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For a positive integer n, define ¢in) 1o be the nuimher of positive integers
= nsuch that hef{a n) =1, (For example, p(2} =1, 9(3) = 2, D)=
2) .

Work oul ¢(n) forn =5.6.....10.

N pris a primie, show that @ip) = p— 1, and more generally, that ¢ ") =
._:__ |.___.u_.1 _. .
There has been quite a bit of work over the vears on trying w find a nice
(ormnla that takes many prime values, For example, ©* 4 x4 41 is prime
for all integers x such that —40) = =40, (You may like to check this!)
However:

Find an integer x coprime to 41 such that v+ & 41 is not prime,

Use the idea of the proof of Fuclid's Theorem 131 1o prove that there
arc inhmitely many primes of the form 4k + 3 (where £ is an integer)

Un his release from prison, critic Tvar Smallbrain rushes out w see the
lutest (ilm, Prime and Prejudice. During the film [vor detetnpts to think
of ten consecutive positive ntegers, none of which is prime. He Fails,

Help Tvor by showing that if ¥ = 111 + 2, then none of the numbers
NNLINEZ N F9 s prime.

More generally, show that for any £ Fthere is a sequence of 0 con-
secnuve positive inlepers, none
arbitrarily large “paps’

- which is prime. (Hence, there are
1 the sequence of primes.)

Chapter 14

Congruence of Integers

In this chapler we introduce another method for studying the. mtegers, called
congrucnce. Let us go straight into the definttion,

DEFINITION  Letm be a posiive integer. Fora be Z, if m divides
b—a we write a = b mod m, and say a is congraent to b modulo

For example,
S=1mod2, 12=17mod3, 91 = —17 mod 12, 531 £ 0 med 4.
PROPOSITION 14.1

Huoery integer is congruend to exactly one of the nuombers 01,2, m— |
meodulo m,

PROOF L. there are integers g, r such
thial
T=gm+r with 0<r<m_
Then oy —r=gm, som divides ¥ — v, and henee by the above definition, x =

rmid m Since ris one of the numbers 0,1,2, .. m — |, the praposition

follows. |

FExample 14,1
{1} Every integer s congraent to 0 or | module 2. Indesd, all even

integers are congrient o O module 2, sl all oded integers 1o 1 modulo 2,
[2) Ivery integer is congoaenut to 0, 1, % or 3 module 4. Maro speili-

1 integer is congruenl Lo ) or 2 modulo 4, and every odd
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s now showing Lhe Lime as 200 A M. What time will it

in A5 honesT Sinco 4803 = 3 o 24, 00wl e
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