Tt A CONCISE INTRODUCTION VoY PURE MATHEMATICR

edges each verlex helongs te. We recond these mumhbers for the Plalonic solids:

V- E F rr

letrahedron 4 60 4 .,w 3
cube £.12 6 43
nctahedron 6 12 8 34
icosahedron 12 30 20 35
dodecahedron 20030 1253

As you might have gpuessed from the name, the Platonic solids were known
i the Greeks. They are the most symmetrical, elegant and robust of solids, &0
it s natural to look for moere regular polvhedra, Remaurkably, though perhaps
disappointingly, there are no others. This et is another theorem of the great
Euler. The proof is a wonderful application of Euler’s formula 9.1, Here it is.

THEORIEM 8.5
The endy vegular conver polyhedra are the five Platonio solids.

PROOF  Suppose we have a repular polyhedran with parameters v,
B and roas defined above,
First we need to show some re
shiall prove first tliat
| 2E = nf (9.1)

ionships helween these parametors,

To prove this, let us caleulate the number of pad
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where e i% an edpe, f is a face, and e lios on . Well, there are £

rossibilities or the edie ¢, and each lics in 2 faces 3 so the number of

such pairs e, s equal to 28, On the othor hand, there are F possibilities

lor the face £ and each has n edges e; 50 the number of 5

is alzo equal to nf. Therefore, 2E = af, proving (1.1,
Muxl we showe tha

I pairs e, f

2E =, (&2

The proof of this is quite similar: count the pairs
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At this point we appeal to Euler's formula 9.1

V=t =2,
m_.__umﬁ."_..._:._.:mﬁ..ﬁm.l#:.cﬁE.:Ein.q.mu_‘.&no_,i...:: ﬁ.

2, henee

0.0
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Now we know that 1> 3, a5 a polygon must have al least 3 sides;
likewise r > 3, since it is geometrically clear that in a polyhedron
vertex mmah belong to at least 3 edges: Dy (93], 34 certainly cannot be
the case that bith n =>4 and r = 4, since this would make the lefL-lined
side of (93] ab most W‘ whereas the right-hand side i3 more than m {4
follows that cither n =3 or r =3,
[f 7 =3, then (93] becomnes
P
: ETR"
The right-hand side is greater than w. and henee ¢ < 6. Therefore, r=3,
4 or 5 and E =6, 12 or 30, respectively. The possible values of ¥, Fare
piven by (9.1) and (3.2}, -
Likewise, if r =3, [0.3) becomes w = ﬁ_. 4 h anid we argue similacly
(hat = 3.4 or Hand E =6, 12 or 30, respectively.
We have niow shown that the sumbers V,E, F.n,r for a regular poly-
hedron must be one of the possibilities in the following tabile:
VE Fonr
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These are the parameter sets of the tetrahedron, cube, votahedron, cosa-
hodron and dodecahedron, respectively. To complete the prool we now
only have to show that each Platonie solid is the ondy regilar solid with
itg particular parameter set. This 15 a simple genmetri #E:Enur and
wie presend it just for the last parameter sel — the proofs for the other
sets are enlirely similar

S suppose we have a regular polyhiedron with 240 penta mal faces,
each vertex lving on 3 odges. Focus on a particular verbes. At this
vertex there is only one way of ftting three pentagonal fuees togethers
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