Chapter 2: Matrices and Determinants

March 16, 2009

1 Linear transformations
Lecture 7

Definition 1.1. Let X and Y be nonempty sets. A function from X to Y isarule f: X - Y
such that each element x in X is assigned a unique element y in Y, written as

y = f(z);

the element y is called the image of  under f, and the element x is called the preimage of f(x).
Functions are also called maps, or mappings, or transformations.

Definition 1.2. A function T : R” — R™ is called a linear transformation if for any vectors
u,v in R™ and scalar c,

(a) T(u+v)=T(u)+T(v),
(b) T(cu) = cT'(u).

Example 1.1. (a) The function 7 : R? — R2, defined by T'(x1,22) = (z1 + 22, 22), is a linear
transformation, see Figure 1

X X
(0,2) (1,2) (23) (31)
(0,0) (1,0) y (0,0) (1,0) y

Figure 1: The geometric shape under a linear transformation.

(b) The function T : R? — R3, defined by T(x1,x2) = (21 + 22, 321 + 49, 221 + 312), is a linear
transformation.

(c) The function T : R? — R2, defined by T'(x1,x2,23) = (21 + 222 + 323, 3x1 + 222 + 23), is a
linear transformation.

Example 1.2. The transformation 7" : R” — R by T'(x) = Az, where A is an m X n matrix, is
a linear transformation.

Example 1.3. The map 7' : R™ — R", defined by T'(x) = Az, where X is a constant, is a linear
transformation, and is called the dilation by A.



Example 1.4. The refection 7' : R? — R? about a straight line through the origin is a linear
transformation.

Example 1.5. The rotation 7' : R> — R? about an angle 6 is a linear transformation, see Figure 3.

Figure 2: Rotation about an angle 6.

Proposition 1.3. Let T : R®™ — R™ be a linear transformation. Then for any vectors vy, vo, ..., vk
mn R™ and scalars c1,ca, ..., c, we have

T(clvl +vo+ -+ Ck’l)k) = ClT(’Ul) + CQT(’UQ) + -+ CkT(’Uk).

In particular,
T(0) = 0.
Theorem 1.4. Let T : R™ — R™ be a linear transformation. Given vectors vi,vs,...,v; in R™.
(a) If v1,v2,...,v are linearly dependent, then T'(v1),T(v2),...,T(vk) are linearly dependent.
(b) If T(v1),T(v2),...,T(vg) are linearly independent, then vi,va, ..., vy are linearly indepen-

dent.

2 Standard matrix of linear transformation

Let T : R™ — R™ be a linear transformation. Consider the following vectors

1 0 0
0 1 0
el = 9 62 - . 9 MR en =
0 0 1
1
. . . x2 T .
in the coordinate axis of R™. It is clear that for every vector @ = . = [z1,22,...,2,)" is &
In
linear combination of eq, eo, ..., e,, i.e.,

T =1x1€1 +x2e2 + -+ Tpey.



Then it follows from linearity that
T(x) =x1T(e1) + x2T(e2) + - + x,T(en).

This means that T'(x) is completely determined by the images T'(e1), T(es2), ..., T(e,). The
ordered set {ej,es,...,e,} is called the standard basis of R™.

Definition 2.1. The standard matrix of a linear transformation 7" : R® — R™ is the m x n
matrix

A=T(e1),T(e2),...,T(ey)] = [Te1,Tey,...,Tey].
Proposition 2.2. Let T : R™ — R™ be a linear transformation whose standard matrixz is A. Then
T(x) = Ax.
Proof.

T(x) = T(rie1+ zoes+ -+ xpep)
1T (e1) + 2T (€2) + -+ + 2T (en)
= [T(e1),T(e2),...,T(e,)|x = Ax.

O]

Example 2.1. (a) The linear transformation 7' : R? — R2, T'(z1,22) = (1 + 222, 321 + 422),
can be written as the matrix form

r(m) =[] === 0] =15 1))

(b) Let T : R® — R2, T(xq,22,23) = (71 + 2w2 + 33,327 + 229 + 1x3). Then T is a linear
transformation and its standard matrix is given by

T il _ x1 + 229 + 323
2 a 3x1 + 229 + x3
T3

- a[3]e[3)n ]

1237 ™
T3 21 || ™
3

Example 2.2. Let T : R?2 — R? be a rotation about an angle 6 counterclockwise. Then

Tley) = [ cos 0 } o) = [ _sing } |

sin @ cos b
Thus
T cos —sinb T
T = ) .
To sin 6 cosf To
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0 cos =)
Figure 3: Rotation about an angle 6.

Proposition 2.3. Let F,G : R™ — R™ be linear transformations with the standard matrices A and

B, respectively, that is,
F(x) = Az, G(x)= Bz, zcR"

Then FF'+ G : R™ — R™ are linear transformation with standard matriz A + B, that is,
(F£G)(x)=F(x)£G(x)=(Ax+ B)xz, z=cR"

and for any scalar ¢, cf : R™ — R™ is a linear transformation with the standard matriz cA, that
18,

(cF)(x) =cF(x) = (cA)x, = cR"
Example 2.3. Let F,G : R? — R? be linear transformations defined by (writing in coordinates)
F(z1,29,23) = (21 — 22, 22 — 23),

G(x1,22,23) = (21 + 22,22 + 3).

Writing in vectors,

F il _ o
2 - Tro — I3
T3 -
N S R
“ o 1 -1 2
I s
G zl . _3;‘14—302
2 B T2 + X3
T3 -
_[rro] T
— o111 >

rs3



We then have

T r
era([m|) - [2om]e [
3 | T2 — X3 To + T3
2] [20 0][a ],
ol 2| |0 2 0[]’
1 [ x T+
F_G _ 1 =22 | 1 2
( ) iz _I2—$3:| [m%—mg
o[22, [0 -2 o] ™
T | -2z |0 0 —2 )™

L3

Hence
200 |1 -1 0 n 1 1 0.
02 0| |0 1 -1 01 11|’

0 -2 0]_[1 -1 0] 110
0 0 —-2] |0 1 -1 01 1]

Definition 2.4. The composition of a function f : X — Y and a function g : Y — Z is a function

gof: X =2 (g0f)x)=g(f@), zeX.

Theorem 2.5. Let F': R™ — R™ be a linear transformation with standard matriz A. Let G : RP —
R™ be a linear transformation with standard matriz B. Then the composition F o G : RP — R™ is
a linear transformation with the standard matriz AB. Symbolically, we have

G

RP R L pm — ge £0C g
B A AB

Proof. For vectors u,v € RP and scalars a,b € R, we have

(FoG)(au+bv) = F(G(au+ bv))
= F(aG(u) + bG(v))
= aF(Gu) + bF(G(v))
= a(FoG)(u)+b(F oG)(v).
Then the composition map F o GG is a linear transformation.

Write A = [aijlmxn, B = [Djklnxp- Let C = [cik]mxp be the standard matrix of F' o G. Let us
write

X1 Y1 zZ1

X2 Y2 z2
T = ’ Yy = . ) z =

Tp Un Zm

Then the linear transformations F, G, and F o G can be written as

y=G(x)=Bx, z=F(y)=Ay, z=(FoG)(x)=_Cx.



Writing in coordinates, we have

P
yi = Y b, 1<j<n,
k=1
n p
zi = Zaijyj = Zcikﬁck, I<i<m.
j=1 k=1

Substitute y; = > F_, bjray into z = Z?Zl a;jy;. We obtain

n p P n
Z; = Z aij Z bjkmk = Z Z aijbjk Tk.
k=1

j=1 k=1 \j=1

Comparing the coefficients of the variables zj, we conclude that

n
Cik =Y _aijbj, 1<i<m, 1<k<p.
j=1

For instance, let F': R? — R? and G : R? — R? be linear transformations given by

S EA | e R )

a1 G2 x2 ba1  ba2 Y2

Then
b1iy1 + b12y2 ]
G = .
(v) [ b21y1 + booy2

Thus
weaw = rew) = (| piTi])

T ann an ] [ b11y1 + bi2y2 ]
a1 a2 ba1y1 + b22y2

_ [ a11(b11y1 + bi2ye) + a12(b21y1 + baoye) ]
a21(b11y1 + bi2y2) + a22(b21y1 + bazyo)
)

- (a11b11 + a12b21)y1 + (a11b12 + a12b22)y2 ]
(ag1b11 + a22b21)y1 + (a21bi2 + agebaz)yo

[ a11b11 + a12bar  a11bi2 + a12bae ] [ Y1 ]
| a21b11 + a22bo1  a21b12 + asboo Y2

_ ([ ail a2 ] [bn b12 }) |:yl ]
a1 a2 ba1 b2 y2 |-

Example 2.4. Consider the linear transformations

-1 - T1 — X2
F:R? - R3, Flx)=| -1 1 [xl}_ —r1+x2 |,
1 2 1+ X2



I
1 10 r1+x
.3 2 o o 1 2
G :R° — R*, G(w)—[()ll] i; _[3:2 303]

Then F oG :R3 — R3 and G o F : R? — R? are both linear transformations, and

(FoG)(@) = F(G@)=F ([ 71+ ) ])

To + T3

Il — T3
= —x1 + X3
| T1 + 222 + 23

1 0 —1 T
= -1 0 1 ] y
1 2 1 T3

Tr1 — T2
(GoF)(x) = G(F(x)=G —T1 + 22
r1 + x2
- 0 100 1
- 2.%'2 - 0 2 T2 )
Hence
1 0 -1 1 -1
-1 0 1 (=] -1 1 [(1) i (1)],
1 2 1 1 1
[0 0}_[110] i _1
0 2 01 1 1 1

Proposition 2.6. Let A be an mxn matriz and let B be an nxp matriz. Write B = [by, ba, . ..

Then
AB = Alby, by, ..., b,] = [Aby, Aby, ..., Ab,).

Example 2.5. Let A = [ Ll }, B = [ L2 :13 ] Write B = [b1, ba, bs|. Then

1 2 2 3
o[-
HEE!
w=[12][2]-[1]

and



Example 2.6. Let D, : R™ — R" be a dilation by a real number r. The standard matrix of D, is
the diagonal matrix

r 0 -+ 0

0 r 0
Diag|r,...,r] =

00 - 7

Example 2.7. Let T : R® — R™ be a linear transformation with standard matrix A. Then
ToD,=D,oT.

The standard matrices of T' o D,. and D, o T are equal to rA.

Theorem 2.7. (a) If A is an m X n matriz, B and C are n X p matrices, then

A(B+C) = AB + AC.

(b) If A and B are m x n matrices, C' is an n X p matriz, then

(A+ B)C = AC + BC.

(c) If A is an m X n matriz and B is an n X p matriz, then for any scalar a,
a(AB) = (aA)B = A(aB).
(d) If A is an m X n matriz, then
I,A= A= AI,.

Definition 2.8. The transpose of an m x n matrix A is the n x m matrix A7 whose (i, j)-entry
is the (j,4)-entry of A, that is,

T
ail a2 - Gl ail a1 -+ Qml
T azy G2 - G2p a2 a2 - Gm2
A" = ) . ) =
am1 am2 - Amn ainp QA2n - Anm
Example 2.8.
123 4717 L3
2 4 6
3 4 5 6 =
5 6 7 8 357
4 6 8

Proposition 2.9. Let A be an m x n matriz and B an n X p matriz. Then
(AB)T = BT AT,

Proof. Let c;; be the (i, j)-entry of AB. Let b}, be the (i, k)-entry of BT be and aj,; the (k, j)-entry
of AT. Then b}, = by; and ap; = ajg. Thus the (4, j)-entry of (AB)T is

n n
/ /
cji =Y ajbr =Y bigag,
k=1 k=1

which is the (i, j)-entry of BT AT by the matrix multiplication. O



Theorem 2.10. Leth: X - Y, qg:Y — Z, f: Z — W be functions. Then
(feg)oh=fo(goh).
Proof. For any = € X,
((fog)oh)(x) = (fog)(hx)) = f9(h(z)) = f((goh)(x)) = (folgoh)) ().
O

Corollary 2.11. Let A be an m x n matriz, B an n x p matriz, and C an p X ¢ matriz. Then
(AB)C and A(BC) are m x q matrices, and

(AB)C = A(BO).

Proof. Let F: R" — R™ with F(x) = Az, G : RP — R” with G(x) = Bz, and H : R? — RP with
H(x) = Cx. Then

Fo(GoH) (FoGQ)oH

R g Eopn L pm — RO R™ and RY R™,
c B A A(BC) (AB)C
Since F o (Go H) = (F oG)o H, we thus have A(BC) = (AB)C. O
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Definition 2.12. Let f: X — Y be a function.
(a) The function f is called one-to-one if distinct elements in X are mapped to distinct elements
inY.
(b) The function f is called onto if every element y in Y is the image of some element z in X

under f.

Example 2.9. (a) The transformation F : R — R? by F(z) = [2;”] is 1-1, but not onto.
(b) The transformation F : R? — R3 given by

r([2])- o o) [2]

is 1-1, but not onto. The image set

1 0
FR?))=<¢s| 0| +t|0]| :s5teR
0 1

is the zz-plane of R? through the origin, not the whole space R3.
Example 2.10. The transformation F : R? — R? given by

T I

0 0 1
Fll=|]= [ 010 ] 2
I3 I3

is not 1-1, but onto. The image set

O O 5
- {:[i] el o] rmremfom

F(R?)



Theorem 2.13 (Characterization of One-to-One and Onto). Let T' : R™ — R™ be a linear trans-
formation with standard matriz A. Then

(a) T is one-to-one
<= T(x) = 0 has the only trivial solution.
<= The column vectors of A are linearly independent.
<= Fwvery column of A has a pivot position.

(b) T is onto
<= The column vectors of A span R™.
< Fwvery row of A has a pivot position.

Example 2.11. (a) The linear transformation 77 : R? — R3, defined by

x L4 x
2 3 6 2
is one-to-one but not onto. The column vectors are linearly independent, but can not span
R3.

(b) The linear transformation T : R® — R?, defined by

x €1
1 2 3
T T2 = [ 9 3 4 ] x2 |,
xs xs3

is onto but not one-to-one. The column vectors span R? and but are linearly dependent.

(c) The linear transformation T3 : R® — R3, defined by

T 1 2 3 1
T3 3 4 5 T3

is neither one-to-one nor onto. The column vectors are linearly dependent and can not span
R3.

(e) The linear transformation Ts : R® — R3, defined by

I 1 1 -1 T
Ty T9 = 1 -1 1 T2 |,
T3 -1 1 1 T3

is both one-to-one and onto. The column vectors are linearly independent and span R3.
Corollary 2.14. Let T : R" — R™ be defined by T'(x) = Ax.
(a) If T is one-to-one, then n < m.
(b) If T is onto, then n > m.

(¢) If T is one-to-one and onto, then m = n.

10



Proof. (a) Since T is one-to-one, the system Ax = 0 has only the trivial solution. Then the reduced
row echelon form of A must be of the form

1 0 0
0 1 0
0 0 1
0 0

00 - 0

This shows that every column of A has a pivot position. Thus n < m.

(b) Since T is onto, the reduced row echelon form B for A can not have zero rows. This means
that every row of B has a pivot position. Note that every pivot positions must be in different
columns. Hence n > m. O

Corollary 2.15. Let T : R™ — R" be a linear transformation. The following statements are
equivalent.

(a) T is one-to-one.
(b) T is onto.

(¢) T is one-to-one and onto.

3 Invertible matrices
Lecture 10

Definition 3.1. A function f : X — Y is said to be invertible if there is a function g : ¥ — X
such that
gof(z)==a forall zeX,

fogly)=y forall yeV.

If so, the function g is called the inverse of f, and is denoted by g = f~!. The function Id : X — X,
defined by Id(x) = z, is called the identity function.

Theorem 3.2. A function f: X — Y is invertible if and only if f is one-to-one and onto.

Proof. Assume that f is invertible. For two distinct elements u and v of X, if f(u) and f(v) are
not distinct, i.e., f(u) = f(v), then u = g(f(u)) = g(f(v)) = v, a contradiction. This means that f
is 1-1. For any element w of Y, consider the element u = g(w) of X. We have f(u) = f(g(w)) = w.
This means that f is onto.

Conversely, assume that f is 1-1 and onto. For any element y of Y, there exists a unique element
x in X such that f(z) =y. Define g : Y — X by g(y) = x, where f(z) =y. Then g is the inverse
of f. O

Note. If a linear transformation F' : R” — R is invertible, then F' must be one-to-one and onto.
Hence m = n.

11



Definition 3.3. A linear transformation F': R” — R" is said to be invertible if there is a linear
transformation G : R™ — R™ such that

FoG=1Id, and GoF =1d,,

where Id,, : R” — R” is the identity transformation defined by Id,(x) = x for € R". The
standard matrix of Id,, is the identity matrix

01 0
In: .
0 0 1

Definition 3.4. A square n X n matrix A is said to be invertible if there is a square n X n matrix
B such that
AB =1, = BA.

If A is invertible, the matrix B is called the inverse of A, and is denoted by B = A~1.
Theorem 3.5. Let T : R™ — R"™ be a linear transformation.

(a) If T is 1-1, then T is invertible.

(b) If T is onto, then T is invertible.

In order to find out whether an n x n matrix A is invertible or not, it is to decide whether the
matrix equation

AX =1,
has a solution, and if it has a solution, the solution matrix is the inverse of A. Write X =
[®1,x2,...,2y]). Then AX = I, is equivalent to solving the following linear systems
Axi =e1, Axg=ey, ..., Ax,=e,.

Perform row operation to the corresponding augmented matrices; we have
[Ale)] & [Io|bi], [Ales] & [Io]ba], ..., [Alen] % [Io]by).

The corresponding solutions by, bs, ..., b, can be obtained simultaneously by applying the same
row operations to [A | I], ie.,

[A|I] = [Aler,es,....en] % [A]b,ba,....b,] =[I|B].

Then B is the inverse of A.

N — =

1 2
Example 3.1. The matrix A = | 2 1 | is invertible.
1 4

12



112|100 Ry — 2R,
211010 -
124 1] 001 Ry — R
[1 1 2] 10 0] Ry+R
0 -1 =3 | =210 -
0 1 2| -1 0 1] (=R
11 2| 1 00 Ry + 3R3
01 3] 2 —-10 -
|00 -1 | =3 1 1] Ri+2Rs
11 0| =52 2 Ry — Ry
01 0] -7 23 -
00 -1 ] =311 (—1)Rs
1 00| 2 0 -1
0101 -7 2 3],
0011 3 -1 -1
11 27" 2 0 -1
2 1 1 = | -7 2 3
1 2 4 3 -1 -1
1 2 3

Example 3.2. The matrix | 2 3 2 | is not invertible.
3 4 1
123|100 Ry — 2R,
232010 -
3411] 001 Rs — 3R,
1 2 3] 100 (=1)R,
0 -1 —4 | =210 -
0 -2 -8 | =3 01 Rs — 2R,
1231 00
01 4 | -1 0
000 |1 -21

Lecture 11

Proposition 3.6. If A and B are n x n invertible matrices, then
(AT) = (a7,
(AB)"' =B~'A7
Proof. Since taking transposition reverses the order of multiplication, we have

ATA N = (A7) =17 =1,

13



(A HTAT = (AaaH =11 = 1.
By definition of inverse matrix, we conclude (AT)~! = (A~1)T.
Since
B'AT'AB=B"'B=1=AA""=ABB'A™".
By definition of invertible matrix, we conclude (AB)~! = B~tA~!, O

Proposition 3.7. For any 2 x 2 matriz A = [ Z 2

a b1 1 d —b

c d Cad—bc| —c a |’
Proof. Assume ad — bc = 0, that is, ad = bc. If ad =0, then a =0 or d =0; b =0 or ¢ = 0. The
matrix contains either a zero row or zero column; so it is not invertible. If ad # 0, then a, b, ¢, and
d are all nonzero. Thus a/b = ¢/d. This means that the two columns are linearly dependent. So

the matrix is not invertible.
Assume ad — be # 0; we have

B | o R B P

], if det A := ad — be # 0, then

O]

Theorem 3.8 (Characterization of Invertible Matrices). Let A be an n X n square matriz. Let
T:R" — R" by T(x) = Ax. Then the following statements are equivalent.

(a) A is invertible.

The reduced row echelon form of A is the identity matriz I,,.
A has n pivot positions.

Ax = 0 has the only trivial solution.

The column vectors of A are linearly independent.

The linear transformation T is one-to-one.

)
)
)
)
)
(g) The equation Ax = b has at least one solution for any b € R™.
(h) The column vectors of A span R™.
) The linear transformation T' to R™ is onto.
) AT is invertible.
) There is an n x n matriz C such that CA = I,,.
) There is an n x n matriz D such that AD = I,,.
Proof. 1t is straightforward that
(a) = (b) = (¢) = (d) = (e) = (f) = (9) = (h) = (i) = (T is invertible) = (a).
Let F: R” — R" be define by F(z) = Cx. Then CA=1, & FoT =1d, & T is 1-1.
Let G : R — R" be define by G(x) = Dx. Then AD =1, & T oG =1d,, & T is onto. O

14



4 Determinants

Lecture 12

Let T : R2 — R2 be a linear transformation with the standard matrix

Ao [an a12:| .

a21 22

Recall that the determinant of a 2 x 2 matrix [a“ ‘“2} is defined by

a21 a22

a1 aiz|
= a11a22 — 12021-

a21 422

det [
az1 a2

a (112} B

It is easy to see that for vectors u, v, w € R?, we have
detlau + bv, w| = adet|u, w] + bdet|v, w],

det[u, av + bw| = adet|u, v] + bdet[u, w].

This means that det is linear in each column vector variables. Moreover, switching two columns
(rows) changes the sign, i.e.,
det[u, v] = —det[v, u].

Let A = [ai;] be an n x n square matrix. For a fixed (4, j), where 1 <i <m and 1 < j < n, let

A (n —1) x (n — 1) submatrix of A obtained

by deleting the ith row and jth column of A.

ij =
Definition 4.1. Let A = [a;;] be an n x n square matrix. The determinant of A is a number

det A, inductively defined by

detA = ajidet Ay —ajpdetAjg+---+ (—1)”+1a1n det A1,
= ayjidet Aj; —agyrdet Ay + -+ + (—1)”+1an1 det A,,1.

The motivation of this definition is as follows: Write A = [a1,a2, - ,a,], Note that a; =
a1 +asy + -+ ay1, where

ai 0 0
0 as1 0
aipl = . y  a21 = . y Qnl =
0 0 Gn1
Since det A is linear in each column vectors of the matrix A, i.e., detlau + bv,aq,...,a,] =
adetu,as,...,a,] + bdet[v,aq,...,a,], we have
det A = detla1; +ag1 + -+ an1,a2,...,a,]
= detlai1,aq,...,a,] +detlas;,as,...,a,] + - + detlani, a9, ..., a,]
ail ok az1 -1 anl *
= det — det w4+ (=1 det
e{o AH] e{o A21]+ +(=1) e[o Am]

= ajrdet A1 — a9y det Aoy + -+ (—1)"+1an1 det A,1.

15



Theorem 4.2. Let A = [a;;] be an n x n matriz. The (i, j)-cofactor of A (1 <i,j < n) is the
number o
Cij = (—1)Z+J det Az‘j.

Then

det A = a11Cn1 +a12Ci2+ -+ a1,Cip

= anCn +tanCo + -+ amCn.
Example 4.1. For any 3 x 3 matrix,
ai; a2 a3

a21 G2 (23 | = 011022033 + 412023031 + A13021032 — G11023032 — 12021033 — 13022031
azr asz2 as3

Theorem 4.3 (Cofactor Expansion Formula). For any n x n square matriz A = [a;j],

det A = a;1C;1 +ainCio + -+ + ainCin
aleU + anggj +---+ anjC’nj.

In other words,

det AT = det A.
Proposition 4.4.
ailr @12 - Qln
0 azx - axn

. . ] = 11G22 " " - Qnn-
0 0 - an
Theorem 4.5. Determinant satisfies the following properties.

(a) Adding a multiple of one row (column) to another row (column) does not change the deter-
minant.

(b) Interchanging two rows (columns) changes the sign of the determinant.

(c) If two rows (columns) are the same, then the determinant is zero.

(d) If one row (column) of A is multiplied by a scalar v to produce a matrix B, i.e., A goiy B,
then
det B = ydet A.

Proof. For 2 x 2 case, we have

(a)

a b
e+ a d+fyb‘ = a(d+~b) — b(c+ 7ya)
a b
= ad—bc= . d"
atvc btﬂd’ = (a+~vyc)d— (b+~d)c

= ad—bc=

QU o
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(b)

c d a b
a b‘—cb—da——(ad—bc)—— . d"
Part (c) follows from Part (a). As for Part (d), we have
a b a b
’76 Wd‘—ayc—b*yd—'y(ad—bc)—w d"
For n > 2, the properties can be verified by Mathematical Induction on n. O

Theorem 4.6 (The Algorithm for Determinant). Let A = [a;j] be an n X n matriz. If

ai1 @12 -+ Qin | interschanging rows | 41 *
agy @y -+ a2y ~ 0 a2
adding a multiple of :
one row to another 0 0

anl Aanp2 -+  Qpp
Then
det A = (=1)*ajay - an,
where k is the number times of interchanging two rows.
Example 4.2. The determinant
1 2 4 1 2 4 1 2 4 1 2 4
23 5|=/0 -1 -3|=—|0 1 3|=—-]01 3 |=-2.
3 4 8 0 -2 —4 0 -2 —4 0 0 2

Theorem 4.7. Let A be an n x n matriz, and let Cj; be the (i,j)-cofactor of A, i.e.,
Cij = (*l)i—"_j det Azy
Then we have

n
Zaikcjk = a;1Cj1 + ai2Cjo + - - + ainCjp =

{detA if i=j
k=1

0 if i#j.
Proof. For i = j, it follows from the cofactor expansion formula. For ¢ # j, let us verify for 3 x 3
matrices. For instance, for ¢ = 1 and j = 3, we have

a12 ai13
a2 Q23

ail  ais
a1 a3

aip a2
az1 a2

a11C31 + a12C32 + a13C33 = a1 — a2 + a3

a1l a2 a3
= | a2 a2 az |=0.
ail a2 a3

O]

Definition 4.8. For an n x n matrix A = [a;;], the classical adjoint matrix of A is the n x n
matrix adj A whose (i, j)-entry is the (j,7)-cofactor Cj;, that is,

Cii Cu -+ Cm Cni Ci2 -+ Cip r
] Ciz2 Cop -+ Cpo Co1 Co -+ Oy
adj A := ) . ) = ) . .
Cln C2n e Cnn Cnl CnZ e Cnn

17



Theorem 4.9. For any n X n matriz A,
A(adj A) = (det A) L,.

Proof. We verify for the case of 3 x 3 matrices.

a1 a2 a3 Ci1 Co C3
a1 a2 a3 Ciz2 Ca Cso
asy azz2 as3 Ci3 Ca3 (s

i 3 3
Y1 01kCie Y g 01kCok D> p_q a1kC3%
3 3 3
= o1 26C1e Y e a2kCor D g a2kCp
3 3 3
| 2 or=13kC1k D op—y a3kCo D _j—y a3kCsi

[ det A 0 0
= 0 det A 0
0 0 det A

Theorem 4.10. An n x n matriz A is invertible if and only if det A # 0.

5 Elementary matrices

Definition 5.1. The following n x n matrices are called elementary matrices.

) -
)
1
E(c(i)) == c ith, c¢#0;
1
O
o~ 1 -
- -
O
0o --- 1 ith
E(i,j) == E(j,i) = : : ;
1 0 jth
O
- 1 -
- -
1 - 0 1th
E(j + c(i)) := : :
c 1 Jth
L 1 -

18



Let I,, be the n X n identity matrix. We have

L, % B(c),

Ri—R; .. ..
I, '~ E(i,j) = E(j,1),
Rj+cR;
5, ETOE( + ).

Proposition 5.2. Let A be an m X n matriz. Then
(a) E(C(’L))A is the matriz obtained from A by multiplying ¢ to the ith row.
(b) E(i,j)A is the matriz obtained from A by interchanging the ith row and the jth row.

(c) E(j + c(i))A is the matrixz obtained from A by adding the ¢ multiple of the ith row to the jth
row.

1 -« 0 -~ 0 --- 0 ayy - ay - ay - ai
an [0 o 1 o0 o0 an e @i o Gy o am
S(j+c(i)) A=
J 0 c 1 0 aj1 aj; ajj ajn
(0 - 0 -+ 0 - 1| [ am o @ o ang e ann |
a/ll PR all PEEEEY alj PR a/ln
aql Qi Aij Qin
a1+ ca;; - G+ CQy v Qg+ CGi ccc Qip Tt CQip
L a‘nl PR anZ PEEEEY an.] PR ann ]

Proposition 5.3. Elementary matrices are invertible. Moreover,
B(c(i) " = E(L(0),

E(i,5)™" = E(j,i) = B(i,j),

E(j+¢(i) ™ = E(j - c()).
Theorem 5.4. A square matriz A is invertible if and only if it can be written as product

A=FE\Ey---Ep,

of some elementary matrices Ev, Fo, ..., E,.
Theorem 5.5. A square matrixz A is invertible if and only if det A # 0.

Proposition 5.6. Let A and B n x n matrices. Then

det AB = (det A) - (det B).
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Proof. Case 1: det A = 0. Then A is not invertible by Theorem 4.10. We claim that AB is
not invertible. Otherwise, if AB is invertible, then there is a matric C' such that (AB)C = I;
thus A(BC) = I; this means that A is invertible, contradictory to that det A # 0. Again by
Theorem 4.10, det(AB) = 0. Therefore det AB = det A det B.

Case 2: det A # 0. It is easy to check directly that

det EB = det Edet B

for any elementary matrix E. Let A be written as A = E1Fs - -- Ey, for some elementary matrices
El, EQ, ceey Ek Then

det AB = det(E1Ey--- ExB) = (det Eq) det(Es - - - EB)
(det E1)(det Ey) det(Fs--- ExB) = - --
= det By det Ey---det E, det B = det Adet B.

6 Interpretation of determinant

Lecture 13

Let A= [““ “12] be a 2 x 2 matrix. Let eq, es, e3 be the standard basis of R3. Set

a1 a22

a11 a2
a; = a1 , A2 = a22
0 0

Then the area of the parallelepiped spanned by the two vectors a; and as is the length of the cross
product a; X ao, that is,

la1 X az| = |[(ai1e1 + aziez) x (a12e1 + axzes)|
= |a11axes — azjazes|

= |aiiaz — a21a22.

Let A = [ai;] = [a1,a2,a3] be a 3 x 3 matrix. The volume of the parallelotope spanned by the
three vectors ai, as, as is the length of the triple (a1 x a2) - a3, that is,

](al X CLQ) . a3] = ]al . <GQ X 0/3)‘
= ’an det A1 — a9y det Ag1 + agp det A31"

Example 6.1. The Vandermonde determinant is

1 1 1 1 1 1

ay ag as = 0 ao — aq az — aj
2 .2 2 2 2

ai as; a3 0 a3 —aca1 a3 —asar

az — aj asz — ai
ag(ag — al) a3(a3 — CL1)

= (ag —a2)(az —a1)(az — ay).
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1 1 1 1
ai as a3 an
af a3 a3 a, | = H(a] a;)
: j>i
al—l a721—1 a3—1 az—l
Example 6.2.
1 -3 1 -2 1 -3 1 -2
0 5 -1 —2| __2R1 0 1 -3
0 -4 5 1 - 0 -4 5 1
3 10 6 7| T o 3
1 -3 1 -2
ottt 1o 1 3 9|
N o 0 -7 9|
e R
Theorem 6.1 (Cramer’s Rule). Let A = [a1,a2,...,a,] be an n x n invertible matriz with the
column vectors ay, ao, ..., ay. Then for any b € R™, the unique solution of the system
Axr=0b
s given by
det Az
TS Qetar T ol
where
Ai:[a’lu"'7a’i—17b7a’i+17"'7a’n]7 1<i<n.
Proof. 1f a vector x is the solution of the system, then
A[el, ey €1, L6541,y en] = [Ael, oo ,Aei_l, Aw,AeiH, ce ,Aen]

= [ala"'vai—labva‘i-‘rla"-7an]-
Taking determinant of both sides, we have

(det A)x; =det 4;, 1<i<n.

O
Example 6.3. For the case n = 3,
a11r1 +ajpwe +aizrs = by
a1 +axry +agrs = by
az1r1 +azewe +azzrs = b3

let the second column of A be replaced by b. Then

ai1 a2 Qi3 1 =1 0
Ale,x,e3] = a1 a2 a3 0 22 O
az1 as2 ass 0 z3 1

a1l a1171 + a12x2 + a13r3 a3
= a1 Q2121 + G22x2 + a23T3  a93
a3l a31r1 + az2x2 + a3zr3 ass
air b1 ais

= azi by a3 | =[a1,b,asl.

az1 bz assz
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Note that

1 I 0

i) 0
0 z2 0 |= . 1‘:1:2
0 T3 1 3

On the one hand,
det(Ala1, x, as]) = (det A)(det[a, x, as]) = (det A) zs.
On the other hand, det(A [a;, x, a3]) = det[ai, b, as]). It follows that

ain b1 a3
azr by ao3
a1 bz as3

Tro =
a1l a2 ais

a21 a2 a23
a31 asz2 as3

7 Ratio of areas by transformation

Let P be a parallelogram spanned by vectors u,v. Set A = [u,v]. Then
Area of P = |det A|.

Proof.
Area = (a+c¢)(b+d)—2bc—ab—cd
= ad—bc= Z ccl = |det A|.
y
u+v
a
b
C
v d
d J c
b
a
0 X

Figure 4: Area of a parallelogram.

O]

Theorem 7.1. Let T : R? — R? be a linear transformation with standard matriz A, i.e., T(x) =
Ax. Let P be a parallelogram in R%. Then

{area of T(P)} = |det A| - {area of P}
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Proof. Let the parallelogram P be spanned by two vectors by and be; i.e., P = {sb; +tby : s,t €
[0,1]}. Set B = [by, bs]. Then

T(P) = {T(Sbl —I—tbQ) 1 s, t e [0, 1]} = {ST(bl) —I—tT(bg) 1 s, t € [O, 1]}
Thus

{area of T(P)} = |det[T(by),T(bs)]| = |det[Aby, Aby]|
= | det (A[b1, ba])| = |(det A) - (det B)|
= |det A - {area of P}.

O]

Theorem 7.2. Let T : R? — R3 be a linear transformation with standard matriz A, i.e., T(x) =
Axz. Let P be a parallelepiped in R3. Then

{volume of T(P)} = |det A| - {volume of P}

2V

Vv
o)
Figure 5: Area of a parallelogram.
W
| v
0 \\\\\:i u+V

Figure 6: Area of a parallelogram.
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