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7. let > 2 be an integer. Prove that n is prime 11 and only i for every

integer a, either hef{a,n) = 1 ornla,

Let a; b be coprime positive integers. Prove that for ny inleger # there
exisbintegers s.r with ¢ = { such that sa +1h = 5,

After a particularly exciting viewing of the new Danish thriller Den fede
tal, critic Ivor Smallbrain repairs for refreshment to the prison's fast
food outlet O'Ducks. He decides that he'd like to cat some delicions
Chicken " Nugpets. These are sold in packs of two s1zes — one con-
taining 4 O Nugpets, and the other comtaining 4 (' Nuggets,

Frove that for any integer = 23, it is possible (or [vor to buy e ' Nuggets
tassuming he has enough money ),

Perversely however, Ivor decides that fie must by enactly 230" Nuggets,
ne mote and no less. Ls he ahle to do this ¢

_Tn_wn.:_:wh this ;_:m.._:._::.. replacing 4 and 9 by any pair a,b of coprime
postive mtegers: find an integer & (depending on a and &), such that
for any integer i = N it is possible 1o find integeis 5,0 = 0 salisfving
s+ th=n, but no such &7 exist satisfying sa = ih — N,

Chapter 12

Prime Factorization

We have already seen i Chapter 8 (Proposition 8.1} that every inleger preater
then 1 is equal te a product of prime nwmbers, i.e., has a prime factorization,
The main result of this chapter, the Fundamental Theorem of Arithmetic, 1ells
us that this prime faclorizalion is unigue — in other words, there s essentially
only one way of writing an integer as a product of primes, (In case you think
this 15 somehow “obwvious.” have a look 2l Exercise & at the end of the chap-
ter, 1o fiond an example of a nomber system where prime factorizanon 1§ mor
LRI e )

Thé Fundamental Theorem of Arithmetic may not seem tervibly thrilling to
vou al first sight. Hewever, it is in fact one of the most important properties of
the integers, and has many consequences. | will endeavor 1o theill you a little
by giving o few such consequences aller we have proved the theorem.

The Fundamental Theorem of Arithmetic

Without furthier ado then, Tet us state and prove the theorem.

THECQREM 12.1 (Fundamental Theorerm of Arithmetic)
Letn be an witeger wilin = 2

I} Then nods vguad fo g prodeet of prime wambers;: e have
i : 7

wibbere o py e priTes und p) S opa S oS

Hy Thas prame Jectorizeton of noes wnegue: o obber words, of



