Week 9-10: Recurrence Relations and Generating
Functions

April 15, 2019

1 Some number sequences

An infinite sequence (or just a sequence for short) is an ordered array
ap, ai, ag, ..., Ap, ...

of countably many real or complex numbers, and is usually abbreviated as
(ap;n > 0) or just (a,). A sequence (a,) can be viewed as a function f from
the set of nonnegative integers to the set of real or complex numbers, i.e.,

f:Zsy—C, fin)=a, n=012...
We call a sequence (a,,) an arithmetic sequence if it is of the form
ap, ag+q, ag+2q, ..., ap+ng,
The general term of such sequences satisfies the recurrence relation
ap, =an_1+q, n>1.
A sequence (ay,) is called a geometric sequence if it is of the form
Qp, aoq, a0q2, ey aog
The general term of such sequences satisfies the recurrence relation

an, = qa,_1, n > 1.



The partial sums of a sequence (a,) are the summations:

So = AQyp,

S1 = ag+ a,

So = ag+ ai + ao,

Sp = ap+tap+ -+ ap,

The partial sums form a new sequence (s,;n > 0).
For an arithmetic sequence a,, = ag + ng (n > 0), we have the partial sum

qn(n + 1).

Sp = Z(ao + kq) = (n+ 1L)ag + 5
k=0

For a geometric sequence a,, = agq" (n > 1), we have
n+1 1

n T————qay if q#1
Si= agg" =4 1 ’
—0 (n+ 1ay if ¢ =1.

Example 1.1. Determine the sequence a,, defined as the number of regions
which are created by n mutually overlapping circles in general position on the
plane. (By mutually overlapping we mean that each pair of two circles
intersect in two distinct points. Thus non-intersecting or tangent circles are not
allowed. By general position we mean that there are no three circles through
a common point.)

We easily see that the first few numbers are given as
CL()Zl, CL1:2, CL2:4, CL3:8.

It seems that we might have a4y = 16. However, by try-and-error we quickly see
that ay = 14.

Assume that there are n circles in general position on a plane. When we take
one circle away, say the nth circle, there are n — 1 circles in general position
on the same plane. By induction hypothesis the n — 1 circles divide the plane
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into a,_1 regions. Note that the nth circle intersects each of the n — 1 circles in
2(n — 1) distinct points. Let the 2(n — 1) points on the nth circle be ordered
clockwise as Py, P, ..., Py;_1). Then each of the 2(n — 1) arcs

PP, PPy, P3Py, ..., Pyy_o1bPom-1), Pon—nbr

intersects one and only one region in the case n — 1 circles and separate the
region into two regions. There are 2(n — 1) more regions produced when the nth
circle is drawn. We thus obtain the recurrence relation

ap=ay1+2(n—1), n>2.
Repeating the recurrence relation we have

ap, = ap_1+2(n—1)
= ap2+2(n—1)+2(n—2)
= ap—3+2(n—1)+2(n—2)+2(n—3)

; a+2n—1)+2n—-2)+2n—3)+---+2
(n—1)n

2
= 2+4+n(n—1)

=n°—n+2, n>2

This formula is also valid for n = 1 (since a; = 2), although it doesn’t hold for
n =0 (since ap = 1).

Example 1.2 (Fibonacci Sequence). A pair of newly born rabbits of opposite
sexes is placed in an enclosure at the beginning of a year. Baby rabbits need
one moth to grow mature; they become an adult pair on the first day of the
second month. Beginning with the second month the female is pregnant, and
gives exactly one birth of one pair of rabbits of opposite sexes on the first day of
the third month, and gives exactly one such birth on the first day of each next
month. Each new pair also gives such birth to a pair of rabbits on the first day
of each month starting from the third month (from its birth). Find the number
of pairs of rabbits in the enclosure after one year?
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Let f,, denote the number of pairs of rabbits on the first day of the nth month.
Some of these pairs are adult and some are babies. Let a, and b, denote the
number of pairs of adult and baby rabbits respectively on the first day of the
nth month. Then the total number of pairs of rabbits on the first day of the nth
month is f, = a, + b,, n > 1.

nil23456 7 8 91011 12 13
a, |01 1235 813 21 34 55 &9 144
b, 1 01 123 5 81321 34 55 §9
foll 1.2 35 8 13 21 34 55 89 144 233

[f a pair is adult on the first day of the nth month, then it gives one birth of one
pair on the first day of the next month. So b,,1 = a,, n > 1. Note that each
adult pair on the first day of the nth month is still an adult pair on first day of
the next month and each baby pair on the first day of the nth month becomes
an adult pair on the first day of the next month, we have a,, .1 = a, + b, = f,,
n > 1. Thus

fn:an+bn:fn—1+an—1:fn—1+fn—27 n23

Let us define fy = 0. The sequence fy, fi, fo, f3, ... satisfying the recurrence

relation
fn - fn—l + fn—27 n > 2
Jo =0 (1)
fi =1
is known as the Fibonacci sequence, and its terms are known as Fibonacci
numbers.

Example 1.3. The partial sum of Fibonacci sequence is
Sn:f0+f1+f2+"’+fn:fn—|—2_1' (2)
This can be verified by induction on n. For n = 0, we have so = fo — 1 = 0.
Now for n > 1, we assume that it is true forn — 1, i.e., s,_1 = f,4+1 — 1. Then
Sn = fO"‘fl"""fn
= Sp—1 T fn
= for1— 1+ fi  (by the induction hypothesis)

= fuio — 1. (by the Fibonacci recurrence)
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Example 1.4. The Fibonacci number f,, is even if and only if n is a multiple
of 3.

Note that fi = fo = 1 is odd and f3 = 2 is even. Assume that f3; is even,
far—2 and f3r_; are odd. Then fsp41 = far + far—1 is odd (even + odd = odd),
and subsequently, fspio = f3pr1+ f3r is also odd (odd+ even = odd). 1t follows
that f311) = fars2 + far41 is even (odd + odd = even).

Theorem 1.1. The general term of the Fibonacci sequence (fy,) is given by

ATV AN I A VAN
e () () e e

Example 1.5. Determine the number h,, of ways to perfectly cover a 2-by-n

board with dominoes. (Symmetries are not counted in counting the number of
coverings.)

We assume hy = 1 since a 2-by-0 board is empty and it has exactly one
perfect cover, namely, the empty cover. Note that the first few terms can be
easily obtained such as

Now for n > 3, the 2-by-n board can be covered by dominoes in two types:

1 2 n-1n 1 2 n-2 n
There are h,_; ways in the first type and h,,_o ways in the second type. Thus
hn — hn—l + hn—Qa n > 2.

Therefore the sequence (h,;n > 0) is the Fibonacci sequence (f,,;n > 0) with
fo =0 deleted, i.e.,
hn - fn+17 n > 0.

Example 1.6. Determine the number b, of ways to perfectly cover a 1-by-n
board by dominoes and monominoes.



b, =b,—1+b,_o, by=0b =1, by =2.

Theorem 1.2. The Fibonacci number f, can be written as

!
Jn = Z (n—Z—l)) n > 0.

k=0
Proof. Let gy = 0 and

k=0

Note that k& > |“| is equivalent to k& > n — k — 1. Since (7;) = 0 for any

integers m and p such that p > m, we may write g, as

n—1
n—k—1

k=0

To prove the theorem, it suffices to show that the sequence (g,) satisfies the
Fibonacci recurrence relation with the same initial values. In fact, go = 0,



g1 = (8) =1, and for n > 0,

maton =3 ("

- (Z’)é ()G

We conclude that the sequence (g,,) is the Fibonacci sequence (f,,). []

2 Linear recurrence relations

Definition 2.1. A sequence (x,;n > 0) of numbers is said to satisfy a linear
recurrence relation of order £ if

T, = a1(N)x,_1 + as(n)x,_o+ -+ ar(n)x,_p + B, (4)

where ay.(n) # 0, n > k, and the coefficients oy (n), as(n), ..., ax(n) and 3, are
functions of n. The linear recurrence relation (4) is said to be homogeneous
if 6, = 0 for all n > k, and is said to have constant coefficients if a;(n),
as(n), ..., ag(n) are constants. The recurrence relation

T, = a1(N)r,_1 + as(n)x, o+ - + ap(n)e,_, (5)

where ag(n) # 0, n > k, is called the corresponding homogeneous linear
recurrence relation of (4).



A solution of the recurrence relation (4) is a sequence (u,) satisfying (4).
The general solution of (4) is a solution

T, = Up(cy, Coy .oy Cl) (6)
with some parameters ¢y, co, ..., ci, provided that for arbitrary initial values
U, U1, - - ., Up—1 there exist constants ¢y, co, ..., ¢ such that (6) is the unique

sequence satisfying both the recurrence relation (4) and the initial conditions.

Let So denote the set of all sequences (a,;n > 0). Then Sy is an infinite-
dimensional vector space under the ordinary addition and scalar multiplication
of sequences. Let N} be the set all solutions of the nonhomogeneous linear
recurrence relation (4), and Hy, the set of all solutions of the homogeneous linear
recurrence relation (5). We shall see that Hj, is a k-dimensional subspace of Sy,
and N}, a k-dimensional affine subspace of S

Theorem 2.2. (Structure Theorem for Linear Recurrence Relations)

(a) The solution space Hy. is a k-dimensional subspace of the vector space
S of sequences. Thus, if (an1), (an2), ..., (ank) are linearly independent
solutions of the homogeneous linear recurrence relation (5), then the general
solution of (5) is

Ty = ClQp1 + C20p2 + -+ Crapg, N =0,

where ¢y, s, . .., ¢, are arbitrary constants.
(b) Let (ay,) be a particular solution of the nonhomogeneous linear recur-
rence relation (4). Then the general solution of (4) is

xp =ap,+ h,, n=>0,

where (h,) is the general solution of the corresponding homogeneous linear
recurrence relation (5). In other words, Ny, is a translate of Hy in S, i.e.,

Nk = (an) + H;..

Proof. (a) To show that H;, is a vector subspace of Sy, we need to show that
Hj, is closed under the addition and scalar multiplication of sequences. Let (a,)



and (b,,) be solutions of (5). Then

an, +b, = lai(n)a,_1 + as(n)a, o+ -+ ap(n)a, il
+Hay(n)by_1 + as(n)by_o + -+ - + ag(n)b, i
= a1(n)(ap_1+byp_1) + as(n)(an_2+ by_o) +
ot ap(n)(an_r +bok), n>k.

For scalars c,

ca, = clar(n)a,—1+ as(n)ay_o+ -+ ag(n)a, i

= a1(n)cap—1 + ag(n)can—o + - - - + ag(n)can_r, n >k.

This means that H;. is closed under the addition and scalar multiplication of
sequences.
To show that H}, is k-dimensional, consider the projection 7 : S,o — RF,
defined by
m(xo, T1, T2, .. .) = (Lo, T1,y - -, Tp_1).

We shall see that the restriction m|Hy : Hy — RF¥ is a linear isomorphism. For
each (ag,ay,...,a5_1) € R¥, define a,, inductively by

an, = a1(n)a,_1 + as(n)ay,_o+ -+ ap(n)a,_r, n>k.

Obviously, we have 7(ag, ai, as, . ..) = (ag, a1, . .., ax_1). This means that 7| H}
is surjective. Now let (u,) € Hy be such that m(ug, ug, us,...) = (0,0,...,0),
le.,
uozulz---:uk_lz().

Applying the recurrence relation (5) for n = k, we have u;, = 0. Again applying
(5) for n = k+ 1, we obtain uy,; = 0. Continuing to apply (5), we have u,, = 0
for n > k. Thus (u,,) is the zero sequence. This means that 7 is injective. We
have finished the proof that 7| H}, is a linear isomorphism from H;, onto R¥. So
dim 'Hk = k.

(b) For each solution (v,) of (4), we claim that the sequence h,, := v, — u,
(n > 0) is a solution of (5). So

Up = Uy + hy,, n>0.
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In fact, since (u,) and (v,,) are solutions of (4), applying the recurrence relation
(4), we have

hy, = [a1(n)v,_1 + as(n)v, o+ -+ + ap(n)v,_p + 5]
—lor(n)uy—1 + as(n)uy o + - + agp(n)up_k + G
= a1(n)(Vp—1 — Up—1) + (n)(Vy—2 — Up—2) + -+ + arx(n)(Vy—k — Up—1)
= a1(n)hp—1 +ao(n)hy—o+ -+ ap(n)hy—p, n>k.

This means that (h,) is a solution of (5). Conversely, for any solution (h,) of
(5), we have

Up + hy = [ar(n)up_1 + ao(n)up_o + -+ + ap(n)uy_k + 5]
+lag(n)hy—1 + as(n)h,—o + - - - + ag(n)hy—k]
= a1(n)(up—1 4+ hn_1) + ao(n)(Up_o + hy_2)
S Ozk(n)(un_k + hn—k) + B,

for n > k. This means that the sequence (u,, + h,) is a solution of (4).

[]
Definition 2.3. The Wronskian Wj(n) of k solutions (u,1), (un2), ...
(up 1) of the homogeneous linear recurrence relation (5) is the determinant
Un,1 Un,2 e Upk
Wk(n) — det Un.+1,1 Un.+1,2 e Un.+1,/<: >0
i Un+k—1,1 Unt+k—12 *°° un+j—1,k_
The Wronskian of (uy,1), (un2), ..., (uyx) is also an infinite sequence
(Wi(n);in = 0).
Proposition 2.4. If Wi(m) =0, then Wi(n) =0 for alln > m.
Proof. Since Wi(m) = 0, there are constants ¢y, co, .. ., ¢, not all zero, such
that fort =0,1,..., k —1,
k
Z CjUmi,j = ClUmtil + CoUmi2 + -+ + Cplbmif = 0.
j=1
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We claim that Wi(m+1) = 0. It is enough to show that for the same coefficients
c1,Co, ..., Cp above, the linear relation
k
Z Cijlbmtk,j = ClUmtk,1 T CoUj2 + =+ + CUpyp p = 0
j=1
holds. In fact, applying the recurrence relation (5) to (wmir1), (Um+tk.2),

. ey

(Um-tk k) Tespectively, we have

k k k—

E Cilm+k,j = E m + k um—i—zy

—1

??‘%

k
= ozi(m + ]{) Z CiUm+i,j = 0.
i=0 j=1
This means that the vectors (upmii1), (Umti2), - -« (Wmiik), with 1 < < k,
are linearly dependent. So Wji(m+1) = 0. Continue the procedure, we see that
Wi(n) =0 for n > m. ]

Theorem 2.5. The solutions (u,1), (un2), .., (unx) of the homogeneous
linear recurrence relation (5) are linearly independent if and only if there is
a nonnegative integer ny such that the Wronskian

In other words, the solutions (un1), (Un2), - - -, (uni) are linearly dependent

if and only if Wi(n) =0 for all n > 0.

Proof. We show that the sequences (uy, 1), (un2), - .., (uy) are linearly depen-
dent if and only if Wi(n) = 0 for all n > 0. If (u,1), (un2), ..., (Upk) arve
linearly dependent, then for n > 0 the columns of the matrix

i Up1 Up 2 T Unp k ]

Un41,1 Up4+1,2 Un+1,k

Un+k—1,1 Unt+k—12 *°° Untj—1k
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are linearly dependent because the columns are part of the sequences (uy, 1),
(Un2), - -, (un) respectively. It follows from linear algebra that the determinant
of the matrix is zero, i.e., the Wronskian Wj(n) = 0 for all n > 0.

Conversely, if Wy(n) = 0 for all n > 0, in particular, W (0) = 0, then there

are constants ¢y, ¢, . . ., ¢, not all zero, such that
k
g CiU;j = Clu;1 + Cuio + - +cuip =0, +=0,1,..., k-1
j=1

We claim that Zle cjun; = 0 for all n by induction. Assume it is true for
n < m—1. Applying the recurrence relation (5) to the sequences (1), (tm 2),
o (Upmi), we have

k k
E : CiUm,j = E : um 1,J
j=1 i=1

Mw [ Mw

k
= @Z(/f> Z CiUm—ij = 0.
i=1 j=1
This means that the sequences (u,1), (un2), ..., (u,x) are linearly dependent.

[]

3 Homogeneous linear recurrence relations with constant coeffi-
cients
In this section we only consider linear recurrence relations of the form
Tp = Q1Tp_ 1+ QTy o+ -+ pTp_p, oap+*0, n>k, (7)

where o, o, ..., ay are constants. We call this kinds of recurrence relations as
homogeneous linear recurrence relations of order k£ with constant
coefficients. Sometimes it is convenient to write (7) as of the form

oLy, + oLy 1+ -+ oty =0, n>k (8)
where o # 0 and oy # 0. The following polynomial equation
Oé()tk + ozltk_l + -+ Oék_lt + o = O, (9)
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is called the characteristic equation associated with the recurrence relation
(8), and the polynomial on the left side of (9) is called the characteristic
polynomial.

Example 3.1. The Fibonacci sequence (f,;n > 0) satisfies the linear recur-
rence relation

fn:fn—1+fn—27 n22

of order 2 with oy = g = 1 in (7).

Example 3.2. The geometric sequence (x,;n > 0), where z,, = ¢", satisfies
the linear recurrence relation

Tp =(qTp_1, N =>1
of order 1 with a; = ¢ in (7).

It is quite heuristic that solutions of the first order homogeneous linear recur-
rence relations are geometric sequences. This hints that the recurrence relation
(7) may have solutions of the form z,, = ¢". The following theorem confirms the
speculation.

Theorem 3.1. (a) For any number q # 0, the geometric sequence
Ty = qn

is a solution of the kth order homogeneous linear recurrence relation (8) with
constant coefficients if and only if the number q 1s a root of the characteristic
equation (9).

(b) If the characteristic equation (9) has k distinct roots q1, q2, - .., G,
then the general solution of (8) is

Ty = ci1q] + Ccqy + -+ gy, n>0. (10)
Proof. (a) Put x,, = ¢" into the recurrence relation (8). We obtain
g+ "+ g = 0. (11)
Since ¢ # 0, dividing both sides of (11) by ¢"*, we have

k—1

apq" + ong" 4+ ap1g + ap =0 (12)
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This means that (11) and (12) are equivalent. This finishes the proof of Part

(a).
(b) Since q1, go, - - . , g are roots of the characteristic equation (9), x,, = ¢! are

solutions of the homogeneous linear recurrence relation (8) for all ¢ (1 < i < k).
Since the solution space of (8) is a vector space, the linear combination

Ty, =cC1q] + gy + -+ epqy, n >0

are also solutions (8). Now given arbitrary values for xg, z1,...,x;_1, the se-
quence (x,,) is uniquely determined by the recurrence relation (8). Set

ag+ogy+tag =z, 0<i<k-—1

The coeflicients cq, co, ..., ¢ are uniquely determined by Cramer’s rule as fol-
lows: ot A
el Ay :
c; = , 1 <i <k
det A -
where A is the Vandermonde matrix
[ 1 1 ... 1 |
a 92 - gk
A= aq @& - G |,
K B
and A; is the matrix obtained from A by replacing its ith column by the column
(20, 21, ..., 25_1]". The determinant of A is given by
det A = H (¢; — @) #0.
1<i<j<k
This finishes the proof of Part (b). ]

Example 3.3. Find the sequence (z,,) satisfying the recurrence relation
Ty =22y 1+ Tpo— 2$n—37 n=>3

and the initial conditions zg = 1, 1 = 2, and x5 = 0.
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Solution. The characteristic equation of the recurrence relation is
13— 22— +2=0.
Factorizing the equation, we have
(z —=2)(x+1)(z—1) =0.
There are three roots x = 1, —1, 2. By Theorem 3.1, we have the general solution
T, = c(—1)" + o + 32",
Applying the initial conditions,
cp +cy H4cg = 1
cp —Cy +2c3 = 2
cy +cy +4cg = 0
Solving the linear system we have ¢; = 2, ¢o = —2/3, ¢ = —1/3. Thus
2 1

o Z(Lqyn_on,
v 5~ 3

Theorem 3.2. (a) Let q be a root with multiplicity m of the characteristic
equation (9) associated with the kth order homogeneous linear recurrence
relation (8) with constant coefficients. Then the m sequences

_omn n m—1 _n
rn=9q¢, ng, ..., N q

are linearly independent solutions of the recurrence relation (8).
(b) Let q1,qs, - .., qs be distinct nonzero roots with the multiplicities

my, M2, ..., Mg

respectively for the characteristic equation (9). Then the sequences

. n n mi—1 _n,
Tn = ¢, N¢gy, ..., N q1;
n n mo—1_n.
QQa HQQa ey n Q27
n n ms—1 n.

ds, MNqg, ..., Mn° q;; n=>0

are linearly independent solutions of the homogeneous linear recurrence re-
lation (8). Their linear combinations form the general solution of the re-
currence relation (8).

15



Proof. The falling factorial polynomial of degree 7 is the polynomial
it =tit—1)---(t—i+1).
Let ¢ be a root of the characteristic polynomial
P(t) = apt" +ait" - b it o = (E— q)"Q(t)

with multiplicity m. Then ¢ is a root of the ith derivative PU(t) of P(t), where
0 <7 <m—1. Weclaim that z,, = [n];q" is a solution of the recurrence relation

for each ¢+ = 0,1,...,m — 1. In fact,
LHS of (8) = ag[nlig" + aan — 1ig" " + -~ + an[n — Klig" ™"
d' :
= gt ot e+ gt )
dt'|,_,
g d k k—1 n—k
= q - — (Oé()t + ot —|—'°'—|‘Ckk;_1t—|-@k)t
dt'|,_,
= q - -—| (t—q)"R(t), where R(t)=Q(t)t"".
dt'|,_,

Applying the Leibniz rule,

=i\ [
a2 (y) (w _

So z, = [n);q" is a solution. Note that
[t =ag+at+---+ait’, (i=0,1,...,m—1)

for some integers ag, a—1, . .., a;. It follows that there some integers by, b1, . . ., b;
such that

ti:bo[t]o—Fbl[t]l—|—"'—|—bi[t]ia 1=0,1,...,m —1.
We see that



is a solution, where 0 < ¢ < m — 1. Next we show that ¢", ng", ..., n" 1q" are
linearly independent. Set

coq" +eng" + -4 cpon™ =0, ¥n > 0.
Since ¢ # 0, we have

coten+-+e,n™ =0 Vn>0.

Consider cg, ¢, ..., ¢y_1 as variablesand let n = 1,2, ..., m. We have a system
of linear equations about ¢, c1, ..., ¢,—1. The coefficient matrix
(101 12 ... gl
12 2% ... oml
A=1|13 3¢ ... 3!
1 m m? - mm!
and det A = H1§i<j§m(j —1)#0. Hence co=c1 =+ =¢p_1 = 0. O]

Proof of General Linear Independence of Solutions: Consider the linear com-

bination
S

Z(Cj,lqy + ¢jong; + -+ Cj,mjnmj‘lq?) =0 (13)
j=1
with coeflicients ¢;1,¢j2, ..., ¢jm;, where j = 1,...,s. We assume the roots
qi,---,qs are already arranged in increasing order of their modulus as |q1| <
|g2] < -+ < |gs], and the roots of equal modulus are are already arranged
in increasing order of their multiplicities. Let g, ..., qs be all roots of largest
modulus with the same largest multiplicity m = m, = - - - = m,. We may have

r = 1. Assume r > 1. Then

| < < Mg <o = -+ = |gs]-
We have either |¢.—1| < |g-| or |¢—1| = |¢;|. If |¢—1| = |q;|, we must have
my_1 < m,. Let w; =¢qj/qsfor 5 =1,...,s. Then w,, ..., wy are distinct roots

of unity. Divide both sides of (13) by n™ !¢" and move the lower order terms

17



to the right, we obtain

Z cjmw; = &(n) — 0 (n — oo).
j=r
Let A(n) be the (s —r +1) x (s —r + 1) matrix

n n n
W wT—I—l U Wy
n+1 n+1 n+1
w w o o o w
A(n) — 7“: r:—i—l 3: :
n+s—r n+s—r . n—+s—r
i wr wr—l—l Wy ]

and A;(n) the matrix obtained from A(n) by replacing its jth column with
e(n),e(n+1),....e(n+s—7r)".

Then det A(n) = wiw;y; - Wi [[<icjes(wj —wi) # 0. By Cramer’s rule, we

have
_det Aj(n)

m = "qet Aln)
It follows that ¢;,,, = 0 for y = r,...,s. Likewise, applying the same method to

—0(n—00), j=r...,s

other nonzero coefficients with highest order, we see that all coefficients in (13)
are zero. ]

4 Matric representation of linear recurrence relations

Let us write &g = [zo, 21, ..., Tp_1]', 1 = [Tp, Tg1, - - Top_1], ..,
Ly = [ank, Tnk41, - - - 7xnk+k—1]T7 n > 0.
Assume x,, = a1T,—1 + Q9T pm—9 + ++ + + ApTm—i, M > k. We see that
x, = Ax,_1, n>1.

Then
x, = A"xy, n>0.

Example 4.1. Find the sequence (z,,) satisfying the recurrence relation
Ty = 2Tp1+ Tpo—2Tp_3, N >3
and the initial conditions zg =1, 1 = 2, and x5 = 0.

18



The recurrence relation can be repeated as

T3 = 29+ a1 — 200 = —2x0+ 211 + 279
Ty 203 + x9 — 221 = —4xg + D19
Ty = 24+ x3 — 229 = —1029 + 21 + 1029

Thus
T3 —2 1 2 i)
Ty = —4 0 5 T , i.e., 1 — ACBO
xs —10 1 10 i)
It follows that x, = Az, | = A%z, o =--- = A™x.
T3n —2 1 27" Tz
r, — L3n+1 = —4 0 5 I , n 2 0.
L3n+2 —10 1 10 i)

5 Nonhomogeneous linear recurrence relations with constant co-
efficients

Theorem 5.1. Given a nonhomogeneous linear recurrence relation of the
first order

Tp=QTp_1+ Pn, n>1. (14)

(a) Let B, = cq" be an exponential function of n. Then (14) has a particular
solution of the following form.

o Ifq # «, then x, = Aq".
o [fq=a, then x, = Ang".

(b) Let 8, = Zfzo bin' be a polynomial function of n with degree k.
o [fa# 1, then (14) has a particular solution of the form

xn:Ao—i—Aln—i—AgnQ—l—---—l—Aknk,
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where the coefficients Ay, Ay, ..., A are recursively determined as

o [f a =1, then the solution of (14) is given by

n
i=1
Proof. (a) We may assume g # 0; otherwise the recurrence (14) is homogeneous.
For the case ¢ # «, put x, = Aq¢" in (14); we have
Aq" = aAq" 4 cq".

The coefficient A is determined as A = ¢q/(q — «).
For the case ¢ = «, put x,, = Ang" in (14); we have

Ang" = aA(n — 1)¢" " + cq".

Since ¢ = v, then € Ag" ™! = cq". The coefficient A is determined as A = cq/a.
(b) For the case a # 1, put z,, = Z?:o A;n/ in (14); we obtain

k k k
ZAjnj = @ZAj(n — 1) + ijnj.
j=0 j=0 j=0
Then
ZA]TLJ = ozZAj Z (z) n'(—=1)7" + ijnj.
7=0 7=0 1=0 7=0
An'=a) n' z:(—l)j_Z (]> Aj+ Z bn'
1=0 1=0 J=t ¢ 1=0
k k
Z Az—bl—ozZ(—l)J_Z (J)AJ n' =0
i
i=0 j=i



The coefficients Ag, A1, ..., Ay are determined recursively as

by
A, =
k 1—05’
1 i ]
= . —1)y . <i<k-—1.
A = — @+g2;(n (;)4 L 0<i<k

As for the case av = 1, iterate the recurrence relation (14); we have

Tp = xn—l"’ﬁn:xn—Q‘Fﬁn—l‘i—ﬁn
= Tp1+BpotBu1tBn=""
= 2o+ 01+ 02+ + P

Example 5.1. Solve the difference equation

T, = Tp_1+3n>—5m3, n>1
Xy — 2.

Solution.

T, = LCQ—FZ[)Z‘:Q—FZ(BZQ
i=1 i=1
=243) ?=5) i
i=1 i=1
nn+1)2n+1) . (n(n+ 1))2.

= 24+3X

6
We have applied the following identities

e ()
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Example 5.2. Solve the equation
{azn = 3z,-1—4n, n>1

rog — 2.
Solution. Note that z,, = 3"c is the general solution of the corresponding
homogeneous linear recurrence relation. Let x, = An 4+ B be a particular

solution. Then
An+ B =3[A(n—1)+ B] —4n

Comparing the coefficients of n' and n, it follows that A = 2 and B = 3. Thus
the general solution is given by

T, =2n+ 3+ 3"c.
The initial condition zy = 2 implies that ¢ = —1. Therefore the solution is
T, = —3"+2n+ 3.

Theorem 5.2. Given a nonhomogeneous linear recurrence relation of the
second order
Ty = Q1 Tp_1 + Qox,_o + cq". (15)

Let 1 and qo be solutions of its characteristic equation
x2—a1x—a2:().

Then (15) has a particular solution of the following forms, where A is a
constant to be determined.

(a) If ¢ # @1, ¢ # o, then x, = Ag".
(b) If ¢ = q1, @1 # @, then z, = Ang".
(¢) If ¢ = q1 = qo, then x, = An°q".
Proof. The homogeneous linear recurrence relation corresponding to (15) is
Tp = Q11 + Q2Tp_9, N > 2. (16)

We may assume ¢ # 0. Otherwise (15) is homogeneous.
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(a) Put x,, = Aq¢" into (15); we have
Aq" = A" + anAg" T 4 "

Then
Alg® — a1q — az) = cq”.

Since ¢ is not a root of the characteristic equation x> = ayx + o, that is,

q° — o1q — g # 0, the coefficient A is determined as

Cq2

¢* — a1 —az
(b) Since ¢ = q1 # qo, then z,, = ¢" is a solution of (16) but x,, = nq" is not,
that is,

A:

¢ —aig—a;=0 and ng" # ai(n —1)¢" * + az(n — 2)¢" 2.

[t follows that

ng* — oi(n — 1)g — as(n —2) = n(q¢* — ang — @) + arq + 20
= a1q + 20 # 0.

Put z,, = Anq" into (15); we have
Ang” = oaqA(n — 1)¢" ' + awA(n — 2)¢" 2 + cq".

Then

A [ng® — ar(n —1)g — az(n — 2)] = c¢”.

Since a1q + 2an # 0, the coefficient A is determined as

_
a1q+ 20
(¢) Since ¢ = q1 = @9, then both x,, = ¢" and x,, = nq" are solutions of (16),
but z,, = n?¢" is not. It then follows that

@ —a1g—ay=0, ag+2a =0, and

‘g’ — ar(n — 1)%q¢ — as(n — 2)* = n*(¢* — a1q — as) + 2n(anq + 200) — aq —
= —a1q —4dan # 0.
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Put z,, = An%q¢" into (15); we have
A" [n°¢* — au(n — 1)°q — as(n — 2)°] = c¢".

The coefficient A is determined as
9

A=
a1q + 4dao
]
Example 5.3. Solve the equation
T, = 10x,_1 —252,_9 + 5", n>2
rog — 5)
IrN = 15.
Put x,, = An® x 5" into the recurrence relation. We have
An? x 5" = 10A(n — 1)* x 5" — 25A(n — 2)* x 5"72 5",
Dividing both sides we further have
An® =2A(n —1)* — A(n — 2)* +5.
Thus A = 5/2. The general solution is given by
5
Ty = 57125” + 15" + cond".
Applying the initial conditions zp = 5 and x; = 15, we have ¢; = 5 and

co = —9/2. Hence

5 9
Ty, = <§n2 — én + 5) 5.

Theorem 5.3. Given a nonhomogeneous linear recurrence relation of the
second order
Ty = Q1Tp-1 + Ty o+ P, N2> 2 (17)

where B, is a polynomial function of n with degree k.
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(a) If a1 + ay # 1, then (17) has a particular solution of the form
:Cn:A0+A1n—|—---—|—Aknk,

where Ag, A1, ..., Ap are constants to be determined. If k < 2, then a
particular solution has the form

z, = Ay + An + Asn’.

(b) If a1 + s = 1, then (17) can be reduced to a first order recurrence
relation

Yn = (051 — 1)yn—1 + B, n>2,
where y, = x, — x,_1 forn > 1.

Proof. (a) Let G, = Z?:O bn/. Put z, = 2520 A;n/ into the recurrence
relation (17); we obtain

k k k k
Z Amn! = ay Z Ajln —1) + ay Z Aj(n —2) + Z bn’
j=0 j=0 =0 =0

j .
a3y a S (3
j=0 =0 !
k J . k
ton » Ay (=2) (Z ) n'+Y b
7=0 1=0 J=0
k k
s (2
k k . k
+vo Z n' Z(—Q)j_i (‘Z) A+ Z bin’
i=0 j=i J=0

Collecting the coefficients of n', we have

k

Zk: A — ay zk:(—uﬂ (Z) A —ap zk;(—z)ﬂ <Z) A= b nf =0

i=0 j=i i=0
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Since aq + ap # 1, the coefficients Ay, A1, ..., A are determined as
by

1—0&1—042’

k .
1 i—i [ J —i
Ai = l—ap —as bi + Z(_l)j (2> (OquQ] QZ) Ajl

j=it1

Ay =

where 0 < ¢ < k — 1.
(b) The recurrence relation (17) becomes

Tp=oTp_1+ (1 —oq)rp_o+ 5y, n>2.

Set y, = T, — x,_1 for n > 1; the recurrence (17) reduces to a first order
recurrence relation. ]

Example 5.4. Solve the following recurrence relation

x, = 6x,_1 — 91,2+ 8n? — 24n
Ty — 5)
IrT = D.

Solution. Put x,, = Ay + An + Asn? into the recurrence relation; we obtain
Ag+Ain+Aon?® = 6[Ag+ A (n—1)+Ay(n—1)*]—9[Ag+A; (n—2)+ Az (n—2)]+8n? -
Collecting the coefficients of n?, n, and the constant, we have

(445 — 8)n® + (4A; — 24 A, + 24)n + (4Ag — 124, 4 30A,) = 0.

We conclude that Ay = 2, A; =6, and Ay = 3. So x, = 2n’ +6n + 3 is a
particular solution. Then the general solution of the recurrence is

T, = 2n% + 6n 4+ 3 + 3"¢; + 3"ncy.

Applying the initial condition zyp = 1 = 5, we have ¢; = 2, co = —4. The
sequence is finally obtained as

T, =2n°+6n+3+2x3"—4n x 3"
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6 Generating functions

The (ordinary) generating function of an infinite sequence
ag, a1, a9, ..., Gy, ...
is the infinite series
A(z) = ag + ayx + apz® + -+ apz + -

A finite sequence
ap, a1, a2, ..., Qan

can be regarded as the infinite sequence
ag, a1, Ao, ..., Gy, 0, 0, ...
and its generating function
A(z) = ag + a1 + aga® + - + a,a”
is a polynomial.

Example 6.1. The generating function of the constant infinite sequence

is the function

1
A(aj):1+gj+aj2+...+xn+...:1_33_

Example 6.2. For any positive integer n, the generating function for the bi-

(- C): () (0

nomial coefficients

is the function
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Example 6.3. For any real number «, the generating function for the infinite
sequence of binomial coefficients

(o) (1) (5)- - (3) -
f: (Z‘) 2" = (14 1)

n=0

is the function

Example 6.4. Let k be a positive integer and let
ap, a1, a4g, ..., Ap, ...

be the infinite sequence whose general term a,, is the number of nonnegative
integral solutions of the equation

T1+Ty+ -+ 2Tp =nN.
Then the generating function of the sequence (a,) is

(0. 9] (0. 9]

1 (D SERY P SR SRR
9]
11=0

] Zx% B 1—3:)k

sz

Alx) =

o (0. 9]
—k n+k—1
_ —1)" no__ n
= ( )=
n=0 n=0
Example 6.5. Let a,, be the number of integral solutions of the equation
T1+ Ty + T3+ T4 =N,

where 0 < 21 < 3,0 < 29 < 2, 23 > 2, and 3 < x4 < 5. The generating
function of the sequence (ay,) is

Alz) = (1+z+2°+2°) (1+z+2%) (@ +2°+- ) (x3+334+x5)
P (1 +z+22+2%) (1+z+22)°

1 —=x '

28



Example 6.6. Determine the generating function for the number of n-combinations
of apples, bananas, oranges, and pears where in each n-combination the num-
ber of apples is even, the number of bananas is odd, the number of oranges is
between 0 and 4, and the number of pears is at least two.

The required generating function is

v (5B ) &

23(1 — 2°)
(1—22)2(1 —x)*

Example 6.7. Determine the number a,, of bags with n pieces of fruit (apples,

bananas, oranges, and pears) such that the number of apples is even, the number
bananas is a multiple of 5, the number oranges is at most 4, and the number of
pears is either one or zero.

The generating function of the sequence (a,,) is

- (59) (5 () (9

(I+z+2*+2°+2H(1 +2)
(1 —22)(1 — )
_ (14+2)(1—2°)/(1 —x)
14+ 2)(1—2)(1 —a°)

1 - —2

_ _ —1)" n
()
o0 1 o0

— Z<n+ )az"—Z(n+1)xn.
n=0 n n=0

Thus a, = n + 1.
Example 6.8. Find a formula for the number a,, ;. of integer solutions (i1, 7o, . . . , i)

of the equation
T+ T+t ap=mn

such that 41,19, ..., % are nonnegative odd numbers.
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The generating function of the sequence (a,,) is

Alz) = (Z 3722“) <Z x%l) (1 _xg;z)k

Z;ir (ﬁ:l) % for k=2r

> (ﬁr) x+ for k=2r+1.

J=r \j-r
We then conclude that agso, = (Sz;l), 2541 2r+1 = (jj), and a,, = 0
otherwise. We may combine the three cases into
nyyrky_
(inﬂzl 1) if n—k = even,
_ [5)-13]

0 if n—k = odd.

Example 6.9. Let a,, denote the number of nonnegative integral solutions of
the equation
25171 + 3.732 + 4%3 + 5$4 = n.

Then the generating function of the sequence (a,) is

Alz) = f: > o1]a"
n=0 1,5,k 1>0

2i+37+4k+51=0

(5 (£ ()

(1—22)(1—23)(1—2Y)(1 —2%)

Theorem 6.1. Let s, be the number of nonnegative integral solutions of
the equation

a1 + a9 + - -+ + apTr = n.
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Then the generating function of the sequence (s,) is

1
(1 —zm)(1 —292)--- (1 —z%)

Alx) =

7 Recurrence and generating functions

Since
o ()= () e
k=0 k=0
then
— = (—ax)" = ( a"z",  |r| < —.
(1 —azx)" ; k ; k |a|
Example 7.1. Determine the generating function of the sequence
0, 1, 2%, ..., n% ....
Since —— = Y2, 2", then
1 d (1 d o=,
(1—2)? dx (1—:13) Zdw (+") Z !
k=0 k=0
Thus ( = >"22  kx*. Taking the derivative with respect to x we have
I+=x -
_ k’2 k—l.
SRS o
k=0
Therefore the desired generating function is
z(l 4+ x)
Alr) = —=.
Example 7.2. Solve the recurrence relation
ap, = Op_1 — 6an—27 n =2
ag =— 1

a1:—2
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Let A(z) =" a,x™. Applying the recurrence relation, we have

Alr) = ag+ arx + Z (5a,—1 — 6a, o) x"

n—=2

= ag + a1z — Sway + 5rA(x) — 627 A(w).

Applying the initial values and collecting the coefficient functions of A(x), we
further have
(1 -5z +62%) A(z) =1 — Ta.

Thus the function g(z) is solved as
 1=Tz
1 — 52+ 6%

A(z)

Observing that 1 — 5z + 62% = (1 — 2x)(1 — 3z) and applying partial fraction,

-7 A N B
l—5x+6x2 1—-2z 1-—3z
The constants A and B can be determined by

A(l=3z)+ B(1 —2x)=1—Tz.
Then

A +B 1
—3A —2B = —7

Thus A =5, B = —4. Hence

o 1=Tz 5 4
1 —5x+6x2 1—2z 1-—3z

A(z)

Since

1 - n_n 1 _OO n_n
1_29;:;256 and 1—3x_;3$

We obtain the sequence

a, =Hx2"—4x3", n>0.
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Theorem 7.1. Let (a,;n > 0) be a sequence satisfying the homogeneous
linear recurrence relation of order k with constant coefficients, 1i.e.,

Ap = Q1 QAp—1 T Q20p_9 + -+ + QrpAp_f, (18)

where oy, # 0, n > k. Then its generating function A(x) =Y  a,a" is a
rational function of the form

(19)

where Q(x) is a polynomial of degree k with a nonzero constant term and
P(x) is a polynomial of degree strictly less than k.

Conversely, given such polynomials P(x) and Q(x), there exists a unique
sequence (a,) satisfying the linear homogeneous recurrence relation (18),
and its generating function is the rational function in (19).

Proof. The generating function A(x) of the sequence (a,) can be written as

k—1 00 k—1 00 k
Alx) = a;x’ + Z a,x" = a;zt + <Z ozz-anZ) "

1=0 n=~k 1=0 n=k =1
k—1 k 00 k—1 k 00

— Z a;x" + Z o Z i " = a;r + ) y: a,x"
1=0 1=1 n=~k 1=0 =1 n=k—1
k—1 00 k—1 00 k—i—1

— Z a;x' + apa” Z a,x" + Z o, Z a,r" — Z a;x’
1=0 n=0 1=1 n=0 7=0
-1 k -1 —i—1

= Z a;x' + A(z) Z a;x’ — Z a;x’ Z a;z’
i=0 i=1 i=1 =0
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Then

Thus

Conversely, let (a,) be the sequence whose generating function is A(x) =

P(z)/Q(x). Write
00 k k
Ar) = Z a,x", P(r)= Z bir', Q(r)=1-— Z ;.
n=0 1=0 =1

Then A(x) = Pg; is equivalent to

k 00 k
<1 — Z ozlwi> (Z an:z:”> = Z bz’
=1 n=0 =0

The polynomial Q(x) can be viewed as an infinite series with a; = 0 for ¢ > k.

Thus
00 00 n k
Z a,r" — Z (Z ozianZ) A Z b,x'.
n=0 n=0 \ i=1 i=0
Equating the coefficients of 2", we have the recurrence relation

O

k
a, = g Qlp—i, N> k.
i=1
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Proposition 7.2 (Partial Fractions). (a) If P(x) is a polynomial of degree
less than k, then
P(ZU) - Al A2 Ak

(1—azx)* 1—ax (1—ax)? (1—ax)*

where Ay, As, ..., A, are constants to be determined.
(b) If P(x) is a polynomial of degree less than p + q + r, then
P(.CC) . Al(x) AQ(I) Ag(l‘)

(1 —az)P(1 —bx)4(1 —cx)” (1 —ax)? " (1 — bx) " (1 —cx)”’

where Ay(x), As(z), and As(x) are polynomials of degree q +r, p+r, and
p + q, respectively.

8 A geometry example

A polygon P in R? is called convex if the segment joining any two points in
P is also contained in P. Let (), denote the number of ways to divide a labeled
convex polygon with n + 2 sides into triangles. The first a few such numbers are

C,=1,C,=2 Cs=5

We first establish a recurrence relation for C,,1 in terms of Cy, C, ..., C,.
Let Py uy.. ., 5 denote a convex (n +3)-polygon with vertices v1, va, . .., vpy3. In

each triangular decomposition of Py 4,. 4, ., into triangles, the segment v1v,43 1s
one side of a triangle A in the decomposition; the third vertex of the triangle A is
one of the vertices vy, vs3, ..., v, 9. Let vi o be the third vertex of A other than

v1 and v,13 (0 < k < n); see Figure 1 below. Then we have a convex (k + 2)-

Vk+2

Vi \4

Figure 1: vy, is the third vertex of the triangle with the side vyv,.3

and another convex (n — k+2)-polygon P, ey Then

polygon P,

1V2...0%42 k+2Vk+3
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by induction there are C}, ways to divide P, into triangles, and C),_; ways

to divide P,

Uk+2Vk+3-+-Un+3

102 V42
into triangles. We thus have the recurrence relation

Cop1 =Y CiChy with Co=1.
k=0

Consider the generating function F'(z) =Y ,C,z". Then

F(z)F(x) = (Z ow) (Z 0an>
- S (saa)

n=0 k=0

. n 1 . n
- Y =Y

n=0 n=1
 F(z) 1
N X i

We thus obtain the equation
rF(z)? — F(z) +1=0.

Solving for F'(x), we obtain

Note that
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where

= (=1)"- n!' . on
1-3-5---2n—1-1) _,
- n! &
_ (2(n —1))!
2 nl(n —1)!

Then

We conclude that

Hence the sequence (C),) is given by the binomial coefficients:

1 2
C, = (n)) n > 0.
n+1\n

The sequence (C),) is known as the Catalan sequence and the numbers C,,
as the Catalan numbers.

Example 8.1. Let C), be the number of ways to evaluate a matrix product
A1Ag---Apyr, n20
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by adding various parentheses. For instance, Cy = 1, C7 = 1, Cy = 2, and
C5 = 5. In general the formula is given by

- 1 (2n>
n+1\n

Note that each way of evaluating the matrix product A1 Ay --- A, o will be

finished by multiplying of two matrices at the end. There are exactly n+ 1 ways
of multiplying the two matrices at the end:

Ay Ayss = (A Apyt)(Agga - Apin), 0<k <.

This yields the recurrence relation

n+1 § Cﬁ: n—k-

Thus C,, = %H(Q”) n > 0.

9 Exponential generating functions

The ordinary generating function method is a powerful algebraic tool for finding
unknown sequences, especially when the sequences are certain binomial coeffi-
cients or the order is immaterial. However, when the sequences are not binomial
type or the order is material in defining the sequences, we may need to consider
a different type of generating functions. For example, the sequence a, = n! is
the counting of the number of permutations of n distinct objects; its ordinary
generating function

o0 ©. 9]
Z a,r" = Z nlx”
n=>0 n=0
cannot be easily figure out as a closed known expression. However, the generating
function
0.9)
Z =
n= 0 n=0
is obvious.
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The exponential generating function of a sequence (a,;n > 0) is the
infinite series

Example 9.1. The exponential generating function of the sequence

P(n,0), P(n,1), ..., P(n,n), 0, ...
is given by
"\ P(n,k) ,
E(x) = Z 2

k=0

N ()

- Z(k)x
k=0

= (1+ax)".

Example 9.2. The exponential generating function of the constant sequence

(a, =1,n>0)is
_\NY e
E(z)=) =
n=0
The exponential generating function of the geometric sequence (a,, = a";n > 0)
18

ax
E(z) = g = e
n!
n=0
Theorem 9.1. Let M = {njaq,nqqa, ..., npag} be a multiset over the set
S ={a1,ag,...,ar} with ny many a1’s, ng many as’s, ..., N many ax’s.

Let a,, be the number of n-permutations of the multiset M. Then the expo-
nential generating function of the sequence (a,;n > 0) is given by

oS () () e

1=0 1=0
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Proof. Note that a,, = 0 for n > ny+- - +ny. Thus E(x) is a polynomial. The
right side of (20) can be expanded to the form

you S5y "

11,09,...,01.=0 n=0 © o iptigtetig=n
Ogilgnl,...,ogikgnk

Note that the number of permutation of M with exactly 41 aq’s, 729 as’s, ...,
and 75 «y’s such that
i +is+ - +ip=n

is the multinomial coefficient

( n ) n!
ivion i) dgligl i)

It turns out that the sequence (a,,) is given by

n
a, = o , n > 0.
" Z (217227---;%)7 o

i1+ig+-+ip=n
0<iy gnl,...,ogikgnk

We proved the closed form of the required exponential generating function. [

Example 9.3. Determine the number of ways to color the squares of a 1-by-n
chessboard using the colors, red, white, and blue, if an even number of squares
are colored red.

Let a,, denote the number of ways of such colorings and set ag = 1. Each such
coloring can be considered as a permutation of three objects r (for red), w (for
white), and b (for blue) with repetition allowed, and the element r appears even
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number of times. The exponential generating function of the sequence (a,,) is

o = (S ) (57)

n= n=0
_ e 26 62x:§(63x+61’>
1 [ =3"2" =z"
- (E5E)
n=0 n=0
1= x"
=5 z% (3" +1) —.
Thus the sequence is given by
3" +1
an = S n > 0.

Example 9.4. Determine the number a,, of n digit (under base 10) numbers
with each digit odd where the digit 1 and 3 occur an even number of times.

Assume ag = 1. The number a,, equals the number of n-permutations of the
multiset M = {ool, 003, 005, 007, 209}, in which 1 and 3 occur an even number
of times. The exponential generating function of the sequence a,, is

w0 = (S ) (£5)

n=0 n=0

o0 14 o0 UL o0 ok
P Dl B
0 n! 0 n! 0 n!

B i 3" +2x3" 1Y) 2"
B 4 nl

n=0

Thus
"+ 2x 3" +1

> 0.
A =

Qn
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Example 9.5. Determine the number of ways to color the squares of a 1-by-n
board with the colors, red, blue, and white, where the number of red squares is
even and there is at least one blue square.

The exponential generating function for the sequence is

o = (S ) (£5) (57)

— xr( T 1
et — 1)
1
:i(e3x_€2$+€x_1)
1 =3"—2"4+1 2"
_'_§+2; 2l
Thus
3" —=2"4+1
an = , n>1
2
and
CL():O.

10 Combinatorial interpretations

Theorem 10.1. The combinatorial interpretations of ordinary generating
functions:

(a) The number of ways of placing n indistinguishable balls into m distin-
guishable boxes is the coefficient of x™ in

RTTRVI WA R
(I+z+a2+--) (;% ) i

(b) The number of ways of placing n indistinguishable balls into m distin-
gquishable boxes with at most ry. balls in the kth box is the coefficient of

n

x" in the expression

m
(I+z+a”+-- +a").
k=1
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(¢) The number of ways of placing n indistinguishable balls into m distin-
gquishable boxes with at least s balls in the kth box is the coefficient of

x" in the expression

aj81+"'+sm

S 2 _—
gx’f(l—l—x—kaz—l— ) (1_$)m.

(d) The number of ways of placing n indistinguishable balls into m distin-
guishable boxes, such that the number of balls held in the kth box 1is
allowed in a subset C, C Z>q (1 < k < m), is the coefficient of x" in

the expression

keCq keCy keCpy,

Proof. Let us consider the situation of placing infinitely many indistinguishable
balls into m distinguishable boxes. We use the symbol x to represent a ball and
z¥ to represent indistinguishable k balls. In the course of placing the balls into
m boxes, each box contains either none of balls (z° = 1), or one ball (z), or two
balls (x?), or three balls (z%), etc.; that is, each box contains

l+a+a+2°+--

balls, where the plus sign “+” means “or”.

Box 1|Box 2|Box 3|--- | Box m
1 1 1 1 1
x x x x x
z? z? 22 | 2? z?
3 3 | ad 3

If we use multiplication to represent “and”, then all possible distributions of
balls in the m boxes in the course of placing are contained in the expression

(I+z+a*+-- )™ (21)
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Thus, when there are n distinguishable balls to be placed into the m distinguish-
able boxes, the number of distributions of the n balls in the m boxes will be the
coefficient of 2" in the expression (21). Indeed, to compute the coefficient of x"
in (21), we select ™ from column 1, 2" from column 2, ..., " from column
m in the above table such that z"1z"2 ... 2™ = 2", and do this in all possible
ways. The number of such ways is clearly the number of nonnegative integer
solutions of the equation

Yo+ Y2+ T Yn =N,

m+n—1
The situation for other cases are similar. ]

and is given by (

Theorem 10.2. The combinatorial interpretation of exponential generating
functions:

(a) The number of ways of selecting an ordered n objects with repetition
allowed from an m-set is the coefficient of %T,L in the expression

X 33'2 33'3 " - ajk " mx
(1+ﬂ+§+§+"'> —<kz:y =€ . (22)
=0

(b) The number of ways of selecting an ordered n objects from an m-set
such that the number of kth objects is allowed in a subset Cy C Z~, is
the coefficient of fl—rf in the expression

xk ZCk Slfk
Zy ZH ZH . (23)

keCy keCy keC,

Example 10.1. Find the number of 4-permutations of the multiset
M ={a,a,b,b,b,c}.
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There are 5 sub-multisets of M having cardinality 4.

{a,a,b,b}|{a,a,b,c} {a,b,b,b} {a,b,b,c} | {b,b,b,c}

417212100 | 417211010 | 417118100 | 41/112110 | 41/013!1!

Then the answer is
4 4 4 41 41
o0 o T T e o

38,

which is the coefficient of ’i—? in the expansion of

x ZL’Q €T 332 333 x
E(CL’)Z (14—54‘5) (1+ﬂ+5+§) (l—l_i)

In fact, the coefficient of 2t /4! is

T R
e ggﬂimm_zmm+2mu+umm+umu+m&n
i§2,§'§3,k§1
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