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DEFINITION o be 7 and hofla, b} = 1, e say that @ and b i
coprime {o each ofther .

. For example, |7 and 1024 are coprinte toeach other Nete that biy Proposi-
teon T1.3, 1 a, & are coprime to each other, then there are inteeers 8,0 such that
| =sa 4 th: i

PROPOSITION 11.5
Letiabhe .

(a) Suppose ¢ is an integer such that a.c are coprime to each ofher,
and clab, Thon ejb.

(b} Suppase pis a prime number and plab. Thes esther pla or plh.

PROOF  (a) By Proposition 113, there are integers & ¢ such tha
| = sa +ec. Mulliplying through by b gives

F=galb+ ok,

Since clab and clech; the right-hand side is divisible by ¢, Henee efb.

5 Ty pmp . 8

() We ...v_z.E. that il p daes not divide a, then plb. Suppose then that
foddoes not divide e, As the only positive integers divi ng g oare | ancd
#obefia, pl must be 1 or p: it is nat f a5 ¢ does not divide ¢, honoe
hef(a, p) = 1; T e i e
wila, p) = 1. Thus a, pare coprime Lo each ather, and plad, 14 fallows
b ot () that plb, as required, i

. I ropasition 11.5(b) will be crucial in our proof of the wnigueness of prime
E.n:_:u.u o in the next chapter. To apply it there, we need to generalize it
slightly to the case of a prime dividing a product of many factors, 7 follows,

PROPOSITION 11.6

o o , .
.__....?__ Bty iy € day arned fed P he e naariher _m__ Pl el Hhen
et for some i,

3 ) o ; ;
PROOT We prove this by induction. Let Pin) be the statement ol
the propesition.

[irst, P1) SHYS il plag then pla,.” which is trivially troe.

Naw suppose Pla) s true, Lo By yllygacagtr |y &, owith ey, ig
Wee nied to show that pla, for some i .

n

L o ¥ a, 1+ 7 I
Regard age, .., as o product b, where o - Ay il =g

Then plak, so by Proposi ot

on LA either pla or plh IF e, Ahat s 4

iyl : ' i : : s
VO eta oy, bhen by Ple) we have ple for seene § gl if Pl then

et Thus, in etthier case i i H
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THE INTEGERS u7

We have established that Pia) = Pla+ 1) Henee, by induction, P{a)

5 e for all n i

Exercises for Chapter 11
. Foreach of the following pairs o, & of integers, find the highest common
tactor o = het{a, ), and find mtegers .t such that o = o+ th;
(i a=17,b=29
(ii) ¢ =713, b =552
(i11) &= 299, b= 345,

2. Show that if &, b are positve inegers and o = hefia, b)), then there are
positive indegers 5,¢ such that d = sa - 1,

P

Find such positive intepers &, ¢ in each of cases (1)-(1ii} in Question [

3. A wain leaves Moscow for St Petersburg every 7 hours, on the hour,
Show that on some days il is possible to catch this train at 9 AM,
Whenever there 15 a 9 AM. train, Ivan takes it wovisit s aunt Olga.
How often does Olga see her nephew?

Discuss the corresponding problem involving the rain o Viadivostock,
which leaves Maoscow every 14 hours,

4. Show that lor all positive inlegers

hef(6n -8, 4n - 51 = |
3. Letwen be coprime integers, and suppose & 15 an intezer which 15 divis-

ible by both e and . Prove that s divides a,

Show that the above conclusion is Talse if o and ooare not coprime (e,
show that if m and o are nol coprime, there exisls an integer o such thiat
mifer and vla, but mee does not divide o),

=

0. Letaboe & B Deline the highest common factor hefia b o) to be the
largest positive integer that divices a. b and ¢ Prove that there are inle:
pars &1, w0 such that

helilo, fe &+ el -

Find suchantegers 51, o whena =01, b = W1, c = 1792,



