

On the other hand,
Avipr = Ao+ -+ + o)

= cAvy+ -+ LA
= MV + -+ ARV



Thus
1M1 — Aot 4 -+ 4 k(Mg — Ap)op = 0.

Since v, ..., v are linearly independent, we have
1M1 — A1) = = ck(Agg1 — M) = 0.
Note that the eigenvalues are distinct. Hence
CL= = =0,

which implies that vy41 is the zero vector 0. This is contradictory to that viy1 # O. ]

2 How to find eigenvectors?
To find an eigenvector of a matrix A, it is meant to find a nonzero vector @ and scalar A such that
Ax = \x. (2.1)
Since Ax = Mz, (2.1) is equivalent to ANz — Ax = 0, i.e.,
(M —A)xz = 0. (2.2)

Since @ is required to be nonzero, the system (2.3) is required to have nonzero solutions. We must
have
det(A — A) = 0. (2.3)

Expanding the det(A] — A), we see that
p(A) :=det(A] — A)

is a polynomial of degree n in A, called the characteristic polynomial of A. To find eigenvalues
of A, it is meant to find all roots of the polynomial p(A). The polynomial equation (2.3) about A
is called the characteristic equation of A. For each eigenvalue A of A, the linear system

(M —A)zxz=0

is called the eigensystem for the eigenvalue A. Its solution set Nul (AI—A) is called the eigenspace
corresponding to the eigenvalue \.

Theorem 2.1. The eigenvalues of a triangular matriz are the entries on its main diagonal.

Example 2.1. The matrix
2 -1 0
0 5 0
0 -1 2
has the characteristic polynomial

pN=] 0 X=5 0 |=\=22*\=5).
0 1 A=2

Then there are two eigenvalues Ay = 2 and Ao = 5.



For A\; = 2, the eigensystem

A — 2 1 0 T
0 A1 —5 0 2
0 1 )\1—2 T3

has two linearly independent eigenvectors

1
U1 = 0 )
0
For Ao = 5, the eigensystem
Ap — 2 1 0 1
0 A2 —5H 0 2
0 1 )\2 -2 T3
has one linearly independent eigenvector
V3 =
Example 2.2. The matrix
2
0
-1
has the characteristic polynomial
A—2 1
p(A) = 0 A=5
1 1

We obtain two eigenvalues Ay = 2 and Ay = 5.

Vo =

0 1 0 I
0 -3 0 To
0 10 3
0
0
1
(3 1 0 1
000 To
01 3 3
0
0
2
=(A=2)%(\—5).

For A1 = 2 (though it is of multiplicity 2), the eigensystem

0 10
0 -3 0
1 10

has only one linearly independent eigenvector

v =
For A2 = 5, eigen-system
310
0 00
11 3
has one linearly independent eigenvector
Vo =

_;1;1

T2

L T3

0



Example 2.3. Find the eigenvalues and the eigenvectors for the matrix
1 3 3
A=|[3 1 3
3 3 1
The characteristic equation of A is

det(\M—A) = | =3 A—1 -3 | (Ry—Rs)

A2 —(+2) | L] -3 -3
-3 A-1 A+2 —(A+2)

= A=1D)A+2)(A—=4) —18A+2) = (A +2)2(A=7).

Then A has two eigenvalues Ay = —2 and Ao = 7.
For A\; = —2 (its multiplicity is 2), the eigen-system

-3 -3 -3 1 0
-3 -3 -3 z2 | =10
-3 -3 -3 T3 0

has two linearly independent eigenvectors

— -1
v = 1|, v2= 0
|1
For A =7, the eigen-system
6 -3 -3 1 0
-3 6 -3 zo | =10
-3 -3 6 T3 0
has one linearly independent eigenvector
1
V3 = 1
1
Theorem 2.2. Let A\, i and v be distinct eigenvalues of a matriz A. Let wy,...,u, be linearly
independent eigenvectors for the eigenvalue \; v1,...,vq be linearly independent eigenvectors for
the eigenvalue p; and wi,...,w, be linearly independent eigenvectors for the eigenvalue v. Then
the vectors
Ul, ..., Up, V1,...,Vq, Wi,...,Wyr

are linearly independent.



Proof. Suppose there are scalars aq, ..., ap, b1, ..., by, c1, ..., ¢, such that
(mrur + -+ + apuy) + (v + -+ - + bgvg) + (crwr + - - - + c,w,) = 0. (2.4)
It suffices to show that all the scalars a1, ..., ap, b1, ..., by, c1, ..., ¢, are 0. Set

u=au + - +apupy, v=bvi+ - +buy, w=crwi+- -+ cw.

Note that
Au = a1Auy + - - + apAuy, = e ug + - - apAuy = Au.
Similarly, Av = pv and Aw = vw. If u = 0, then the linear independence of uq,...,u, implies
that
ap=---=a,=0.
Similarly, v = 0 implies by = --- = b, = 0, and w = 0 implies ¢c; = --- = ¢, = 0.

Now we claim that w = v = w = 0. If not, there are following three types.

Type 1: u # 0, v = w = 0. Since v = w = 0, it follows from (2.4) that u = 0, a contradiction.

Type 2: u # 0, v # 0, w = 0. Then u is the eigenvector of A for the eigenvalue A and v the
eigenvector of A for the eigenvalue u; they are eigenvectors for distinct eigenvalues. So uw and v
are linearly independent. But (2.4) shows that w 4+ v = 0, which means that w and v are linearly
dependent, a contradiction.

Type 3: u # 0, v # 0, w # 0. This means that u, v, w are eigenvectors of A for distinct
eigenvalues A, p, p respectively. So they are linearly independent. However, (2.4) shows that
u + v + w = 0, which means that u, v, w are linearly dependent, a contradiction again. ]

Note 1. The above theorem is also true for more than three distinct eigenvalues.

3 Diagonalization

Definition 3.1. An n X n matrix A is said to be similar to an n X n matrix B if there is an
invertible matrix P such that
P~ 'AP = B.

Theorem 3.2. Similar matrices have the same characteristic polynomial and hence have the same
etgenvalues.

Note. Similar matrices may have different eigenvectors. For instance, the matrices

2 =1 0 2 -1 0
A= 0 5 0 and B=| 0 5 0
-1 -1 2 0o -1 2

have the same eigenvalues Ay = 2 and Ay = 5; but A and B have different eigenvectors.

An square matrix D is said to be diagonal if all non-diagonal entries are zero, that is,

d 0 - 0
0 dy --- 0
0 0 - d,



It is easy to see that for any k,

b0 0
. 0 di 0
0 0 dr

Definition 3.3. A square matrix A is said to be diagonalizable if A is similar to a diagonal
matrix, that is, there exists an invertible matrix P and a diagonal matrix D such that

P 'AP =D.
Theorem 3.4 (Diagonalization). An nxn matriz A is diagonalizable if and only if A has n linearly
independent eigenvectors.

Proof. We demonstrate the proof for the case n = 3.
If A is diagonalizable, there exist an invertible matrix P and a diagonal matrix D such that
P~'AP = D, where

uy v wi A0 O
P=u,v,w]=|uy vo wy |, D=0 p 0
us vV3 ws 0 0 v

Note that P~YAP = D is equivalent to AP = PD. Since AP = A[u,v,w] = [Au, Av, Aw] and

up v wi A0 O Aup  pvp rwg
PD= | uy vy wo 0 p 0| =1 dug pvy vwy | =[\u,pv, vw,
u3 U3 W3 0 0 v Aug  uvs vws

we have [Au, Av, Aw| = [\u, pv, vw], i.e.,
Au = u, Av=pv, Aw =rw.

Since P is invertible, then the vectors w,v,w are linearly independent. This means that u, v, w
are three linearly independent eigenvectors of A.

Conversely, if A has three linear independent eigenvectors u, v, w corresponding to the eigen-
values A, u, v respectively. Then Au = Au, Av = pv, Aw = vw. Let

uy v wi A0 O
P=u,v,w]=|uy vo wy |, D=0 p 0
us V3 ws 0 0 v

Then
AP = Alu,v,w] = [Au, Av, Aw] = [\u, pv, vw]

Aup  pup vw
= Aug vy vwg
Aug  pvs  vws

uy v wi )\ 0 0
= Ug Vo W2 0 w O |=PD.
L U3 V3 w3 0 0 v

Since u, v, w are linearly independent, the matrix P is invertible. Thus
P 'AP =D.
This means that A is diagonalizable. O



Example 3.1. Diagonalize the matrix

and compute A®. The characteristic polynomial of A is

A—3 -1 -1
Ry + R3
N[ — Al = -1 X=-3 -1 0y
1 1 o1 | Bm (A =3)Es
0 —(A—2) —(A—2)2
= |0 X-2 A—2 [=(A=2)2%\-3).
1 1 A—1
There are two eigenvalues A1 = 2 and Ay = 3.
For A\; = 2, the eigensystem
-1 -1 -1 Ty 0
-1 -1 -1 xo | =10
1 1 1 T3 0
has two linearly independent eigenvectors
-1 -1
V1 = 1 , Vg = 0
1
For Ay = 3, the eigensystem
0o -1 -1 I 0
-1 0 -1 xo | =10
1 1 2 T3 0
has one linearly independent eigenvector
-1
V3 = —1
1
Set
-1 -1 -1 2 00
P= 1 0 —-11|, D=0 20
0 1 1 0 0 3
Then
-1 0 -1 3 11 -1 -1 -1 2
PltAP=| 1 1 2 1 31 1 0 -1|=]0
-1 -1 -1 -1 -1 1 0 1 1 0
Equivalently,
PDP! = A.



Thus

AS

(PDP Y (PDPY)...(PDP7Y) = PD8P!

8

Example 3.2. Compute the matrix A%, where

The characteristic polynomial of A is

M — A

-1 -1 -1 22 0 0 -1 0
1 0 -1 0 28 0 1 1
0 1 1 0 o0 38 -1 -1
38 38 928 38 _ 98

38_28 38 38_28

28_38 28_38 29_38

11 1
A= 0 3 3
-2 1 1
A—1 -1 -1
= 0 X—3 =3
2 -1 Mx—1
A—3 -3 -1
- (A_l)’ -1 )\—1‘+2')\—3

= A=1)(\ =4\ +2)

A= 2)(A - 3).

We have eigenvalues A\ = 0, Ao = 2, and A3 = 3.

For A\ =0,
For Ay = 2,
For A3 = 3,
Set
Then

-1 -1 -1 T
0 -3 -3 x9
2 -1 -1 T3
1 -1 -1 T

0o -1 -3 T
2 -1 1 T3

2 -1 -1 T

0 0 -3 T2

2 -1 2 T3

P = [,Ulav27103] =

0
PtAP=1]0
0

0

-1

o N O

1

w o O

—2 1/2
-3 1
1 0

-1

2

-1

—1
-3

|



Thus

000
A® = (pDPYPDPY...(PDPHY=P| 0 2 0| P!
Y 00 3
[0 -2 1/2 0 0 0 1 —1/2 1/2
= | -1 -3 1 0 2% 0 -1 1/2 1/2
11 0o 0 3% —2 2 2
22 0 0
— 28 27 27
—28 27 27

4 Complex eigenvalues

Theorem 4.1. For a 2 x 2 matriz, if one of the eigenvalues of A is not a real number, then the
other eigenvalue must be conjugate to this complex eigenvalue. Let

A=a—br with b#0
be a complex eigenvalue of A and let x = u 4 1v be a complex eigenvector of A for A, that is,
A(u +w) = (a — br)(u +w).
Let P = [u,v]. Then

plap—|® 7P
b a |’

Proof.

Axr = Au+1Av,
Az = x = (a—b)(u+w) = (au+ bv) +1(—bu + av).

It follows that
Au = au + bv, Av = —bu + av.

Thus
a —b a —b
AP—A[u,v]—[u,U]{b a]_P[b a}
O]
Example 4.1. Let A = [ i) _g } Find a matrix P such that P! AP is diagonal or antisym-
metric. Set
A—=5 2 2 _
‘ 1 )\_3'—)\ —8A+17=0.
The eigenvalues of A are complex numbers
-8+ 64 —-4-1
A= 8 62 ’ =4+

For A =4 — 1, we have the eigensystem

LA



Solving the complex system of linear equations, we have the eigenvector
1 | [ 1—2 | |1 4y -1
T2 o 1 o 1 0

|1 —1 1 0 1
LetP—[1 O].ThenP —[_1 1].

0 1][5 —2][1 1] [4 -1
-1 1 1 3 1 0| |1 4
5 Eigenvalues of symmetric matrices

A square matrix A is said to be symmetric if A7 = A. One can view a real matrix as a complex
matrix whose entries are real numbers. So one can consider complex eigenvalues and complex
eigenvectors. A nonzero complex vector v is called an eigenvector of a square complex matrix
A if there exists a complex number A such that

Av = .

The scalar A is called a complex eigenvalue of A, and the vector v is called a complex eigen-
vector of A corresponding to the eigenvalue \.

Theorem 5.1. If A is real symmetric matriz, then the eigenvalues of A must be real numbers.
Proof. Let v be an eigenvector of A corresponding to an eigenvalue A of A, i.e., Av = Av. Then
ol Av = 1 v = A\oTv = A(Tyvy + Tova + - + Tpop).

On the other hand,

0T Av = o7 Av = vT Av = vT ATv = (Av)Tv = (A)Tv = Aolv = A(V1v1 + Vv + + -+ + Upvp).

Since ©1v1 4 Ugvg + - - - 4+ Tpv, # 0, it follows that A = X. This means that A is a real number. [
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