4 A CONCISE INTRODUCTION TO PURE MATHEMATICS

Wi ean carry on drawing lines and counting the regions they form, which
leads s naturally to a general question:

If we draw n straiehy lines in the plane, no three poing through the same
ot and no twa parallel, how many regions do they divide the plane inro?

The conditions about 1ot going throngh the same point and not being
parallel may seem strange, bt in fact they are vers natural: if vou draw
lines at randam, it is very unlike v that two will be parallel or that three
will pass through sme point &0 Yo cottld say the lines in the
fuestion are “random” lines. Techni
general posicion.

The answers to the question for n - 1. b dare 2,407, 11 Even
from this Aimsy evidence you have probably spotted o pitltern the
ditference bitwouy sueeessve torms seems W bw jhe itg by 1 each
time. Can we predict o formmiln from this patterit” Yo, of __.__;:E_. Wi
eani Lhe number of regions for one line is two. for twis st is 2 42, Four
three lines is 2+ 24 3, for four Haes js 2 243 44, 20 we predict that
the mambaer of regons for g loes g

lly. they are gaid to be lines in

24243444 i

s is just. [ 4 X0 1 which by Exumple 8.6 is equal to 1+ Suln + 1)

List s therefore attewmpt o prove the following statomem 2(n) by

B the mumber of regions formed i Ll
b penvend position s e 404 2)

i L msteadghit lines

el s 2

First 2013 15 true, as the number of regrions for «
2]

MW sIppoEe *n) 1s Lrue, soon lines peneral position form

Lin? 4
n ok 2) regions: Draw in &n (o4 1P fine. Sinee it is not praridle] to Ny
of theothers, this line meets encl of the other o lines in o paint, and
these n pioints of intersection davide the (n+ 1) Vo 1 pieces
Eaeh ol these pieces divides an ol Fegion ko twa new oties: Henee,
when Bl (0 4 1 line i drawn, the number of rogions increases by
nAd 1 (1f this argument is pot clear o you, try drawing u pictime ﬁ.:
illustrate it when n= 3 ar 4, Consequent ly the finiber of regions with
e dines i equal to Tbr. a2} 4 1 Clheek that thie _ el to
s+ 12§ (n4 1)+ 25,

. We have now shown that #(n) = Pin+ || Hen
wolrue for mlla = ],

by jnduetion; Pl

.::._cr._:..: 15 a much more powerful method than vou mnght think. fr can
Olien e used to prove statements that do mot dctually explicatly mention an
tnleger 1, o such instances, one must magimatively desien o suitahle statement

Pial o fitin with the problem, and then v o prove Pla industhon. Inthe
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next two examples this 1s farly easy to do. The next chapter, however, will be
devoted to an example of a prool by induction where the statement P{n) lies a
tong way away from the itial problem.

Example 8.9
Some atralght lines see deawn in the plane, forming regions as in the
previous example. Show that it s possible to colour each region oither
roid or blue, inosuch a way that no two neighbouring regions have the
sarne colonr,

For esample, hete is such o colourmg whon thore are thres lines

Heww dhos wir desiign o siitable statement #le) for this problem? This s
very sitnple: Just take Pla) to be the statemnent that the regions formid
by m stradght lines aned the plane can be colonred in the required way.

Actually, the proal of Fla) by induction s soones and elegant that T would
hate o deprive you of the pleasure of thinking about i, so 1 leive 1010 you. (1
soset s Exercise L4 al the end of the chinpter in case vou forget )

Prime Factorizalion

I the next example, we prove a very iinportant result ahout the integers
First we peed a delinition:

DEFINITION A prime number o5 4 positive infeger posuch il p > 2
andd e ondy pasttive wbegers deiding poare | oand p

Yiou are probably familiar to some extent with prime aumbers. The first few
ore 2 3.5, 7,00, 1300, 19,23, 50
The miportant result we shall prove is the following



