Hir A CONCISE INTRODUCTION TO PURE MATHEMATICS

Armed with the method of this example, we now roceed o the proof of
M a1 0 ) H
Praposition 10.1. For this proof we shall require o couple of preliminacy re-
sults. .

LEMMA 14.1
fe) If Q=g .,_h them (1 —g}® = 1 —ng foralln > 1.
fht M <g < w then [T4q)" < 14+ 2% for alln > 1

_.__:.G:_u Part (a) follows immediately from Frample 8.2 in Chap-
ter 8. And part (b) is Exercise 9 at the end of Chapter 8 (which you
have, of course, done perfectiv). | -

. By the way, this result 15 called a "lemma” rather than s Proposition, as il is
just a helpful result to be used in the proaf of another, more :..__.._9:::“ q,n..E:.
and does not have very much interest of its o the word “lemma’™ is used :.1_
results af this nature. The same term apphies to the nest result,

LEMMA 10,2

i b ]
Lol v =0 and 0 = o« ¥ Then for alln =1, the ol are frie:

(@ - e =" —ny iy
{b) (y+a)" <y 4 27y

PROOF  Far (a), observe that

G.|...$: . ..___z

NEifie el e .
As Q< S5 by Lemma 101 the rieht-kand side nhiosis I greatar (hian

o egtial o

wiving part (4.

Lo prowe (b, note thal by Loz 1000 we Liave (1 &Yt <= | 4 gndh
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Proof of Proposition 10,1 Let x be s posttiverrenl monber, amd i a positive

intege: i ind 5 ores J I
eger. We wish to find o real number v such thiat 3 — . Meotivate by the

INTRODECTION TO ANALYSTS ¥

previous example, let us define § 1o be the following set of real numbers;

3= {rls€R.s" <5}

AT

Certainly § has an upper bound: for if x = | then 2" = x, henee 7 < x <
for all 5 € §, 5o s < x for all s € § and x 15 an upper bound for §; and if
roo | then s < x| for all s € 5, and s0 | is.an upper bound. Therefore, by
Theorem L1, 8 has a least upper bownd; let

y=LUB{5) -

We shall show that ¥ = x, so that vis the real nember we are secking. As inthe
example above, we shall do this by contradiction. So suppose that " 3= x. Then
either ' < x or ¥ = 1. We divide the argument into two cases accordingly.

Case | Assume first that ¥" < x, Ourstrategy in this case 15:as i the example
— o find o small & = 0 such that (v+ o)™ < x still; iF we do this, we have
v+ e 5, whereas v is an upper hound for &, which is & contrdiction,

To find ¢, gbserve that by Lemma 120,

v+ a) cxe=y"+ 2% a < xand @<

" . J T
g .J__._ o MJx I

e oanch < < =

(a3

Since ¥ — " = 0 in this case, we can choose € such that 0 < @ < 4 and

it . . P & x h.
€ << ? Then the above implications. show that [y -+ )" < &, giving a

contradiction s explained ahove.

Case 2 Now assume that 37 > a2 Tn this case our strategy 15 to find a small
pumber [ = 0 such that (y — 0} = v sall, If we do this; then for s € 5 we
have &7 < x< (y— )", hences = v — [F andsooy — [Fis an upper bound for S.
However, v is the LB of §, so this is a contradiction,

o fnd A, oote that by Lemma 10.2(a),

._..
{p— "= n =" E__._-.____w >x amd Q< ff < S
P
=y —x>m" B and < f < m

Since ¥* > x we can choose 3 such that 0 < 8 < £ and i < wf_..l_ . Then

(v— )7 = x, giving o contradiction ds explained above.

We hove reached o contradiction in both Cases 1 and 2, 0 we conclude that
v =1 Finally, v = Usinee 5 comtaing some positive numbers and v is an uppet
hound for &, And v is tnique, since 1f ¥ = 2% = x with 2 > (3, then y =z Tor

alherwise, cither y = zor v < 2, inplying that either ¥ < 2" or ™ = 2% neather

af which s true.
This compleres the proaf of Proposition .1



