in A CONCISE INTRODUCTION 10 PURE MATHEMATI (1

At each of the other vortices of these three pentagons, thero s likewise
only mie way of fitling two further pentagons togeller. Carrying on Lhis
argument with all new vertices, we see that there is at mosi QI WAy Lo
make a regular solid with these paramoters. Siniee the tlodecahedron s
such a solid, i is the oidy one. This completes 1ie o |

Exercises for Chapter 9

1. Cansider a convex polyhedron, all of whose fices are scjuares or regular
pentagons. Say there are s Squares and o pemagons. Assuine thar each
verlex lieson exactly 3 edges,

tal Show that for this polvhedron, the Fellowing equations hald:

IV =2F, dm+5u=2E, min=4

et

(b} Using Buler's formula; deduce that 2m 4 1 — |2

f¢) Find examples of such polyhedra for as muany diflerent values of m
s vou can,

2. Prove that for a convesx pelyhedron with ¥ overtices, edges and F faces,
the following inequalities are true:

ZE=3F, and 3E-=3V
Dreduce using Euler's formula il
WEF4d IVZE+6, 2F 2V 44 and 3F = E40,

Give an exanple of a convex pelyhedron for which all these inequalities
ategqualities (e, 2V = F 14, et2)),

Lad

Prove that if 4 connected plane graph has v vertices and ¢ cdges, then
e<dv—0

=

Prove that it is impossible 10 make a foathall oul of exactly 9 squares
and gt octagons, where m = 4. (In this context, a “fouthall" 15 3 Conves
polyhedron in which at least 3 edges meel al cach vertey )

S0 Divaw all the connecled plane mraphs sl cilpes, andall the

conneeled
plane graphs with 4 vertices,

EULER'S FORMLULA i

6. Let &, denote the graph with o vertices in which any ._ _,{c._,._.ﬁ:._.,._.,..m are
Joined by an edge. So for example K, consists of 2 vertices joined hy an
elge, and Ky s a triangle,

Prove that il is possible to draw Ky as a plane graph. (Nole thal edges do
nol have to be dravwn as straight hines.)

Prowe that it is impossible to draw K, as o plane graph. (Ml Use the
incguility in Queston 3 cleverly.)

=l

Prevve that every connected plane graph has a vertex that 15 jomed to at
most five other vertices, (Hine Assume every verlexs jomed tooat least
tr others, and ry W use Question 3 (o get a contradiction. )

Critic Ivor Smiallbrain has been thrown into prison for libelfing the .m:u.m:
film director Michael Loser. During one of his needlework classes in
prison, lvor is given a pile of picces of leather in the shapes of regular
pentagons and regular hexagons, and iz 1old to sew some of _.:n.f.n togeth-
erinte a conves polyhedron (which will then be used as a hoc:.,_..__:.? e
15 told that cach vertex must he on exactly 3 edpes. Tvor immediately

exclaims, “Then | need exacily |2 pentagonal pieces!

o

Prove that Ivor s cormreet.




