Boolean Algebra

1 Boolean Algebra

A Boolean algebra is a set X equipped with two binary operations A, V,
one unary operation ', and two distinct elements 0, 1, satisfying the following
properties:

1) Commutative Laws

2) Associative Laws

3) Distributive Laws

4) Identity Laws
xNANl=z, xzV0=ux.

5) Complementation Laws

AN =0, xzva=1.

The operation V is called join, A is called meet, and the unary operation ’ is
called complementation.

Theorem 1.1 (Duality Principle). Let F' be a formula on a Boolean algebra.
Let F' be a formula obtained from F by interchanging A and V, 0 and 1,
and keeping other variables unchanged, then F' s a valid identity if and
only if F' is a valid identity, i.e.,

Fis valid < F"is valid



Theorem 1.2. The following properties hold in every Boolean algebra:

a) Idempotent Laws
rNr=x, xVIT==1.

b) More Identity Laws
xN0=0, xzVv1l=1.

c¢) Absorbtion Laws

(xANy)Vex=x, (xVy ANz==zx.

Proof. a) On the one hand x Ax = (z Az) V0= (x Ax)V (z Azx'). On the
other hand z =x Al=xA(zVa')=(rAz)V(zAz). Likewise,
rVr=(xVz)ANl=(zVz)A(zVa),

r=xzV0=zV(xAz)=(xVz)A(xVa).

s ANO=zAN(zAz)=(@ANz2) N2’ =2 N2 =0;
rVi=zV(zVvae)=(@Vr)ve=zvi =1

(xAy)Ve=(xAy)V(@Al)=xA(yV])=xAl=uz;

(xVy)Az=(xVy AxVv0)=xV(yAN0)=zV0=ur.
[]

Lemma 1.3 (Complementation Lemma). If wV z =1 and w A z = 0, then

/
< =W.

Proof.
z=2V0=zV(wAuw)=EZVw)A(zVuw)
= (WV2)AWV2)=1A (W Vz)=(wVuw)A WV z2)
= (WVwWA@WV2)=wVwAz)=uw V0=



Corollary 1.4. (/) = z.

Proof. Let w =2'. Sncew Vz=2'Vz=1landwA z =2 Az=0, it follows
that z = u/, ie, (2) = 2. O

Theorem 1.5 (De Morgan Laws).
(xVvy) =2"Ny, (zAy)=2"VYy.

Proof. From the Complementation Lemma, for the first identity we only need
to prove
(xVvy) V@' Ay)=1, (zVy) A" AY)=0.

In fact,

(Vy) V(@' Ay) = [(xvVy VA Vy) VY]
= (yVHA(zVI)=1A1=1;

@V A AY) = A G AY]V A E AY)
= (0AY)V(OAZ)=0V0=0.
For the second identity we need to prove
(xAy) V(@' VY )=1, (zAy) A" VyY)=0.
In fact,
(eAy) V(@' VY) = zv@ V)V Vy)
= 1vy)A(lva)=1A1=1;
@Ay A VY) = [(@Ay) ATV [ Ay) Ay
= (yAO)V(zA0)=0A0=0.
[]

Example 1.1. The power set P(S) of a nonempty set .S is a Boolean algebra
whose

e binary operation A is the set intersection N,
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e binary operation U is the set union U,

e unary operation ’ is the set complement ~,

e distinct element 0 is the empty set &, and

e distinct element 1 is the whole set S.
Example 1.2. The binary space B = {0, 1} is a Boolean algebra, where

r Ay =min{z,y}, zVy=max{zr,y}, ' =1-ux
Example 1.3. The n-dimensional binary space is the Cartesian product
={0,1}" =B x --- x B (n copies),
and is a Boolean algebra under the Boolean operations
(X1, ) A (Y1, Yn) = (LAY, -2 T A Yn),

(21, x0) V (Y1, yn) = (@1 VYL, oo 0 V),
(21, ..., 2) = (2,...,2)),
whose two distinct elements O and 1 are

0=1(0,...,0), 1=(1,....1)

Example 1.4. The set of sentences, generated by some simple sentences p, q, . . .
with logic connectives A, V, -, forms a Boolean algebra, where — is the unary
operation ', 0 is the contradiction, and 1 is the tautology:.

Example 1.5. The set of all functions from a nonempty set S to B, denoted
B®, forms a Boolean algebra, where for functions f, g : S — B,

(fAg)z) = fle)Ag(z), (fVg)r)=flz)Vglx),
fi(a) =1— f(x),

and 0 is the constant function having the value zero everywhere, 1 is the constant
function having the value 1 everywhere.



Two Boolean algebras B;, By are said to be isomorphic if there is a bijection
¢ . By — Bs such that for z,y € By,

o(x Ny) = 9(x) A oly), olrVy)=d(x)Voy),
o) = o(x), ¢(0)=0, o¢(1)=1.

The map ¢ is known as an isomorphism.

Example 1.6. Given a nonempty set S, the Boolean algebras P(S) and B”
are isomorphic by the isomorphism

d:P(S) =B, A ¢(A) =1y,

where A € P(S), 14 is the characteristic function of A, defined by

| y(z) = 1 ifx e A,
A=Y 0 itz e A= 5~ A.

Theorem 1.6 (Principle of Duality). Let f, g be two expressions in a Boolean
algebra B. If there is a formula

f(xlw")xna/\)\/?()?l) :g<$1,...,$n,/\,\/70, 1)7
then we have the following corresponding formula
flxy, ... 20, VN, 1,0) =g, ..o 20, VAL L 0),

which is obtained from the given formula by interchanging N\ and V, and
interchanging 0 and 1.

Proof. Let us write y; = x} for i = 1,...,n. Note that f' = ¢'.

[f(x1,..., 20, A, V,0,1)]) = f(of,...,2,,V, A, 1,0)
- f(yla"'ayna\/a/\ala())a

g(xy, ..., z0, A,V,0, D) = g(af,...,2. V,A, 1,0
1

y

- g(yla R 7yn7\/7/\7 170>

We have f(y1,.. %0, VoA, 1,0) = g(y1y - ooy Yny V, AL 1,0). O
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For instance, consider the following Boolean formulas
flx1, 29,23, A\, V,0,1) = (21 V25) A (z3 A1) A (27 V0),
g(x1, 29, 23, A, V,0,1) = (2] Aza) A (25 V0) A (21 V0).
Note that f(x1, z9, 3, A\, V,0,1) = g(x1, 9, 23, A, V,0,1). We see that
flx1, 29,23, V, A, 1,0) = (z1 Axb)V (z3V0)V (21 A1)

(
( )

g(z1, 29,23, V, A\, 1,0) = () V) V(es A1)V (21 A1)
( )\/5133\/331

2 Boolean Functions and Boolean Expressions

It is convenient to denote the truth values 7" by 1 and F' by 0, and write B =
{0,1}. The product set B" is called the n-dimensional Boolean algebra.

A Boolean function of n variables xq,...,z, € Bisamap f : B" — B.
The variables x1, ..., x, are called Boolean variables and can be viewed as
simple statements. The variables z, ..., z, and their negations -z, ..., 7z,
are called literals. For convenience, we write —xy,..., 2, as T1,...,%,. A
Boolean expression is a sentence consisting of literals and connectives A and
V, where

a Ab=min{a,b}, aVb=max{a,b}.
We usually write a A b= ab and a = d’.
A Boolean expression (formula) is a concrete form of a Boolean function.

Theorem 2.1. Fvery Boolean function can be expressed as a Boolean for-
mula.

Proof. We proceed by induction on n, the number of Boolean variables. For
n = 1, there are exactly four Boolean functions f : B — B of one variable x as

follows:
f0)=0, f(1)=1 & f(z)=ux
f0)=1, f(1)=0 & f(z) ==z
f0)=1, f1)=1 & f(z)=zVI
f(0)=0, f(1)=0 & f(x)=zAz.



Assume it is true for Boolean functions of n — 1 variables. Consider a Boolean

function f(x1,xs,...,x,) of n variables. Note that
go=f(0,29,....x,), g1=f(1,z0,...,2,)
are Boolean functions of n — 1 variables xo, ..., x,. By induction hypothesis, gy

and g can be expressed as Boolean formulas.
We now claim the identity

flar, @, x) = (@1 A g1) V (Z1 A go). (1)
Recall that for any statement p,
OAp=0, 1Ap=p, OVp=p, 1Vp=1

For 1 = 0 and arbitrary xo, ..., x,,
RHS = (0Ag1) V(LA go)
= 0Vg0 =90
= f(0,29,...,z,) = LHS.
Likewise, for 1 = 1 and arbitrary xo, . .., x,,
RHS = (1 Ag1)V(0A go)
= aVi=g

= f(L,s,...,2,) = LHS.
The identity (1) shows that f can be expressed as a Boolean expression. O

We also see from the proof that

flxy, ... ) = (f(x1,. s, DA zn) V (f(x1, .o 2021, 0) A Zy).

Example 2.1. Express the Boolean function

(21, 22) | f(21,72)

(0,0) 1
(0,1) 0
(1,0) 0
(1,1) 1

as a Boolean formula.



Write the function f(zq,x2) as

f(ﬂl'l, 32'2) = (ZUl A\ f(l, CEQ)) V (52'1 A\ f(O, 33'2))

Since

f = 1 & f(l,CCQ):ZCQ,
f(0,0) =1, f(0,1) =0 & [f(0,22) = Zo,

we have
f(CEl, ZCQ) == (CEl VAN CEQ) V (Cﬁl VAN CE'Q).

Example 2.2. Express the Boolean function

(21, X2, x3) | f(21, T2, 73)

(0,0,0)

(0,0,1) 1
(0,1,0) 0
(0,1,1) 0
(1,0,0) 0
(1,0,1) 1
(1,1,0) 0
(1,1,1) 1

as a Boolean expression.
Solution. By Theorem 1,

flxy,20,23) = (21 A f(1,22,23)) V (1 A f(0, 22, 23)).

S;
e f(l, T, 563) = (ZCQ A\ f(l, 1, LCg)) V (Lfg A\ f(l, 0, 563)),
f(1,1,00=0, f(LL1)=1 & f(1,1,23) = s,
£(1,0,0) =0, £(1,0,1) =1 & £(1,0,25) = x5
then

f(l, T, 563) = (ZCQ AN 563) V (fg AN 563)
= (CEQ V fg) N T3
= 1 ANx3=x3.



Similarly,

f(07 T2, 5133) - (332 A f(07 17 CC3>) \ (jQ A f(07 07 5133)),
f(O, 1, O) =0, f((), 1, 1) = f(O, 1, LC3) = x3 N\ I3,
f(0,0,0>:1, f(an 1) <~ f(0,0,CE'g):SUg\/i'g,

then
f(O, X, 56'3) = (LCQ A\ XT3 A\ Zi’g) V (2732 A\ (563 V fg))
= 0V (Z2 A1)
= 9 N1
= I9.
Thus
f(CEl, X9, CEg) = (331 A 5133) V (fl A fg) = XT3 V 513’133/2

A Boolean expression of the form

f:l?l,... \/fkiﬁl,...

is said to be in disjunctive normal form or sum-of-product form if each
fr(x1, ..., xp) is a conjunction (product) of some of the literals

TlyeeeyTpyT1yen., Ty

The conjunction of literals is also known as minterm, and the disjunctive normal
form is known as the sum of minterms. The minterms of 3-variables are given
as follows:

a, 0, c interm with value 1 at (a, 0, c
(a,b, ¢) [ Minterm with value 1 at (a,b, )
(0,0,0) 'y 2
(0,0,1) 'y z
(0,1,0) x'yz
(0,1,1) x'yz
(1,0,0) xy' 2
(1,0,1) xy'z
(1,1,0) xyz’
(1,1,1) TYZ




Every Boolean expression can be written in disjunctive normal form. You may

define conjunctive normal form in a similar way.
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Example 2.3. Find a Boolean express for the Boolean function f : B® — B
given by the table

(a,b,¢)| f(a,b,c) | Minterm with value 1 at (a, b, ¢)
(0,0,0) 0 z'y 2
(0,0,1) 1 x'y 2
(0,1,0) 1 x'yz
(0,1,1) 1 r'yz
(1,0,0) 0 xy' 2
(1,0,1) 1 xy'z
(1,1,0) 1 xyz’
(1,1,1) 1 Yz

The Boolean function f can be expressed as
flz,y,z) =2y 2Vays VayzvVay'z vy v ayz

However, 2'y'z V 2y is equivalent to y'z; 2’yz’ V 2'yz is equivalent to x'y; and
ryz V xyz is equivalent to xy. Thus f(x,y, z) is simplified to

flx,y,2) =yzVvayvay=yzvy.

3 Logic Networks

Computer science at hardware level includes design of devices to produce appro-
priate outputs from given inputs. For the inputs and outputs that are 0’s and
1’s, the problem is to design circuitry that transforms input data into required
output data. Mathematically, the transform is a Boolean function, which has
Boolean expressions. These Boolean expressions are build up from the literals
with logic connectives A, V, =, which can be realized by logic gates. We only
use the following six gates, which are ANSI/IEEE standard.
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(a) AND ) NOT
(d) NAND ) NOR ) XOR

Figure 1: Six symbols of elementary logic gates

NOT AND OR NAND NOR XOR

/

ryl ¥ xAy axVy (xAy) (xVy) &y
0 0] 1 0 0 1 1 0
01| 1 0 1 1 0 1
1 0 O 0 1 1 0 1
1 11 0 1 1 0 0 0

Sometimes it is desirable or convenient to have all gates expressed in terms
of one or two types of gates. For instance, every Boolean function or Boolean
expression can be expressed by the same type gate or by two types of gates. For
instance, all gates can be expressed by the gate NAND.

The negation ' = (x A z)’ = A can be realized by

The conjunction z Ay = (z A y)” = B can be realized by

o]

/

= (' can be realized by

|

The disjunction z V y = (2’ A y')

X—e

-
SES



Example 3.1. How to compute 28 + 157 We write the two integers in binary
numbers

43=3248424+1=1-2240-2"+1-2240-224+1-2"+1-2°,

W=16+8+2+1=1-2*+1-2240-22+1-2" +1-2"

We are to add binary the numbers 101011 (= 43 in base ten) and 11011 (= 27

in base ten). We perform
101011

+ 11011
1000110

Binary addition is similar to ordinary decimal addition. Working from right to

left, we can add the digits in each column. If the sum is 0 or 1, we write the sum
in the answer line and carry a digit 0 to the column on the left. If the sum is 2
or 3 (in the case of 1 + 1 and plus 1 carried from the right column), we write 0
or 1 respectively, and go to the next column on the left with a carry digit 1.

Half-adder. The rightmost column contains exactly two digits x, y [in the
example x = y = 1]. The answer digit in this column is x @ y, and the carry
digit for the next column is xy. Note that S == x @y = (x Vy)(zy) is the digit
of output in this column, and C' := zy is the carry digit to the column in the
left. See Figure

y r>—s

C=xy

)
L/
Figure 2: Half-adder: S=x®y, C =xy

Full-adder. For more general case with a carry input C; and a carry output
C,, we can combine two half-adders and an OR gate to have the following
network: S=x®y® Cr, C, =zyV (z ® y)Cr.
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 3: Full-adder: S=z®y® Cy, C, =zy V (z @ y)Cy

4 Karnaugh Maps

The Karnaugh map, also known as the K-map, is a method to simplify
Boolean expressions. The Karnaugh map reduces the need for extensive calcu-
lations by taking advantage of humans’ pattern-recognition capability:.

A required Boolean function can be transferred from a truth table onto a two-
dimensional grid, where the cells are ordered in Gray code, and each cell position
represents one combination of input conditions, while each cell value represents
the corresponding output value. Optimal groups of 1s or Os are identified, which
represent the terms of a canonical form of the logic in the original truth table.
These terms can be used to write a minimal Boolean expression representing the
Boolean function.

Example 4.1. Given a Boolean function f : B® — B.
(a) The Karnaugh map is

We see that

flx,y,2) = xy' Va'y'Z vay'z

= 2y vV ayd.
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(b) The Karnaugh maps is

/ ) /

Yy |\y=z |\yz |y =z
x| 0|1 1 0
210111110

flz,y,2z) = xyz' Vay'Z vy vay?
=z Vil =27\

(¢) The Karnaugh maps is

/ I/ /

Yyz\y= |\yz |\y=z
z| 110 0
2111110

flz,y,2) = zyzVaoy'zVa'yzVays vayz
= yzVayVvy'z
= zVay.
Example 4.2. Given a Boolean function f : B* — B of four variables by the

Karnaugh map

2w | 2w’ | 2w | 2w
zy | 0] 1 0 | 0
xy | 0 0] 1 |1
2y 110 1 |1
yl 1 1] 1|0

flx,y,z,w) = xyzw' Vay' 2w Vaey'2w Vv a'yzw v

2y VY oV dyzw Vo yzw’ Voa yw
= 2 ValzwVvyzw' Vayw'
Example 4.3. Given a Boolean function f : B* — B of four variables by the

Karnaugh map

/ ) /

Y= Y= |¥y= |y =

wr | 111110
wr' |0 111
w1111
wax| 1| 1110




flz,y,z,w) = wryz Vwryz' Vwzy'z' V
1!

2y Vwx'y' 2 v

/1 1)
2y V'Y 2 v

wr'yZ vV wz
walyz vV uw's'yd Vw
waryz Vw'zy Vuw'zy d
= ZVayVay vu'a
= ZVayVay Vu'y.

The Boolean function can be also written as

flz,y,z,w) = (way'z Vwz'yz Vw'zy'z)
= (w'vavyviwvevr Vv wvivyVv?z).

Example 4.4. Given a Boolean function f : B* — B of four variables by the
Karnaugh map

vz ly [y [z
wr | 111110
we' |10 11
w0l 1] 110
wax| 0] 0|11

flx,y,z,w) = wryz Vwzyz Vwry'z Vv
wr'yz Vwx'y' 2V wa'y z v
A

w'r'y Vuw'dy'Z Vv w'ey Y v w'ry 2

= way Vwr'zVyd VvVuway'z

Example 4.5. f(z,y,2) =w'y Vy'zV zy' 2 Vwz'Z for the following table.

/ /

yz |\yz |y |y 2
wr | 0] 011
wr' |0 1111
wa'| 1] 1] 0|1
wae| 1] 1|11

Example 4.6. Find the function the Boolean formulas f(x,y, z) for the fol-
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lowing tables.

/WOllO /WOllO
/21111 /ZlOOl
) N
/Wllll /WlOOl
N N
y0110 yOllO
ARG ARG
S| 333 S|I23|3
/W‘I_OO‘I_ /Wllll
Nlo |~ |~|lo| |Na|lolo|—~
) N
/WOllO /WlOOl
N N
leOl yllll
8RB |E ARG
S| 333 S|I3|3|3
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