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{Lhis s ust saying = lies between two conscculive integers). Multiplying
through by the positive integer a, we obtain ga = b < {g+ a, henee
0<H—ga<a. .

Now puf r=b—ga. Thon b=ga+rand 0 < r< a,; 2% required. |

PROPOSITION 11.2

Let a b d € T, and suppose thot d|a and dib. Then d|(ma | nft) for any

I E & .

PROOF lecta= ¢yd and b= ¢yd with Cpatn S & Thm For mon e &,
i b = e d +nc,d = (e i, d

HNenee d o+ nk). |

The Euclidean Algorithm

The Euclidean algorithm is a step-by-step method for caleulating the com-
mon factors of Lwo integers. First we need o delnitan,

Eﬂuﬂﬂzﬂugc.?. Leta,be & A common factor of & and b (s an integer
which divides both a and b, The highestcommaon factor ala andd, wrtlen

hefla,b), s the largest positie inleger that divides both a and b.

. _.w: cxnmphe, hef{2,3) = 1 aind hef(4,6) = 2. But how do we o about
finding the highest comman factor of two large numbers, say 5817 and 14287
This is what the Euclidean algorithm does for us — 1 i [ew simple, mindless
Aleps

Before presenting the algorithon 1o all jrs full glary, let us do'an g ile,

Exarople 11.1
ﬂ,..,_._m, wir find hef(SRI7,1428) in o few mimdless steps, as advertisod.
Write b =35817.a = 1428, and lel o = heffa,b)

Steped Dhvice q inte boand et oo guotients aod pomnder:

S817= 4 1438 w08
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(Beduction: As dia and dlb, o also divides a—4b = 105.)

Step 2 Divide 105 indo 1428:
1428 = 13105+ 63 .

(Deduction: As d|1428 and (105, d also divides (3.)

Seep 3 Divide 63 into [05:
1053 =163 442,

{ Deduetion: d142.)

Step 4 Divide 42 into 63

G3=1-42421,

[ Deduction: |21}

Step 5 Divide 21 into 42

42=7%21440

Stepis STOP!

We claim that & = hef{5817, 1428) = 21, the last non-zero remainder
in the above steps. We have alrewly observed that J[21, To prove our
claim, we work upwards [tom the last step to the first: namely, Step 5
shows that 21[42; hence Step 4 shows that 21|63; henee Step 3 shows that,
21|105; henee Step 2 shows that 21]1428; hence Step 1 shows 215817
Therefore, 21 divides both a and b, so o > 21 As d]21, it follows that

e

i =21 ash

The general version of the Euclidean algorithm is really no more complicat-
ed than this example. Here it is.

Let a, b be integers. To caleulate hof{a, b, we perform (mindless) steps ax
in the example: first divide a into §, getting a quotient ¢, and remainder £
then divide r| into g, geting remainder £, < r 2 then divide #, into £y, geting
rematnder vy < e and carsy on like this until we eventually gel a re rainder ¢
twhich we must, as the rs are decressing anel are = 13), Say the renainder 4



