Chapter 5: Orthogonality
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1 Inner product

Geometric concepts of length, distance, angle, and orthogonality, which are well-known in R? and
R3, can be defined in R™. These concepts provide powerful geometric tools to solve many applied
problems such as the least-squares problem.

Given two straight lines £1 : y = a1x and s : y = asx. We know that /1 and ¢y are perpendicular,
written ¢1 L fo, if and only if ajao = —1. Note that the directions of the straight lines ¢ and /5
can be described respectively by the nonzero vectors

o=l ] mee=la =15
u = = and v = = .
ax U2 ag U2
Then ajas = —1 is equivalent to 1 + ajas = 0. Let u - v := ujvy 4+ ugve. Thus
£1L€2<:>U-U:0.
The inner product (or dot product) of two vectors w and v in R™ is the number

(u,v) :=u-v=uvy + -+ + Upvp,

where
Uy U1
u = , v=
Un Un
The transpose of u is the row vector u! = [ul,...,up]. The matrix product uTv is a 1 x 1 matrix,
and
T

u v =u-vl.
If we identify any 1 x 1 matrix [c] to its entry ¢, the inner product can be written as the matrix

multiplication

U'U:UTU.

Proposition 1.1. For vectors w,v,w in R™ and scalar c,
(1) u-v=v-u,
(2) (u+v) w=u-w+v- w,

3) (cu)-v=c(u-v),



(4) v-u>0and u-u=0 if and only if u = 0.

The length (or norm) of a vector v in R" is the nonnegative number

|v|]| = Vo-v= \/’U%—F’U%‘f“"‘"v%.
It is clear that for any vector v in R™ and any scalar c,
lew]l = [el lo]]
The distance d(u,v) between two vectors w and v in R" is the length of the vector u — v, i.e.,
d(u,v) = ||lu—v|.

Theorem 1.2. Two vectors w and v in R™ are orthogonal if and only if

402 = [[ul]? + [[o] > (1.1)
Proof. By linearity of inner product, we have

lu+ o] = (u+v) - (utv)=u-utv-v+2u-v=|ul’+ |v]* +2u- v
It is clear that (1.1) is valid if and only if w - v = 0. O
The vectors u and v are called orthogonal if
u-v=0.
Lemma 1.3. For nonzero vectors w,v of R",
u-v

1< —F <1
[l o]l

Proof. Consider the vectors w(t) = u + tv, where ¢ is a real variable. Then
y(t) = (u+tv) - (u+tv) =u-u+2tu-v+t2v-v>0.

Thus quadratic function y = y(t) is above the t-axis, and the equation w-u) +2tu-v +t?v-v =0
has at mots one root. Therefore the discriminant

A= —4dac=4(u-v)? —4(u-u)(v-v) <0.
This inequality is equivalent to |u - v| < ||lu|| ||v]]. O

The angle 0 between two vectors w and v in R" is defined by

u-v
coslt) = ————.
[Jw] [lv]]
Let S be a nonempty subset of R™. A vector z is said to be orthogonal (or perpendicular)
to S, written
z 1S,

if z is orthogonal to every vector in S, that is, (z,v) = 0 for all v € S. The set of all vectors
that are orthogonal to S is a subspace of R™, and is denoted by S*. If W is a subspace of R", the
subspace W+ is called the orthogonal complement of I in R”.



Proposition 1.4. Let S be a nonempty subset of R™ and W = SpanS. Then
(a) St is a subspace of R™.
(b) If z is orthogonal to S, then z is orthogonal to W, i.e.,

St =wt.

Proof. (1) Let w and v be a vectors in S*. Then for any w in S we have u-w = v - w = 0. Thus
for any scalars ¢ and d,
(cu+dv) - w=cu -w+dv- -w=0.

This means that S+ is a subspace of R™.
(2) It clear that W+ is contained in S*, i.e., W C S+, since S C W. Let u be a vector in S*.

For any w in Span S there exist vectors wi,...,wy in S such that w = cywy + -+ - + cpwyg. Since
u-wy =0,..,u - wp=0,thenu-w=cu -w;+- - +cpu - wg =0,ie.,u L w. This means that
w is a vector in W+. Therefore S+ = W=, O

Example 1.1. Let S = {ay,...an} be the set of row vectors of an m x n matrix A. Then the set
of vectors that are perpendicular to S is the null space Nul A, that is,

(Nul A)* = Row 4,
dim Row A + dim Nul A = n.

A set {vy,..., v} of nonzero vectors in R” is called an orthogonal set if every pair of distinct
vectors from the set is orthogonal, i.e.,

v;-v; =0 forall @+# j;
furthermore, if ||u1|| = -+ = ||Jug|| = 1, then {v;,...,v;} is called an orthonormal set.

Example 1.2. The following set

1 1 0
1 -1 0
5= o7 | -1|"1]1
0 1 1

is an orthogonal set of R* but is not an orthonormal set.

Theorem 1.5. Any orthogonal set S = {v1,...,vp} of nonzero vectors is a linear independent set
and hence is a basis for Span S.

Proof. Consider
v=cv]+ -+ v, =0.
Then for all 1 < i < p,
V; -V = CjV; - V; = CiH'U'iH2 =0
Since [|v;|| # 0, we must have ¢; = 0. This means that {vy,...,v,} is a linearly independent set. [
Let W be a nonzero subspace of R™. A basis of W is called an orthogonal basis if it is

an orthogonal set; if every vector of an orthogonal basis is a unit vector, the basis is called an
orthonormal basis.



Example 1.3. The following set

U AR o O U e O
NEL | vE] L v

is an orthonormal basis for R3.

Theorem 1.6. Let B = {vy,...,v,} be an orthogonal basis for a subspace W of R"™. Then every
vector y in W can be expressed as

v - Uy -
y:< 1 y)vl++< py)’l)p.
V1 - U1 Vp - VUp

If B is an orthonormal basis, then

y=(v1-yvi+-+ (v Y,
Proof. Let us write y as the linear combination

Y =101 + -+ QpUy.

Then
Vi Y =00 01+ QU U+ vy = v, 1< <p
Thus vy
;= : , 1<i<p
U; - U;

2 Orthogonal projection through a single vector
Let v be a nonzero vector in R™. Then any vector y in R" can be decomposed into the form
y=9+z,

where gy is parallel to v and z is orthogonal to v. Since gy is parallel to v, there is a scalar « such
that
Y = au.

Then

>

z=y—yY=y—av.
Since z is orthogonal to v, we have
O=v-z=v-(y—av)=v-y—av-v.
Thus
Let us write

N . vy
=P = (—) , e R,
y="Proj,(y)= (. )v ¥

the vector gy is called the orthogonal projection of y onto the direction v. The projection

Proj, : R" — R"



is a linear transformation, called the orthogonal projection from R™ onto the line Span {v}.
Note that [v - y] = vy, and for any scalar ¢ and vector v,

(%] CU1 vi1cC V1
cw=c| = =] 1 =1 |ld=2d,

Un, CUp, UnC Un,

where [c] is the 1 x 1 matrix with the only entry c¢. Then the orthogonal projection Proj, can be

written as Proi.(g) = (v%v) (v y)v = (vlv> v[v-y| = <vlv> voTy.

This means that the standard matrix of Proj,, is

1
<> -
v-v

Indeed, v is an n x 1 matrix and v” is a 1 x n matrix, the product vo” is an n x n matrix.
It follows that the orthogonal projection Proj,. : R® — R" is given by

T

1
z = Proj,.(y) = y — Proj,(y) = <I — Mv'vT> Y.

This means that the standard matrix of Proj,. is

1
I— () voT.
V-

The vector z is called the complement of y orthogonal to v.

Example 2.1. Find the orthogonal projection Proj,v : R? — R3 through the vector v = [1,1,1]%.

1
proj () = (L2)w= BRI |

v-v 3
1

e n

= 5|11 s

111 Y3

The matrix A of Proj,, can be found in a different way as
[ 1 1 1 1

1 1 1
A:—UUT:§ 1 [1,1,1]:g 111
vy 1 11 1

Example 2.2. Find the linear transformation from R? to R?, i.e., the orthogonal projection from
R3 to the plane x1 + x9 4+ 23 = 0. This is to find the orthogonal projection from R? to the subspace

vt

1
Proj,.y = y—Proj,(y) = (I - v'vT) Yy
Vv
o2 1 i
= 5| -1 2 -1 Yo
-1 -1 2 Ys



Theorem 2.1. Let U be an m X n matriz. Then the column vectors of U are orthonormal if and

only if

Ut = 1,.
Proof. Write U = [uy,us, ..., U], where uj, ua, ..., u, € R™. Then ulwu; =1 forall 1 <i<n,
and

u?uj:ui‘ujzo for all i # j.

Thus the n X n matrix
T T T

T
uy ujUT U UL - U Uy 1 0 - 0
T ud wluy wluy - ulu, 01 - 0
U'U = . [’Ll,l,UQ,...,un]: . . . . -
T T T T
u, U, U1 U, U3 - UpUp o0 --- 1

Theorem 2.2. Let T : R™ — R™ be a linear transformation given by T(x) = Ux. If the column
vectors of U are orthonormal, then for any vectors w and v in R”,

(1) [Tl = [l
(2) (Tu) - (Tv) =u-v.
(3) (Tu) - (Tv) =0 if and only if u-v = 0.
Proof. Note that UTU = I,,. Then
(Tw) - (Tv) = (Uu) - (Uv) = (Uu) Uv =" UTUv =uv=u-v.
O

Example 2.3. Find a linear transformation 7' : R?> — R3 such that the image of T is the plane
x1 4+ 22 +x3 = 0 and T preserves distance, that is,

d(Tu,Tv) = d(u,v) for wu,v € R

It is clear that the vectors

1 1
v1=| —1 and vy = 1
0 -2
form an orthogonal basis for the plane 1 + 9 + x3 = 0. The unit vectors
U1 (%)
U, = and wg = ——
[[v1]] [[vz]]

form an orthonormal basis. Thus T' can be defined by

T 1/\@ 1/\/6 T
f(2])- [ 18] (2]

For instance, for points (1,0) and (1,0), we have
1 -1 1 1 -2
T(1,0) = ( —, —=, 0) and T(0,1) = —=, —, —= ).
0= (7 7 °) 9= (7% % v)
One easily verifies
d((1,0), (0,1)) = V2 = d(T(1,0),T(0,1)).

Note that there are infinitely many such linear transformations.



Definition 2.3. An n x n matrix U is called an orthogonal matrix if
Ut =1.
In other words, the column vectors of U form an orthonormal basis of R™.

Proposition 2.4. Let A be an n xn matriz. Then A is orthogonal if and only if AT is orthogonal.
In other words, the column vectors of A are orthogonal if and only if the row vector vectors of A
are orthonormal.

Proof. The matrix A is orthogonal if and only if AT A = I, that is, A~* = AT. Thus A is orthogonal
if and only if AA”T = I, that is, (AT)T AT = I. This means that the row vectors of A form an
orthonormal basis for R”. O

Note 1. If the column vectors of an n X n matrix A are orthogonal, then it is not necessary that
the row vectors of A are orthogonal.

3 Orthogonal projection through a subspace

Given a subspace W of R” and its orthogonal complement W; we wish to express every vector y
in R™ as
Yy =21+ 29, where 2z €W, 2z € wt.

If so, the vectors z; and z, are called the orthogonal projections of y onto W and W+, respec-
tively.

Theorem 3.1. Let W be a nonzero subspace of R™. Then every vector y in R™ can be decomposed
uniquely as
y=9+z, where gEW, z€ W

Moreover, if {vi,v2,...,vp} is an orthogonal basis for W, then
N . V1Y V2 Y Up-Y
= P = S — 3.1
Yy rojy (y) <v1~v1>v1+ (UQ‘U2>U2+ + (vp‘vp>vp (3.1)
1 T T 1 T
_ e , 3.2
(121 : vlfulvl + oy vQ’UQ'UQ + -+ o, Upvpvp Y (3.2)
z = y—u. (3.3)
In particular, if {u1,ug, ..., up} is an orthonormal basis for W, then
Projy(y) = (ui-y)ur + (uz-ylug+ -+ (up - y)uy (3.4)
= (wiw] +ugug + -+ upul )y
= UUTy, (3.6)
where U = [u1,us, ..., up) is an n X p matriz.
Proof. Suppose there are two decompositions for a vector y, say
y=9y+z=9y1+=z. (3.7)

Then



is a vector in both W and W+. Thus it is orthogonal to itself. Hence it must be the zero vector.
This proves the uniqueness of decomposition. Let us write

Y = 1v1 + aovy + - + QpUp.
Since z =y — ¢ is a vector in W+, we have

O=vi-2=v Y- Yy=v; Yy — ;- v, 1<i<p.

Thus v -
= — Y , 1<i<p
V; - U;
This shows the existence of y and z.
If {uy,ug,..., up} is an orthonormal basis, then w; - w; = 1 for all 1 <47 < p. Thus

Y= (ur-y)ur + (uz - y)ug + - - + (up - y)u,.

Since _
U? U1Ty u -y
T T
UTy=| 2 |y=| =Y
ug_ ugy U, Y
Hence
'U'l'y_
T Uz Y .
UU y = [u,u,oup] | | = (un - y)un + (ug - y)ug + -+ (up - Y)uy = 9.
Up Y |

O

Example 3.1. Find the orthogonal projection Projy; : R3 — R3, where W is the plane in R? given
by z1 +x2+23=0.

Solution. We need an orthogonal basis for W. By inspection, the vectors

1 1
v1=| —1 and vy = 1
0 -2
form an orthogonal basis for W. Then
. v Y v2 Y
P =
rojy (y) <Ul o1 v + <v2 : v2> V2
1 1
Y1 — Y2 1 Y1 +y2 — 23
e e e e s
0 | —2
(2/3)y1 = (1/3)y2 — (1/3)ys
= | —(1/3)y1 +(2/3)y2 — (1/3)y3
—(1/3)yr — (1/3)y2 + (2/3)ys

1 2 -1 -1 1
= - | -1 2 -1 yo |,
-1 -1 2 Y3

which confirms the formula found in the previous section in a different way.



Example 3.2. Let W = Span {v1,v2} be a subspace of R3, where

1 1
v = 1 , Uy = —1
1 0

Find the matrix of the orthogonal projection Projy, : R? — R3.

Solution. The vectors

1/V3 1/V2
U = 1/\/§ and ug = | —1/v/2
1/V3 0
form an orthonormal basis of W. The standard matrix of the orthogonal projection Projy is
1/V3  1/V2 V3 1VE 143 5/6 —1/6 1/3
1/V3 —1/v2 Ve 13 o | =16 5/6 1/3
1/V3 0 /3  1/3 1/3
An alternative way to compute the orthogonal projection is
- 1 B 1
Projy (y) = hyrmy2 7Y | n h=—v| _4
3 1 2 0

1 5y1 — Y2 + 2y3 |

= — | —y1 +5y2 + 2y3
2y1 + 2y2 + 2y3 |

5/6 —1/6 1/37 [

= | —1/6 5/6 1/3 || v
/3 1/3 1/3 | | s

Proposition 3.2. Let W be a subspace of R™. Let ¢ be the orthogonal projection of a vector y € R™
in W. Then gy is the closest vector in W to y, that is,

ly =9l <lly—w| foral weW, w#uy.
Proof. Since y — ¢y € W+ and § —w € W, the vectors y — ¢ and 9 — w are orthogonal. Then
ly —w|?=lly —9|* + g —w|*> ||ly —g|* foral w+#g.
O

Example 3.3. Find the shortest distance from the point (1,2, 1, —3) in R* to the plane defined by
the equations 1 + 2 — x4 = 0 and x2 — z3 + z4 = 0.

Solution. Let W be the subspace defined by the given two equations. Then the orthogonal com-
plement W+ of W is the span of the two normal vectors

v = and vy =

—_ O = =



Let b7 = [1,2,1,—3]. Then the distance to be computed is to find the length of the orthogonal
projection Projy . b. Since

1 0 2

. 1 3 1 1
PI’OJWLb = § 0 - § 1 - 1 )

—1 1 -3

we have d(b, W) = /15.

4 Gram-Schmidt process

For a vector subspace W of R”, the Gram-Schmidt process is an algorithm to construct an
orthogonal basis for W from a given basis.

Example 4.1. Let W be the subspace spanned by the vectors

1 1
vi=| 2 and vo=| 3
1 5

Construct an orthogonal basis for W.

Solution. Set w1 = v1. We want to find another vector wsy orthogonal to wi. Note that ve —
Proj,,, ve is orthogonal to w1. So we set

. wy - V2
wy = vz — Proj,, vo = vy — wq
w1 - Wy
1 1 -1
12
9 1 3

Then the set {w;,ws} is an orthogonal basis for W.

Example 4.2. Let W be the subspace of R* spanned by the vectors

v = , U2 =

—
O =
SO = =

Construct an orthogonal basis for W.

Set w; = v1. Let W1 = Span {w;}. To find a vector wy in W that is orthogonal to Wy, we set

. V1 - V2
wy = v — Projy,ve =ve — wr ~w1w1
1 1 1
B 1 311 1 1
R N U R I O 1
0 1 -3

10



Let Wy = Span {w1, w2}. To find a vector ws in W that is orthogonal to Ws, we set

w3 = v3— Projy,vs
w1 - V3 w9 - V3
= V3 — w, —
w1 - Wq w2 - w2
(1 1 1
|1 1|1 2/4 1] 1
|0 1 12/16 4 | 1
0 1 -3
[ 1/3
B 1/3
— | —2/3
i 0

Then the set {w;, w2, w3} is an orthogonal basis for W.

Theorem 4.1 (Gram-Schmidt Process). Let {vi,v2,...,vp} be a basis for a subspace W of R™.
Set

wy = vy,
wq - V2
w2 = V2 — wi,
w1 - w1
wq - U3 w2 - U3
w3 = V3 — w1 — w2,
wy - wy w2 - w2
w1 v wo -V Wy—1-0
’Ujp = 'vp<p>w1< p)w2<pp wpil.
w1 - w1 w9 - W2 Wp—1 - Wp—1
Then {w1,ws, ..., wy} is an orthogonal basis for W. Moreover, for any 1 < k < p,

Span {wi, wy, ..., wi} = Span {vi,va,..., v} (4.1)
Proof. Let Wy, = Span{w1,wa,...,wi}, 1 <k < p. Set w; = v;. Then
wy = vk — Projy, vk, 2<k<p.

By the properties of orthogonal projection, the vector wy, is orthogonal to Wj_1. The identity (4.1)
follows from the expression

v = wg,

w1 - V3 w3y - U3
vy = ( >w1+< >w2—|—w3,
w1 - w1 wsy - W2
wy - v wy - v Wp_1 -V
< ! p>w1+< 2 p>w2+‘-'+<p1 L )wp—l‘i‘wp-

Wp—1 * Wp—1

11



Note 2. The Gram-Schmidt process can be applied to any vectors v1,vs,...,v,, not necessarily
linearly independent. In fact, if v is a linear combination of v, ve,...,vr_1, then v, € Wy_;.
Thus ProjWk_l'vk = vi. Hence w; = 0. In this case, we assume that % = 0 in the expression
of w; for all [ > k. Hence

[ wiva wiws | WY
w1 w1 w1 w1 w1 -wi
wyvy o, W2Up
O 1 w W w2 w2
_ w3V
[Ulav27"'>vp]_[w17w27"‘7wp] 0 0 1 'w;wpg
0 0 0 1

12



