
Chapter 5: Orthogonality
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1 Inner product

Geometric concepts of length, distance, angle, and orthogonality, which are well-known in R2 and
R3, can be defined in Rn. These concepts provide powerful geometric tools to solve many applied
problems such as the least-squares problem.

Given two straight lines `1 : y = a1x and `2 : y = a2x. We know that `1 and `2 are perpendicular,
written `1 ⊥ `2, if and only if a1a2 = −1. Note that the directions of the straight lines `1 and `2

can be described respectively by the nonzero vectors

u =
[

1
a1

]
=

[
u1

u2

]
and v =

[
1
a2

]
=

[
v1

v2

]
.

Then a1a2 = −1 is equivalent to 1 + a1a2 = 0. Let u · v := u1v1 + u2v2. Thus

`1 ⊥ `2 ⇐⇒ u · v = 0.

The inner product (or dot product) of two vectors u and v in Rn is the number

〈u,v〉 := u · v = u1v1 + · · ·+ unvn,

where

u =




u1
...

un


 , v =




v1
...

vn


 .

The transpose of u is the row vector uT = [u1, . . . , un]. The matrix product uT v is a 1× 1 matrix,
and

uT v = [u · v].

If we identify any 1 × 1 matrix [c] to its entry c, the inner product can be written as the matrix
multiplication

u · v = uT v.

Proposition 1.1. For vectors u,v,w in Rn and scalar c,

(1) u · v = v · u,

(2) (u + v) ·w = u ·w + v ·w,

(3) (cu) · v = c(u · v),
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(4) u · u ≥ 0 and u · u = 0 if and only if u = 0.

The length (or norm) of a vector v in Rn is the nonnegative number

‖v‖ =
√

v · v =
√

v2
1 + v2

2 + · · ·+ v2
n.

It is clear that for any vector v in Rn and any scalar c,

‖cv‖ = |c| ‖v‖.

The distance d(u,v) between two vectors u and v in Rn is the length of the vector u− v, i.e.,

d(u,v) = ‖u− v‖.

Theorem 1.2. Two vectors u and v in Rn are orthogonal if and only if

‖u + v‖2 = ‖u‖2 + ‖v‖2. (1.1)

Proof. By linearity of inner product, we have

‖u + v‖2 = (u + v) · (u + v) = u · u + v · v + 2u · v = ‖u‖2 + ‖v‖2 + 2u · v.

It is clear that (1.1) is valid if and only if u · v = 0.

The vectors u and v are called orthogonal if

u · v = 0.

Lemma 1.3. For nonzero vectors u,v of Rn,

−1 ≤ u · v
‖u‖ ‖v‖ ≤ 1.

Proof. Consider the vectors w(t) = u + tv, where t is a real variable. Then

y(t) := (u + tv) · (u + tv) = u · u + 2t u · v + t2v · v ≥ 0.

Thus quadratic function y = y(t) is above the t-axis, and the equation u ·u) + 2tu · v + t2v · v = 0
has at mots one root. Therefore the discriminant

∆ := b2 − 4ac = 4(u · v)2 − 4(u · u)(v · v) ≤ 0.

This inequality is equivalent to |u · v| ≤ ‖u‖ ‖v‖.
The angle θ between two vectors u and v in Rn is defined by

cos θ =
u · v

‖u‖ ‖v‖ .

Let S be a nonempty subset of Rn. A vector z is said to be orthogonal (or perpendicular)
to S, written

z ⊥ S,

if z is orthogonal to every vector in S, that is, 〈z,v〉 = 0 for all v ∈ S. The set of all vectors
that are orthogonal to S is a subspace of Rn, and is denoted by S⊥. If W is a subspace of Rn, the
subspace W⊥ is called the orthogonal complement of W in Rn.
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Proposition 1.4. Let S be a nonempty subset of Rn and W = SpanS. Then

(a) S⊥ is a subspace of Rn.

(b) If z is orthogonal to S, then z is orthogonal to W , i.e.,

S⊥ = W⊥.

Proof. (1) Let u and v be a vectors in S⊥. Then for any w in S we have u ·w = v ·w = 0. Thus
for any scalars c and d,

(cu + dv) ·w = cu ·w + dv ·w = 0.

This means that S⊥ is a subspace of Rn.
(2) It clear that W⊥ is contained in S⊥, i.e., W ⊆ S⊥, since S ⊆ W . Let u be a vector in S⊥.

For any w in SpanS there exist vectors w1, . . . ,wk in S such that w = c1w1 + · · ·+ ckwk. Since
u ·w1 = 0, . . ., u ·wk = 0, then u ·w = c1u ·w1 + · · ·+ cku ·wk = 0, i.e., u ⊥ w. This means that
u is a vector in W⊥. Therefore S⊥ = W⊥.

Example 1.1. Let S = {a1, . . .am} be the set of row vectors of an m× n matrix A. Then the set
of vectors that are perpendicular to S is the null space NulA, that is,

(NulA)⊥ = Row A,

dimRow A + dimNulA = n.

A set {v1, . . . ,vk} of nonzero vectors in Rn is called an orthogonal set if every pair of distinct
vectors from the set is orthogonal, i.e.,

vi · vj = 0 for all i 6= j;

furthermore, if ‖u1‖ = · · · = ‖uk‖ = 1, then {v1, . . . ,vk} is called an orthonormal set.

Example 1.2. The following set

S =








1
1
0
0


 ,




1
−1
−1

1


 ,




0
0
1
1








is an orthogonal set of R4 but is not an orthonormal set.

Theorem 1.5. Any orthogonal set S = {v1, . . . ,vp} of nonzero vectors is a linear independent set
and hence is a basis for SpanS.

Proof. Consider
v = c1v1 + · · ·+ cpvp = 0.

Then for all 1 ≤ i ≤ p,
vi · v = civi · vi = ci‖vi‖2 = 0

Since ‖vi‖ 6= 0, we must have ci = 0. This means that {v1, . . . ,vp} is a linearly independent set.

Let W be a nonzero subspace of Rn. A basis of W is called an orthogonal basis if it is
an orthogonal set; if every vector of an orthogonal basis is a unit vector, the basis is called an
orthonormal basis.
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Example 1.3. The following set

B =





1√
3




1
1
1


 ,

1√
6



−2

1
1


 ,

1√
2




0
1

−1








is an orthonormal basis for R3.

Theorem 1.6. Let B = {v1, . . . ,vp} be an orthogonal basis for a subspace W of Rn. Then every
vector y in W can be expressed as

y =
(

v1 · y
v1 · v1

)
v1 + · · ·+

(
vp · y
vp · vp

)
vp.

If B is an orthonormal basis, then

y = (v1 · y)v1 + · · ·+ (vp · y)vp.

Proof. Let us write y as the linear combination

y = α1v1 + · · ·+ αpvp.

Then
vi · y = α1vi · v1 + · · ·+ αivi · vi + · · ·+ αpvi · vp = αivi · vi, 1 ≤ i ≤ p.

Thus
αi =

vi · y
vi · vi

, 1 ≤ i ≤ p.

2 Orthogonal projection through a single vector

Let v be a nonzero vector in Rn. Then any vector y in Rn can be decomposed into the form

y = ŷ + z,

where ŷ is parallel to v and z is orthogonal to v. Since ŷ is parallel to v, there is a scalar α such
that

ŷ = αv.

Then
z = y − ŷ = y − αv.

Since z is orthogonal to v, we have

0 = v · z = v · (y − αv) = v · y − αv · v.

Thus
α =

v · y
v · v .

Let us write
ŷ = Projv(y) =

(v · y
v · v

)
v, y ∈ Rn;

the vector ŷ is called the orthogonal projection of y onto the direction v. The projection

Projv : Rn → Rn
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is a linear transformation, called the orthogonal projection from Rn onto the line Span {v}.
Note that [v · y] = vT y, and for any scalar c and vector v,

cv = c




v1
...

vn


 =




cv1
...

cvn


 =




v1c
...

vnc


 =




v1
...

vn


 [c] = v[c],

where [c] is the 1 × 1 matrix with the only entry c. Then the orthogonal projection Projv can be
written as

Projv(y) =
(

1
v · v

)
(v · y)v =

(
1

v · v
)

v[v · y] =
(

1
v · v

)
vvT y.

This means that the standard matrix of Projv is
(

1
v · v

)
vvτ .

Indeed, v is an n× 1 matrix and vT is a 1× n matrix, the product vvT is an n× n matrix.
It follows that the orthogonal projection Projv⊥ : Rn → Rn is given by

z = Projv⊥(y) = y − Projv(y) =
(

I − 1
v · vvvT

)
y.

This means that the standard matrix of Projv⊥ is

I −
(

1
v · v

)
vvT .

The vector z is called the complement of y orthogonal to v.

Example 2.1. Find the orthogonal projection Projbv : R3 → R3 through the vector v = [1, 1, 1]T .

Projv(y) =
(y · v

v · v
)

v =
y1 + y2 + y3

3




1
1
1




=
1
3




1 1 1
1 1 1
1 1 1







y1

y2

y3


 .

The matrix A of Projv can be found in a different way as

A =
1

v · vvvT =
1
3




1
1
1


 [1, 1, 1] =

1
3




1 1 1
1 1 1
1 1 1


 .

Example 2.2. Find the linear transformation from R3 to R3, i.e., the orthogonal projection from
R3 to the plane x1 +x2 +x3 = 0. This is to find the orthogonal projection from R3 to the subspace
v⊥.

Projv⊥y = y − Projv(y) =
(

I − 1
v · vvvT

)
y

=
1
3




2 −1 −1
−1 2 −1
−1 −1 2







y1

y2

y3


 .
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Theorem 2.1. Let U be an m× n matrix. Then the column vectors of U are orthonormal if and
only if

UT U = In.

Proof. Write U = [u1,u2, . . . ,un], where u1,u2, . . . ,un ∈ Rm. Then uT
i ui = 1 for all 1 ≤ i ≤ n,

and
uT

i uj = ui · uj = 0 for all i 6= j.

Thus the n× n matrix

UT U =




uT
1

uT
2
...

uT
n


 [u1,u2, . . . ,un] =




uT
1 u1 uT

1 u2 · · · uT
1 un

uT
2 u1 uT

2 u2 · · · uT
2 un

...
...

. . .
...

uT
nu1 uT

nu2 · · · uT
nun


 =




1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1




n×n

Theorem 2.2. Let T : Rn → Rm be a linear transformation given by T (x) = Ux. If the column
vectors of U are orthonormal, then for any vectors u and v in Rk,

(1) ‖Tu‖ = ‖u‖.
(2) (Tu) · (Tv) = u · v.

(3) (Tu) · (Tv) = 0 if and only if u · v = 0.

Proof. Note that UT U = In. Then

(Tu) · (Tv) = (Uu) · (Uv) = (Uu)T Uv = uT UT Uv = uT v = u · v.

Example 2.3. Find a linear transformation T : R2 → R3 such that the image of T is the plane
x1 + x2 + x3 = 0 and T preserves distance, that is,

d(Tu, Tv) = d(u,v) for u,v ∈ R2.

It is clear that the vectors

v1 =




1
−1

0


 and v2 =




1
1

−2




form an orthogonal basis for the plane x1 + x2 + x3 = 0. The unit vectors

u1 =
v1

‖v1‖ and u2 =
v2

‖v2‖
form an orthonormal basis. Thus T can be defined by

T

([
x1

x2

])
=




1/
√

2 1/
√

6
−1/

√
2 1/

√
6

0 −2/
√

6




[
x1

x2

]
.

For instance, for points (1, 0) and (1, 0), we have

T (1, 0) =
(

1√
2
,
−1√

2
, 0

)
and T (0, 1) =

(
1√
6
,

1√
6
,
−2√

6

)
.

One easily verifies
d((1, 0), (0, 1)) =

√
2 = d(T (1, 0), T (0, 1)).

Note that there are infinitely many such linear transformations.
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Definition 2.3. An n× n matrix U is called an orthogonal matrix if

UT U = I.

In other words, the column vectors of U form an orthonormal basis of Rn.

Proposition 2.4. Let A be an n×n matrix. Then A is orthogonal if and only if AT is orthogonal.
In other words, the column vectors of A are orthogonal if and only if the row vector vectors of A
are orthonormal.

Proof. The matrix A is orthogonal if and only if AT A = I, that is, A−1 = AT . Thus A is orthogonal
if and only if AAT = I, that is, (AT )T AT = I. This means that the row vectors of A form an
orthonormal basis for Rn.

Note 1. If the column vectors of an n× n matrix A are orthogonal, then it is not necessary that
the row vectors of A are orthogonal.

3 Orthogonal projection through a subspace

Given a subspace W of Rn and its orthogonal complement W⊥; we wish to express every vector y
in Rn as

y = z1 + z2, where z1 ∈ W, z2 ∈ W⊥.

If so, the vectors z1 and z2 are called the orthogonal projections of y onto W and W⊥, respec-
tively.

Theorem 3.1. Let W be a nonzero subspace of Rn. Then every vector y in Rn can be decomposed
uniquely as

y = ŷ + z, where ŷ ∈ W, z ∈ W⊥.

Moreover, if {v1,v2, . . . ,vp} is an orthogonal basis for W , then

ŷ = ProjW (y) =
(

v1 · y
v1 · v1

)
v1 +

(
v2 · y
v2 · v2

)
v2 + · · ·+

(
vp · y
vp · vp

)
vp (3.1)

=
(

1
v1 · v1

v1v
T
1 +

1
v2 · v2

v2v
T
2 + · · ·+ 1

vp · vp
vpv

T
p

)
y, (3.2)

z = y − ŷ. (3.3)

In particular, if {u1,u2, . . . ,up} is an orthonormal basis for W , then

ProjW (y) = (u1 · y)u1 + (u2 · y)u2 + · · ·+ (up · y)up (3.4)
=

(
u1u

T
1 + u2u

T
2 + · · ·+ upu

T
p

)
y (3.5)

= UUT y, (3.6)

where U = [u1,u2, . . . ,up] is an n× p matrix.

Proof. Suppose there are two decompositions for a vector y, say

y = ŷ + z = ŷ1 + z1. (3.7)

Then
ŷ − ŷ1 = z1 − z

7



is a vector in both W and W⊥. Thus it is orthogonal to itself. Hence it must be the zero vector.
This proves the uniqueness of decomposition. Let us write

ŷ = α1v1 + α2v2 + · · ·+ αpvp.

Since z = y − ŷ is a vector in W⊥, we have

0 = vi · z = vi · y − αivi · ŷ = vi · y − αivi · vi, 1 ≤ i ≤ p.

Thus
αi =

vi · y
vi · vi

, 1 ≤ i ≤ p.

This shows the existence of ŷ and z.
If {u1,u2, . . . ,up} is an orthonormal basis, then ui · ui = 1 for all 1 ≤ i ≤ p. Thus

ŷ = (u1 · y)u1 + (u2 · y)u2 + · · ·+ (up · y)up.

Since

UT y =




uT
1

uT
2
...

uT
p


y =




uT
1 y

uT
2 y
...

uT
p y


 =




u1 · y
u2 · y

...
up · y


 .

Hence

UUT y = [u1,u2, . . . ,up]




u1 · y
u2 · y

...
up · y


 = (u1 · y)u1 + (u2 · y)u2 + · · ·+ (up · y)up = ŷ.

Example 3.1. Find the orthogonal projection ProjW : R3 → R3, where W is the plane in R3 given
by x1 + x2 + x3 = 0 .

Solution. We need an orthogonal basis for W . By inspection, the vectors

v1 =




1
−1

0


 and v2 =




1
1

−2




form an orthogonal basis for W . Then

ProjW (y) =
(

v1 · y
v1 · v1

)
v1 +

(
v2 · y
v2 · v2

)
v2

=
y1 − y2

2




1
−1

0


 +

y1 + y2 − 2y3

6




1
1

−2




=




(2/3)y1 − (1/3)y2 − (1/3)y3

−(1/3)y1 + (2/3)y2 − (1/3)y3

−(1/3)y1 − (1/3)y2 + (2/3)y3




=
1
3




2 −1 −1
−1 2 −1
−1 −1 2







y1

y2

y3


 ,

which confirms the formula found in the previous section in a different way.
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Example 3.2. Let W = Span {v1,v2} be a subspace of R3, where

v1 =




1
1
1


 , v2 =




1
−1

0


 .

Find the matrix of the orthogonal projection ProjW : R3 → R3.

Solution. The vectors

u1 =




1/
√

3
1/
√

3
1/
√

3


 and u2 =




1/
√

2
−1/

√
2

0




form an orthonormal basis of W . The standard matrix of the orthogonal projection ProjW is



1/
√

3 1/
√

2
1/
√

3 −1/
√

2
1/
√

3 0




[
1/
√

3 1/
√

3 1/
√

3
1/
√

2 −1/
√

2 0

]
=




5/6 −1/6 1/3
−1/6 5/6 1/3

1/3 1/3 1/3


 .

An alternative way to compute the orthogonal projection is

ProjW (y) =
y1 + y2 + y3

3




1
1
1


 +

y1 − y2

2




1
−1

0




=
1
6




5y1 − y2 + 2y3

−y1 + 5y2 + 2y3

2y1 + 2y2 + 2y3




=




5/6 −1/6 1/3
−1/6 5/6 1/3

1/3 1/3 1/3







y1

y2

y3


 .

Proposition 3.2. Let W be a subspace of Rn. Let ŷ be the orthogonal projection of a vector y ∈ Rn

in W . Then ŷ is the closest vector in W to y, that is,

‖y − ŷ‖ < ‖y −w‖ for all w ∈ W, w 6= ŷ.

Proof. Since y − ŷ ∈ W⊥ and ŷ −w ∈ W , the vectors y − ŷ and ŷ −w are orthogonal. Then

‖y −w‖2 = ‖y − ŷ‖2 + ‖ŷ −w‖2 > ‖y − ŷ‖2 for all w 6= ŷ.

Example 3.3. Find the shortest distance from the point (1, 2, 1,−3) in R4 to the plane defined by
the equations x1 + x2 − x4 = 0 and x2 − x3 + x4 = 0.

Solution. Let W be the subspace defined by the given two equations. Then the orthogonal com-
plement W⊥ of W is the span of the two normal vectors

v1 =




1
1
0

−1


 and v2 =




0
1

−1
1


 .
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Let bT = [1, 2, 1,−3]. Then the distance to be computed is to find the length of the orthogonal
projection ProjW⊥b. Since

ProjW⊥b =
6
3




1
1
0

−1


−

3
3




0
1

−1
1


 =




2
1
1

−3


 ,

we have d(b,W ) =
√

15.

4 Gram-Schmidt process

For a vector subspace W of Rn, the Gram-Schmidt process is an algorithm to construct an
orthogonal basis for W from a given basis.

Example 4.1. Let W be the subspace spanned by the vectors

v1 =




1
2
1


 and v2 =




1
3
5


 .

Construct an orthogonal basis for W .

Solution. Set w1 = v1. We want to find another vector w2 orthogonal to w1. Note that v2 −
Projw1

v2 is orthogonal to w1. So we set

w2 = v2 − Projw1
v2 = v2 − w1 · v2

w1 ·w1
w1

=




1
3
5


− 12

6




1
2
1


 =



−1
−1

3


 .

Then the set {w1,w2} is an orthogonal basis for W .

Example 4.2. Let W be the subspace of R4 spanned by the vectors

v1 =




1
1
1
1


 , v2 =




1
1
1
0


 , v2 =




1
1
0
0


 .

Construct an orthogonal basis for W .

Set w1 = v1. Let W1 = Span {w1}. To find a vector w2 in W that is orthogonal to W1, we set

w2 = v2 − ProjW1
v2 = v2 − v1 · v2

w1 ·w1
w1

=




1
1
1
0


−

3
4




1
1
1
1


 =

1
4




1
1
1

−3


 .
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Let W2 = Span {w1,w2}. To find a vector w3 in W that is orthogonal to W2, we set

w3 = v3 − ProjW2
v3

= v3 − w1 · v3

w1 ·w1
w1 − w2 · v3

w2 ·w2
w2

=




1
1
0
0


−

1
2




1
1
1
1


−

2/4
12/16

· 1
4




1
1
1

−3




=




1/3
1/3

−2/3
0


 .

Then the set {w1,w2,w3} is an orthogonal basis for W .

Theorem 4.1 (Gram-Schmidt Process). Let {v1,v2, . . . ,vp} be a basis for a subspace W of Rn.
Set

w1 = v1,

w2 = v2 −
(

w1 · v2

w1 ·w1

)
w1,

w3 = v3 −
(

w1 · v3

w1 ·w1

)
w1 −

(
w2 · v3

w2 ·w2

)
w2,

...

wp = vp −
(

w1 · vp

w1 ·w1

)
w1 −

(
w2 · vp

w2 ·w2

)
w2 − · · · −

(
wp−1 · vp

wp−1 ·wp−1

)
wp−1.

Then {w1,w2, . . . ,wp} is an orthogonal basis for W . Moreover, for any 1 ≤ k ≤ p,

Span {w1,w2, . . . ,wk} = Span {v1,v2, . . . ,vk}. (4.1)

Proof. Let Wk = Span {w1,w2, . . . ,wk}, 1 ≤ k ≤ p. Set w1 = v1. Then

wk = vk − ProjWk−1
vk, 2 ≤ k ≤ p.

By the properties of orthogonal projection, the vector wk is orthogonal to Wk−1. The identity (4.1)
follows from the expression

v1 = w1,

v2 =
(

w1 · v2

w1 ·w1

)
w1 + w2,

v3 =
(

w1 · v3

w1 ·w1

)
w1 +

(
w2 · v3

w2 ·w2

)
w2 + w3,

...

vp =
(

w1 · vp

w1 ·w1

)
w1 +

(
w2 · vp

w2 ·w2

)
w2 + · · ·+

(
wp−1 · vp

wp−1 ·wp−1

)
wp−1 + wp.

11



Note 2. The Gram-Schmidt process can be applied to any vectors v1,v2, . . . ,vp, not necessarily
linearly independent. In fact, if vk is a linear combination of v1,v2, . . . ,vk−1, then vk ∈ Wk−1.
Thus ProjWk−1

vk = vk. Hence wk = 0. In this case, we assume that wk·vl
wk·wk

= 0 in the expression
of wl for all l > k. Hence

[v1,v2, . . . ,vp] = [w1,w2, . . . ,wp]




1 w1·v2
w1·w1

w1·v3
w1·w1

· · · w1·vp

w1·w1

0 1 w2·v3
w2·w2

· · · w2·vp

w2·w2

0 0 1 · · · w3·vp

w3·w3
...

...
...

. . .
...

0 0 0 · · · 1




.
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