o A CONCISE INTRODUCTION TO PURE MATHEMATICS

Exaniple 10,1
(1) Lt

S sl I
e _.H_H_...h = _”_m.m.x_....w.

il nndesd any nwmber
nnd s03s any nnmber

Id

Then 1 &5 an tupper bouwd for §; so are 2, 17, ¢
Pleat s al least 1. Also 005 a lower bound for 5
less than or equal Lo (0,
(2) 1f §=E, thea & has no upper or lower bound,
(3) 1F
.hu. viE e 74

ie. the sol of Etczm_?. with square less than 2, then +/2 &5 an uppir
biound for 8, and —/2 is & lower bound,

Asowe see [rom these examples, o set can have many apper hownds, Tt fums
aul to be a fundamental question 1o ask whether, among all the upper hounds,
there is always a least one. Let us first formally define such a |

DEFINITION Lt 8 be g nov-empty sulscd of B, and suppose 8
.__.:E wn wpper-bownd, We sey that o ven! numnber o 55 a least upper bound
fabtireviated, LURL @ the follownng twn conditions hald:

(3} coasan wpper bound for 8, and
(iE) if v i any ether-wpper bound for 8§, then w = ¢

Simlaedy, o 1% o greatest lower bound (GLIY) for § 4f

(et e 15 a lower hownd for 8, and

) af 1 es eny ether lower bound for S, then § <.

Exarmple 10:2

Let:& ; ._m_ ne M} as in Example 10:0(1) above:

We elaim that 1 isa LUD for 5. Thsee Lhis, observe Lhat 1 b [T
bovnd: and any other upper boand s at least |, sinee 1 £ 8

We alse elaim thst 0V ks o QLB for & 'This s notopuite: so obvios,
I%j s 4 tower bound. Let 7 be another lower bound foe 30 B =0,
___.__.._........ can 1 < B osuch thiat m__ = bl h_.. & & a0 Lhas s nat _”.C.x..:_v__.,.
ﬂ_... _q_,._r. adower ot for 80 Hewee | < 0, which proves thst 0 3s 0 QLT
ar ¥,

The next result s abscluely Tundamental W e study of the real numhers,
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THEOREM 10.1

Let 8 be o won=cmply subsct of K,
(13 If & has a dower bownd, Wien ol has a greatest Lo Downd.
{11y 1f8 has an upper bound, then i has o least upper feriel,

PROOF (1) Suppose § has a lower bound. Now every member s of
5 s a decimal expression

&=y d Sa¥3 e

Since § has a lower bound, the integers 5, ocourring cannol decrease
indefinitely: so there must be a smallest inleger 5, oceurring; call it g,

Among all the members of 8 with decimal expressions starting with
this integer ay (1o, starling ¢y -5 5;. J. chaose one with the digit g in
thie first decimal place as small as possible; call this digit 4.

Similarly, among all the members of § starting ag - @855 el
ane with the digit In the second decimal place as small as possible; call
this digit ,. Carry on choosing digits ay,ay, ... in this way, Now define
the real nmber

i = gy iy

Wi shall show that d is o greatest Jower bound for &,

Firsl wo st show thal d @5 o lower bound, Let £ € 8, with s =
S 2 Sy sy I §#£ 4, let the first decinal place where 5 anid o disagroe
he the & place. Then s = ay-a ... 4, 5 ... with 5 7 a, [possibly & 1]
of course). By our choice of g, (as the least B digit oceurring among
menibars of § that start e, a0 ) owe mngt have 5 = ay. This
means that 5 = d. Henee, d isa lower bound fors.

MNow we show d is & GLB. Let | be a lower bound for &, and et

fos byl e We need to prove thal o = L0010 d #1, let the first decimil
place whern d and ! disagree lw the & place, Then [ =ap-a;-a,_ gl
with . + @, From our choice af the digits a;,a;,.. ., we know Lhat there
is & member g al'S which sharts s =a,-a, .0 e Siree {18 a8 lower
bound for 8, we have s 2= [ and henee g, = . Therefore d > [, proving
that « is o GLB for 5
This completes the proof of (1),

(I1) We shall nse a simple trick to deduee (1T) from {I], Suppose § has
an upper bound, say w. Define the sel —8 to consist of the negatives of

il members of §; that s,

As s < p forall s €8, wo have —s = ~w for all —s € =5, and su s A
ar % Fhoerelore it —& hag.a Gl i
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