L% A CONCISE INTRODUCTION TO PURE MATHEMATICS

"
r=|

2 Prove by induction that &7 /& = ma_z v 12+ 1

Dechuce [ormulae for

=

PP+ 234 3-544- T+ 4n(2n—1) and 174374554 (Zr—1)*

Aoda) Work out |, 18,1+ 8427 and | + B4 27 L 6. Guess a Tormirla
for Mw"-__L and prove it

() Checkthat 1 = 041,24+ 344 = | +8and 54 H . +0=8§ 427

Find a general formula for which these are the first three cases. Prove
your formula is correct,

4. Here is another way o work out 7+ Observe that (r + 1) -/

3rf 434 1. Hence
H
M_“__._.:_d a.rl.nMw... dw._....ﬁ
w.._

The lelt-hand side s equal 10

(27 —=1%) (30 =284 (4% =3%) 4

# M1 =Y =t 1)

I

Carry out this calculation, and check thit your formula hgrees with that
i Cruestion 2

wie cinwork ot X7 _.L.

Lise the sime method 10 work out formulae for e ___... and X7

3 Prove the following statements by inducton

th) Forall integers n = 0, the number 57 — 3™ s 4 matiuple af |1
by For any intepern = |, the mieger 27 D ends with an 8

() The sum of the cubes of three consecutive positive ke gers s al-
wanys o multiple of &,

() W > 2 is:arcal number and n > 1 ks an integer, then + = i

(e) Ifa = 3ixaninteger, then 57 = 4"+ 37 4 2"

b The Lucas sequence 1s a sequence of inlegers ||
i = 145=3and

Aee s slich that

{

L __.__ ' .__1._
forall @ > 1. 5o the sequence starts 1,3,4,7.11, I8

Find the pattern for the remanders when £, 1s divided by 3. (Hing: Con
sider the first 8 remamders, then the next 8. and so on; formulate a con-
jecture for the pattern, and prove it by inducnon )

Is Lo divisible by 32

INDUCTION 6%

such

7. The Fibonace! sequence s o seruence of integers £ f5.. S
that fy = I, f; = 1 and

.m_.z.: ”_,___.:.+ .___.__._ I

forall n = . Prove by strong induction that for all a,

(" — f")

where ¢ = _I_ux__l ancl _ﬁ = _|h

8. 1 just worked out {2+ 3™ on iy computer and got the answer

AT 0319992261 39563 1H2TIFTE, D0OOR9YUGULYIGIIRGILGYUNTATIR |

Why is this so close woan itegers
(Hine: Ty to use the iden ol the previous gquestion by constracting a
suitable sequence.)

9. Prove that if ) < o « w___:,_, foratle =1,

(L a)"<142%.

L fanh Prowve that forevery ineger n = 2,

: b _ + t _ = L
e b 2 2n 12

(1) Prove that for every integer o= 1,

LI TR P -5

W2 W3 Vi

11, Just for ths question, count 1 asa prime number. A well-known result in

uniber theary says that for every integer & = 3, theee 1s a prime momber

posuch that 1x < po< v Using this result and strong induction, prove

that every _...._..mw_.:{n integer 5 equal oo sum of prumes, all of which are
different,

12, Here s a “prool™ by induction Dl any [wo posilive integers are equal
(oS =10%

First, a definition: if g and & ace postlive imegers, define maxia, ) o
he the larger of o and & if & 2 0, and 10 be a1l o = &, (For mslance,
max( 3,5 = 3 max( 33 = %) Lat P(n) be the statement: "1l and b
are postive integers such that maxia, &) =, thena = B We prove Pl



