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1 Vector spaces

A vector space is a non-empty set V of objects, called vectors, on which are defined two opera-
tions, called addition and scalar multiplication: for any vectors w,v in V', the sum w + v is in
V; for a vector w in V' and a scalar ¢ (real number), the scalar multiple cu is in V; subject to the
following axioms listed below. The axioms must hold for all vectors u,v,w in V and scalars ¢ and

d.
1. u+v=v+u,
2. (utv)+w=u+ (v+w),
3. There is a vector 0 such that u + 0 = u,
4. For any vector u there is a vector —u such that u + (—u) = 0;
5. c(u +v) = cu + cv,
6. (c+ d)u = cu + du,
7. c(du) = (cd)u,
8. lu =wu.

The vector 0 is called the zero vector of V. The vector —u is called the negative vector of u.
By definition of vector space it is easy to see that for any vector w and scalar c,

Ou=0, c0=0, —u=(—1)u.

For instance,

w2 outo ¥ Ou + (0u + (—0u)) @ (Ou + O0u) + (—0u)
QD 0+ 0)ut (—0u) = 0u+t(—0u) 2 o
c0 = ¢(0u) @ (c0)u = Ou = 0;
—u = —u+0=—-u+(1-lu=—-u+u+(-l)u=0+(—1u=(-1)u.

Example 1.1. (a) The Euclidean space R" is a vector space under the ordinary addition and
scalar multiplication.



(b) The set P, of all polynomials of degree less than or equal to n is a vector space under the
ordinary addition and scalar multiplication of polynomials.

(¢) The set M(m,n) of all m x n matrices is a vector space under the ordinary addition and
scalar multiplication of matrices.

(d) The set C|[a,b] of all continuous functions on the closed interval [a, b] is a vector space under
the ordinary addition and scalar multiplication of functions. (We do not study this kind of
spaces here.)

Definition 1.1. Let V and W be vector spaces and W C V. If the addition and scalar multiplica-
tion in W are the same as the addition and scalar multiplication in V', then W is called a subspace
of V.

If H is a subspace of V, then H is closed for the addition and scalar multiplication of V: if
u,v € H and scalar ¢ € R, then
u+veH cveH.

Theorem 1.2. Let H be a non-empty subset of a vector space V.. Then H is a subspace of V if
and only if H is closed under addition and scalar multiplication, i.e.,

(a) For any vectors u,v € H, we have u+v € H,
(b) For any scalar ¢ and a vector v € H, we have cv € H.

Example 1.2. (a) For a vector space V, the set {0} of the zero vector is a subspace, called the
zero subspace of V. The whole space V' is a subspace of V. The subspaces {0} and V are
called the trivial subspaces of V.

(b) For an m x n matrix A, the set of solutions of the linear system Az = 0 is a subspace of R".
However, if b # 0, the set of solutions of the system Ax = b is not a subspace of R".

(c) For any linear transformation 7" : R” — R™, the image
T(R") = {T(2) | € R}
of T is a subspace of R™, and the inverse image
T7Y0) = {x ¢ R" | T(x) = 0}
is a subspace of R™.

(d) The set R" = {(a1,...,a,) | a1,...,a, € R} is a vector space under the addition and scalar
multiplication:
(al,...,an)—i—(bl,...,bn) = (a1+b1,...,an+bn),

clal,...,an) = (cay,...,cay).



2 Subspace spanned by a set
Let V' be a vector space. Given vectors vy, ...,v, in V, we can form a new vector
€11 + -+ CpUp,

called the linear combination of vy, ..., v, with scalars ci,..., ¢, (real numbers). The span of
vectors v, ...,v, in V is the set

Span{vi,...,vp} = {clvl+---+cp'vp|cl,...,cpER}.

Example 2.1. Given two vectors v; and v9 in a vector space V', let H = Span {v1,v2}. Show that
H is a subspace.

Theorem 2.1. If vy,...,v, are vectors in a vector space V, then Span{vi,...,v,} is a subspace
of V', called the subspace spanned by {v1,...,v,}.

Let H be a subspace of a vector space V. A spanning set for H is a set {v1,...,v,} of vectors
in H such that
H = Span{v,...,vp}.

3 Null spaces and column spaces of matrices
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Definition 3.1. Let A be an m x n matrix. The null space of A, denoted by Nul A4, is the space
of solutions of the linear system Axz = 0, i.e.,

NulA := {x € R" | Az = 0}.

The column space of A, denoted by Col A4, is the span of the column vectors of A, i.e., writing
A=la,...,ay],
Col A := Span{ay,...,a,}.

Let T : R® — R™, T'(x) = Az, be a linear transformation. Then Nul A is the set of inverse
images of 0 under T and Col A is the image of T, that is,

NulA=7"%0) and ColA = T(R"™).

4 Linear transformations

Definition 4.1. A linear transformation 7" from a vector space V into a vector space W is a
rule that assigns to each vector « in V' a unique vector T'(x) in W, such that

(a) T(u+wv)=T(u)+T(v) for all w,v in V, and
(b) T(cu) = ¢T'(u) for all w in V and all scalars c.

The kernel (or null space) of T is the set of all vectors w such that T'(u) = 0. The range of T’
is the set of all vectors in W of the form T'(x) for some « in V.



Example 4.1. (a) Let A is an m x m matrix and B an n x n matrix. The function
F:M(m,n) — M(m,n), F(X)=AXB
is a linear transformation. For instance, for m = n = 2, let
12 21 R
Sl E RS PR Bl by
Then F': M(2,2) — M(2,2) is given by

F(X)— 1 2 Tr1 I 2 1 _ 2x1 + 229 + 4xs +4x4 1 + 329 + 223 + 624
11 3 xr3 T4 2 3| 2x1 4+ 2x9 + 623 + 624 21 + 32 + 33 + 924

(b) The function D : P5 — Py, defined by D(p(t)) = 4p(t), i.e.,
D(ao + art + ast® + a3t3) = ay + 2aqt + 3a3t2,

is a linear transformation.

5 Independent sets and bases

Definition 5.1. Given a vector space V. Vectors vy,...,v, in V are said to be linearly inde-
pendent provided that, if there are scalars cq,. .., c, such that

vy + -+ cpvp = 0,

then ¢; = --- = ¢, = 0. The vectors vy,...,v, are said to be linearly dependent if there are
some scalars ci, ..., cp, not all zero, such that

v + -+ ¢y = 0.

Any family of vectors that contain the zero vector O is linearly dependent. A single vector v is
linearly independent if and only if v # 0.

Theorem 5.2. Let T': V — W be a linear transformation. Given vectors vi,...,vp in V.
(a) If vi,...,v, are linearly dependent, then T'(v1),...,T(v,) are linearly dependent;
(b) If T'(v1),...,T(vp) are linearly independent, then v, ..., v, are linearly independent.

Theorem 5.3. Vectors vi,...,v, (p > 2) are linearly dependent if and only if at least one of the
vectors is a linear combination of the others, i.e., there is a vector vy such that

Vi = Q11 + -+ + Qj—1Vk—1 + Q41Viy1 + - + ApUp.

Moreover, if vi # 0 and vy, ..., v, are linearly dependent, then at least one vector v (k> 2) is a
linear combination of vy,...,Vk_1.
Proof. Since the vectors vy, ..., v, are linearly dependent, there are constants ci,...,c,, not all

zero, such that
C1v + -+ g + -+ vy = 0.

Since ci, ..., ¢, are not all zero, say, ¢ # 0. Then

C Cl— C C
v = <_1> v+ -+ <_k1> Vi1 + <_ k+1> Vg1 + -+ <_p> vp.
Ck Ck Ck C;




Example 5.1. Let pi(t) = 2, po(t) = t + 1, p3(t) = 3t + 1. Then {p1(t),p2(t),ps3(t)} is linearly
dependent. [p3(t) = 3 pa2(t) — p1(t).]

Theorem 5.4. Let S = {v1,...,v,} be a subset of independent vectors in a vector space V. If a
vector v can be written in two linear combinations of v1,...,vp, say,

vV =c1v1 + -+ Uy = divg + - -+ dpvp,
then c1 = dy, ..., cp = dp.
Proof. If (c1,...,¢p) # (d1,...,dp), then one of the entries in (¢; —dj, ..., ¢, —dp) is non-zero, and
(c1 —dy)vr+ -+ (¢p —dp)vp, = 0.
This means that the vectors vy, ..., v, are linearly dependent. This is a contradiction. ]

Definition 5.5. Let H be a subspace of a vector space V. An ordered set B = {vy,...,v,} of
vectors in V' is called a basis for H if

(a) B is a linearly independent set, and
(b) B spans H, i.e., H= Span{vy,...,vp}.
Example 5.2. (a) The set {ej,...,e,} is a basis of R", called the standard basis of R".

(b) The set {vy,v2,v3} is basis of R?, where

1 2 3
v = 2 , V2 = 3 , V3= 4
3 4 6

Example 5.3. (a) The set {1,t,t?} is basis of Ps.
(b) The set {1,¢4 1,t> 4t} is basis of Ps.
(¢) The set {1,t+ 1,¢— 1} is not a basis of Ps.

Example 5.4. The vector space M(2,2) of 2 x 2 matrices has a basis

5= 1 0] [Oo 1] [O O] [O O]
oo’ oof’[10]"[0 1]
The following set ) o o o )
C— 10 11 11 11
oo j’{ooj’|{1ro]"|1 1]
is also a basis for M(2,2).
Proposition 5.6 (Spanning Theorem). Given vectors vi,...,v, in a vector space V; let H =

Span{vi,...,vp}.

(a) If one of the given vectors, say, vi, is a linear combination of the other vectors, then

H = Span{vi,...,V%_1,Vk+1,-..,Vp}.

(b) If H # {0}, then some subset S of vectors is a basis for H.



Proof. 1t is clear that Span{vi,...,vk_1,Vk41,...,Vp} is contained in H. Write
Vg =C1U1 + -+ + Ck—1Vg—1 + Ck4-1Vky1 + - -+ + CpUp.
Then for any vector v = ajv1 + - - + arvi + - - - + apv, in H, we have
v = (a1 +agcr)vr + -+ (ap—1 + apcr—1)vp—1
+(ak+1 + arCry1) Vg1 + -+ - + (ap + arcp)vp.

This means that v is contained in Span {v1,...,V5_1, Vgt1,...,Vp} O

6 Bases for Nul A and Col A

Example 6.1. Consider the matrix

1 40 2 4
-1 -4 1 -3 -2
A= 2 8 1 3 10 | ~ la1,az,a3,a4,as].

1 41 1 6

Its reduced row echelon form is the matrix

1 4 0 2 4
0O 01 —1 2

B = 00 0 0 0 — [b17b27b37b4ab5]'
0 0 0 0 0

Since Ax = 0 is equivalent to Bx = 0, that is,
T1a1 + X209 + r3a3 + x4a4 + r5a05 =0 <=  x11b1 + 23b3 + 3b3 + T4by + x5b5 = 0.

This means that the linear relations among the vectors a1, as, as, ay, as are the same as the linear
relations among the vectors by, b, bs, by, bs. For instance,

b2 = 4b1 — Ay = 4(11
b4:2b1*b3 R a4:2a1—a3
bs = 4b1 + 2bg «—— a4 = 4a1 + 2as.

This shows that row operations do not change the linear relations among the column vectors of a
matrix.

Note 1. Let A and B be matrix such that A ~ B, i.e., A is equivalent to B. Then
NulA=NulB, RowA=RowDB, but ColA # ColB.

Theorem 6.1 (Column Space Theorem). The column vectors of a matriz A corresponding to its
pivot positions form a basis of Col A.

Proof. Let B = [b1,ba,...,b,] denote the reduced row echelon form of A = [aj,ag,...,a,].
Let b;,,b;,,...,b;, be the column vectors of B containing the pivot positions. It is clear that
bi,,bi,,...,b;, are linearly independent and every column vector of B is a linear combination of
the vectors b;,, b;,, ..., b;, .

Let a;,,a;,,...,a; be the corresponding column vectors of A. It suffices to prove that a
linear relation for by, bo,...,b, is also a linear relation for ai,as,...,a,, and vice versa. Notice
that a linear relation among the vectors by, bs,...,b, is just a solution of the system Bx = O;
and the systems Ax = 0 and Bx = 0 have the same solution set. Thus a;,,a;,,...,a; are
linearly independent and every column vector of A is a linear combination of a;,,a;,,...,a; . So
a;,,i,,...,a; form a basis of Col A. O



7 Coordinate systems
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Theorem 7.1. Let B = {by,...,b,} be a basis of a vector space V.. Then for each vector v in V,
there exists a unique set of scalars cq,...,c, such that

v=-cb; +---+c,b,.
Proof. Trivial. O

Definition 7.2. Let B = {b1,...,b,} be a basis of a vector space V. The coordinates of v
relative to the basis B (or B-coordinates of v) are scalars ¢y, ..., ¢, such that

v=rc1bi+- -+ cpby.

The vector
C1

[v]p =

is called the coordinate vector of v relative to B (or B-coordinate vector of v).

Example 7.1. Any two linearly independent vectors of R? form a basis for R?. For instance, the

s={[11[ 1)

is basis of R2. The vector [ zl)) ] has the B-coordinate vector [ _i } However, the coordinate

vector of [ il)) } is just itself under the standard basis

1 0
={lo ] [3]}
Theorem 7.3. Let B = {by,...,b,} be a basis of a subspace H of R™. Let Pg be the matrix
Pg =[by,...,by).

Then for any vector v in R™,
vV = PB ['U]B.

The matriz Pg, which transfers the B-coordinate vector [v]g of v to its standard coordinate vector
v = [v]g, is called the change-of-coordinate matrix from B to £.

Proof. Let v =c1b1 + -+ + ¢b,. Then

C1
'U:[bl,...,bn] = Px [’U]B.

Cn



Theorem 7.4. Let B={by,...,b,} be a basis of a vector space V.. Then the coordinate transfor-
mation,
V—=R" v~ [v]g,

18 linear, one-to-one, and onto.
Proof. For vectors v, w of V and scalar a, if
v =c1by + -+ by,

w = d1by + -+ dyby,

then
v+w=(c;1 +d1)by + -+ (cn + dp)bp,
av = a(c1by + -+ ¢cpby) = (ac1)by + - - + (acy)by,.
Thus
c+di c1 dy
prwls=| 1 p=| i
cn +dy Cn dy,
cC1 C1
[wlp=| : |=c| @ | =c[v]s
cen, cn

So the coordinate transformation is a linear transformation.
Now for any vector
C1

in R",
Cn

consider the vector v = ¢1by + - - - + ¢,b,, in V. The coordinate vector of v relative to B is

C1
[v]z =
Cn
Thus the transformation is onto. The linear independence of {by,...,b,} implies that the trans-
formation is also one-to-one. O

A one-to-one and onto linear transformation from a vector space V' to a vector space W is called
an isomorphism.

Example 7.2. The vector space P3 of polynomials of degree at most 3 in variable ¢ is isomorphic
to the vector space R*, and {1,t,¢2,¢3} is a basis of P3.

Proof. The map F : P3 — R*, defined by

<o
c
F[p(t)] =F (Co +cit + 02t2 + 63t3) = Cl ,
2
C3
is a one-to-one linear transformation from P35 onto R*. O



Example 7.3. The vector space M(2,2) of 2 x 2 matrices is isomorphic to R*, and the matrices

ool Lol el oY)

form a basis of M(2,2). In fact, the map F : M(2,2) — R*, defined by

ron=r([1])-

is a one-to-one linear transformation from M(2,2) onto R*.

QL O o

Theorem 7.5. Let B = {vi,...,v,} be a basis of a vector space V.. Then any set of V' consisting
more than n vectors are linearly dependent.

Proof. Let {u1,...,u,} be a set of vectors with p > n. Since any set of more than n vectors of R"
is linearly dependent, the vectors [u1]g,...,[up]s of R™ must be linearly dependent. Then there
exist constants ci, ..., cp, not all zero, such that

cilullp+ -+ cpuplp = 0.

Thus
[clul + -+ Cp’u,p]]g =C [Ul]B + - +Cp [’U,p]g =0= [O]B

Note that the coordinate transformation is one-to-one. It follows that

crul + - +cpup = 0.
This means that the vectors uq,...,u, are linearly dependent by definition. ]
Theorem 7.6. If B = {bi,...,b,} and C = {ci,...,¢,} are bases of a vector space V', then n = p.

Proof. Suppose n < p. By Theorem 7.5, {b1,...,b,} is linearly dependent, contrary to the prop-
erties for a basis. Thus n > p. A similar argument shows that n < p. Hence n = p. ]

8 Dimensions of vector spaces
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A vector space V is said to be finite-dimensional if it can be spanned by a set of finite number
of vectors. The dimension of V', denoted by dim V', is the number of vectors of a basis of V. The
dimension of the zero vector space {0} is zero. If V' cannot be spanned by any finite set of vectors,
then V is said to be infinite-dimensional.

Theorem 8.1. Let H be a subspace of a finite-dimensional vector space V. Then any linearly
independent subset of H can be expanded to a basis of H. Moreover, H is finite dimensional and
dimH <dimV.



Proof. Let S = {v1,...,vp} be a set of linearly independent vectors of H. If SpanS = H, then S
is a basis of H by definition. Otherwise, there exists a vector v,y in H such that v, is not in
SpanS. Then {v1,...,vp, vpt1} is a linearly independent set of H. Now set

S ={vi,...,vp,Vps1}.

If Span.S = H, then S is a basis of H. Otherwise, continue to add one vector of H — Span S to S
in this way until Span .S = H. Since H is of finite dimensional, the extension ends in finite number
of steps. O

Theorem 8.2 (Basis Theorem). Given a set S = {v1,...,v,} of n vectors of an n-dimensional
vector space V.

(a) If{v1,...,vn} is linearly independent, then {v1,...,v,} is a basis of V.
(b) If Span{vi,...,v,} =V, then {vi,...,v,} is a basis of V.

Proof. (a) By Theorem 8.1, S can be extended to a basis of V. Since S has n vectors and all bases
have the same number of vectors. It follows that no vectors were added to S to be extended a basis
of V. Hence S itself must be a basis.

(b) We need to show that S is linearly independent. Note that if S is not a basis, then S is
linearly dependent. Thus S contains a linearly independent proper subset S’ such that Span S’ = V.
So S’ is a basis of V; therefore #(S’) > n, contradict to #(S’) < n. O

9 Rank

Theorem 9.1. For any rectangular matriz A,
dim Row A = dim Col A = #{pivot positions of A}.

Definition 9.2. The rank of a rectangular matrix A is the number pivot positions of A, that is,
the dimension of the row space and the column space of A.
The rank of a linear transformation 7': V' — W is the dimension of the subspace T'(V).

Theorem 9.3 (Rank Theorem). For any m x n matriz A,
rank A + dim Nul A = n.

Proof. The rank of A is the number of pivot positions of A and the dimension of the null space of
A is the number of free variables of the system Ax = 0. It is clear that

#{pivot positions} + #{free variables} = n.

Theorem 9.4. (a) If two matrices A and B are row equivalent, then Row A = Row B.
(b) If B is in echelon form, then the non-zero rows of B form a basis of Row B.

Theorem 9.5. Let A be an n X n invertible matriz. Then
dim Row A = dim Col A = rank A = n,
dim Nul A = 0.

Proof. The invertibility of A implies that the number of pivot positions of A is n. So rank A =n
and dim Nul A = 0. O

10



10 Matrices of linear transformations
Week 10

Definition 10.1. Let V' be an n-dimensional vector space V' with basis B = {by,bs,...,b,}. Let
T :V — V be a linear transformation of V' to itself. Write

T(by) = anby+azbs+ -+ anby,

T(b2) = ai2by + agebs + - + ap2by,

T(bn) = aipbr +agba+ -+ annby

The n X n matrix
a1 a2 - Qlp
a1 Q2 - Q2p
= [T, [T(2)]5. -, [T(Ba)]s]

anl Aap2 - GOpn

is called the matrix of T relative to the basis B.

Let T': V — V be a linear transformation with matrix A relative to a basis B = {b1, ba, ..., b,}.
For each vector v of V| let

T 1
Z2 Y2
ws=| . |, T@ls=] "
Tn Yn

be the coordinate vectors of v and T'(v) respectively, i.e.,

x1
T2
v :xlbl—f-xgbg—i—--.—l—:rnbn = [bl,bg,...,bn]
T,
U1
Y2
T(v) = y1b1 +y2ba + -+ + ynby = [b1,ba, ..., by] |
Yn
Then
x1
x2
T(v) = 21T(by) + 22T (b2) + - - - + 2, T'(by) = [T'(b1), T(b2),...,T(by,)]
T,
Note that
aip a2 - A1n
asy a2 - a2n
[T(b1), T(b2), ..., T(bn)] = [b1, bs, . .., bu]
anl Aap2 - GOpn

11



It follows that

ail a2 -+ Gip T
a1 Qg -+ Qp T3
T(v) = [b1,ba,...,by]
anl anp2 - GOpn Tn
Comparing the above formulas, we have
0 aip ai2 - Glp X1
Y2 a1 Q22 - Q2p x2
[T(v)]s = =
Yn anl anp2 - Qpn Tn

Example 10.1. Let 7 : P3 — P3 be defined by T'(p(t)) = $p(t). It is easy to check that T' (= &)
is a linear transformation. It is clear that P3 has a basis B = {1, t, 2, t3}, and

T(1) = 0 =0-140-t+0-t24+0-#3
Tt) =1 =1-1+0-t+0-2+0-3
Tt?) = 2t =0-14+2-t+0-t24+0-43
T#) = 3t2 =0-1+0-t+3-12+0-13
The matrix of T relative to the basis B is the matrix
0100
0020
000 3
0000

Example 10.2. Let T : R? — R? be defined by
1 - 2 1 T o
()=l n] -

The set P = {p1,p2} = { [ 1 ] , [ _i } } is a basis of R?2. What is the matrix of T relative to the

basis P? By calculation we see that

T(p1) = 3p1, T(p2) = p2.

So the matrix of T" relative to the basis P is the matrix B = [ g (1) ] . Let P = [p1,p2]. Then
AP = Alp1,p2] = [Ap1, Ap2] = [3p1, P2l
3 1
= al=h Al ]
This means that
B =P AP

Definition 10.2. An n x n matrix A is said to be similar to an n X n matrix B if there is an
invertible matrix P such that
P~ 'AP = B.

Theorem 10.3. For a finite dimensional vector space V' and a linear transformation T : V — V,
the matrices of T relative to various bases are similar. In other words, the matrices of the same
linear transformation from a vector space to itself under different bases are similar.
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