Week 8-9: The Inclusion-Exclusion Principle

March 31, 2005

1 The Inclusion-Exclusion Principle

Let S be a finite set, and let A, B, C be subsets of S. Then
|[AUB| = |A| +|B| - [AN B,
JAUBUC|=|A|+|B|+|C|-]|AnB|—-|ANnC|—=|BNC|+|AnBnNC|.
Let P, P»,..., P, be properties referring to the objects in S. Let A; be the set of all elements of S that have the
property P, i.e.,
A; = {x € S : z has the property F;}, 1<i<n.
The elements of A; may possibly have properties other than P;. In many occasions we need to find the number of
objects having none of the properties Py, P, ..., P,.

Theorem 1.1. The number of objects of S which have none of the properties Py, Ps,. .., P, is given by

A Ay N Anl = (8= A+ D TAN A = D AN A O Ag| -
: i<y i<j<k
--+(—1)n|AlﬂA2ﬁ'”ﬂAn‘. (1)

Proof. The left side of (1) counts the number of objects of S with none of the properties. We establish the identity
(1) by showing that an object with none the properties makes a net contribution of 1 to the right side of (1), and
for an object with at least one of the properties makes a net contribution of 0.
Let = be an object having none of the properties. Then the net contribution of z to the right side of (1) is
1-040-0+---+(-D"0=1.

Let = be an object of S having exactly r properties of P;, Ps,..., P,. The net contribution of x to the right side of

(1) is
r r r r P (™Y 1
(o) = (1) +(5) = (5) +--+ 0 () == =0
O
Corollary 1.2. The number of objects of S which have at least one of the properties Py, Ps, ..., P, is given by
[ATUA U= U A, = D A=) AN A+ D AN AN Ayl — -
i i<j i<j<k
o (=D)AL N AN N Ay (2)

Proof. Note that the set A1 U Ay U--- U A, consists of all those objects in .S which possess at least one of the
properties, and

At U A U---UA,| =S| —|A1UA2U---UA,|
Then by the DeMorgan law we have

AJUAU---UA, =A NAsN---NA,.

Thus
|AfUAsU---UA,| =S| - |A1NAsn---N A,

Putting this into the identity (1), the identity (2) follows immediately. O



2 Combinations with Repetition

Let M be a multiset. Let  be an object of M and its repetition number is larger than r. Let M’ be the multiset
whose objects have the same repetition numbers as those objects in M, except that the repetition number of x in
M’ is exactly r. Then

#{r-combinations of M} = #{r-combinations of M'}.

Example 2.1. Determine the number of 10-combinations of the multiset M = {3a, 4b, 5¢}.

Let S be the set of 10-combinations of the multiset M’ = {ooa, cob, coc}. Let P; be the property that a 10-
combination of M’ has more than 3 a’s, let P, be the property that a 10-combination of M’ has more than 4 b’s,
and let P53 be the property that a 10-combination of M’ has more than 5 ¢’s. Then the number of 10-combinations
of M is the number of 10-combinations of M’ which have none of the properties P;, P», and P3. Let A; be the
sets consisting of the 10-combinations of M’ which have the property P;, 1 < i < 3. Then by inclusion-exclusion
principle the number to be determined in the problem is given by

A0 Ay 0 Ay = 18] = (JAd] + Azl + [As]) + (141 0 Asl + A1 1 g+ 43 1 Ag]) — |41 1 A2 () A,
Note that
] = (o) = () = (1) = 66
|Ai = () = (%5 = (5 = 28
|4 = () = (%) = () = 2
|43 = (1) = (7)) = (1) = 1
Aaindyl = (7)) = (%) = (1) = 3
andsl = () = %) = G) = 1L
[A2NAs] = 0,
|A1 N AN As] = 0.

Putting all these results into the inclusion-exclusion formula, we have
|A1 N Aa N A3 =66 — (28 +21 +15) + (3+1+0) — 0 = 6.
The six 10-combinations are listed as
{3a,4b,3c}, {3a,3b,4c}, {3a,2b,5c}, {2a,4b,4c}, {2a,3b,5¢}, {a,4b,5c}.

Example 2.2. Find the number of integral solutions of the equation

1+ x2o+ 23+ 724 =15
which satisfy the conditions

2<z; <6, —2<x3<1, 0<23<6, 3<x4<8.

Let y1 = 21 — 2, yo = 220+ 2, y3 = x3, and y4 = 4 — 3. Then the problem becomes to find the number of
nonnegative integral solutions of the equation

y1+y2 +ys+ys =12

subject to
0<y1 <4, 0<y2<3, 0<y3<6, 0<ys<5.

Let S be the set of all nonnegative integral solutions of the equation y; + y2 + ys + y4 = 12. Let P; be the
property that y; > 5, P, the property that ys > 4, P53 the property that y3 > 7, and P, the property that ¢y, > 6.



Let A; denote the subset of S consisting of the solutions satisfying the property P;, 1 < ¢ < 4. Then the problem is
to find the cardinality |A; N A N A3 N Ay4| by the inclusion-exclusion principle. In fact,

4 4+12-1 15
‘S’_<12>_( 12 >_ (12) -

b (-7 (2)
= (-(5) - (1)
= (=(75 ) ()
= (- (7))

For the intersections of two sets, we have

4 4+3—-1 6
| A1 N Ay 3> ( 3 > (3> 0,

‘Al ﬂA3| =1, ‘Al ﬂA4| =4, ‘AQ ﬁA3| =4, ‘AQ ﬁA4| = 10, |A3 ﬂA4’ =0.

For the intersections of more sets,
’AlﬂAgﬁAg))’ = |A1 ﬁAQﬂA4| = \AlﬂAgﬂA4\ = ’AgﬁAgﬁA4’ = |A1 ﬂAQﬂAgﬁAM =0.
Thus the number required is given by

|Ay N Ay N A3 N Ay = 455 — (120 + 165 4 56 + 84) + (20 + 1 + 4 + 4 + 10) = 69.

3 Derangements

A permutation of {1,2,...,n} is called a derangement if every integer ¢ (1 < ¢ < n) is not placed at the ith position.
We denote by D,, the number of derangements of {1,2,...,n}.

Let S be the set of all permutations of {1,2,...,n}. Then |S| = n!. Let P; be the property that a permutation
of {1,2,...,n} has the integer i in its ith position, and let A; be the set of all permutations satisfying the property
P;, where 1 <¢ <n. Then

D,=|A1NnAyN---NA,

For each (41,12, ...,4x) such that 1 < iy < i < -+ < i < n, a permutation of {1,2,...,n} with i1,49, ..., fixed at
the i1th, iath, ..., ixth position respectively can be identified as a permutation of the set {1,2,...,n}—{i1,i2,..., ik}
of n — k objects. Thus

|Ai1 ﬂA@'Q M- ﬂAZk| = (TL— k)‘

By the inclusion-exclusion principle, we have

AN AN NA, = [S]+> (-DF D A NA, NN A
k=1

11 <t <--<ip

= n!+§nj(—1)k Y (n—k)
k=1

11 <t <--<ij

= YD} =k




Theorem 3.1. For n > 1, the number D,, of derangements of {1,2,...,n} is given by

1 1 1 1
=l (12 2+ - — — 4. (1" =
D”_”'<1 TR TR n!>' 3)
Corollary 3.2. The number of permutations of {1,2,...,n} with exactly k numbers displaced equals

() P
Here are a few derangement numbers:
D=0, Dy=1, D3=2, Dy4=9, D5=44.
Proposition 3.3. The derangement sequence D, satisfies the recurrence relation
D,=(n—-1)(Dp—1+Dp—2), n>3
with the initial condition D1 = 0, Dy = 1. The sequence D,, satisfies the recurrence relation
D, =nDp_1+ (-1)", n>2.

Proof. The recurrence relations can be proved without using the formula (3). Let Sy be the set of derangements
kasag - --ay of {1,2,...,n} that have k at the beginning, kK = 2,3,...,n. The derangements in each Sy can be
partitioned into two types:

kagas---ay---an (ap #1) and kagas---ag—1lagsq---ay

There are D,,_1 derangements of the first type and D,,_o derangements of the second type. We thus obtain the
recurrence relation
D, = (1’L — 1)(Dn,1 + ang).

Let us rewrite the recurrence relations as
Dy —nDp_1 = — (Dn,1 —(n— 1)Dn,2) , n>3.
Applying this recurrence formula continuously, we have
D, —nD,_ 1 = (—1)""3(Dy — D) = (-1)".

Hence D,, =nD,_1 + (—1)". O

4 Surjective Functions

Let X be a set with m objects and let Y be a set with n objects. Then the number of functions from X to Y is

nm

The number of injective functions from X to Y is

(n) m! = P(n,m).

m

Let C(m,n) denote the number of surjective functions from X to Y. What is C(m,n)?

Theorem 4.1. The number C(m,n) of surjective functions from a set of m objects to a set of n objects is given by

C(m,n) = zn:(—nk (Z) (n— k)™

k=0



Proof. Let S be the set of all functions from X to Y, and write Y = {b1,bo,...,b,}. Let A; be the set of all
functions f such that b; is not assigned to any element of X by f, i.e., b; € f(X), where 1 < i < n. Then

C(m,n): |A10A2ﬂ"-ﬂfin‘.

For each (i1,42,...,14) such that 1 < iy <ig < --- <1 <n, the set A;; N A;, N---NA;, can be identified to the set
of all functions f from X to the complement Y — {i1,i9,...,i;}. Thus

\AilﬂAi2ﬂ~--ﬁAik|:(n—k’)m.

By the inclusion-exclusion principle, we have

‘Alﬂfigﬂ"-ﬁfin’

ISI+)(-DF >0 A N A, NN A
k=1

11 <t <---<ip
= 2"+ ) (-DF Y (m—k)"
k=1 11 <t < <lf
n n .
. ;0(—1)k (k) (n — k)™

k=0

Corollary 4.2. For integers m,n > 1,

i1+ Fin=m
T] 5uens in>1

Proof. The integer C'(m,n) can be interpreted as the number of ways to place the objects of X into n distinct boxes
such that no one is empty. We then have

con= ¥ (1)

i1+ +in=m
LSS in>1

5 The Euler Phi Function

Let n be a positive integer. We denote by ¢(n) the number of integers of [1,n] which are coprime to n. For example,

The integer-valued function ¢ is defined on the set of positive integers, and is called the Fuler phi function.
Theorem 5.1. Let n be a positive integer and be factorized into the form n = p{'p§" - - ptr, where p1,pa, ..., py are
distinct primes and ey, ez, ...,e, > 1. Then the Euler function ¢(n) is given by

gb(n)—niljl (1_;).



Proof. Let S ={1,2,...,n}. Let P; be the property that an integer of S has p; as a factor, and let A; be the set of
all integers in S that have the property P;, where 1 < i <r. Then ¢(n) is the number of integers that have none of

the properties P;, Ps, ..., P, i.e., B B B
p(n)=]A1NAN---NA,.

n .
Az_{p2a2p’w3p’bva<p>pl}7 1§ZST'
(2

More generally, if 1 < iy <i9 < --- <1t <71, then

Note that

n
A, NA,N--NA;, = {q,2q,3q..., (q) q}, where g = p;,Diy - - Diy -

Thus n
|A;, N AN NA = ——.
DPi1Pis " - plk
By the inclusion-exclusion principle, we have
T
AN AN A =[S+ (D" ) A N4, NN A
k=1 i1 <dn<--<ig

r
n
= n+ —1)k _

= 11 <t <--<ip
-G
= n|l—|—4+ -4+ —
D1 Dr
1 1 1
+{—+— 4+ +
pip2  pi1p3 Pr—1Dr

1 1 1
pP1p2p3  P1pP2pP4 DPr—2Pr—1Pr

Example 5.1. For the integer 36, since 2232 we have

3(36) = 36 (1 - ;) (1 - ;) _ 1.

The following are the twelve specific integers of [1,36] that are coprime to 36:
1, 5, 7, 11, 13, 17, 19, 23, 25, 29, 31, 35.

Corollary 5.2. For any prime number p,
o(p") = p* —p" .

Proof. The result can be directly proved without Theorem 5.1. An integer a of [, pk] that is not coprime to p*
must be of the form a = ip, where 1 < i < p#~1. Thus the number of integers of [1,p"] that is coprime to p* equals
p* — pF=1. Therefore ¢(p*) = p* — pF=1. O

Lemma 5.3. Let m = mymsy. If ged(mq, me) = 1, then the function

fAL2,...omb —{1,2,...,m1} x{1,2,...,mae}, aw f(a)=(ri,ra),



s a bijection, where a = qymi + 11 = qema + 12, 1 <11 < mq, 1 <19 < mo. Moreover, the restriction
I {a € [1,m] : ged(a,m) = 1} — {a € [1,mq] : ged(a,my) = 1} X {a € [1,ma] : ged(a,me) = 1}

s also a bijection.

Proof. 1t suffices to show that f is surjective. Since ged(mi, mg) = 1, there are integers x and y such that
xmy + yme = 1. For any (r1,r2) € [1,m1] x [1,mq], let r = razmy + riyms. Then

r=(rg — ri)zmy + ri(zmy +yma) = (r1 — r2)yme + ro(zmy + yma).
Putting xm; + ymo = 1 into the above expression, we have
r=(ro —ry)xmy +r1 = (ry — ro)ymse + ro.

Modify r by adding an appropriate multiple gm of m to obtain a number a = ¢gm + r so that 1 < r < m. We thus
have f(a) = (r1,72). Hence f is surjective. Since [1,m] and [1,m1] x [1,m2] have the same cardinality, it follows
that f must be a bijection.

The second part follows from the fact that an integer a is coprime to mims if and only if a is coprime to both
m1 and mo. O

Theorem 5.4. If gcd(m,n) =1, then
¢(mn) = ¢(m)¢(n).

Moreover, if n = p{'py* - - - pyr with ey, ea,...,e, > 1, then

gb(n):niljl (1_;).

Proof. The first part follows from Lemma 5.3. The second part follows from the first part, i.e.,

e T (e ety T (1 L
¢(”):I[1¢(Pi)—n<pi D; 1)‘ H(l Pi>'

r
i=1

6 Permutations with Forbidden Positions

Let S ={1,2,...,n}. Let X1, Xo,...,X,, be subsets (possibly empty) of S. We denote by P(X1, X»,...,X,) the
set of all permutations ajas - - - a, of S such that

a1¢X1, a2¢X2, ey anan.

In other words, a permutation of S belongs to P(X1, X2,...,X,) provided that no elements of X; occupy the first
place, no elements of X5 occupy the second place, ..., and no elements of X, occupy the nth place. We denote by
p(X1, X2,...,X,) the number of permutations in P(X7, Xo,...,X,), i.e.,

p(Xl,XQ, e ,Xn) = ‘P(Xl,XQ, e ,Xn)|

It is known that there is a one-to-one correspondence between permutations of {1,2,...,n} and the placement
of n non-attacking, indistinguishable rooks on an n-by-n board. The permutation ajas - - - a, of {1,2,...,n} corre-
sponds to the placement of n rooks on the board in the squares with coordinates (1,a1), (2,a2), ..., (n,a,). The
permutations in P(x1, Xo,...,X,) corresponds to placements of n non-attacking rooks on an n-by-n board in which
certain squares are not allowed to be put a rook.

Let S be the set of all placements of n non-attacking rooks on an n x n-board. A rook placement in S is called
to satisfy the property P; provided that the rook in the ith row is in a column that belongs to X; (i = 1,2,...,n).



As usual let A; denote the set of all rook placements satisfying the property P; (i = 1,2,...,n). Then by the
inclusion-exclusion principle we have

p(X1, Xa, .o Xn) = [AiNAzN-- N A
= |S‘—Z|Ai|+Z|AiﬁAj|—"'+(—1)n|A1ﬂA2ﬂ---ﬂAn|.
i i<j

Let 7, denote the number of ways to place k£ non-attacking rooks on an n x n-board where each of the k rooks is in
a forbidden position (k =1,2,...,n). Then

> |Aiy N A, NN Ay | = 7(n — k)L

1<t <ia <<t <n

Theorem 6.1. The number of ways to place n non-attacking rooks on an n x n-board with forbidden positions is
given by

n

P(X1, X, X)) =D (=) Fri(n — k)L
k=0

Example 6.1. Let n =5 and X; = {1,2}, Xo = {3,4}, X3 = {1,5}, X4 ={2,3}, and X5 = {4,5}.

X | X

Note that r; = 10. Since
’Al OAQ‘ = ’AgﬂAg‘ = ’AgﬂAzﬂ = ’A4ﬂA5‘ = ‘Al ﬂA5‘ =4-3l

’A10A3| = ’A10A4| = ’A20A4| = ’A20A5| = ‘A30A5| :33',

then ro = 5(4 4 3) = 35. Using the symmetry between Aj, Ao, A3, Ay, As and As, Ay, A3, Ag, A; respectively, we see
that

|A1NAsNAzl = |[AsNAsNAs| =62,
AN AsNA = |[AaNAsNAs| =42,
|A1NAsNAs| = [AiNAsNAs| =42,
A1 NAsN Ay = [A2NAsNAs|=4-2!
|AiNAsnNAs| = 3-21,
|AoNA3N Ayl = 6-2L.

These can be obtained by considering the following six patterns:

X | X X | X X | X
X | X X | X X | X
X X X | X X | X
X | X X | X X | X
X X X X X X
X | X X | X X | X

We then have r3 =2-6+6-4+ 3+ 6 = 45. Using symmetric again, we see that

|A1ﬂA2ﬂA3ﬂA4| = |A1ﬂA2ﬁA3ﬂA5‘:|A1ﬂA2ﬂA4ﬂA5|
= |A1NA3sNAsNAs| =]AaNAsN Ay N Ay =51



Thus r4 = 5 -5 = 25. Finally, r5 = |41 N Ao N A3 N Ay N As| = 2. The answer is given by
5/ —10-4'+35-3!'—45-2!+25.1! — 2 = 23.

A permutation of {1,2,...,n} is called nonconsecutive if 12,23,...,(n — 1)n do not occur. We denote by @,

the number of nonconsecutive permutations of {1,2,...,n}.
Theorem 6.2. For n > 1, the number of nonconsecutive permutations of {1,2,...,n} is given by
n—1 -1
Q=0 (" ) i

Proof. Let S be the set of all permutations of {1,2,...,n}. Let P; be the property that in a permutation the pattern
i(i 4+ 1) does occur, and let A; be the set of all permutations satisfying the property P;, 1 <i <n — 1. Then @, is
equal to the number of permutations that satisfy none of the properties, i.e., @, = |41 N A2 N---N A,|. Note that

|Ail =(n—-1)l, i=1,2,...,n—1.
Similarly,
|A;iNAjl=(n—-2), i<j.
More generally,
’Ail ﬁAizﬁ'”ﬂAik| = (n—k)‘

Thus by the inclusion-exclusion principle,

n—1 n—1
QoIS+ X0 X andgnend= 0" -
k=1

1<i) <ig << <n—1 k=0

O]

Example 6.2. Suppose 8 persons line up in one column in such that way every person except the first one has
a person in front. What is the chance when the 8 persons reline up after a break so that everyone has a different
person in his front?

We assign numbers 1,2,...,8 to the 8 boys so that the number 7 is assigned to the ith boy (counted from the
front). Then the problem becomes to find the number of permutations of {1,2,...,8} in which the patterns 12, 23,
..., 718 do not occur. For instance, 31542876 is an allowed permutation, while 83475126 is not.

The answer is given by
7
Qs k(T (8—Fk)
Py =200) e

k=0

Example 6.3. There are n persons seating at a round table. The n persons left the table and reseat after a break.
How many seating plans can be made in the second time so that each person has a different person seating on
his/her left comparing to the person before break.

This is equivalent to finding the number of circular nonconsecutive permutations of {1,2,...,n}. A circular
nonconsecutive permutation of {1,2,...,n} is circular permutation of {1,2,...,n} such that 12, 23, ..., (n — 1)n,
nl do not occur in the counterclockwise direction.

Let S be the set of all circular permutation of {1,2,...,n}. Let A; denote the subset of all circular permutations

of {1,2,...,n} such that i(i + 1) does not occur, 1 < i < n. We understand that A,, is the subset of all circular
permutations that nl does not occur. Then the answer is |[A; N A3 N---N A,|. Note that

il = (0= DY (n = 1) = (n = 2).

More generally,



Theorem 6.3.
Qn=D,+D,_1, n>2.

Proof.
n _1)k n—1 _1)k
Dyt Dy = n!kzo(k!) +(n_1)!;;)(’f!)
_ "D s (D!
_ (n—l)v<n+nkzz‘I 5 +k:1 (k_l)!>
n k
= n'—i—(n—l)!z(lj) (n—k)
k=1
n—1
=n R(n—1 n—
_ |+;( 1) < B )( k)!
n—1
- e (" -

O]

Definition 6.4. Let C be a board. Let 7,(C) be the number of ways to arrange k rooks on the board C so that
no one can take another; ro(C') = 1. The polynomial

R(C,z) = Zrk(C’)xk
k=0

is called the rook polynomial of C.
Proposition 6.5. Let C' be a board. Fix a square o. Let C, denote the board obtained from C by deleting all

squares on the row and column that contains the square o. Let C — o denote the bard obtained from C by deleting
the square o. Then

’I“k;(C) = Tk(C — O') + rk_l(Ca-).
Equivalently,
R(C,z) = R(C —0,z) + zR(C,, x).

Proof. The k rook arrangements on the board C' can be divided into two kinds: the rook arrangements that the
square o is occupied and the rook arrangements that the square is not occupied, i.e., the the rook arrangements on
the board C' — ¢ and the rook arrangements on the board C,. Thus r(C) = rp(C — o) + rp-1(Cys). O

Two chessboards C7 and C are called independent if they have no common rows and common columns. If so
the boards C7 and Cy must be disjoint.

Proposition 6.6. Let C7 and Cy be independent chessboards, then

k
re(C) =Y ri(C1)rr—i(Ca).
i=0
Equivalently,
R(Cy + Ca,z) = R(Ch,2)R(Ca, z).

Proof. Since C7 and C3 have disjoint rows and columns, then each i rook arrangement of C7 and each j rook
arrangement of C will constitute a ¢ + j rook arrangement of C7 + Cs, and vice versa. Thus

Tk(Cl -+ CQ) = Z T‘,‘(Cl)T‘j(Cz).

itj=k
§,3>0

10



.
Example 6.4. Find the rook polynomial of the board . We use [ (a square with dot) to denote a selected

|
[]
square when applying the recurrence formula of rook polynomial.

R(I H H,:c) - R<|r;,x>+xR( m)

+x[R(B},x)+xR(Dj,x)

- {[(1+4x+2x2)(1+x)+x(1+23:)}+:L‘[(1+x)2+x]}
+x[(1+4x+2x —|—x1—|—2m}

= 1+ 8z +162” + 72°.

7 Weighted Version of Inclusion-Exclusion Principle

Let X be a set. The characteristic function of a subset A of X is a real-valued function 14 defined on X by

1 ifzeA
11“(3”)_{ 0 if z g A

For (real-valued) functions f, g and a real number ¢, we define functions f + ¢, ¢f, and fg as follows: For z € X,
(f+9)(x) = f(z) +g(z),
(af)(x) = af(x),
fo(x) = f(z)g().

f1=> f(x)

zeX

The size of a function f on S is the value

Clearly, for any functions f; and constants ¢; (1 <7 < n), we have

Zczfz - ch|fz|

=1

Let A and B are subsets of X. Note that
1. 1anB = 1413,
2. 1;=1g—14,

3. lavp=1a+4+ 15 — 1anp,

-

lyf =1p and 1x f = f for any function f on S.

Proposition 7.1. Let P; be some properties about the elements of a set S, and let A; be the set of all elements of
S that satisfy the property P;, 1 <1i <n. Then the inclusion-exclusion principle can be stated as

n
k
114101420“'0/171 - 1S+Z(_1) Z 1A¢10Ai2ﬁ---ﬁA¢k- (4)

1<) <9< <ip<n

11



Proof.
Lindn-nd, = lala, -1z, =0s—1a)(ls —1ay) (1 —14,)
= D hfrrfu (where fi=1sor —14,1<i<n)
= ls-1s+ > g lg(—la, ) (—1a,)

1 <.>A<i
n 11§k§nk n—k
n
k
= 15+E (1) E LA, nAy, N4, -
k=1 1 <tg<---<ip

O

Let w be a real-valued weight function on a set X. Then w can be extended to a function on the power set
P(X) of X by

w(d) =Y w(x), ACX.
z€A

Let S ={1,2,...,n}. We introduce two functions « and (3 on the power set P(S) of S as follows: For I C S,

a(l) = { g’(mieIAi) ii ﬁigj

o= ert) 178

Theorem 7.2. Let a and 3 be functions defined above. Then

BT => (-nta(D),

1CJ

if and only if
a(J) =Y (=D)"1B(D).

IcJ
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