Week 6-7: The Binomial Coefficients

March 16, 2005

1 The Pascal Formula

Theorem 1.1 (Pascal’s Formula). For integers n and k such that 1 < k <n,
ny\_ (n-— 1 n n—1
k) k E—1)°

The numbers (}) = n(n-1) (n > 2) are triangle numbers, i.e.,

The numbers (g) = W (n > 3) are tetrahedral numbers, i.e., (g) is the number of lattice points of the
polytope As(n) defined by

As(n) ={(z,y,2) :2>0,y>0,2>0,z+y+2<n-—3}

Theorem 1.2. The number of nondecreasing coordinate paths from (0,0) to (m,n) with m,n > 0 equals
m+n
" .
2 The Binomial Theorem

Theorem 2.1 (Binomial Expansion). For integer n > 1 and variables x and y,

@y =3 () atyr

k=0

3 Binomial Identities

Definition 3.1. For any real number « and integer k, define the binomial coefficients

0 if k<0
<Z) ~{1 if k=0
a(afl)--égakarl) if k>0
Proposition 3.2. 1. For real number o and integer k,

()= (o)



2. For real number o and integer k,
1 a o a—1
k) “\k—-1)"

3. For nonnegative integers m, n, and k such that m +n > k,
m-+n u m n
(") =2 (00

n+1 " m
<k+1> _; (k)
Proof. Applying the Pascal formula again and again, we have
n+1 n n
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= (e )+ () () (1)

Proposition 3.3. For integers n,k > 0,

0
Note that (k+1) =0.

4 The Multinomial Theorem

Theorem 4.1 (Multinomial Expansion). For any positive integer n,

n
(k1 +xo+ -+ xp)" = Z ( . )x?lx?w'xzk,
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S — ny,no,...
n1,M9,..., ng >0

( n ) n!
niy,no,...,Ng nl‘ng'nk‘

where the coefficients

are called multinomial coefficients.

Proof.

(x1+zo+--Fax)" = (r1+z2+-Fxg) - (x1+2x2+ -+ 1)
n
= Zuu@---un (ui =z1,02...,78, 1 <7< n)

Z {Number of permutations of the }

T eI multiset {niz1,noxe, ..., nEry}
TY,M9,.n, ng >0

n
— ni ,.n2 Nk
= g ( ):1:1 XTo® -yt
N1, M2y . oy T

nijtng+-+np=n
TY,MQ,. e, ng >0



5 The Newton Binomial Theorem
Theorem 5.1 (Newton’s Binomial Expansion). Let o be a real number. If 0 < |x| < |y|, then

@ =3 (2) by,

k=0

where

(Z) _ a(a—1)~-l;:!(a—k+1)

Proof. Apply the Taylor expansion formula for the function (xz + y)® of two variables.

Corollary 5.2. If |z| < 1, then

k=0 k=0
1 S (—a\ o= f(atk—1\ 4
-2 Z<k)z:z( k )
k=0 k=0

The identity

1s called the reciprocity law of binomial coefficients.

Proof. Apply the Taylor expansion formula.
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This shows again that the number of nonnegative integer solutions of the equation

In particular, since

k=

[en]

r1+x2 4ty =k

37

6 The Unimodality of Binomial Coefficients

equals the binomial coefficient

Definition 6.1. A sequence sg, s1, S2, . . ., S, is called unimodal if there is an integer k (0 < k < n) such that
S0 <81 < S Sp 2 Skl =t 2 Spe

Theorem 6.2. Let n be a positive integer. The sequence of binomial coefficients

6)- () G) o ()



18 an unimodal sequence. More precisely, if n is even,

(g)< (7><...< (n72> >...>(nﬁ1) >(Z>s
()< ()< (e ) = () == (0 = ()

Proof. Note that the quotient

B/6n) === {2

The unimodality follows immediately. O

and if n is odd,

A cluster of a set S is a collection A of subsets of S such that no one is contained in another. A chain is a
collection C of subsets of S such that for any two subsets, one subset is always contained in another subset. For
example, for S = {a,b,c,d}, the collection

A={{a,b}, {b.c.a}, {a.c}, {a.d}}
is a cluster; while the collection
C= {(2), {b,d}, {a,b,d}, {a,b,c, d}}

is a chain. In more general context, a cluster is an antichain of a partially ordered set.
Theorem 6.3 (Sperner). Any cluster of an n-set S contains at most (LN%J) subsets of S.

Proof. Let S ={1,2,...,n}. We actually prove the following stronger result by induction on n:
The power set P(S) can be partitioned into m disjoint chains C1, Ca, ..., Cym, where m = (Ln72j )

If so, then for any cluster A of S,
JANC;| <1 forall 1<i<m;

and consequently,
|A| <m.

0 c{1}.

0 c{1} c{1,2},
{2}

0 c {1} c{1,2} c{1,2,3},
{2} c{2,3},
{3} C {1,3}.



For n = 4, (Ln72J) = (3) = 6; the 6 chains can be obtained in two ways: (i) Attach a new subset at the end

to each chain of the chain partition for n = 3 (this new subset is obtained by appending 4 to the last subset of the
chain); (ii) delete the last subsets in all chains of the partition for n = 3 and append 4 to all the remaining subsets.

0c{1}c{1,2} c{1,2,3} c{1,2,3,4},
{2} € {2,3} € {2,3,4},
{3} c{1,3} c{1,3,4},
{4} c {1,4} c {1,2,4},
{2,4},
{3,4}.
Note that the chain partition satisfies the properties: (i) Each chain is saturated in the sense that no subset can be
added in between any two consecutive subsets; (ii) in each chain the size of the beginning subset plus the size of the
ending subset equals n. A chain partition satisfying the two properties is called a symmetric chain partition. The
above chain partitions for n = 1,2, 3,4 are symmetric chain partitions.
Given a symmetric chain partition for the case n — 1; we construct a symmetric chain partition for the case n:
For each chain Ay C As C --- C Aj in the chain partition for the case n — 1,
ifk>2 do A CAyC--- CAkCAkU{n}, and
Ayu{n} Cc Ayu{n} C--- C Ap_1 U{n};
ifk=1, do A CAlU{n}.

It is clear that the chains constructed form a symmetric chain partition. In fact, the chains constructed are obviously
saturated. Since |A;j|+ |Ax| =n — 1, then |A;| + |Ar U{n}| = |A1]| + |4k| + 1 = n, and when k > 2,

[Av U {n}| + [Ap—r U{n}| = [Aa] + [Apa] + 2 = [Ar] + | Ak + 1 = n.

Now for any chain By C By C --- C By of the chain partition for the case n, since Bi| < |B;|, we have
|B1| < n/2 <|By; since [n/2] <n/2 < [n/2], it follows that

|Bi| < [n/2] < [n/2] <[Bil.

This means that the chain By C By C --- C B contains exactly one |n/2]-subset and exactly one [n/2]-subset.
Note that the number of [n/2]-subsets of S is (Ln;b? J) and the number of [n/2]-subsets of S is ([7:}21 ) Thus the

number of chains in the constructed symmetric chain partition is

( Ln72J ) - ( fn721 ) '

Therefore the largest size of clusters must be (LnT/LQ | ) O

The proof of the Spencer theorem actually gives the construction of clusters of maximal size. When n = even,
there is only one such cluster,

Pn(S):  the collection of all 3-subsets of S;

and when n = odd, there are exactly two such clusters,

Pn_1(S) : the collection of all “51-subsets of S, and
2

Pni1(S) : the collection of all ZH-subsets of S.
2

Example 6.1. (a) Let S = {1}. Then n =1 and ((1)) = (%) = 1. There are two clusters: () and {1}.
(b) Let S ={1,2}. Then n =2 and (?) = 2. There is only one cluster of maximal size: {{1},{2}}.



(c) Let S ={1,2,3}. Then n = 3 and (i’) = (g) = 3. There are two clusters of maximal size:

{{1}, (2}, {3}} and {{1,2}, (1,3}, {2,3}}

(d) Let S =1{1,2,3,4}. Then n =4 and (3) = 6. There is only one cluster of maximal size:

{12} {13}, {14}, (2.3}, {24}, 3,4}
(e) Let S ={1,2,3,4,5}. Then n =5 and (g) = (g) = 10. There are two clusters of maximal size:

{12}, {1,3}, {14}, {15}, {2,3}, {2,4}, {25}, {3,4}, {3,5}, {4,5}},
{{1,2,3}, {1,2,4}, {1,2,5}, {1,3,4}, {1,3,5}, {1,4,5}, {2,3,4}, {2,3,5}, {2,4,5}, {3,4,5}}.

7 The Dilworth Theorem

Let (X, <) be a finite partially ordered set. A subset A of X is called an antichain if any two elements of A are
incomparable. In contrast, a chain is a subset C' of X whose any two elements are comparable. Thus a chain is a
linearly ordered subset of X. It is clear that any subset of a chain is also a chain, and any subset of an antichain is
also an antichain. The important connection between chains and antichains is:

|[ANC| <1 for any antichain A and chain C.
Example 7.1. Let X = {1,2,...,10}. The divisibility | makes X into a partially ordered set. The subsets
{2,3,5,7}, {2,3,7,10}, {3,4,7,10}, {3,5,7,8}, {4,5,6,7,9}, {4,6,7,9,10}, {5,6,7,8,9}, {6,7,8,9,10}
are antichains, they are actually maximal antichains; while the subsets
{1,2,4,8}, {1,3,6}, {1,3,9}, {1,5,10}, {1,7}
are chains and they are actually maximal chains.

Let (X, <) be a finite poset. We are interested in partitioning X into disjoint union of antichains and partitioning
X into disjoint union of chains. Let A be an antichain partition of X and let C' be a chain of X. Since no two
elements of C can be contained in any antichain in .4, then

|A| > |C].

Similarly, for any chain partition C and an antichain A of X, there are no two elements of A belonging to a chain
of C, we then have

C] > |Al

Theorem 7.1. Let (X, <) be a finite poset, and let r be the largest size of a chain. Then X can be partitioned into
r but no fewer antichains. In other words,

min{|A| : A is an antichain partition} = max{|C|: C is a chain}.

Proof. It is enough to show that X can be partitioned into r antichains. Let X; = X and let A; be the set of all
minimal elements of X7. Let X9 = X7 — A7 and let Ay be the set of all minimal elements of X5. Let X3 = Xy — Ay
and let Az be the set of all minimal elements of X3. Continuing this procedure we obtain a decomposition of
X into antichains Aj, Ag, ..., A,. By the previous argument we always have p > r. On the other hand, for any
ap, € Ap, there is an element a,_1 € Ap_; such that a,—1 < a,. Similarly, there is an element a,_2 € A,_5 such that
ap—2 < ap—1. Continuing this process we obtain a chain a1 < az < --- < a,. Since C' is a chain of largest size, we
then have r > p. Thus p = r. ]

The following dual version of the theorem is known as the Dilworth Theorem.



Theorem 7.2 (Dilworth). Let (X, <) be a finite poset, and let s be the largest size of an antichain. Then X can
be partitioned into s but no fewer chains. In other words,

min{|C| : C is a chain partition} = max{|A| : A is an antichain}.

Proof. 1t suffices to show that X can be partitioned into s chains. We proceed by induction on the number n of
elements in X. For n = 1, it is trivially true. Assume that n > 2. We consider two cases:

Case 1. There is no chain a < b < ¢ of size 3, i.e., every element of X is either a minimal element or a maximal
element. Then X can be partitioned into one or two maximal antichains: the antichain of all minimal elements,
and the antichain of all maximal elements. If X is partitioned into only one maximal antichain, then X itself is an
antichain of s elements and the theorem is obviously true. If X is partitioned into two maximal antichains, take a
minimal element z and a maximal element y such that x < y. Then the maximal size of antichains in X — {z,y}
is s — 1. By induction hypothesis, X — {x,y} can be partitioned into s — 1 chains. These chains together with the
chain z < y gives a partition of X into s chains.

Case 2. There is a chain of size 3. Then there is an antichain A = {aq,aq,...,as} which is neither the set of all
minimal elements nor the set of all maximal elements of X. Let

A7 = {z e X :z<aq; for some a; € A},
AT = {x € X :2>aq; for some a; € A}.

The sets AT and A~ satisfy the following properties:
1. A C A~ since there is a minimal element not in A;
2. A C A" since there is a maximal element not in A4;
3. ANAT=A, A-UAT =X.

Since A~ and A" are smaller posets having antichains of size s, then by induction hypothesis, A~ can be partitioned

into s chains C7,C5 ,...,C; with the maximal elements aj,as, ..., as respectively, and A* can be partitioned into
s chains C1+ , C’2+ ,...,CF with the minimal elements ay, as, . .., as respectively. Thus we obtain a partition of X into
s chains
crucy, cyucs, ..., Ccruct.
O

Example 7.2. Let X = {1,2,...,20} be the poset with the partial order of divisibility. Then the subset
{1,2,4,8,16} of 5 elements is a chain of maximal size. The set X can be partitioned into 5 antichains

{1}, {2,3,5,7,11,13,17,19}, {4,6,9,10,14,15}, {8,12,18,20}, {16}.

However, the size of the antichain {2,3,5,7,11,13,17,19} is not maximal. In fact, {4,6,7,9,10,11,13,15,17,19} is
an antichain of 10 elements. The set X can be partitioned into 10 chains

{1,2,4,8,16}, {3,6,12}, {5,10,20}, {7,14}, {9,18}, {11}, {13}, {15} {17}, {19}.
This means that {4,6,7,9,10,11,13,15,17,19} is an antichain of maximal size.

Example 7.3. Let X = {(i,j) € Z?: 0 < i,j < 3, }be a poset whose partial order < is defined by (i, ) < (k,1) if
and only if ¢ < k and j <. The size of the longest chain is 7. For instance,

(0,0) < (1,0) < (1,1) < (1,2) < (2,2) < (2,3) < (3,3)
is chain of length 7. The the following collection of subsets
{(0,00}, {(1,0),(0,1)}, {(2,0),(1,1),(0,2)}, {(3,0),(2,1),(1,2),(0,3)},
{3:1),(2,2),(1,3)}, {(3,2),(2,3)}, {B3,3)}



is an antichain partition of X. The maximal size of antichain is 4 and the poset X can be partitioned into 4 disjoint
chains:

(0,0) < (0,1) < (0,2) < (0,3) < (1,3) < (2,3) < (3,3), {(0,0),(0,1),(0,2),(0,3),(1,3),(2,3),(3,3)},
(1,0) < (1,1) < (1,2) < (2,2) < (3,2), {(1,0),(1,1),(1,2),(2,2),(3,2)},
(270) < ( ? ) < (371)7 {(270)7<271)7(37 1)}7
(3,0). {3,0)}.
The Hasse diagram of the poset X is
(3,3)
/ N\
(3,2) (2,3)
/ N\ / N\
(3,1) (2,2) (1,3)
/ N\ / N\ / N\
(3,0) (2,1) (1,2) (0,3)
N\ / N\ / N\ /
(2,0) (1,1) (0,2)
\ / N\ /
(1,0) (0,1)
N\ /
(0,0)

Finding an antichain of maximal size for a poset is a difficult problem. So far there is no canonical way to do
this job.



