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Proof of Theorem 9.2 Here is the statement Pie) that we are poing to try

to prove by indoction:

Pin} ¢ every connected plane graph with # edges satisfies the formula
=R f=1.

Natice that M) s a statement about Tots of plane graphs. P{1) says that every
comnected plane graph with 1 edge satisfies the Tormula: there is cnly bne such
graph:

This has 2 vertices, 1 edge and 0 faces, and since 2 1 40 — [, il sutisfies the
lormula, Likewise, {2} says that the graph

sutishies the formuly, which it does, as v — Joe =2, f =1 For M3, there are
three different connected plane graphs with 3 edges:

Ench satisfies the formuala.

Let us prove P(n) by induction. First, P 1) s true, as ohserved in the previ-
s paragraplh,

Now assume P(n) is true — so every canticcted plane graph with o edges
satisfics the formula, We need to deduce Pl 11 Sa comsider a connected
plane graph G with n4 1 edges. Say G has v vertices and Saces We want 1o
prove that (7 satisfies the formuala v~ (n+ 1) | =1,

Our stralegy will be o remoie g carelully chosen cdee from €7, 50 2% to leave
A connected plane graph with only n edges, and then use Pin),

If £F has at least [ Face (i, = 1) we remove one edee of this (ace. The
remaning graph G0 is still connected, and has edges, v vertices and J— |
faces, Since wi sdre assuming Ma, we know that 6 sanslies the tarmula,
henee

V=it [f—=[=1.
Therefore v — {4+ 1) F— |, a8 requared.

W6 has oo faces at all (e, S =0 then il hasat least one “end-verey”
e, @ verlex that is joined by an edpe to only one ather vertex, Removing this
nil-vertex and its edge from 67 leaves a connected plane praph &7 with ¢ — 1
vertices, m edges and 0 faces. By Pln), G satisfies tie formul

hikl

[v—=1)—n+0)

EULER'S FORMULA i

Hence v —{n+ 1} + 0= 1, which is the formula for .

We have established that P{n) => P{n+ 1. 50 P(n) is true for all o by indue-
L,

This completes the prool of Theorem 9.2, and hence of Buler's theosem 9.1,

Regular and Platonic Solic

A polygon is said to be regedaral all its sides are of equal length and all s
internal angles are equal. We call o regular polygon with w sides o segulor n-
gon. Some of these shapes are prabably quate Familiar; {or example, a :nﬁ..::n
n=gon with & = 3 is just an equilateral triangle, 7 =4 is a square, 1= 5 is
u.nmw:_m_. pentagon, and so o
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A polvhedron is regadar 10 its Faces are regular polygons, all with the saiie
number of sides, and atso cach vertex belongs to the same number of edges.

Three examples of regolar polyhedre come more or less readily to mind; _.?.,.
cube, the lettahedron and the octphadron, These are three of the Famous five
Platonic seligy; the other two are the less ohvious (eosahedrons, which has 20
triangular faces, and dodecaledron, which has |2 pentagonal faces. Here are
prctures of the potahedron, teosahedron and dodecahedron:
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Every regular polyhedron varmies Bve associated numbers: three are V, &,
fumnd the ather tweo are n, the auimber of sides on a Gce, aud rFo the momber of




