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oocurs after i | steps, Then the equalions representing the steps are:

(1) b=gqya-t+rn withi¥ < r, < a

{2) a a5ty 1 with 0= r, = r

_Hm.i__ i =it +ry with == ry=ry
(i) s g AT i ¢ 2

_““_.H..“_ = nfy. + with D i S

(a1 r,_ =g, rntl

THEOREM 11.1

fn the abave, the highest common fuctor hefla,b) s el Loy, the last
HON-200% Ferriainder

PROOF Lot d = hef(a,b). We fitst show that e, I argiing [rom
equation (1] downwards. By Proposition 11.2,d divides & — e, amd
hence: by (1), d|r;. Then by (2], dlri; by [3), dlry, and so on, until by
[#), dlra . .

Now we show that o = r, by workiog upwards from equation (e 17,
By (n -_.._.“., Fefr._y; hence by (), e, o; henee by (n—1), 7, |, and 50
on, until by (2], rpla and then by {13, r,lb. Thus, ry @5 4 common Tactor
ol o und- &, and s0.d = r,,

We conclude that o = ry, and the proof is complete, I

The next result is an important consequence of the Euclidean algorithm,

PROPOSITION 11.3

ol e & and d = hefla.b), then there are sndegers §oand ¢ suweh that

o = sl

PROOF  We nse Fouations (1) ooy () abwrve. By (m),

d'=Fy =1, 3= dnty_;

"A—4

Substitnting for Fay Wsing Eguation (n— ] we gol

= L —agplt, 5, [y nd = AT, 4 v

2 3 Iy =1 w0k

wre kv e E, Using Fguation (n—2) we eanog
Fspecifically, R o 1)

i =
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where ¥, € & Currying on like this, wo eventually gol i = sa-+ihowith

5,02 &, as reguived |

Example 11.2 .
We know by Example 117 that hef{5817.1428) = 21. So by Proposi-
Lior L. there are integers .0 such that

21 = 581754 1428 .

Liet ms find such integers 51 B
Tes do Lhis, we apply the method given in Lhe proal of Proposition 1.3,
using the equations in Steps 1 through 4 of Example 11.1. By Step 4,

2 =063 =42,
Hetice by Step 5.
=63 {105—6¥)=—1054+2-6F.
Henoe by Step 2,
M= 105 L1428 —13.105) =2 1428 - 27105
Henee by Step 1,
2] —2.1428 —27(5817 —41428) = —27- 3817+ 110 1428 .

Thus we have found our infegers s,10 5 = —27,7 = 110 will work. [But
note that there are many other valnes of 5,0 which alsa wark, for cxample
=27+ 1428, = 110 - 5817.)

Here is a consequence of Propositizn 1123

PROPOSITION L1.4 . ﬂ
Ifa.b €7, then any commen factor af a anid b also divides hefla k).

PROOF Lot d = helle.d). By Proposition 1135, there are integers
g1 such that d = se b I m is & comien Fnetor of @ amd &, then m
dividis sa -+ b by Tropesition 11.2) henge m divides o, i

Wie are now o i position o prove 2 lughly significant fact ahoul prime nm-
hers: namely, that it a prime nembe: p divides o prodoct ab of tvo imtegers,
then p dwides one af the factors gand &




