5 A CONCISE INTRODUCTION TO PURE MATHEMATICS

It is mow wery easy o see that —c 5 a LUR for 5 frst, —s = for
all —s& =8, hence s < —¢ forall s € 8, and 50 —¢ isan upper bound for
& TF e ds any other upper bodnd, then -u = a lower bound for =5, =a
—tr < &, which imples ¢ = —¢. Henee, —¢ b5 0 LUB [or 5§, as recpuired.

Note 1fa set S has a LUB, it is easy to see that it has only one LUB. We leave
this to the reader (it is Exercise 3 al the end of the chapter in case you forget).
B0 it makes sense to talk about the least upper boumnd of 5. We sometimcs
denote this by LUB(S). Likewise, a set § with a lower bound has only one
GLE, denoted by GLB(S)

As we have said, Theorem 10,1 underlies the whole of the theory of the
real numbers, and you will see it used many times in your fulure study of
mathematics. For now, we givie ome application by proving the existence of #
oy,

Existence of o Roots

W m now to prove the following resuit

already stated as Proposition §. 1

PROPOSITTON 10,1
Let n be o positive witeger. If x ax a positive roal number, then there s
exactly one posittte real sumber v sueh iat v — 1

The iden behind our proof of this result s very simple. but the prosed eself in-
vilves quite a bit of notation, which may slightly obscure the idea at first sight,
S0 lo make everything crystal clear, we first present an example o dlustrate
the jdea,

Yxmnple 10,4
I Lhis example, we prove the extstence of o real number ¢ such st

¢ = 2. That is, we prove the existenée of 23, the teal cube Toot of 0

Flie ke idea is todefine the following set of rral nombers
§=fxlxe R.x' <2}
This, § 18 the set of all res 5 W
s, a8 tho setoof all real mambors whose cnle

First oote that ¥ has an upper boind: 6
bound; sines i =2 then d.< 2. Therefor
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least upper bound, Say
= LUB(S) .
We shall show that ¢ = 2. We da this by contradiction. .
Assume then that ¢ # 2. Then either < 2or e > 2. We __..:_.w_.L__.ﬂ
tliese twa possibilities separately, in sach case obtaintng a contrac

hiat & = 2. Our shrategy in this case is to find a small

Cayve | Assum .
number @ = 0 such that (e+a)! < 2 still; this will mean that e e S,
whereas ¢ 15 an upper houd for & o contracdiction.

To find e, we arge as follows, (We hive chosen o present the steps
Sy poverse” i order b make it olear how the argament was o uned. ) We
hive
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(The boat inecuatity follows singe when O < o < 1, we have @° < 0 i
it < er.) Slnen 2 e ) we e choose @ such tha
2=
Oocig o 1w 8 < —=——7—
kL Tl |

Thien by the above implications it follows that (e+ o' < 20 This leads
o n contraiiction, ns explmned before

Case 3 Now assume thiat @' > 20 In this ease our strategy 18 1o find @
small munber § = 0 such that (¢ B! = 2ostill, 1f we do this, then for
v s we huve 81 <2< (¢ =), hones x < e — B, and so B s an upper
bonndd Tor 8. However o s the LU of 5 50 Lhis s o con fcdicbion.

T il i, note thitt

(e=B) »2 & =2 5328 - 2pt+4*
Vo2 a At #3304 1) nnd < B <

Lo AR

Simee oF =2 =0 we can choose [Banel hal

: =2
B<fi<| andfl< TRl
Then by the above fmplicatiods it follows thimt. [&— __..__d. =2, This leads
to o contrdiction, as explained before.
Thus we lave resched s eontmidiction o botly Cases 1and 2, from

witiet we conclude that &= 20 Tnather words; ¢ 5 theee peal drrhie pont
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