1] A CONCISE INTRODEFCTION T6 PURE MA THEMATICN

PROPOSITION 8.1
bivery positive mteger greater than | is equal o o product of primi
iurnhers.

In the proposition, the number of primes in a product must be allowed 1o be
| since a prime number itself is a product of one prime. 1 11 is 4 positive inte-
Eer, .,._.__n.__....____ an expression n = p, ... p, where Pivee oy ":.t._.:.::.ﬁ _:..__i.._c_ﬂ. a
P fectorization of i, Here are some examples of prime factorizations:

W=2:3-8, 12=2-2, 3,19 =13

A suitable stalement 1o attempt o prove by induction is easy to design: for
=2 lel Pin) be the statement that » is equal toa product of prime numbers.

Clearly P(2) is true, 052 = 2 i n prime lactorization of 2. However, it is not
clear at all how (o go aboul showing that P{a) = P{n+ 11, In fact this cannol
he done, since the primes in the pome factorization of » do mot oceur in the
Factorization of n+ |,

However, all s not last, We shall use the lullowing. apparently stronper,
principle of induction,

Principle of Strong Mathematical Trvelurct fon
Stpprese that for each imtegern = dowe have & siatémen Plal Ifwe prove the
fllmving twe things:

(a) ____VTP._ {5 rre;

(b) for all n, f PU), Pk +1),.. Pn) are all trwe, then Pla 1) iy also
Trueet;
then Pin) is true forall n =

The logic hehind this principle is not really anv different from that behind
the old principle: by {a), Pik}) isirue. By (1, PR} =+ P+ 1) hence POk 4 1]
15 true. By (byagain, P(k), P{E£ 1) = Pk | 2l hence PUE+2) 1s bue, and so
R

iln fact, the Principle ol Strong Induction is actually amplied by the old
principle. To see this, let Q(n) be the statement that all of £(k), ... Pin) are
true. Suppose we have proved (a) and (b} of Stong Induction. Then by (),
QK] is true, and by (h), Q(n) = Qfre+ 1} Hence by the old principle, Qimlis
trve For all i = &, and therefore sa is M)

Let us now apply Strong Induction 1o prove Priposition 8.1

Proof of Proposition 8.1 Forn > 2_ et Pla} be the statement that » is i
to i product of prime numbers. As we have already eemarked, (2 is troe:
Mow for part (b of Strong [nduction. Suppose that £{21,. ., Pln) are all
triee. This means that every imteger between 2 and o has o prime factorization,
Now comsidera + 1 If - | 15 prime. then it certinly has a priee factorization

INDUCTION a7

(asa productof | prime). IFa+ 1 is not prime, then by the definition of a prime
number, there is an integer @ dividing n+ 1 such that @ # 1 orpn 4 1. Wriling
b= :.H._ . we then have

n+l=ab and abe {23, .0},

By assumption, Pla) and P(#) are both true, Le., @ and b have prime factoriza-

Lions, Say

=Pl B= gy

where all the p; and ¢, are prime numbers, Then
rtl=ab=p..pag...q.

This is an expression for n + 1 as a product of prime numbers.
We have now shown that P(2),. . P(n) = P{n+1). Therefore, P{n) is true
forall m = 2, by Strong Induction,

Example 8,10
Suppose we are given & sequence of Integers ug 1y 4s, ... iy, ... such thal
g =20y = 3and

| = 3y — 2w

I, -
for-all n = 1. (Such an equation is called o recurrence relation Tor the
secuence. ) Can we Aud a formmla for w7

Using the equition with n =1, we got ty = 3ty — 2wy, = 5, mned likewise
ty =90y = 1T 0 = 334, = 65 Is there an abvivus pattern? Yes, a
reasonable Fuess seems to be Lhal o, =27+ ],

S let us try to prove by Strong Induction (hat s, = 27+ 1. 17 this
5 the statement Pn), then P(0) is true, as uy = 2" 4 1 =2, Suppase
PO P, Pln) are all trne, Then gy, = 2 41 amd By =2 W g
Henee from the recnrrence relation,

Pty | |..m_.‘m.s_ 1 :|M_”M= ! | _._.“..u_.m.a|M__._ 1 |.“._..:”I_|T_

which shews Plr + 1) 15 true. Therelore, i, =27+ 1 for all g, by Stronig

Ineduetion.
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Exercises for Chapter 8

L. Prove by induction that it is possible 1o pay, without tequiring change,

any whole number of raubles greater than 7, with banknotes of value
Froubles and 3 roubles,




