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(3) Triangulyr prism

This has & vertices, Y edges and 5 faces.

(4) neprism "This is like the trangular prism, except that its top and bottom
Faces are n-sided polygons rather than triangles. It hias

2n vertices, I edges
L n 2 faces,

Lt us eolleet the numbers of vertices, edpesand faces Tor the above exam.
Ples in 4 table, Denote these numbers by V. E and F. respectively.

vV .E F
(1) %12 6
(2) 4 6 4
_#.“_ i U 5
{4) 2n 3nm+2

i

Can you see a relationship between these numbers that holds in every case?
You probubly can — it s

V-E+F=2

Thisis Euler's funious formula, and we shall show that it holds m general forall
convex polyhedri: a polyhedron is conves if, whenever we choose two patnts
on it surface, the straight line joining them Jics entirely within the polvhedron.

Al of the sbove examples are convex polyhedra. However, if we for exam-
e take u cube and remove a smaller cube from ns interiorn, we get a palvhe-
dron that is not convex; for this palyhedron, in fact, V — 16 F M F =12,
sV 8 F =4 and the formula fuks

Here then s Buler's formula.

THECQREM 9.1

B i voviver polyhiodron wilh V' veriiees, E velgis f

faces, we hare

d,_.alm.:u
As | sud, we shall prove this result by induction, So somehow we have 1o

design # suitable statement Pln) o try 1o preve by anduction. What on-eanh

shonld Plnt be?

Before going into this, let us first translate the problem from one about ob

o5 in 3-dimensional space to one about ehjects m the plane, Toke 4 convex

podyhedron s in the theoreny, and choose one face of it

Resard this face asa

EULER'S FOORMULA T3

window, put your eye very close to the window, and draw on the ..,._.E._h_.u_z pane
the vertices and edges vou can see through the window, The result 15 & hgure
in the plune with straight edges, vertices and faces. For nmm:_En,_:nﬁ is what
we would draw for thie cube, the tetrahiedron and the triangular prism:

(The outer edges enclose the window.)

The resulting figure in the plane has V vertices, E edgesand F -1 :F.E.,. (we
lise one face, sinee e window is no longer o face). I0is a "connected plane
graph,” 10 the sense of the following definition,

DEFINITION A plane graph s a figure an the plane consisting of
w collectun of pomnts (vertices), and some edges jmning various pairs of
these pownts, wath no twe cdges crossing cach other. A plane groph s
connected of we can gl from angy verler of the graph to any pther vertes
By goeing along a peth of edies an the grapl,

For example, here s o conneeted plane groph:

1 has 7 vertices,

THEOREM .2

If w commected plane graph has v vertices, ¢ edges and f faces, then

vi—a-b =1

Cheorem 9.2 easily implics Euler's theorem 900 Tor il we have o convex
pulyvhedron with V vertices, £ edges and F faces, then as n.q.ﬁ_.._zn._.h abuve we
n_ﬁ.n_ connected plane graph with ¥ vertices, £ edges and F — 1 faces. If we
knew Theorem 9.2 was tre, we could then deduce that V —E 4 (F 1) =1,
hence V' — & + & = 2 as required Tor Buler's theorem,

Sov v need to prove Theorem 3.2,




