Chapter 11

The Integers

In this chapter we hegin to study the most basic, and also perhaps the most
fascinating. number system of all — the integers. Our first aim will be o
investigate factorization properties of integers. We know already that every in-
teger greater than 1 has a prime factorization (Proposition 8.1). This was quite
easy to prove using Strong Induction. A somewhat more delicate question
is whether the prime factorization of an integer is alwavs wigue — mother
words, whether, glven an mleger o, one can write it as a product of primes in
only one way. The answer is yes: and this 1s such an important result that it
has actpuired the grandiose ttle of “The Fundamental Theorem of Arthmetic,”
We shall prove itin the next chapter, and try there to show why it is such an
important result by giving some examples of its use. In this chapter we lay the
groundwaork Tor this.

We begin with a Familiar definition,

DEFINITION Lot abcF. We say o divides b {or a is a factor of
b)) af b = ac for some andeger oo When a divides b, we write alb,

Lrsually, of course, given two imtegers a, boat random, i s unlikely that a
will divide &, But we can “divide @ into &7 and geta quotient and a remainder:

PROPOSITION 1.1
Lot a e wopositive dnteger.. Then for ang be &, there are integers g0
sieth that

b=ga+r ond D<r<a.

The integer g s called the quotient, and r 5 the remainder, Forexample, if
i— 17 & — 83 1then the equation in Proposition 11,0 s 183 — 1017 + |3, the
gualient 15 10 and the remainder |13
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