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1 Binary Relations

The notion of a relation between two sets of objects is quite common and intuitively clear.
Let X be the set of all living human females and Y the set of all living human males. The
wife-husband relation R can be defined from X to Y. Thus, if xt € X and y € Y, then x is
related to y by the relation R if x is a wife of y, and we write xRy. To describe the relation
R, we may take the collection of all ordered pairs (z,y) such that z is related to y by R;
the collection of related ordered pairs is simply a subset of the product set X x Y. This
motivates the definition of relations.

Definition 1.1 Let X and Y be nonempty sets. By a binary relation (or just relation)
from X toY we mean a subset R C X xY . If (x,y) € R, we say that x is related to y by R,
written xRy. If (z,y) € R, we say that x is not related to y, and written xRy. For v € X,
we define

Rw)={y e Y |aRy} = {y € Y | (z,y) € R},

and for a subset A C X,
R(A) ={y € Y | there exists = € A such that zRy}.
If X =Y, we say that R is a binary relation on X.

Since binary relations from X to Y are subsets of X x Y, one can define intersection,
union, and complement for binary relations. For a relation R C X XY, the complementary
relation of R is the binary relation R C X x Y defined by

zRy & (z,y) € R;
and the inverse relation of R is the binary relation R~ C Y x X defined by
yR 'z & (2,9) € R.

Example Consider a family A with five children, Amy, Bob, Charlie, Debbie, and Eric. We
abbreviate the names to their first letters so that A = {a,b, ¢, d, e}.

(a) The “brother-sister” relation Ry is the set

Rys = {(b,a), (b,d), (c,a), (c,d), (e,a), (e,d)}.



(b) The “sister-brother” relation Ry, is the set
Ra, = {(a,b), (a,¢), (a,¢),(d,b),(d; ), (d, e)}.
(c) The “brother” relation R, is the set
{(6,0), (b, ¢), (b, ¢), (¢,0), (¢, ¢), (¢, €), (e, ), (¢, ¢), (e, €) }.
(d) The “sister” relation Ry is the set
{(a,a), (a,d), (d, a), (d,d)}.

The “brother-sister” relation Ry, is the inverse of the “sister-brother” relation Rgy; that is,
Ry, = Rs’bl. The “brother or sister” relation is the union of the “brother” relation and the
“sister” relation, i.e., Ry U R,. The complementary relation of “brother or sister” relation is
the “brother-sister or sister-brother” relation; that is, By U R, = Rps U Rgy.

Example

(a) The graph of the equation, g—; + g—z = 1, defines a binary relation on the set R of real
numbers; its graph is an ellipse.

(b) The relation “less than”, denoted <, is a binary relation on R, defined by a < b if
and only if a is less than b. As a subset of R? = R x R it is also given by the set

{(a,b) € R*|a is less than b}.

(c¢) The relation “greater than or equal to” is a binary relation > on R, defined by a > b
if and only a is greater than or equal to b. As a subset of R? it is given by the set
{(a,b) € R?| a is greater than or equal to b}.

(d) The divisibility relation | about integers, defined by a|b if and only if a divides b, is a
binary relation on the set Z of integers.

Example A function f : X — Y can be viewed as a relation from X to Y’ it is a relation
f C X xY such that |f(z)| =1 for all z € X.

Proposition 1.2 Let R be a binary relation from X to Y. Let A and B be subsets of X.
(a) If A C B, then R(A) C R(B).
(b) R(AUB) = R(A)U R(B).
(©) R(

Proof. (a) For any y € R(A), there is an = € A such that xRy. Since A C B, we have
y € R(B). Thus R(A) C R(B).

(b) For any y € R(AUB), there is an x € AU B such that zRy. If 2 € A, theny € R(A).
If z € B, then y € R(B). In either case, y € R(A)UR(B). Thus R(AUB) C R(AUB). On
the other hand, it follows from (1) that R(A) C R(AUB) and R(B) C R(AU B). Therefore
R(A)UR(B) C R(AU B).

(c) It follows from (1) that R(AN B) C R(A) and R(AN B) C R(B). Thus R(ANB) C
R(A)N R(B). O

AN B) C R(A) N R(B).



Proposition 1.3 Let Ry and Ry be relations from X toY. If Ri(x) = Ra(x) for allx € X,

then Ry = R,.
Proof. If xRyy, then y € Ry(x). Since Ry(x) = Ra(z), we have y € Ry(x). Then zRyy. A
similar argument shows that if xRy then xR;y. Thus Ry = R». O
Let R be a relation on a set X. A path of length £ in R from x to y is a finite sequence
r = xg9, T1, ..., Tp = Y, beginning with x and ending with y, such that
iL'oR.I'l, iL’lRiL'Q, ceey .Tk,lRl’k.

A path that begins and ends at the same vertex is called a cycle. For a fixed positive integer
k, we define a relation R* on X as follows:

zR*y < there is a path of length k from z to .
We may also define a relation R* on X by letting
rR>y < there is some path from z to y.

The relation R* is sometimes called the connectivity relation for R. It is clear that
R*=RUR’URU---= J R"
k=1

The reachability relation of R is the relation R* on X defined by
rR*y < either x =y or tR™y;
that is,

R*=IURUR*UR*U---= |J R,
k=0

where [ is the identity relation on X, defined by zIy if and only if x = y. We always assume
that R = I for any relation R.

2 Representation of Relations

Binary relations are the most important relations among all relations. Ternary relations,
quaternary relations, and multirelations can be studied by binary relations. We introduce
two methods to represent a binary relation, one by a matrix and the other one by a directed
graph.

Definition 2.1 Let R be a binary relation from X = {x1,zo,...,xn} oY ={y1,y2, ..., Yn}
The matrix of R is an m x n matriz Mg = [a;;] whose (i, j)-entry is

o 1 if (xi,yj)eR

The matriz Mg 1s called o« Boolean matrix. If X =Y, My is a square matrix.
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Figure 1: The digraphs of relations Ry, and R, U R;.

For m x n Boolean matrices My = [a;;] and My = [b;;], if a;; < b;; for all (i, j)-entries, we
write M; < M;. The matrix of the “brother-sister” relation R, on the set A = {a,b,¢,d, e}
is the square matrix

000O0O
1 0010
10010
000O0O
10010

and the matrix of the “brother or sister” relation is the square matrix

O = O O =
—_ O = = O
= I = S S )
O = O O =
—_ O = = O

Another way to describe a binary relation is to draw a directed graph. Let R be a binary
relation on a finite set V' = {vy,vq,...,v,}. For each element v; € V| we draw a solid dot
and name it by v;, called a vertex. For two vertices v; and v;, if v; Rv;, we draw an arrow
from v; to v;, called a directed edge; if v; = v;, the arrow becomes a directed loop. The
resulted graph is a directed graph, called the digraph of R, denoted D(R). Note that the
directed edges of a digraph may have to cross each other when drawing the digraph on a
plane. However, the intersection points of directed edges are not considered to be vertices
of the digraph. The in-degree of a vertex v € V is the number of vertices u such that
(u,v) € R, denoted ideg(v); the out-degree of v is the number of vertices w such that
(v,w) € R, denoted odeg(v). If R is a relation from X to Y, we define

odeg(z) = |R(x)|] forallze X,
ideg(y) = |R7'(y)| forallyeY.

The digraphs of the “brother-sister” relation Ry, and the “brother or sister” relation
Ry U Ry are demonstrated in the following.

Proposition 2.2 For the digraph D(R) of a binary relation R on V,

> ideg(v) = Y odeg(v) = |R)|.

veV veV
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If R is a relation from X toY, then

Y odeg(x) = > ideg(y) = |R).

rzeX yey

Proof. Trivial. |

3 Composition of Relations

Definition 3.1 Let R be a relation from X to Y, and S a relation from'Y to Z. The
composition of R and S is a relation S o R from X to Z, defined by

z(S o R)z < there is an element y € Y such that xRy and ySz.
If X =Y, then R is a relation on X ; we have R> = Ro R and R* = R*"'o R for k > 2.

Note that in the composition of R and S we consider R as the first relation and S the
second, and the notation S o R is backward. However, many people use R o .S as a name
for what we have called S o R. Such usage is inconsistent with the notation for functional
composition and causes some confusion. To avoid misunderstanding and for aesthetic reason,
we often write RS for S o R.

7«

Example For the “brother-sister relation,” “sister-brother relation,” “brother relation,” and
“sister relation” on A = {a,b,c,d, e}, we have

RbsRsb = Rb, RsbRbs = R57 RbsRs = Rb57
Rbsts = @7 RbRb = Rb> RbRs = @
Let Xy, Xo, ..., X,, X,y1 be nonempty sets. Let R; be a relation from X; to X,
1 < i <n. We define a relation 1Ry --- R, from X; to X, 11 by
TR Ry Ryy
if and only if there is a sequence x = x1, x3, ..., T,, x,11 = y such that
T1R1%y, ToRox3, ..., TRy

Theorem 3.2 Let Ry be a relation from Xy to Xs, Ry a relation from Xy to X3, and Rs a
relation from X3 to Xy. Then Ri(RaR3) and (R1Rs)R3 are relations from Xy to Xy, and

RiRyR3 = Ri(R1R3) = (R1R2)R;s.
Proof. For any x € X; and y € X4, we have

TR (ReR3)y < dre € Xy s.t. xRyxo, 2R Ry
& drg € Xy st xRywe; drg € X3 s.t. a9 Roxs, x3R3y
& drg € Xo, 13 € X3 8.t xR1x9, xoRoxs3, v3R3Yy
< xRiRyR3y.

Similarly, (R;Rs)R3y < xR RaRsy. O



Proposition 3.3 Let R be a relation from X toY, R; (i € I) a family of relations from Y
to Z, and S a relation from Z to W. Then

(a) R(Uier Ri) = Ujer RR;;

Proof. (a) For any x(RU; R;)z, there exists y € Y such that Ry and y(U;R;)z. Then there
is one j such that yR;z. Thus x(RR;)z, and so x(UU; RR;)z. Conversely, for any z(U; RR;)z,
there is one i such that z(RR;)z. Then there exists y € Y such that Ry and yR;z. Of
course, y(U;R;)z. Thus x(R U; R;)z. The proof for (b) is similar. O

For the convenience of representing composition of relations, we introduce two operations
A and V on real numbers. For a,b € R, define

a A'b=min{a, b},
a Vb= max{a,b}.
Lemma 3.4 Fora,b,c € R,
aN(bVe)=(aNnb)V(aAc),
aV(bAc)=(aVDb)A(aVc).

Proof. We only prove the first formula. The second one is similar.

Case 1: b < c. If a > ¢, then the left side is a A (bV ¢) = a A ¢ = ¢. The right side is
(anb)V(aNc)=bVe=c Ifb<a<c, then the left sideis aA (bVc) = aAc = a. The right
sideis (aAD)V(aAc)=bVa=a. Ifa<b<c, then the left sideisa A (bVc)=aAc=a.
The right side is (a AD)V (a Ac) =aVa = a.

Case 2: b>c. Ifa<e¢ thenaA(bVe)=aAc=aand (aANb)V(aNc)=aVa=a.
Ifb>a>c,thenaAN(bVe)=aANc=aand (aANb)V(aANc)=aVc=a. Ifa>b, then

aN(bVec)=aAnb=band (aANb)V(aNc)=bVc=D. O
For real numbers aq, as, ..., a,, we define
n
/\ a; = min{ay, as, ..., a,},
i=1
n
\/ a; = max{ay, as,...,a,}.
i=1

Let A = [a;;] be an m X n matrix and B = [bjz] an n x p matrix. The Boolean multipli-
cation of A and B is an m x p matrix A * B = [c;x], whose (i, k)-entry is

n

Ci. — \/ (aij N bgk)
j=1
Theorem 3.5 Let R be a relation from X = {xq,...,xn} toY ={y1,...,yn}, and let S be
a relation from'Y to Z = {z,...,z,}. Let Mg be the matriz of R, Mg the matriz of S, and
Mpgs the matriz of RS. Then
MRS’ = MR * Ms.



Proof. Write Mg = [a;], Mg = [bjx], Mg * Mg = [c;], and Mpg = [dix]. It suffices to
show that ¢;; = dy for each (i, k)-entry of the matrices. In fact, if ¢, = 1, it forces that
a;j N\ bj, = 1 for at least one j, say jo. Then a;j, = bj,x = 1. This means that z; Ry;, and
YjoS 2. Thus x; RSz, and so d;, = 1. If ¢;, = 0, then a;; Abj, = 0 for all j’s; that is, there is
no y; € Y such that x;Ry; and y;S2,. Thus z; is not related to z; by RS. Therefore d;;, = 0.
This completes the proof of ¢;; = dj. O

4 Special Relations

Most of time we are interested in some special relations satisfying certain properties. For
instance, the “less than” relation on the set of real numbers satisfies the so-called transitive
property: if a < b and b < ¢, then a < c.

Definition 4.1 A binary relation R on a set X is called
(a) reflexive if xRx for all x in X;
(b) symmetric if xRy implies yRx;
(c) transitive if Ry and yRz imply xRz.

The relation R is called an equivalence relation if it is reflexive, symmetric, and transitive;
and in this case, if xRy, we say that x and y are equivalent.

The relation I = Ix = {(z,x) | x € X} is called the identity relation, and X? is called
the complete relation on X.

Example Many family relations are binary relations on the set of human beings.

(a) The brother relation Ry: xRpy < = and y are both males and have the same parents.
(symmetric and transitive)

(b) The sister relation Rs: xRy < x and y are both females and have the same parents.
(symmetric and transitive)

(c) The brother-sister relation Rys: xRpsy < x is male, y is female,  and y have the same
parents.

(d) The sister-brother relation Rg: xR, < x is female, y is male, and x and y have the
same parents.

e) The generalized brother relation Rj: xRy < x and y are both males and have the
g b Y Yy
same father or the same mother. (symmetric)

(f) The generalized sister relation R.: zR.y < x and y are both females and have the
same father or mother. (symmetric)

(g) The relation R: zRy < x and y have the same parents. (reflexive, symmetric, and
transitive; equivalence relation)

(h) The relation R: xR'y < x and y have the same father or the same mother. (reflexive
and symmetric)



Example
(a) The “less than” relation < on the set of real numbers is a transitive relation.

(b) The “less than or equal to” relation < on the set of real numbers is a reflexive and
transitive relation.

(c) The divisibility relation on the set of positive integers is a reflexive and transitive
relation.

(d) Given a positive integer n; the congruence of modulo n is a relation =, on Z,
defined by a =, b if and only if b — a is a multiple of n. The standard notation for
a =, bis a=0b(modn). The relation =, is an equivalence relation on Z.

Theorem 4.2 Let R be a relation on a set X. Then
(a) R is reflexive < I C R < all diagonal entries of Mg are 1.
(b) R is symmetric & R = R~ & Mpg is a symmetric matriz.
(c) R is transitive & R* C R & M3 < Mp.

Proof. (a) and (b) are trivial.

(c) “R is transitive = R?* C R. For any (z,y) € R?, there exists z € X such that
(r,2) € R and (z,y) € R. Since R is transitive, we have (x,y) € R. So R*> C R.

“R? C R = R is transitive.” For (z,z) € R and (2,y) € R, we have (z,y) € R* C R.
Then (x,y) € R. So R is transitive.

Note that for any relations R and S on X, R C S if and only if Mz < Mg. Also note
that the matrix Mge of R? is M%. We thus have that R? C R if and only if M3 < M. O

5 Equivalence Relations and Partitions

The most important relations among binary relations are equivalence relations. We will see
that an equivalence relation on a set X will partition X into disjoint equivalence classes.

Example Consider the congruence relation =3 on Z. For each a € Z, define
[a| ={beZ|a=3b} ={b€Z|a=b(mod3)}.
It is clear that Z is partitioned into three disjoint subsets

0] = {0,3,+6,+9,...} = {3k | k € Z},
1] = {1,1+3,1+6,1+9,...} ={3k+1|ke Z},
2] = {2,2+3,2+6,2+9,...} ={3k+2|keZ}.

Moreover, [3k] = [0], [3k + 1] = [1], and [3k + 2] = [2] for all k € Z.

Theorem 5.1 Let ~ be an equivalence relation on a set X. For each x of X, let [x] = {y €
X |z ~y}. Then

(a) [z] # 0 for any x € X,



2] =[] if z ~ v,

BN =0 if £,

Fach subset [z] is called an equivalence class, and x is called a representative of [x].
Proof. (a) Each [z] is obviously nonempty because ~ is reflexive.

(b) For any z € [z], we have z ~ z by definition of [z]. Since x ~ y, we have y ~ z by
the symmetric property of ~. Then y ~ x and x ~ z imply that y ~ z by transitivity of ~.
Thus z € [y] by definition of [y]; that is, [z] C [y]. Since ~ is symmetric, we have [y] C [z].
Therefore [x] = [y].

(c) Suppose [z] N [y] is not empty, say z € [x] N [y]. Then z ~ z and y ~ z. By symmetry

of ~, we have z ~ y. Thus x ~ y by transitivity of ~, a contradiction.
(d) This is obvious because x € [z] for any = € X. O

Definition 5.2 A partition of a nonempty set X is a collection P = {A;|j € J} of
nonempty subsets of X such that

(a) AiNA; =04fi+#7,
(b) X = UjeJ Aj’
Fach subset A; is called a block of the partition P.
Theorem 5.3 Let P be a partition of a set X. Let Rp be the relation on X, defined by
xRpy & there exists a block A; € P such that z,y € A;.

Then Rp is an equivalence relation on X, called the equivalence relation determined
by P.

Proof. (a) For each x € X, there exits one A; such that x € A;. Then by definition of Rp,
xRpx. So Rp is reflexive. (b) If zRpy, then there is one A; such that z,y € A;. Again by
definition of Rp, yRpz. Thus Rp is symmetric. (¢) If zRpy and yRpz, then there exist A;
and A; such that z,y € A; and y,z € A;. Obviously, z € A; N A;. Since P is a partition. It
forces that A; = A;. Thus xRpz. This shows that Rp is transitive. |

For an equivalence relation R on a set X, the collection Pr = {[z] : x € X} of equivalence
classes of R forms a partition of X, called the quotient set of X under R. Let E(X) denote
the set of all equivalence relations on X and P(X) the set of all partitions of X. Define
functions

[ E(X)— P(X) by [f(R)=Prg,
g: P(X)— E(X) by g(P)=Rp.
Then f and g satisfy the following properties.

Theorem 5.4 For any equivalence relation R on X and any partition P of X,

(gof)(R)=R and (fog)(P)="P.

In other words, f and g are inverse of each other.
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Proof. Note that (go f)(R) = g(f(R)) and (f o g)(P) = f(g9(P)). We have
zlg(f(R))(R)]y & JA € f(R)st. z,y € A & zRy;

A€ f(g(P) & Frst. A=g(P)(x) & AeP.
a

Example 5.5 Let Z, be the set of positive integers. Define the relation ~ on Z x Z, by
(a,b) ~ (¢,d) < ad = bc.
Is ~ an equivalence relation? If Yes, what are the equivalence classes?

Let R be a relation on a set X. The reflexive closure is a reflexive relation r(R) on X
such that

(a) R Cr(R);
(b) if R is a reflexive relation on X and R C R’ then r(R) C R/

The symmetric closure of R is a symmetric relation s(R) on X such that
(a) R Cs(R);
(b) if R"is a symmetric relation on X and R C R’ then s(R) C R'.

The transitive closure of R is a transitive relation ¢(R) on X such that
(a) R CU(R);
(b) if R’ is a transitive relation on X and R C R’ then ¢(R) C R’

Obviously, the reflexive, symmetric, and transitive closures of R need to be unique respec-
tively.

Theorem 5.6 For any relation R on a set X,
(a) r(R)=RUI;
(b) s(R) = RUR™!;
(c) t(R) = R™® =2, R~

Proof. (a) and (b) are obvious. (c) Note that R C U2, R* and

(URZ) URj|=U RR = RY=JR'c R
i=1 j=1 i,j=1 i,j=1 k=2 k=1

This shows that (72, RF is transitive and R C Uy, RF. Since any transitive relation which
contains R must contain R¥ for all positive integers k. Then [J{2, R* is the transitive closure
of R. O
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Theorem 5.7 Let R be a relation on a set X of n elements. Then
n—1
t(R)= |J R".
k=1

Proof. Tt suffices to show that R C U}Z; R* for all [ > n. For any (z,y) € R!, there

exist xy,...,2,1 € X such that all (z,z1), (x1,22), ..., (z;_1,y) belong to R. Since
[ > n, at least two elements of x = g, x1, T2, ..., ;-1 ,x; = y must be the same, say
Ty = Ty with ¢ < ] Then (xo,$1), Cey (33’1;1,.1'1'), (l‘j,l’j+1), cey (.Z'lfl,fﬂl) €R 1mply that

(z,y) = (w0, 1) € R"" 7 and [ +i — j < I. Tt follows by induction that B! C U}_{ R¥. O

Proposition 5.8 Let R be a relation on a set X. Then I Ut(RU R™') is an equivalence
relation. In particular, if R is reflexive and symmetric, t(R) is an equivalence relation.

Let R be a relation on a set X. The reachability relation of R is a relation R*
on X, defined by xR*y if and only if either x = y or there exist zy, 2o, ...,z such that
(x,21), (x1,22), ..., (g, y) € R; that is, R* = I Ut(R).

Theorem 5.9 Let R be a relation on a set X. Let M and M* be the matrices of R and R*
respectively. If | X| = n, then

M*=IVMVM>V---vV ML

Moreover, if R is symmetric, then M* = IV M"™'; if R is reflevive and symmetric, then
M* =M™t

Let R be a relation on X = {z1,...,2,}. If yo,y1,...,¥m is a path in R, the vertices

Y1, ---,Ym_1 are called interior vertices of the path. For each 1 < k£ < n, we define a
Boolean matrix W, = [w;;], where w;; = 1 if there is a path in R from z; to z; whose
interior vertices are contained in {z1,...,x;}. Since the interior vertices of any path in R

is contained in X = {xy,...,z,}, the (4, j)-entry of W, is equal to 1 if there is a path in R
from x; to x;; that is, W,, = Mpg~. We set Wy = Mp. Then we have a sequence of Boolean
matrices

WOZMR7 Wlu W27 7Wn

We will give an algorithm, called Warshall’s algorithm, to compute Wy from Wj_;.
Let Wy_1 = [s5] and Wy, = [t;5]. If t;; = 1, then there must be a path

Ti = Yo, Y15+ Ym = Ij

from z; to x; whose interior vertices are contained in {zy,...,z;}. We may assume that the
interior vertices ¥, ..., yn_1 are distinct. If x; is not an interior vertex of this path, then all
interior vertices must be actually contained in {z1,..., 251}, so s;; = 1. If x, is an interior
of the path, say x, = y;, we then have two subpaths

Ti = Yo, Y1, Y =T and  Tp =Y, Yir1s - Ym = T

whose interior vertices are both contained in {z1,..., 251}, so s; = 1 and si; = 1. Thus

L s = lor
tlj_l@{sikzlandskal.

Warshall’s Algorithm Working on the Boolean matrix Wj_; to produce W.
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(a) If Wy_y has 1 in (4, j)-entry, so is Wy; keep 1 there.

(b) If Wy_y has 0 in (4, j)-entry, then check the column k of Wy_; at position i, and the
row k of Wj_; at position j; if both positions are 1, add 1 to the (i, j)-entry of Wj_1;
otherwise, keep 0 there.

Example Consider the relation R on A = {1,2,3,4,5} defined the Boolean matrix

00001
01 100
Mr=|1 0 0 0 O
00010
00110
By Warshall’s algorithm, we have
00001 00001 00001
01 100 01100 01100
Wo=110000|—-W=|10001x|—->W,=|10001]|—
00010 00010 00010
00110 00110 00110
0 0001 00001 Ix 0 1x 1x 1
I 1 1 0 1x 11101 1 11 1x 1
Ws=1{1 0 0 0 1 —-W,=11 000 1| —->Ws=|1 0 1x 1x 1
0 0010 00010 0 00 1 O
I 0 1 1 1x 10111 1 01 1 1

Definition 5.10 A binary relation R on a set X. R is called
(a) asymmetric if xRy implies yRx;
(b) antisymmetric if zRy and yRz imply x = y.
Exercises
1. Let R be a binary relation from X to Y. Let A and B be subsets of X.
(a) If A C B, then R(A) C R(B).
(b) R(AUB) = R(A)U R(B).
(¢) RLANB) C R(A)N R(B).
2. Let Ry and Ry be relations from X to Y. If Ry(z) = Ry(x) for all x € X, then Ry = Rs.

3. Let a,b,c € R. Then
aN(bVe)=(aNnb)V(aAc),

aV(bAc)=(aVb)A(aVec).

4. Let R be a relation from X to Y, R; (i € I) a family of relations from Y to Z, and S
a relation from Z to W. Then
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10.

(a) R(Uier Ri) = Uier RR;;

Let R; (1 <1i < 3) be relations on A = {a, b, ¢,d, e}, whose Boolean matrices are given
by

01101 1 0010 00000

000O0O0 000O0O 01101

Mi={000O0O0O]|,Mq=]0020U0O0|,Ms=(|011P01

01101 1 0010 0000O0O0

00 00O 00 00O 01101
respectively.

(a) Draw the digraphs of the relations Ry, Ry, Rs.

(b) Find the Boolean matrices for the relations Ry, Ry U Rs, R\ Ry, RiR;", R{ 'Ry,
R; U Rl_l; and verify that RlRfl = Rs, RflRl = Rs.

(c) Verify that RyURj is an equivalence relation and find the quotient set A/(R2UR3).
Let R be a relation on Z defined by xRy if x + y is an even integer.

(a) Show that R is an equivalence relation on Z.
(b) Find all equivalence classes of the relation R.
Let X = {1,2,...,10} and let R be a relation on X such that aRb if and only if

la — b] < 2. Determine whether R is an equivalence relation. Let Mg be the matrix of
R; compute M?%,.

. A relation R on a set X is called a preference relation if R is reflexive and transitive.

Show that R U R~! is an equivalence relation.

For a positive integer n, let ¢(n) be the number of positive integers # < n such that
ged(xz,n) = 1, called Euler’s function. Let R be the relation on X = {1,2,...,n},
defined by

xRy if and only if z <y, y|n, and ged(z,y) = 1.
(a) For each y € X, find the cardinality |[R~'(y)].

(b) Show that
Rl =>_ ().

z|n

(c) Show that |R| = n by proving that the function f: R — X, defined by f(z,y) =
%, is a bijection.
Let X be a set of n elements. Show that the number of equivalence relations on X is
—1)* (7
2 (=172 kNl — k)

k=0 =k

(Hint: equivalence relations are in one-to-one correspondent with partitions.)
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