LK) A CEONCISE INTROUNWACTION TO PURE MATHEMATICS
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where the pisoand g5 o
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k=1 and p,=q, foralli=1,_..&.

The point about specifying that p, = gy = ... < py s that this condition
detenmines the order in which we write down the primes in the factorization
af n. For example. 28 can be written as a product of primes in several ways:
2T w2 Tw2xZand 2227, Butif we specilv that (he prime factors have

to inerease or stay the same, then the enly factormzation 13 28 = 2% 2 7,

PROOF  Part (1) &5 just Proposition 8.1,

Mow for the uniqueness parl {II), We prove this by contradiction. So
suppose Lhere is some integer o whicl has two Qifferent prime [
tioms, say
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where i < O T 0 o SO i and the list of prioes

Pyyeco Py s ot the same st oas g,

Mow in Lhe equation Pyeaad?y =y, cancel any primes that are
common to bobh sides, Since we are assuming Lhe bwo letorkzations aro
different; nol all the primes cancel, and we ond op with an equation

where-each . £ {p),-.. .mcl_ each 5, € {gy,....q; ). andd none of the rs s
equal Lo any of the 55 (e r, #5; for all i, j).

Nuow we obtain a contradiction. Certainly r| divides g
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- By TProposition LL6, this implies that » |5, {or some j,
However, 5 15 prime, so its only divisors are | and ¢, and

: A i :
But we know that none of the rs i equal to any of the &5, s0 this is a

g completes Lhe proof of {11 ]

comtradiction,

O course, i the prime factorization given above mpart (1 ol Theorem 121,
sameof the g may be equal o each other, TFwe callect these up, wie oltain a
unigue prime fctorzaton of the form

I u.q_ u._.
il

where ) <ty oo e and the a s are posilive nicgers,

PRIME FACTORIZATION 1031
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Some Consequences of the Fundamental Theorem

First, here is an application of the Fundamental Theerem of Arithmetic that
looks rather more ghvious than it really 1s.

PROPOSITION 12,1
Lel n=p! P pfe aphere the pos are prime, gy < py < o < poand

the as arve pesitive integers. If m dindes v, then

o= h__\._._.__h_..._w_,.u ._c“h__a with 0<h < a; Sforalli .

For example, the only divisors of 2/%737 are the numbers 2°3°, where 0 <
a< 00, 0<h<3Z

PROOT [ mla, then o= me for some integer oo Let o= :__w_" 5 .&w, 0=

_..ﬂ_u__ ..._1“___ be the prime factorizations of me. Then n = mec gives the
rrpuation
T tar: o o £
___..:__cm S g LS s

Gy the Fundamental Theovem F2:1, the primes, and the powers Lo which
thew aeenr, must be identical on beth sides. Hence, each g, Is equal to
SOMme P, and ils power ¢, isat most .. In other words, the conclusion

of the propozition halds. |

We can use this to prove some further obvious-looking facts about inlegers.
Define the {east common multiple of two positive integers a and b, denated by
femia, k), 10 be the smallest positive integer that is divisible by hoth e and b,
Far example, lem{15.21) = 105,

PROPOSITION 12.2
Let e b = 2 be integers with prive jociorizations

! - et o x
el .I__.__ﬂ_.__.“_._.m.r...._q._._“q_ 8 __.u_._.__.._lu co P

where the g are distinel primes a ml wll r,5 = O (we allow some of the
r, and 5, Lo be Q0L Then
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