i) A CONCISE INTRODUCTION T€) PURE MATHEMATICS

The next example also uses the slightly modified Princ rple of Mathematical
Induction I In it, for a positive integer 1 we define

al=nln=1n=2)...3:2:}

the product of all the integers between | and n. The symbol n' is usually
referred to as n fuctorial. By convention, we also define (1 — | .

Example 8.4
For which positive integers 1 ts 27 <

Amywer Let P{n) be the statemient that 2% < ', Observe that
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s PR PU2), 2(3) are false, while (4 JPUS) are true. Therefore, it secms
sensible (o ey to prove P(n) 1s wue for all n > 4.

Fiest, (4] s true, as observied above

Now suppose nis an integer at least 4, and Pla) is true Thus

A
2 <nl

Multiplying both sides by 2, we et
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P2 < Alnt)

showaes that Pn) = Plnos ) Therefore, by induction, P'(n) is true for all n > 4
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Since 2 < p I 2(nl) < (04 1nl= (n+ 111, and hence 2 e S 1N This
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Giuessing the Answer

Some problems cannat immedintely be sekled bsing induction, but frst e
e some intelligent guesswork. Here is an example

Example 8.5
Find a formuls for the sum

INDUCTION 61

We intelligently spol a pattern in these answers, and guess that the sum of »
terms i5 probably 225, Hence we let Pa) be the stalement
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ancl attemnpt to prove Pa) teoe forall o= 1 by induction.
First, {1} 15 true, as noted above.
Now assume Pl s e, so
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Adding ‘._aﬁ_.__.z i3y to hoth wades gives
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Hence () = Pl 1), So by induction P{n] is true foralln = 1

The ¥ Notation

Before procecding with the next examypile, we introduce an important nota-
uem for writing down sums of miny tenns, W f A, f e numbers, we
abbresviae the sum ol all of them by

fitds ot =3, /s

(The symbol X s the Greek capital letter “Sigma,” so this 13 ofien called the
Sizma notaton.”) For example, setung :4._...5,, hiave
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