(04 A CONCISE INTRODUCTION 10 PURE MATHEMATICS

equations ave very hard, or impossible, to solve lor instance, oven
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the aguation & = 3" + & has not been completely solviad For sl viahies of
k. However, T have chosen a nice example, in that Equation {12.1) can
bie zolved fairly easily (8s you will see). but the soluliom is nol Lotally
trivial and involves use of the consegquence 12,4 of the Fundamental
I'heorem 121,
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rr._ s ._,:,:F o ;.Wa_: solving Bquation [12.1) fir v,y & £ First we
rewrite ias y' =4x" — |, and then cleverly factotize the right-hand side
Lo g

¥ =T 18- 1) .

.::.. tnetors 2x+ 1, 2x— 1 are both odd intesers: and their higlest commeon
factor divides their difference, which 5 2. Henoo

helf2e4 1 20—=1) =]

Thus, 25+ 1 and 2o~ | are coprime Lo ench other, and Lhidr privcliet is 37,
i cube. By Propositien 12.4(1), it follows that 2v 4. mned 2x— | arethem-
selves botlveubies, However, from the Tist of aubes == O 82T
L is apparent that the only two cubes that differ by 2 are 1,— 1. There-
fore, = 0 and we have shown that the only even square that exceeds o
cibe by 1is 0. In ather words, there are no non-zero stch sgquares,

Exercises for Chapter 12
I Find the prime faclorization of 111111

2. (a) Which postiive integers have exactly thred positive divisors?

{b) Which positive integers have exactly [our positive divisy

) m:c_.a.mn n = 2is an integer with the propeny that whenever a prime
it divides 7, p* also divides n {ie. all primes in the prrrme factorzation
of # appear at least to the power 2). Prove that 5t can be wrilien as the
produet of i square and a cube,

A Suppose that 1 is a positive integer such that pr=3—lisp
first few such primes are 3.7,31.. ...} Define

e (The

List all positive integers that divide N, Prove that the Surm ol all these
divisors, meluding | but nat & jself, i« cyual 1o N,

PRIME FACTORIZATION 1015
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A positive integer that is equal 1o the som of all its divisers (including
I but not asell) is ealled a perfecr number. Write down Tour perfect

numbers,

Prove thal femia b} = abjhe f{a b) for any positive intcgers a, b without

using prime factorization,

| | 3 3
{a) Prove that 23 and 33 are irrabional.
o [ ;
{b} Let i and i be positive integers, Prove that s 1s rational if and only

if i is an 1™ power (i.e., m = o for some integer ¢),

Let £ be the set of all posiave even inlegers. We call a number ¢ in £
“proma’ if ¢ cannot be expréssed as a product of two other members of

1) Show that & is prima but 4 1s oot
{1) What is the general [orm of o prima in £7
{ii1) Prove that every element of £ is equal 1o a product ol prinas.
Liv) Give an example to show that £ does not satisfy a “umgue pri-
mia factonzation theorem™ (e find an element of E that has twao
different factorizations as a product of prunas).

{a} Which pairs of positive integers m,n have b (Mo = 30 and dem{m, )
1500

(b Show that T e, n are positive integers, then e m, :H_ divides femim,n).

When does fie fTa, n) = femim, ) ?

(c) Show that if s, n are positive integers, then there are coprime integers

Ay such that x divides o,y divides i, and vy = Femian, i),

Find all solutions x, v © ¥ to the following Diophantine equations:

)y xt =y

{b) 2 —x =7
=yt — 3
{dya? =4y Fap—3.

Langushing i bis prison cell, ertic Tvor Smallhrain s dreaming. In his
dream he 15 o0 the Pacific island of Melerul, cating coconuts on a heach
by a calm blue lagoon. Suddenly the kg ol Nefertit approaches bim,
suving, "Your head will be chopped off untess vou answer this riddle; Is
it possible for the sixth power of anointeger w exceed the Aifth power of
anather imleger hy 167 Fevenshly, vor wriles sonne caleulations in the
sand al eventually answers, "Oh Grear King, noitis not possible " The



