Week 6-8: The Inclusion-Exclusion Principle

March 27, 2019

1 The Inclusion-Exclusion Principle

Let S be a finite set. Given subsets A, B, C of S, we have
|[AUB| = |A| +|B| - |[An B,

I AUBUC| = |A|+ |B|+|C|—-]|ANnB|—|ANC|—|BnC|
+ AN BNCO|.

Let P, P, ..., P, be properties referring to the objects in S. Let A; denote the
subset of S whose elements satisfy the property P;, i.e.,

A; ={x € S : x satisfies property P;}, 1<1i<n.

The elements of A; may possibly satisfy some properties other than P;. In many

occasions we need to find the number of objects satisfying none of the properties
PP, ..., P,

Theorem 1.1. The number of objects of S which satisfy none of the prop-
erties Py, Py, ..., P, is given by
AN AN A =[S =D AL+ JANA] = ) AN AN A
7 1<J 1<jg<k

+ 4+ (=D)"A N AN N A, (1)
Proof. The left side of (1) counts the number of objects of S with none of the
properties. We establish the identity (1) by showing that an object with none
of the properties makes a net contribution of 1 to the right side of (1), and for
an object with at least one of the properties makes a net contribution of 0.
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Recall the indicator function 14 of a subset A C S is defined by 14(x) =1
if v € Aand 14(x) = 0if & € A. We actually prove the following function
identity:

n

1A1m212m~--m[1n = lg — Z(_l)k Z 1Ailm~-mAik.

k=1 Z'1<"-<Z']€
Let x be an object satisfying none of the properties. Then the net contribution
of & to the right side of (1) is

1 —040—0+4---+(=1)"0=1.

Let x be an object of .S satisfying exactly r properties of P, P, ..., P,, where
r > 0. The net contribution of  to the right side of (1) is

(0) =)+ () =)+ () ==

Corollary 1.2. The number of objects of S which satisfy at least one of
the properties P, P, ..., P, 1is given by

AU AU UA] = D A=) JANA+ ) AN AN A

) 1<J 1<j<k

e ()AL N AN N A (2)

Proof. Note that the set A1 U Ay U ---U A, consists of all those objects in .S
which possess at least one of the properties, and

AT UA U UA| =S| — [ UA U UA,

[]

Then by the DeMorgan law we have

AlUAU---UA, =A NAN---NA,.

Thus
AiUA U UA|=|S]—|AiNnAyn---NA,

Putting this into the identity (1), the identity (2) follows immediately. (]



2 Combinations with Repetition

Given a multiset M and fix an object x, whose repetition number is larger than
r. Let M’ be the multiset whose objects have the same repetition numbers as
those objects in M, except that x repeats exactly r times. Then

#{r-combinations of M} = #{r-combinations of M'}.
Example 2.1. Determine the number of 10-combinations of the multiset
M' = {3a,4b, 5c}.

Let S be the set of 10-combinations of the multiset M = {ooa, cob, coc}. Let
Py, Py, andP; be the properties that a 10-combination of M’ has more than 3
a’s, 4 b’s, and 5 ¢’s, respectively. Then the number of 10-combinations of M’ is
the number of 10-combinations of M which have none of the properties Py, P,
and P;. Let A; denote the sets consisting of the 10-combinations of M which
have the property P, 1 < ¢ < 3. By the Inclusion-Exclusion Principle, the
number to be determined is

A1 N Ay N As] = |S] = (J[Ai] + |Ao] +]As]) + (JA1 N Ao + |A1 N Ay
+] Ay N As]) — |41 N Ay N Asl.

Note that

B = (o) = (T ) = (1) = 66,
A1l = () = () = () =28
|As| =G =037 = 6G) =2,
|As] =) =) = () =15
[Aindy| = () = (7)) = (7)) =3
[Aindsl = () = () = () = 1

AN Ay = 0,

A NAsN A = 0.



Putting all these results into the inclusion-exclusion formula, we have
AT N Ay N Az =66 — (28 4+ 214+ 15) + (3+1+0) — 0 =6.
The six 10-combinations are
{3a,4b,3c}, {3a,3b,4c}, {3a,2b,5¢c}, {2a,4b,4c}, {2a,3b,5c}, {a,4b,5c}.

Example 2.2. Find the number of integral solutions of the equation
T+ To+ 3+ x4 =15

which satisfy the conditions

2<21<6, —2<2,<1, 0236, 3L 24 <8
Let y1 =21 — 2, y9 = 29+ 2, y3 = x3, and ys = x4 — 3. Then the problem

becomes to find the number of nonnegative integral solutions of the equation
Y1+y2+ys+ys =12

subject to

0<y1 <4, 0<y<3, 0<ys <6, 0<ys <o

Let S be the set of all nonnegative integral solutions of the equation y; +
Yo + y3 + ys = 12. Let P, be the property that y; > 5, P the property that
Yo > 4, P3 the property that y3 > 7, and P, the property that y, > 6. Let
A; denote the subset of S consisting of the solutions satisfying the property P;,
1 < i < 4. Then the problem is to find the cardinality |A; N As N A3 N Ay| by
the inclusion-exclusion principle. In fact,

4 4+12 —1 15
si=() = () = () -

4
rAlr<

|Ag| =

<
i = (
<

Similarly,

|Ay| =



For the intersections of two sets, we have

= (- (1) - () -

A1NAs| =1, |AINA=|ANAs| =4, |AyNAy =10, |A3N Ayl =0.

For the intersections of more sets,

IATN AN A3l = [AiN AN Ay =]A1N AN Ay
= [AyNA3N Ay = A N Ay N Az N Ayl = 0.

Thus the number required is given by

|Ay N Ay N AN Ay| = 455 — (120 4 165 4 56 + 84) + (20 + 1 + 4 + 4 + 10) = 69.

3 Derangements

A permutation of {1,2,...,n} is called a derangement if every integer ¢
(1 <i < n)isnot placed at the ith position. We denote by D,, the number of
derangements of {1,2,...,n}.

Let S be the set of all permutations of {1,2,...,n}. Then |S| = n!. Let P,
be the property that a permutation of {1,2,...,n} has the integer 7 in its ¢th
position, and let A; be the set of all permutations satisfying the property P,
where 1 < ¢ < n. Then

D,=|ANAynN---NA,.

For each (1,12, ... ,4;) such that 1 <4y < iy < --- < i < mn, a permutation of
{1,2,...,n} with iy, d9, ..., fixed at the i1th, isth, ..., 7;th position respec-
tively can be identified as a permutation of the set {1,2, ..., n}—{i1,42, ..., 4%}
of n — k objects. Thus

’A@'lﬂAmm"'ﬂA@'k‘ = (n—k:)'



By the inclusion-exclusion principle, we have

AinAsn-nA] = [S]+) (=DF > A nA,n- N4l
k=1

1 <t9<-<i}

=nl+) (=) ) (n—k)

11 <i9<---<ip
n

= S (-1t (”) (n— k)!
k
k=0
" (=1)F  nl ,
— nl ~ — h 1 .
n kz:% " - (when n is large.)
Theorem 3.1. Forn > 1, the number D,, of derangements of {1,2,...,n}
& 1 1 1 1
—nl S 1\
D, n.(l TR + (—1) n!). (3)

Here are a few derangement numbers:
D()E 1, D1 :O, DQZ 1, D3:2, D4:9, D5:44.
Corollary 3.2. The number of permutations of {1,2,...,n} with exactly k

numbers displaced is . .
(n — k)Dk - (k) Dy

Proposition 3.3. The derangement sequence D, satisfies the recurrence

relation
D, = (n — 1)(Dn_1 + Dn_g), n>3

with the tnitial condition D1 = 0,Dy = 1. The sequence D,, satisfies the
recurrence relation

D,=nD, 1+ (=1)", n>2.

Proof. The recurrence relations can be proved without using the formula (3).
Let Sj denote the set of derangements of {1,2,...,n} having the pattern
kasas- - -a,, where k = 2,3,...,n. We may think of asas...a, as a per-
mutation of {2,...,k— 1,1,k +1,...,n} with respect to the order

23 (k— 11k +1)---n.
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The derangements of S; can be partitioned into two types:
kasag---ay---a, (ax #1) and kasag---ap_1lags1--- ay.

The first type can be considered as permutations of k23...(k—1)1(k+1)...n
such that the first member is fixed and no one is placed in its original place for
other members. The number of such permutations is D, ;. The second type
can be considered as permutations of k23...(k —1)1(k+1)...n such that the
first and the kth members are fixed, and no one is placed in its original place for
other members. The number of such permutations is D,,_s. We thus obtain the
recurrence relation

D,=(n—-1)(Dy1+ D, 5), n>3.
Let us rewrite the recurrence relation as
D, —nD,_| = _<Dn—1 — (n — 1)Dn_2), n > 3.
Applying this recurrence relation continuously, we have
D, —nD,_y = (-1)(Dy—; — (n—i)Dy—;—1), 1<i<n-—2

Thus D, — nD, 1 = (—1)""%(Dy — D) = (—=1)". Hence D, = nD, 1 +
(—1)™. O

4 Surjective Functions

Let X be a set of m objects and Y a set of n objects. Then the number of
functions of X to Y is n”*. The number of injective functions from X to Y is
n
( ) m! = P(n,m).
m
Let C(m,n) denote the number of surjective functions from X to Y. What is

C(m,n)?

Theorem 4.1. The number C(m,n) of surjective functions from a set of
m objects to a set of n objects is given by

n

Clmyn) =3 (—1)! (Z) (n— k)™

k=0



Proof. Let S be the set of all functions of X to Y. Write Y = {y1,v2,...,Yn}-
Let A; be the set of all functions f such that g; is not assigned to any element
of X by f,ie,y; € f(X), where 1 <i <mn. Then

C(m,n)=|A1NAyN---NA,.
For each (i1, 12, ..., 4;) such that 1 <4y < iy < --- < i < n, the intersection
A NA,N--NA,;,

can be identified to the set of functions f from X to the set Y ~{vi,, ¥iy, - - -, ¥i,. }-
Thus
‘Ail ﬂAZ'Q M-~ ﬂAlk’ = (n — k)m

By the Inclusion-Exclusion Principle, we have

AN AN A = [S]+) (=DF > A NA,N N A
k=1

11 <19<-<l}
= nm+2(—1)k Z (n— k)™
k=1 1 <ig<--<ip
n n .
- ;;(—1)k(k) (n — k)™

Note that C(m,n) = 0 for m < n; we have

zn:(—l)k (Z) (n—FK)™=0 if m<n.

Corollary 4.2. For integers m,n > 1,

2 (z’l, m zn) B Zn:(—l)k (Z) (n — k)™

i1+ Fin=m k=0
i]yein>1

Proof. The integer C'(m,n) can be interpreted as the number of ways to place
objects of X into n distinct boxes so that no box is empty. Let the 1st box be
placed i1 objects, ..., the nth box be placed ,, objects; then ¢; +-- - + 14, = m.
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The number of placements of X into n distinct boxes, such that the 1st box
m!
il

contains exactly 71 objects, ..., the nth box contains exactly 2,, objects, is

.....

Clm,n)= ) (il,.f,in>.

i1+-Fin=m
'Ll ..... ZnZl

5 Euler Totient Function

Let n be a positive integer. We denote by ¢(n) the number of integers of [1, n]
which are coprime to n, i.e., ¢p(n) = [{k € [1,n] : ged(k,n) = 1}|. For example,

61) =1, 62 =1, ¢B3)=2 o(4)=2 6(5)=4, o6 =2.

The integer-valued function ¢ is defined on the set of positive integers, called
the Euler phi (totient) function.

Theorem 5.1. Let n be a positive integer factorized into the form

€1,.6r

n=p'py---p,

where p1, pa, ..., pr are distinct primes and ey, eo, ..., e, > 1. Then

gb(n):nlli!(l—]%).

Proof. Let S = {1,2,...,n}. Let P; be the property of integers in .S having
factor p;, and let A; be the set of integers in S that satisfy the property P,
where 1 < ¢ < r. Then ¢(n) is the number of integers satisfying none of the
properties Py, Ps, ..., P, ie.,

d(n)=|A1NAyN---NA,.
Note that



Likewise, for ¢ = p;pi, - - ps, With 1 <0y <dg <--- <4 <,

AilﬂAhﬂ---ﬂAik:{1q,2q,...,(2>q}.
q

n n
Ay N A, N NA | === .
q pilpig ° plk

By the Inclusion-Exclusion Principle, we have

Thus

A A =[S+ (D)8 > A NN A
k=1

1 <---<i
i n
= n+ E (—1)* E
k=1 i1 <ig<-<i}, PirPiz == Piy,

-Gt
P1 Pr
1 1 1
+ + + -+
pP1p2  DP1P3 Pr—1Dr

( 1 1 n 1 )
P1p2p3  P1P2p4 Pr—2Pr—1Pr

o+ (—1)”%1%1

Example 5.1. For the integer 36 (= 2%3?), we have

$(36) = 36 (1 _ %) (1 _ %) _ 19

The following are the twelve specific integers of [1,36] that are coprime to 36:
1, 5, 7, 11, 13, 17, 19, 23, 25, 29, 31, 35.
Corollary 5.2. For any prime number p,
o(p") =p" —p"".
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" has

Proof. The result can be directly proved without Theorem 5.1. The set [1, p
k—1

p*~1integers 1p, 2p, ... p*~!p not coprime to p*. Thus ¢(p*) = p* —p*~1. O

Lemma 5.3. Let m = myms. If ged(my, mo) = 1, then we have
(i) The function f :[m] — [mq] X [ms] defined by f(a) = (r1,72), where
a=qmi+r=gmat+ry€m), 1<r<m, 1<r<m
1S a bigection.

(ii) The restriction of f to {a € [m] : ged(a,m) = 1} is a map to the
product set

{a € [mi] : ged(a,mq) =1} x {a € [mo] : ged(a, mo) = 1},
and 1s also a bijection.

Proof. (i) It suffices to show that f is surjective. Since ged(mq, ms) = 1, by the
FEuclidean Algorithm there exist integers x and y such that xmy + ymo = 1.

For each (r1,19) € [my] X [ms], the integer r := roxmy +r1yms can be written
as

r=(rg —ry)zmy + ri(xmy + yms) = (r1 — r2)ymse + ro(xmy + yms).
Since rmq + yms = 1, we have
r=(rg —r1)Tmy + 1 = (ry — ro)yms + ro.
We modity r by adding an appropriate multiple gm of m to obtain
a:=qgm+r suchthat 1<a<m.

Then a = gymi+11 = gama+719 € [m] for some integers ¢ and go. We thus have
f(a) = (r1,79). This shows that f is surjective. Since both [m] and [mq] X [ms]
have the same cardinality mims, it follows that f must be a bijection.

(ii) It follows from the fact that an integer a € [mymes] is coprime to myms
iff a is coprime to my and coprime to ms. ]

Theorem 5.4. For positive integers m and n such that ged(m,n) =1,

¢(mn) = $(m)o(n).
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If n = p{* - pr with ey, ..., e, > 1, where py,...,p, are distinct primes,

then .
1
n)=mn I ——.

Proof. The first part follows from Lemma 5.3. Note that [p] has pi~ " integers

1pi, 2piy - -, D5 10Z not coprime to pi’. So ¢(p%) = p% —p%~t. The second part
follows from the first part, i.e.,

on) = qu H( -pi ™)

6 Permutations with Forbidden Positions

Let X1, Xo, ..., X, be subsets (possibly empty) of {1,2,...,n}. We denote by
P(X1, Xo, ..., X,) the set of all permutations ajas - - - a, of {1,2,...,n} such
that

aq ¢X1, CLQ%XQ, ceey CLnQXn

In other words, a permutation of S belongs to P(X1, X, ..., X,,) provided that
no members of Xy occupy the first place, no members of X5 occupy the second
place, ..., and no members of X, occupy the nth place. Let

p(Xl,XQ,. .. ,Xn) = ’P(Xl,XQ,. .. ,Xn)‘

It is known that there is a one-to-one correspondence between permutations
of {1,2,...,n} and the placement of n non-attacking indistinguishable rooks
on an n-by-n board. The permutation ajas - - - a, of {1,2,...,n} corresponds
to the placement of n rooks on the board in the squares with coordinates

(1,a1), (2,a2), ..., (n,ay,).
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The permutations in P(X7, Xs, ..., X,,) corresponds to placements of n non-
attacking rooks on an n-by-n board in which certain squares are not allowed to
be put a rook.

Let S be the set of all placements of n non-attacking rooks on an n X n-board.
A rook placement in S is said to satisfy the property P, provided that the rook
in the ¢th row having column index in X;, where 1 <7 < n. Let A; be the set
of rook placements satisfying the property P;. Then by the Inclusion-Exclusion
Principle,

p(X17X27'°'7Xn> - ‘AlmAQHQAn‘

= ‘S’_Z’Ai‘+Z‘AiﬂAj’—"'

1<J

4 (=D)AL N Ay NN AL

Proposition 6.1. Let r (1 < k < n) denote the number of ways to place
k non-attacking rooks on an n X n-board where each of the k rooks is in a
forbidden position. Then

1
Tk:—]g Z [Aiy M A NNV A (4)
T 1<iy<ig<-<ip<n

Proof. Fix (i1,149, ..., i) with 1 < iy < iy < -+ < i < n. Let r(iy,do, ..., i)
denote the number of ways to place k non-attacking rooks such that

e the rook on the ¢;th row has column index in Xj ,

e the rook on the 7sth row has column index in Xj,, ..., and

e the rook on the 7;th row has column index in X, .
For each such k rook arrangement, delete the ¢;th row, 25th row, ..., i;th row,
and delete the columns where the #1th, or ioth, ..., or ¢;th position is arranged a

rook; the other n — k rooks cannot be arranged in the deleted rows and columns.
The leftover is an (n — k) x (n — k)-board, and the other n — k rooks can be
arranged in (n — k)! ways. So

‘Ail ﬂAZ'Q AEEE ﬂAlk’ = T(il,’ig, ce ,’Lk) (TL — k)'
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Since 1. = Zl§i1<i2<~--<ik§n (i1, 9, ..., 1), it follows that

rn—k)l= > |A4NA,N---NA

1< <io<-- <1 <n

il

[]

Theorem 6.2. The number of ways to place n non-attacking rooks on an
n X n-board with forbidden positions is given by
n
p<X17 X27 s 7Xn) = Z(_l)krk‘(n o k)‘)
k=0

where i 1s the number of ways to place k non-attacking rooks on an n x n-
board where each of the k rooks is in a forbidden position.

Example 6.1. Let n = 5 and X; = {1,2}, Xy = {3,4}, X3 = {1,5},
Xy ={2,3}, and X5 = {4,5}.

X | X

Find the number of rook placements with the given forbidden positions.

Solution. Note that ro = 1. It is easy to see that
r1 =5 x 2= 10.
Since r1 = §; >, |4, we have

Z |A;| = rm4! =10-4!. (This is not needed.)

Since
AT N Ayl = |As N A = [AsN Ayl = |[Ay N As| = A1 N As| =4 - 3],
AT N As| = |[AT N Ay =[AsN Ayl = |As N As| = |A3 N As| =3 - 3],
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we see that 1
frz:gZyAmAj\ —5Xx4+5x3=35.
i<j
Using the symmetry between Ay, Ao, A3, Ay, A5 and As, Ay, Az, Ao, Ay respec-
tively, we see that

AiNAsNAsl = [ATNAyNAs| =]A1 N AL N As)
= [AyNA3N Ayl =|A3N AyN A5
= 6-2l,

AN AN Ay = |[ATNA3N Ayl = |A1 N Az N A
= |AoNA3N As| = |As N Ay N As
= 4.2

These can be obtained by considering the following six patterns:

X | X X | X X | X
X | X X | X X | X
X X X | X X | X
X | X X | X X | X
X X X X X X
X | X X | X X | X

We then have
rg=5-64+5-4=>50.

Using the symmetric position again, we see that
AN AsNAsNAy = |[ATNANAsNAs| = [A N Ay N AN A
= [A1NA3sN AN A5 =[AyN A3 N Ay N Ay
= 5.1
Thus
ry =05 Xx5=25.

Finally,
s = ‘AlmAgﬂAgmA4ﬂA5‘ = 2.
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The answer ZZZO(—l)krk(B — k)!'is
bl —10 x 41+ 35 x 3 =50 x 2!+ 25 x 11 — 2 = 13.

A permutation of {1,2,...,n} is nonconsecutive if 12, 23, ..., (n — 1)n
do not occur. We denote by (),, the number of nonconsecutive permutations of

{1,2,....,n}. Wehave Q1 =1, Q2 =1, Q3 =3, Q4 = 13.
Theorem 6.3. Forn > 1,

Qn = ni(—l)’“ (” L 1) (n— k).

Proof. Let S be the set of permutations of {1,2,...,n}. Let P, be the property
that in a permutation the pattern i(i + 1) does occur, where 1 < i < n — 1.
Let A; be the set of all permutations satisfying the property P;. Then (@), is the
number of permutations satisfying none of the properties P, ..., P, 1, i.e.,

Qn,=|ANAN---NA,_4|

Note that
Ail=(n—-1), 1<i<n-—1.

Similarly,
AiNAjl=n-2), 1<i<j<n-—L

More generally,
Ay N---NA | =n=Fk), 1<i <<y <n-—1

Thus by the Inclusion-Exclusion Principle,

n—1
Qu =181+ (=D" > AN N4
k=1 1<ip<--<ip<n—1

_ :;H)’f (” . 1) (n— k).
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Example 6.2. Eight persons line up in one column in such a way that every
person except the first one has a person in front. What is the chance when the
eight persons reline up after a break so that everyone has a different person in
his /her front?

We assign numbers 1,2, ...,8 to the eight persons so that the number 7 is
assigned to the ¢th person (counted from the front). The problem is then to find
the number of permutations of {1,2,...,8} in which the patterns 12, 23, ..., 78
do not occur. For instance, 31542876 is an allowed permutation, while 83475126
is not. The answer is given by

Qs < (T (8= k)
P=_N"(_1 ~ (0.413864.

Example 6.3. There are n persons seated at a round table. The n persons left
the table and reseat after a break. How many seating plans can be made in the
second time so that each person has a different person seating on his/her left
comparing to the person before the break?

This is equivalent to finding the number of circular nonconsecutive permuta-
tionsof {1,2,...,n}. A circular nonconsecutive permutationof {1,2,... ,n}
is a circular permutation of {1,2,...,n} such that 12, 23, ..., (n — 1)n, nl do
not occur in the counterclockwise direction.

Let S be the set of all circular permutations of {1,2,...,n}. Let A; denote
the subset of all circular permutations of {1,2,...,n} such that i(i + 1) does
not occur, 1 < 7 < n. We understand that A, is the subset of all circular
permutations that nl does not occur. The answer is

AN A N---NA,L
Note that |S| = (n — 1), and
Ail=(n—1!/(n—-1)=(n—2).
More generally,
Ay N---NA | =n=Fk)!/n=Fk)=n-k-1), 1<k<n-1,
AiNAn---NA, =1
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We thus have

_ _ n n
An--NA,| = ko<—1)k(k) (n—k— 1)+ (=1)".
Theorem 6.4.
Qn:Dn+Dn—1a n>2
Proof.
n (_1)k n—1 (_1)k
D,+ D, | = n!; " +(n—1)!; n
(1) ()
= (n—1)! <n+nz o (k—l)')
k=1 k=1
— (=1
= n'—I—(n—l)!Z " (n — k)
n—1 kzln_l
=nl+ Y (—1)F ( ) (n —k)!
k=1 k
n—1 1
N (” )(n—k:)!:Qn.
k=0 g

7 Rook Polynomials

Definition 7.1. Let C be a board; each square of C' is referred as a cell. Let
r,(C) denote the number of ways to arrange k rooks on the board C' so that no
one can take another. We assume ry(C') = 1. The rook polynomial of C'is

R(C,x) = Z ri(C)z".

k=0

A k-rook arrangement on the board C' is an arrangement of £ rooks on C'.



Proposition 7.2. Given a board C. For each cell o of C, let C'— o denote
the board obtained from C' by deleting the cell o, and let C, denote the board
obtained from C by deleting all cells on the row and column that contains
the cell o. Then

ri(C) =1(C — o) + rp-1(Cy).

Equivalently,
R(C,x) = R(C —o,z) + zR(C,, ).

Proof. The k-rook arrangements on the board C' can be divided into two kinds:
the rook arrangements that the square o is occupied and the rook arrangements
that the square is not occupied, i.e., the k-rook arrangements on the board
C' — o and the (k — 1)-rook arrangements on the board C,. We thus have
Tk(C7):= Tk((j-—-O) +‘Tk—l<(ja)- [

Two boards C; and C} are said to be independent if they have no common
rows and common columns. Independent boards must be disjoint. If C and Cy
are independent boards, we denote by Cy + Cs the board that consists of the
cells either in C or in Cy, i.e., the union of cells.

Proposition 7.3. Let C; and Cy be independent boards. Then

k
ri(C + Cy) = Z 7i(C1) h—i(Ca),

i=0
where C1 + Cy = C1 U Cy. Equivalently,

}%<CH-+-C&,Jﬂ ZZJQ(CH,J»}%USE,$).

Proof. Since C and C5 have disjoint rows and columns, each i-rook arrange-
ment of C] and each j-rook arrangement of Cy will constitute a (i + j)-rook
arrangement of C7 + C, and vice versa. Thus

r(Cr+ Ca) = > ri(Ch)r(Ch).

i+j=k
1,720
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Example 7.1. The rook polynomial of an m-by-n board C with m < n,

R =30 () (7) bt

k=0

Example 7.2. Find the rook polynomial of the board . We use [ (a

square with a dot) to denote a selected square when applying the recurrence
formula of rook polynomial.

R( ' a:> _R(T ,x)+wR( )
— |r(HH.2) +r (H.2)| + 2k (FH. 2)

— (1_|_6g;—|—3-2;z:2)+2x(1—|—4x—|—2x2)
= 1+ 8z + 14a? + 423,

8 Weighted Version of Inclusion-Exclusion Principle

Let X be a set, either finite or infinite. The indicator function of a subset
A of X is a real-valued function 14 on X, defined by

Ly(z) = 1 ifzeA,
ATV 0 it 2 g A

For real-valued functions f, g, and a real number ¢, we define functions f + g,
cf,and fg on X as follows:

(f +9)(x) = f(x) + g(z),
(cf)(z) = cf(z),

(f9)(x) = f(x)g(x).
For subsets A, B C X and arbitrary function f on X, it is easy to verify the
following properties:

(i) 1ans = lalp,
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(i) 15 = 1x — 14,

(iti) 1aup = 14+ 1p — lans,

(lV) 1Xf = f
The set of all real-valued functions on X is a vector space over R, and is further
a commutative algebra with identity 1.

Given a function w : X — R, usually referred to a weight function on X,

such that w is nonzero at only finitely many elements of X; the value w(x) is
called the weight of x. For each subset A C X, the weight of A is

w(A) = Zw(az)
r€A

If A=, we assume w(()) = 0. For each function f: X — R, the weight of f
1s

w(f) =Y w(@)f(x) = (w, f).

reX
Clearly, w(14) = w(A). For functions f; and constants ¢; (1 <7 < m), we have

i=1 i=1
This means that w is a linear functional on the vector space of all real-valued

functions on X.

Proposition 8.1. Let P,,..., P, be some properties about the elements of
a set X. Let A; denote the set of elements of X that satisfy the property P,
1 <1< n. Gwen a weight function w on X. Then the Inclusion-FExclusion
Principle can be stated as

1;11(7;12@,0;1“ =1x + Z(—l)k Z 1Ai1ﬂAi2ﬂ~--ﬂAik; (5)

k=1 1<i<in<--<ip.<n

w( AN NA) =wX)+ > (=DF Y w(d,n--nA4). (6)
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Proof. Applying properties about indicator functions,

Linena, = la, - 14 =(1X—1A1)"'(1X—1An)

:Zfl fa =1lxor fij =—14,,1 <i<n)
— 1X‘|‘Y Y Iy )"'(_1Aik)

k=1 11<---<ip, n—k’

= 1x + Z(—l)k Z 1Ai1ﬂ...ﬂAik.
k=1

1<i << <n

Applying weight w to both sides, we obtain

w (A NN +Z F T w(A NN Ay).

1] <---<ip

[]

Let X be a finite set and Ay, ..., A, be subsets of X. Let [n] ={1,2,...,n}.
We introduce two functions o and 3 on the power set P([n]) of [n] as follows:
For each subset I C [n],

O‘(]){ (oI )ifI:

o inEIAi lf]#,
ﬁ(])_{ (0 >ifI:

By Inclusion-Exclusion,

n

1U§7‘:1A¢ - Z(_l)k_l Z 1Ai1ﬂ"ﬂAik ~ Z (_1)|]|_11mielf4i'

k=1 1<y < <i<n IC[n], I£0
Taking weight w on both sides, we obtain

Bl = > (=na(1)

IC[n], I#0 ICn]

|
~—
~
+
[—
Q
—~
~
~—
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If one replace A; with A; in (5), we have

e, 4 = e+ (=DF Y La; nend;, (Sieo ()1 =0)
k=1

1< <1

— i(—l)kﬂ Z (1X—1f1ilﬁ“'ﬂflik>

1 1] <<t

Taking the weight w on both sides, we obtain

a() = > (=) =) (=) E(I).

IC[n], I#0 IC[n]
Theorem 8.2. We have the identities
B(J) =D (=) a(l), VJ < [n]; (7)
IcJ
a(J) =Y (=D)IHB(I), VT C [n]. (8)
IcJ

9 Mobius Inversion

Let (X, <) be a locally finite poset, i.e., for each x < y in X the interval
[z, y] ={z € X : v <z <y} isafinite set. Let Z(X) be the set of all functions
f: X x X — R such that

flx,y) =0 ifx Ly;

such functions are called incidence functions on the poset X. For an inci-
dence function f, we only specify the values f(z,y) for the pairs (x, y) such that
xr <y, since f(x,y) =0 for all pairs (x,y) such that x £ y.
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The convolution product of two incidence functions f,g € Z(X) is an
incidence function f * g : X x X — R, defined by

(fxg)(@.y) =) flz,2)g(zy).
zeX
In fact, (f * g)(x,y) = 0if © L y (since either z £ z or z L y for each z) and
(fxg)(x,y) Zf:cz (z,y) ifx<uy.
r<z<ly

The convolution product satisfies the associative law:
flgxh)=(f*g)xh,
where f, g, h € Z(X). Indeed, for x < y, we have
(F(gxm)(x,y) = D, fla z)(g*h)(z,y)

<21y

— Z f(x, z) Z g(z1, 22)h(22, , )

T<21=Y 215295y
— Z f(xazl)g(ZhZQ)h(ZQ)y)'
r<21<29<y
Likewise, for x < y, we have
((f*g> * h))([lﬁ,y) — Z f(xazl)g(ZbZQ)h(Zva)'
r<21<29<y
For x £ y, we automatically have (f x (g h))(x,y) = ((f * g) * h))(z,y) = 0.
The vector space Z(X) together with the convolution * is called the incidence
algebra of X.
We may think of that incidence functions f are only defined on the set
{(z,y) € X x X :x <y}, and the convolution is defined as
(fxg)(y) = Y flz,2)g(zy).
r<z<ly
Example 9.1. Let [n] = {1,2,...,n} be the poset with the natrual order of
natural numbers. An incidence function f : [n| X [n] — R can be viewed as a
upper triangular n x n matrix A = [a;;| given by a;; = f(7, 7). The convolution
is just the multiplication of upper triangular matrices.
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There is a special function § € Z(X), called the delta function of the poset
(X, <), defined by
1 ifx =y,

o, y) = { 0 ifx #y.
The delta function 9§ is the identity of the algebra Z(X), i.e., for all f € Z(X),

O f=f=f=x0.
Indeed, for x <y,

(6% f)(m,y)= > 6lx,2)f(z.y) = flz,y);

r<z<y

(f * 5)($,y) - Z f(ZU,Z)(S(Z,y) - f(ﬂf,y)

r<z<y
Given an incidence function f € Z(X). A left inverse of f is a function
g € Z(X) such that

gx f=0.
A right inverse of f is a function h € Z(X) such that
f*xh=0.

If f has a left inverse g and a right inverse h, then g = h. In fact,
g=g9x0=gx*(fxh)=(g*f)xh=0dxh=h

If f has both a left and right inverse, we say that f is invertible; the left
inverse and right inverse of f must be same and unique, and it is just called the

inverse of f.
Note that

grf=0 & Y gl 2)f(zy =0y, Vz<y

r<z<y

When z = y, we have g(z,z) f(z,z) = 1, ie., g(x,x) = f(;x); so f(z,x) # 0.
We can obtain g € Z(X) inductively as follows:

1
g(x,x) = f(a:,lx)’ VarelX, (9)
9(r.9) = o > gla2)flzy), Va<y. (10)

r<z<y
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This means that f is invertible iff f(x,x) # 0 for all x € X.
Likewise,

fxg=06 & > flw,2)g(zy)=6zy), Yr<y

r<z<ly

We can obtain g € Z(X) inductively as follows:

g(x,x) = f(:c :r:)’ VzelX, (11)

g@w)z 9(z,y), Va<y. (12)

x<z<y

The zeta function ( of the poset (X, <) is an incidence function such that
C(x,y) = 1 for all (z,y) with x < y. Clearly, ( is invertible. The Mdobius
function g of the poset (X, <) is the inverse of the zeta function ¢ in the
incidence algebra Z(X), i.e.,

p=q
The Mobius function p can be inductively defined by
ple,z) = 1, Ve e X, (13)
pla,y) = = > plzz)=— Y plzy), Yae<y. (14)
r<z<y r<z<y

Example 9.2. Let X = {1,2,...,n} and consider the linearly ordered set

(X, <), where 1 < 2 < -+ < n. Then for (k,l) € X x X with k& < [, the
Mobius function is given by

1 iftl =k,
plk,l)y=< —1 ifl=Fk+1,

0 otherwise.

It is easy to see that u(k, k) = 1 and pu(k, k+1) = —1. It follows that u(k, k +
2) = 0 and subsequently, u(k, k +4) = 0 for all ¢ > 2.

Example 9.3. Let X = {1,2,...,n}. The Mdébius function of the poset
(P(X), C) is given by

(A, B) = (=1)P=4l where A C B.
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This can be proved by induction on |B — A|. For |[B — A| =0, ie, A= B, it
is obviously true. Consider the case of |[B — A| = m > 1 and assume that it is
true when |B — A| < m. In fact,

WA B) = = Y pAC)=- ) (-1

ACCCB ACCCB
m—1
= - > == () =
DCB—A k=0

- =3 () (1 = (e

Example 9.4. Consider the poset of 12 members whose Hasse diagram is as
follows. Fix an minimal element x, the second of the bottom member from the
left blow. If 4 is the first member of the second bottom layer, then p(x,y;) =
—1. If yo is the second of the second top layer, then u(z,ys) = 2. If y3 is the
first of the top layer, then u(z,ys) = —2.

Figure 1: Computing the Mdobius function by Hasse diagram

Given a finite poset (X, <). For each function f : X — R, we can multiply
an incidence function o € Z(X) to the left of f and to the right as follows to
obtain two functions a * f and f % a on X, defined by

(ax f)lx) =Y alz,y)fly), YzeX; (15)

<y
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(f *a)(y Zf r,y), VyeX. (16)
<y

Theorem 9.1. Let (X, <) be a finite poset.

Given invertible o € Z(X),
ngF(X). Then g=oax* f iff f =a !

*x g, 1.€.,

Zoz:zcy L, Vee X & f(x Zoz (x,9)9(y), Vo e X.
<y <y
Likewise, g = fxa iff f=g*xa !, i.e.,
Zf L, Vye X & fl(y Zg ), Vye X.
<y r<y
(17)

Proof. Tt follows from the fact ¢ = ax f iff a 1% g = a1 * (a* f), and the fact

Tx(axfl=(atxa)x f=6xf=F.

Likewise, g = fra & gxa = fraxal=f*x6=f. O

Theorem 9.2. Let (X, <) be a finite poset. Let f, g be real-valued functions

on X. Then
gx) =) fly), VeeX & fla)=) px,ygly), VoeX
o) =S @), YyeX & fy) = g@plz.y), YyeX. (15

Proof. The first inversion formula follows from the fact that ¢ = ( *x f &

f=cC 1 g = 1 x g. The second inversion formula follows from the fact that
g=f*xC(& f=gx(t=gxpu
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Writing in summations, for each fixed y € X, we have

D g@p(zy) = Y Y fluu(z,y)

<y <y ulx
= > D flw(u,z)p(z,y)
<y ulx
= flw) > Cu,z)p(z,y)
u<y u<zr<y
= > f(w)d(u,y)
uy
= f(y).
[]
Corollary 9.3. Let [n] = {1,2,...,n}. Let f,g: P([n]) — R be functions
such that
gI)=>_f(J), I<]n].
JCI
Then

FIy=> (=0)"g(1), 1< n).

JCI

Permanent. Fix a positive integer n. Let &,, denote the symmetric group of
n] = {1,2,...,n}, ie., the set of all permutations of [n]. Let A be an n x n
real matrix. The permanent of A is defined as the number

per(A) = Z HCL@U(Z').

For the chessboard C' in Example 6.1, we associate a 0-1 matrix A = |a;j] as

follows: _ _
X | X 00111

X | X 11001

C =|x X |, A=101110

X | X 10011

X | X 11100

29



Then the number of ways to put 5 non-attacking indistinguishable rooks on C
is the permanent per(A).

Fix an n-by-n matrix A. For each subset I C |n], let A; denote the submatrix
of A, whose rows are those of A indexed by members of I. Let F'(I) be the set
of all functions o : [n] — I, and let G(I) be the set of all surjective functions
from [n] onto I. Then

F(I)=| | G(J).
JcI
We introduce a real-valued function f on the power set P([n]) of [n], defined by

Then

ceF(I) i=1
= H Zaij , VI C [TL]
1=1 Jel

Thus by the Mobius inversion, we have
FI) = (=" g(1), 1< [nl.
JCI

In particular,

f([n) = Y (=1 Hlg(1).

IC[n]
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Since f([n]) = per(A), it follows that

per(4) = > (=1)"" H (Z) (19)

IC[n] = jel
However this formula is not much useful because there are 2" terms in the
summation.

Definition 9.4. Let (X;, =;) (i = 1,2) be two posets. The product poset
(X1 x X9, <) is given by
(z1,22) X (y1,02) M 21 2191, 22 =200,

For the convenience, we write <; and <5 simply as <. Then (X; x X5, <) is a
poset.

Theorem 9.5. Let u; be the Mobius functions of posets (X;, =<;), i = 1,2.
Then the Mobius function p of X1 x Xo for (x1,x2) = (y1,y2) is given by

u((z1, 22), (Y1, y2)) = pa(1, y1) pa(2, Y2)-

Proof. We proceed by induction on ¢((x1, z2), (y1, y2)), the length of the longest
chains in the interval [(z1,22), (Y1, y2)]. It is obviously true when ¢ = 0. For
¢ > 1, by inductive definition of p,

iz, 22), (y1,42)) = — > pl(zr, 22), (21, 22))

(z1,22)=2(21,22)<(y1,42)

= — Z p (@1, 21) po(@e, 22)  (by IH)

(z1,22)=2(21,22)<(y1,42)

= M1 (331791),“2 332792 Z Ml 351721 Z ,U2($2722)

1=32123Y1 19=29Y9

= i@y, y1) pa(z2, y2).
]

Example 9.5. The set Z, = {1,2,...} of positive integers is a poset with the
partial order of divisibility. Let n € Z. be factored as

_ f1,,62 €k
n=py Py " "Pr,
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where p; are distinct primes and e; are positive integers. Since p(m, m) =1 for
all m € Z, and u(1,n) is inductively given by

meZ4, m|n, m#n
We only need to to consider the subposet (D(n), divisibility), where
D(n)={d € [n]:d|n}.

For r,s € D(n), they can be written as

a, as aj b1, ba

b

where 0 < a;,b; < e;. Then r | s iff a; < b;. This means that the poset D(n) is
isomorphic to the product poset
k

Q={(ar,...,ar) a; €[0,e]} = H[o, eil,

where [0,e;] =1{0,1,...,e;}. Thus pu(1,n) = ug((0,...,0), (e1,...,ex)), where
k

'LLQ((O’ SR 0)7 (617 SR ek:)) - HWO,«%](O, €i>.
i=1
Note that
1 ife; =0
] ) _1 e; f . < 1
M[O,ei](oaez‘) =< —1ifeg =1, = { ( O) ;f ZZ. ; 2,
0 lf €; Z 2. (AR
It follows that
_ (_1)61+...+6k lf &H e; S 17
ullm) = { 0 otherwise.

1 ifn=1
= ¢ (=1)7 if nis a product of j distinct primes,
0  otherwise.
Now for arbitrary m,n € Z, such that m | n, the bijection
~ n u
{u€Z+:m\u,u\n}—>{U€Z+:v\—}, U — —
m m
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is an isomorphism of posets for the partial order of divisibility. We thus have
n
p(m,n) = p (1, —) .
m
In number theory, we write pu(1,n) as p(n).

Theorem 9.6. Let f.g: Z, — C be two functions. Then
o) =3 f(d), Vnez,
d|n

18 equivalent to
n

fn) =Y gldn(5), VnezZ.
d|n
Example 9.6. Let &, = {a € [n] : ged(a,n) = 1}. Then ¢(n) = |®,|. Define
g(n)=> ¢(d), VneZ,.
d|n
Consider the set &, 4 = {k € [n] : ged(k,n) = d} for each factor d of n. In
particular, if d = 1, then ®,,; = ®,,. In fact, there is a bijection

q)n,d — (I)n/d, k +— k/d

(Injectivity is trivial. Surjectivity follows from da +— a for a € ®,,/4.) Then

¢(n/d) = |Pn/al = | Pl
Note that for each integer k € [n], there is a unique integer d € |[n] such that

ged(k,n) = d. We have [n] = | |, ®n.q¢ (disjoint union). Thus
n= k0wl =30 (5) = D 9lk) = 3 old)
By the Mobius inver;on, ' ' '
b(n) = Z (ki n) = Z i () = Z pu(d) = ;uw = (20

Let n > 2 and let py, po, ..., p. be distinct primes dividing n. Then
{den]:d|n, pd) #0} = {Hz’e[pi I C M}a
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where [],.ypi = 1. Since pu(1) =1, p(d) = (=1)* it d = p;, - - - p;,, is a product
of k distinct primes, and p(d) = 0 otherwise, we see that (20) becomes

n n n n
¢(n):n_<_+_+...)+< T _|_...>_...
P11 D2 pP1p2  PipPs3

n
4+ 4+ <_1)7’—
pip2 - Pr

Sl T ()

p| N, primes

Example 9.7. Let ¥ = {ay,...,a;} be aset and M = {00 - ay,...,00-a;}
a multiset over X. A circular n-permutation of M is an arrangement of

n elements of M around a circle. Each circular n-permutation of M may be
considered as a periodic double-infinite sequence

(7:) = (Ti)iez = - - T_oT 1 ToT T3 - - -
of period n, ie., x;1, = x; for all ¢ € Z. The minimum period of a circular
permutation (z;) of M is the smallest positive integer among all periods. We
shall see below that the minimum period of a double-infinite sequence divides
all periods of the sequence.

Let X, denote the set of n-words over ., and X* the set of all words over ..
Then ¥* = [ |,-, %, (disjoint union). Consider the map

01N, — Xy, o(xixe--x,) =29 Tpxy, (X)) = A
An n-word w is primitive if

n—l(

w, ow), o*(w), ..., " Hw)

are distinct. A period of an n-word w is a positive integer m such that

o™ (w) = w.
Every n-word has a trivial period n. The minimum period d of an n-word w
is the smallest positive integer among all periods of w, which is a common factor
of all periods of w; in particular, d | n. In fact, for a period m of an n-word w,
write m = gd + r, where 0 < r < d. Suppose r > 0. Then

o'(w)=o"g?- - ol(w) = " (w) = c™(w) = w,
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which means that r is a period of w and is smaller than d, subsequently, contra-
dictory to the minimality of d.

Let 22 denote the set of primitive d-words over X, and X, 4 the subset of ¥,
whose n-words have minimum period d, where d | n. Clearly,

[Snal = |54l

Let Z(X) denote the set of double-infinite sequences over ¥, and Z,(3) the
subset of Z(3) whose members have period n. Let ZY(3) denote the subset of
Z.4(¥) whose members have minimum period d. Then

Za(%) = || Zi(®).
dln

Let C,(2) denote the set of all circular n-permutations of M. Then C,,(3) can
be identified to the set Z,(%). Thus

Co(M)] = |Za(S)] = > |1Z5,(D)].
m|n
Now we consider the map

FZ%HZ%(Z% w28182"'8m|_>(xi):"'www"‘,

which is clearly surjective and each member of Z2 (3) receives exactly m mem-
bers of XV . So |ZY (¥)| = |XY | /m. Thus

Ca(M)| =) _1Z(D)] =) [Z0]/m.

m|n m|n

Since X, = | | din Yin.d, Where 2, 4 is the subset of X, whose words have minimum

’Zn’ = Z ’Zn,d’ = Z ’22’
d|n

d|n

period d, we have

By the Mobius inversion,

20 = D18 uldm) = D12 (5)

dln dln
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It follows that

con) = 3 S u ()

m|n alm
1 m
- Z _‘Za‘ M <_) .
a|lm,m|n m “

Set b:=m/a, i.e., ab=m. Then a | m and m | n are equivalent to a | n and

b| (n/a). Thus
C,(M Zer“

aln bl(n/a)

Since ¢(n) = )y, p(d) - % y (20), we see that
,u 1 nfa 1 (n
Z —Zu(b) T_ngb(a)'
bl(n/a) bl(n/a)
We finally have
1 n , "
CuM)] = =3Bl 6 (5)  (sinee [Z] = k7]

aln

= %Z ko (g) (set d =n/a)
aln

= SRl

dln

Theorem 9.7. The number of circular n-permutations of a set of k objects

with repetition allowed is .
— E k" dgb d

dln

Theorem 9.8. The number circular permutations of a multiset M of type
(n1,...,ng) with m = ged(ny, ..., ng) and n =mny + -+ -+ ny is given by

n/a
_§; (nl/a nk/a)' 21
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Proof. 1f a is a period of a permutation of M, it is easy to see that a | m. Let
My ={(dny/m) - a1, ..., (dng/m)-ar}, d>1.

Clearly, ged{dny/m,...,dny/m} = d and M,, = M.

Let &(M,) denote the set of all permutations of My, G%(My) the set of all
permutations of My with minimum period a, and &°(M,) the set of all primitive
permutations of My, i.e., permutations whose minimum period is the cardinality
dn/m of My. For each w € &(Mjy), let a be the minimum period of w. Then
w = wiw;p - - - wy with a primitive word wy. Thus wy 1s a word of length a of

~"

b

type

T
Since b | (dn;/m) for all i, it follows that b | ged{dni/m, ..., dni/m}, ie.,
bld Sowe &Y My) with a = Zle(d/b)(nz/m) = (d/b)(n/m). Note that

ged {(d/b)(n1/m), ... (d/b)(ny/m)} = d/b.

|_|6 (d/b) n/m )

bld
S i) nym)(Ma) == & (Myp) if b d.

S(My)| = 18" (Myp)| =) 18" (M,

b|d ald

(dm /m dnk/m) |

We see that

We then have

By the Mobius inversion,
d
0| = S el (5)
ald

Let C(My) denote the set of all circular permutations of My, CY(My) the set of
all circular permutations of My with minimum period a, and C°(My) the set of
all primitive circular permutations of M,. Likewise,

C(Ma) = | | Co(Ma),

ald
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Co(Ma)| = |C(M,)| if a|d.
Note that |M,| = an/m and |&°(M,)| = |C°(M,)| - an/m. We have

CMa)| = Y 1C0M)| = 16°(M.)| - — /m

ald ald
=2%2wmm®.
ald bla

Set ¢ = a/b, i.e., a = bc, then a | d and b | a are equivalent to b | d and
c| (d/b). Thus

con) = 23 ™ie0m) Y Put

c|b
1 m d
) ZIS(M)] 6(5)  (set a=df)
1 m

Let d = m, we have M = M,,,. Recall |&(M,)| = ( br/m k/m)’ therefore

[C(M)] = Zcb (Mo o)

a|m

- _Z (nl/a " nk/a>'

alm

[]

Example 9.8. Consider the multiset M = {12a1, 24as, 18a3} of type (12, 24, 18).
Then m = ged(12, 24, 18) = 6, whose factors are 1,2, 3,6. Recall the values

(1) =1, ¢(2)=1, &(3)=2, ¢6)=2

The number of circular permutations of M is

53 10 (i218) 99 (a 12.0) +99 (415) +90 (3.05)]
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10 Problems

1. Let (P, <) be a finite poset. Recall that na incidence function is a function
F : P x P — C such that f(z,y) = 0if x £ y. The convolution of two
incidence functions f, g is a function f x g : P — C defined by

(fxg)xy) =) fla,2)g(zy).

(a) Show that f * g is an incidence function, i.e., (f * g)(x,y) = 0 for all
pairs (x,y) such that £ y.

(b) If x <y, show that

(frg)zy)= > flz,2)g(zy).

ze€P, x<z<y

2. Let P be a finite poset. Think of each incidence function f: P x P — C
as a square matrix whose row and column indices are members of P, and
whose (x,y)-entry is f(z,y).

(a) Show that the convolution of incidence functions is just the matrix mul-
tiplication.

(b) Incidence algebra of the poset P is a subalgebra of the algebra of matrices
whose rows and columns are indexed by members of P.
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