Week 10-11: Recurrence Relations and Generating Functions

April 20, 2005

1 Some Number Sequences

An infinite sequence (or just a sequence for short) is an ordered array
ap, a1, a2, ..., A, ...

of countably many real or complex numbers, and is usually abbreviated as (a,;n > 0) or just (a,). A sequence (a,)
can be viewed as a function f from the set of nonnegative integers to the set of real or complex numbers, i.e.,

fn)=a,, n=01,2,...
We call a sequence (a,,) an arithmetic sequence if it is of the form
ag, ap-+gq, ao+2q ..., ag-+ng,
The general term satisfies the recurrence relation
an =0ap-1+¢q, n>1.
A sequence (a,) is called a geometric sequence if it is of the form
ao, aoq, aoq®, ..., aoq",
The general term satisfies the recurrence relation
ap = qan—1, n > 1.

The partial sums of a sequence (ay,) are the sums:

S0 = aop,

s1 = ag+ay,

S2 = ag+ai+ag,

Sp = ap+tar+---+ap,

The partial sums form a new sequence (s,;n > 0).
For an arithmetic sequence a,, = ag + ngq (n > 0), we have the partial sum

Sp = Z(ao +kq) = (n+ 1)ag + qn(nz—kl)

k=0

For a geometric sequence a,, = apq"™ (n > 1), we have

qn+l_1

n .
——aqg if 1
Sn = § aoq" = { o . 7
=0 (n+1)ag if ¢g=1.




Example 1.1. Determine the number a,, of regions which are created by n mutually overlapping circles in general
position on the plane. (By mutually overlapping we mean that each two circles intersect in two distinct points;
thus non-intersecting or tangent circles are not allowed. By general position we mean that there are no three circles
through a common point.)

We easily see that the first few numbers are given as
a():l, a1:2, a2:4, a3:8.

It seems that we might have a4 = 16. However, by try-and-error we quickly see that ay = 14.

Assume that there are n circles in general position on a plane. When we take one circle away, say the nth circle,
there are n — 1 circles in general position on the same plane. By induction hypothesis the n — 1 circles divide the
plane into a,_1 regions. Note that the nth circle intersects each of the n — 1 circles in 2(n — 1) distinct points, say
the 2(n — 1) points on the nth circle are ordered as Py, Pa, .. ., Py(n—1)- Then each of the arcs

PPy, PPs, P3Py, ..., Pyp_op1Pom—1), Pain—1)P1

separate a region in the case n — 1 circles into two regions. Then there are 2(n — 1) more regions produced when
the nth circle is drawn. We thus obtain the recurrence relation

anp = ap—1+2(n—1), n>2.
Repeating the recurrence relation we have

anp, = ap—1+2(n-1)
= hp2+2(n—1)+2(n—-2)
= hp3+2n—1)+2(n—2)+2(n—3)

; hi+2n—1)4+2n—-2)+2(n—3)+---+2

(n—1)n

= h+2- =2+n(n—-1)

= nP—n+2 n>2
This formula is also valid for n =1 (since h; = 2), although it doesn’t hold for n = 0 (since ag = 1).

Example 1.2 (Fibonacci Sequence). A pair of newly born rabbits of opposite sexes is placed in an enclosure at
the beginning of a year. Baby rabbits need one moth to grow mature. Beginning with the second month the female
gives birth of a pair of rabbits of opposite sexes each month. Each new pair also gives birth to a pair of rabbits
each month starting with their second month. Find the number of pairs of rabbits in the enclosure after one year?

Let f,, denote the number of pairs of rabbits at the beginning of the nth month. Some of these pairs are adult
and some are babies. We denote by a, the number of pairs of adult rabbits and denote by b,, the number of pairs
of baby rabbits at the beginning of the nth month. Then the total number of pairs of rabbits at the beginning of
the nth month is f, = a, + by.

n |1l 23 45 6 7 & 9 10 11 12 13
a, |01 1 2 3 5 8 13 21 34 55 89 144
bp |1 0 1 1 2 3 5 8 13 21 34 55 §9
fmll1 1 2 3 5 8 13 21 34 55 89 144 233

At the beginning of the first month there is one pair of baby rabbits and no pair of adult rabbits. Then there is
only one pair of rabbits, i.e., a1 =0, by = 1, and f; = 0+ 1 = 1. At the beginning of the second month, the baby
pair growing mature in the first month becomes an adult pair but did not give birth yet, we have ay = 1, by = 0,
and fo = 14 0 = 1. However, the female gives birth of a new pair of rabbits during the second month. At the
beginning of the third month, there are two pairs of rabbits because the adult pair in the second month gives birth



of a baby pair; so we have ag = 1, b3 = 1, and f3 =1+ 1 = 2. At the beginning of the fourth month, the baby pair
becomes an adult pair so that there are two adult pairs, but the the adult pair from the third month gives birth of
a baby pair again; thus ay =2, b4 =1, and f, =2+ 1= 3.

In general we have, (i) each pair in any month (no matter they are baby or adult) becomes an adult pair at the
beginning of the next month, i.e., a, = f,—1, n > 2; (ii) each adult pair gives birth of a new baby pair during the
month, but this new baby pair will be only counted at he beginning of the next month, i.e., b, = a,,—1, n > 2. Thus

fn =ap+ bn = fn—l +ap-1 = fn—l + fn—27 n > 3.
Let us define fy = 0. The sequence fo, f1, f2, f3, - .. satisfying the recurrence relation

fn = fn71+fn727 n=2
fo =0 (1)
i =1

is called the Fibonacci sequence, and the terms in the sequence are called Fibonacci numbers.

Example 1.3. The partial sum of Fibonacci sequence is

sn=Jot+tfi+fot -+ fo=fora— 1 (2)
This can be verified by induction on n. For n = 0, we have so = fo — 1 = 0. Now for n > 1, we assume that it
is true for n — 1, i.e., sp—1 = fn+1 — 1. Then
sp, = fotfit -+ o
= Sp_1+ fn
= fo+1 — 1+ fn (by the induction hypothesis)
= fan+2 — 1. (by the Fibonacci recurrence)

Example 1.4. The Fibonacci number f, is even if and only if n is a multiple of 3.

Note that f; = fo = 1 is odd and f3 = 2 is even. Assume that f3; is even, f3p_o and f3i_1 are odd. Then
f3k+1 = f3k+ far—1 is odd (even+odd = odd), and subsequently, f3xy2 = fagy1+ far is also odd (odd+even = odd).
It follows that f3z41) = f3kr2 + fart1 is even (odd + odd = even).

Theorem 1.1. The general term of the Fibonacci sequence (fy,) is given by

fn:1<1+2\/5> _1<1_2\/5> . n>0. (3)

V5 V5

Example 1.5. Determine the number h,, of ways to perfectly cover a 2-by-n board with dominoes. (Symmetries
are not counted in counting the number of coverings.)

We assume hg = 1 since a 2-by-0 board is empty and it has exactly one perfect cover, namely, the empty cover.
Note that the first few terms can be easily obtained such as

ho=1, hi=1, ha=2, h3=3, hs=5.

Now for n > 3, the 2-by-n board can be covered by dominoes in two types:

1 2 n—-1 n 1 2 n-2 n

There are h,_; ways in the first type and h,,_ ways in the second type. Thus
hn = hn—l + hn—27 n > 2.
Therefore the sequence (h,;n > 0) is the Fibonacci sequence (fp;n > 0) with fo = 0 deleted, i.e.,

hp = fat1, n>0.



Example 1.6. Determine the number b,, of ways to perfectly cover a 1-by-n dominoes and monominoes.

Theorem 1.2. The Fibonacci number f, can be written as

fo=> (n_Z_1>, n>0.

Proof. Let go = 0 and

Note that k£ > L%J is equivalent to kK > n — k — 1. Since (2}) = 0 for any integers m and p such that p > m, we

may write g, as
iy |
= > 1.

To prove the theorem, it suffices to show that the sequence (g,,) satisfies the Fibonacci recurrence relation with the
same initial values. In fact, go =0, g1 = (8) =1, and for n > 0,

n n—1
Gt +gn = z(”;’“)+z<"";‘1)

k=0 . k=0 .
= ()2
= x| (o)
= (1)« Y <”_ ZH) (By the Pascal formula)

n+1 " n—k+1 0
- ()2 )G
k=1
B zn: (n+2)—k—-1Y\
= k = gn+2-
We conclude that the sequence (g,) is the Fibonacci sequence (fy,). O

2 Linear Recurrence Relations

Definition 2.1. A sequence (x,;n > 0) of numbers is said to satisfy a linear recurrence relation of order k if

Ty =a1(nN)Tp—1 + az(n)Tp—2+ -+ ar(n)xp_ + Bn, ar(n)#0, n>k, (4)
where the coefficients «q(n), as(n), ..., ag(n) are functions of n and 3, are constants. The linear recurrence relation
(4) is called homogeneous if 3, = 0, and is said to have constant coefficients if a1 (n), aa(n), ..., ax(n) are constants.

The recurrence relation
Ty = a1 (n)Tp_1 + aa(N)Tp_g + -+ + ap(n)Tp_k, ar(n)#0, n>k (5)

is called the corresponding homogeneous linear recurrence relation of (4).



A solution of the linear recurrence relation (4) is any sequence (a,) which satisfies (4). The general solution of
(4) is a solution

Ty = ap(c1,c2, ..., k) (6)
with some parameters ci, co2, ..., ¢k, such that for arbitrary initial values xg,x1,...,2r_1 there are constants
€1,¢2,...,¢, so that (6) is the unique sequence which satisfies both the recurrence relation (4) and the initial

conditions.

Let So be the set of all sequences (an;n > 0). It is clear that S is an infinite-dimensional vector space under
the ordinary addition and scalar multiplication of sequences. Let Nj consist all solutions of the nonhomogeneous
linear recurrence relation (4), and let Hy, consist all solutions of the homogeneous linear recurrence relation (5). We
shall see that Hj is a k-dimensional subspace of the vector space Sy, and that Ny is a k-dimensional affine subspace
of Seo.-

Theorem 2.2 (Structure Theorem for Linear Recurrence Relations). (a) The solution space Hy, is a k-
dimensional subspace of the vector space Sx of sequences. Thus, if (an1), (an2), - .., (ank) are linearly independent
solutions of the homogeneous linear recurrence relation (5), then the general solution of (5) is

Ty = C1Gp1 + C2ap2 + -+ + Ckapk, n > 0.

(b) Let (ay) be a particular solution of the nonhomogeneous linear recurrence relation (4). Then the general
solution of (4) is
ZL‘n:(ln‘i’hn, nZOa

where (hy) is the general solution of the corresponding homogeneous linear recurrence relation (5). In other words,
Ny s a translate of Hy in Sy, that is,

Proof. (a) To show that Hy, is a vector subspace of S, we need to show that Hy, is closed under the addition and
scalar multiplication of sequences. Let (a,) and (by) be solutions of (5). Then

an+b, = [ar(n)an—1+ as(n)ap—2+ -+ ag(n)an_g] + [a1(n)bn—1 + aa(n)bp—2 + -+ + ag(n)by_x]
= a1(n)(an—1 +bp_1) + as(n)(an—2 + bp—2) + -+ + ag(n)(apn—k + bp_x), n>k;

and for any scalars c,

cap, = clog(n)an—1+ az(n)ap—2+ -+ ap(n)a,_g

ai(n)can—1 + az(n)cap—o + -+ - + ag(n)cap—k, n>k.

This means that Hy is closed under the addition and scalar multiplication of sequences.
To show that Hj, is k-dimensional, consider the projection 7 : Soo — R¥ defined by

7['(1'0,.%’1, 9, . . ) = (.r(), Tlyew- ,wkfl).
We shall see that the restriction of m to Hy, is a linear isomorphism. For any (ag,a1,...,a,) € R, define a,, as
an = aj(n)ap—1 + a(n)ap—2+ -+ ag(n)a,—g, n>k.

Obviously, we have 7(ag, a1, as,...) = (ag,a1,...,a,_1). This means that the restriction m|Hy, is from Hj, onto RF.
Now for any sequence (z,,) € Hy, if n(zg,z1,x2,...) = (0,0,...,0), then 9 = 21 = -+ = x5 = 0. Applying the
recurrence relation (5) for n = k, we have z; = 0; applying (5) again for n = k + 1, we obtain 21 = 0. Continuing
to apply (5), we have x,, = 0 for n > k. Thus (x,) is the zero sequence. This means that 7 is one-to-one from Hy,
onto R*. We have finished the proof that 7 is a linear isomorphism from Hj, to R*.

(b) For any solution (b,) of (4), we claim that the sequence h,, = b, — a,, (n > 0) is a solution of (5). So

bn = an + hyp, n>0.



In fact, applying the recurrence relation (4), we have
hy, = [a1(n)bn—1+ as(n)bp—o+ -+ ap(n)by—r + By
—la1(n)an—1+ az(n)an—o + - + ar(n)an—r + By
= a1(n)(bn—1 — an—1) + a2(n)(bp—2 — an—2) + -+ ax(n)(bp—r — an_k)
= ar(n)hp-1+a2(n)hp_o+ -+ or(n)hy_p, n>k.
This means that (hy,) is a solution of (5). Conversely, for any solution (h,) of (5), we have
an +hy = [oaa(n)an—1 + aa(n)an—2 + -+ ag(n)an—r + Bnl
+ar(n)hp—1 + as(n)hp—2 + -+ + ar(n)h,—g]
= ai(n)(an—1+ hp-1) + @a(n)(an—2 + hn—2) + -+ ax(n)(an—k + hnk) + Bn

for n > k. This means that the sequence (a, + hy,) is a solution of (4).

O
Definition 2.3. The Wronskian Wy, (n) of k solutions (an,1), (an2), - ., (ank) of the homogeneous linear recurrence
relation (5) is the determinant
an,1 Gn,2 cot Qn, K
An+1,1 An+1,2 ot Opalk
Wi(n) = det n. n, n , n>0.
Aptk—1,1 Antk—1,2 " OGnij—1k
Theorem 2.4. The solutions (an1), (an2), - .., (ank) of the homogeneous linear recurrence relation (5) are linearly
independent if and only if there is a nonnegative integer ng such that the Wronskian
Wi (no) # 0.
Proof. 1t suffices to show that the sequences (an,1), (@n2), - .., (an k) are linearly dependent if and only if Wy (n) =0
for all n > 0. If (an1), (@n2), ..., (an k) are linearly dependent, then for any n > 0 the columns of the matrix
an,1 Gn,2 te Qn K
an+1,1 an+1,2 T Anp+1,k
Op4+k—1,1 Qan+k—12 =~ Qp4ji—1,k
are linearly dependent because the columns are part of the sequences (an,1), (an2), - .., (an k) respectively. It follows
from linear algebra that the Wronskian Wy (n) = 0 for all n > 0.
Conversely, if Wy(n) = 0 for all n > 0, in particular, Wy (0) = 0, then there are constants ci, ca, ..., ck, not all
zero, such that
c1a;1 +caai2 4+ -+ cpap =0 for 0<i<k—1
Thus, applying the recurrence relation (5) for the sequences (an 1), (an2), - .., (ank) respectively for n = k, we have
k k k
2 ks = D) eilkanig
=1 =1 =1
k k
== Z Cjak—ij = 0.
=1 7=1
Continuing to apply the recurrence relation (5) for n > k+ 1, we conclude that for the same constants ¢y, co, . . ., ¢k,
clany + c2ap2 + -+ cpanr =0, n>k+ 1.
This means that the sequences (an1), (an2), ..., (an ) are linearly dependent. O



3 Homogeneous Linear Recurrence Relations with Constant Coefficients
In this section we only consider linear recurrence relations of the form
Tp = 0Tp—1 +02Tp—2 + -+ QpTp_f, Qf 7& 0, n=>k, (7)

where a1, g, ..., ap are constants. We call this kinds of recurrence relations as homogeneous linear recurrence
relations of order k with constant coefficients. Sometimes it is convenient to write (??) as of the form

apTn + 1Tp—1+ -+l =0, n>k (8)
where ag # 0 and «,,_x # 0. The following polynomial equation
gt + a2+ a4 ap =0, (9)

is called the characteristic equation associated with the recurrence relation (8). The polynomial on the left side of
(9) is called the characteristic polynomial of (8).

Example 3.1. The Fibonacci sequence (fy,;n > 0) satisfies the linear recurrence relation
frn="In-1+ fn—2, n=>2
of order 2 with a; = a3 =1 in (7).
Example 3.2. The geometric sequence (z,;n > 0), where z,, = ¢", satisfies the linear recurrence relation
Tp = qTp—1, N >1
of order 1 with a; = ¢ in (7).

It is quite heuristic that solutions of the first order homogeneous linear recurrence relations are geometric
sequences. This hints that the recurrence relation (7) may have solutions of the form z, = ¢". The following
theorem confirms the speculation.

Theorem 3.1. (a) For any number q # 0, the geometric sequence
In =4¢q

is a solution of the kth order homogeneous linear recurrence relation (8) with constant coefficients if and only if the
number q is a root of the characteristic equation (9).
(b) If the characteristic equation (9) has k distinct roots qi1, qa, ..., qx, then the general solution of (8) is

Tn = c1q) +c2qy + -+ cngqy, n>0. (10)

Proof. (a) Put z,, = ¢" into the recurrence relation (8); we have

1

aq" +arg" "+ + oqu"_k =0. (11)

Since ¢ # 0, dividing both sides of (11) by ¢"~*, we obtain

1

aod® + a1 g 1gtap =0 (12)

This means that (11) and (12) are equivalent. This finishes the proof of Part (a).

(b) Since g1, g2, . . ., g are roots of the characteristic equation (9), then z,, = ¢;* are solutions of the homogeneous
linear recurrence relation (8) for all 7 (1 < ¢ < k). Since the solution space of (8) is a vector space, the linear
combination

Ty =c1qy +C2qy + -+ gy, n>0



are also solutions (8). Now given arbitrary values for g, x1,...,z,_1, the sequence (x,) is uniquely determined by
the recurrence relation (8). Set

adifeadh+ o Fengh =2, 0<i<k-—1.

The coefficients ¢y, co, . . ., ci are uniquely determined by Cramer’s rule as follows:
det A;
= <i<k
' detA’ -

where A is the Vandermonde matriz

1 1 ... 1
q1 q2 to qdk
A=| G @ - G |,
Lt gt g
and A; is the matrix obtained from A by replacing its ith column by the column [xq, z1, ..., 2,_1]*. The determinant

of A is given by
det A = H (¢j — i) # 0.

1<i<j<k

This finishes the proof of Part (b). O
Example 3.3. Find the sequence (z,) satisfying the recurrence relation
Ty =2Tpn—1+ Tp_o — 2xp_3, N >3
and the initial conditions zg = 1, 1 = 2, and x2 = 0.
Solution. The characteristic equation of the recurrence relation is
23 —222 —x+2=0.

Factorizing the equation, we have
(x—=2)(x+1)(x—1)=0.

There are three roots x = 1, —1,2. By Theorem 3.1, we have the general solution
Tn =c1(—=1)" + co + c32™.

Applying the initial conditions,

cr +c2 Hez = 1
cp —cy “+2c3 = 2
c1 4cg +4c3 = 0

Solving the linear system we have ¢; = 2, cg = —2/3, ¢c3 = —1/3. Thus

2 1

Theorem 3.2. (a) Let q be a root with multiplicity m of the characteristic equation (9) associated with the kth
order homogeneous linear recurrence relation (8) with constant coefficients. Then the m sequences

n n m—1 _n
In=q4q, g, ..., N q

are linearly independent solutions of the recurrence relation (8).



(b) Let q1,q2,...,qs be distinct roots with the multiplicities my, ma, ..., ms respectively for the characteristic
equation (9). Then the sequences

n n mi—1 _n,
xn - Q17 nQ17 ceey n ! q17
n n mo—1 _n.
QQa nQQa e vy n 2 q27
n n ms—1 _n.
dsy NG, -y NG5y n=>0

are linearly independent solutions of the homogeneous linear recurrence relation (8). Their linear combinations form
the general solution of the recurrence relation (8).
4 Nonhomogeneous Linear Recurrence Relations with Constant Coefficients
Theorem 4.1. Given a nonhomogeneous linear recurrence relation of the first order
Tp = QTp_1 + Bn. (13)
(a) Let B, = cq™ be an exponential function of n. Then (13) has a particular solution of the following form.

o Ifq # «, then x, = Aq".
e If g =, then x, = Anqg".

(b) Let 3, = Zf:o bin' be a polynomial function of n with degree k.
o Ifa# 1, then (13) has a particular solution of the form

Ty = Ag + Ain+ Agn® + - + Apnk,

where the coefficients Ag, A1, ..., Ar are be recursively determined as
bi;
A, =
k 1_ Oé’
1 i j
. . 1)t ) i _
A= bz—i—aj_lzﬂ( 1) (Z,)AJ , 0<i<k—1.

o If a =1, then the solution of (13) is given by

n
T =20+ Y B
i=1

Proof. (a) We may assume ¢q # 0; otherwise the recurrence (13) is homogeneous.
For the case ¢ # «, put =, = A¢" in (13); we have

Aq" = aAqTF1 + cq™.

The coefficient A is determined as A = c¢q/(q — «).
For the case ¢ = a, put z, = Ang™ in (13); we have

Ang™ = aA(n — 1)g" ! + ¢q™.

n—1

Since ¢ = «, then aAq = cq". The coefficient A is determined as A = cq/a.
(b) For the case a # 1, put z,, = Z?:o Ajn/ in (13); we obtain

k k k
ZAjnj = aZAj(n — 1)j + ijnj.
=0 =0 =0



Then

k k j . k
J _
S A =ad 4y () P19+ Y by
7=0 7=0 =0 7=0
k koo k j k
> At = Y (1) () A5+ 3 by
1=0 1=0 Jj=t =0
k k j
> A —bi— aZ(—l)H <Z> Ailnf=0
=0 Jj=t
The coefficients Ag, A1, ..., A are determined recursively as
bi
A, =
k 1— 0[7
1 k e
A = bi—l—a'z (—1)J—l<i>Aj , 0<i<k—1.
Jj=t+1
As for the case av = 1, iterate the recurrence relation (13); we have
Tn = Tp-1+Pn=2Tpn_2+Bn1+06n

Tn-1+ Bn-2+ Bn-1+Bn="-"
= xo+ P+ P2+ + B

Example 4.1. Solve the difference equation

Tp = Tp_1+3n2-5m3, n>1
rog = 2.

Solution.

n n
Th o= zo+ Y bi=2+) (3i* 5%
i=1 =1
n n
= 243 ?-5) 4
=1 i=1

nnt+HEn+1) <”<”+1>>2

_ 9243
Tax 6 2

We have applied the following identities

Example 4.2. Solve the equation

10



Solution. Note that x, = 3"c is the general solution of the corresponding homogeneous linear recurrence relation.
Let x, = An + B be a particular solution. Then

An+ B =3[A(n—1)+ B] —4n
Comparing the coefficients of n® andn, it follows that A = 2 and B = 3. Thus the general solution is given by
Tp =2n+ 3+ 3"c.
The initial condition xy = 2 implies that ¢ = —1. Therefore the solution is
Ty = —3"+2n+ 3.
Theorem 4.2. Given a nonhomogeneous linear recurrence relation of the second order
Tp = 01Tp_1 + QoZp_o + cq™. (14)
Let g1 and qo be solutions of its characteristic equation
:1:270413:70@ = 0.
Then (14) has a particular solution of the following forms, where A is a constant to be determined.
(a) Ifq # a1, ¢ # g2, then z, = Ag".
(b) If ¢ = q1, 1 # q2, then z,, = Ang™.
(c) If g = q1 = qo, then z, = An’q™.
Proof. The homogeneous linear recurrence relation corresponding to (14) is
Tp = Q1Tp_1 + Q2Tp—_2, N > 2. (15)

We may assume g # 0. Otherwise (14) is homogeneous.
(a) Put x,, = A¢"™ into (14); we have

Aq" = a1 A¢" ! + anAg" T + cq".

Then
A(q2 —a1q —ag) = cq2.

2

Since ¢ is not a root of the characteristic equation 22 = a1z + g, that is, ¢> — a1q — an # 0, the coefficient A is

determined as )

A=t —.
q° —a1q — Q2
(b) Since ¢ = q1 # g2, then x,, = ¢" is a solution of (15) but x,, = ng¢™ is not, that is,
¢ —o1g—az=0 and ng" # a1(n—1)¢""" + az(n — 2)¢" 2.
It follows that

ng® —ai(n—1)g—as(n—2) = n(¢* — o1g — a2) + a1 + 202
= ai1q+2ax #0.

Put x,, = Ang™ into (14); we have
Ang™ = a1A(n — 1)¢" ' + anA(n — 2)¢" 2 + cq™.

Then
A [nq2 —a(n—1)g— as(n—2)] = cq’.

11



Since a1q + 2ao # 0, the coefficient A is determined as
_
a1q + 2012 '

(c) Since ¢ = ¢1 = qq, then both z,, = ¢" and z,, = ng"™ are solutions of (15), but x, = n?¢" is not. It then
follows that
q2 —a1q—as =0, ajq+2a=0, and

n’¢® —ai(n —1)%¢ — az(n = 2)> = n*(¢* — a1q — a2) + 2n(01q + 202) — a1q — day
= —a1q—4as # 0.
Put x, = An?q" into (14); we have
Agn2 [n2q2 —a1(n— 1)2q —ag(n — 2)2] =cq".

The coeflicient A is determined as )

_ cq
a1q + das”
O
Example 4.3. Solve the equation
Tp = 10zp_1 —25Zp_o + 5", n>2
o = 5
ry = 15.
Put z, = An? x 5" into the recurrence relation; we have
An? x 5" = 10A(n — 1)% x 5771 — 25A(n — 2)? x 5772 4 57+
Dividing both sides we further have
An? =2A(n — 1) — A(n — 2)* + 5.
Thus A = 5/2. The general solution is given by
) 2rn n n
Ty = in 5"+ 15" + cand”.
Applying the initial conditions 29 = 5 and z; = 15, we have ¢; =5 and ¢ = —9/2. Hence
5 9
Ty = <2n2 - 5” + 5) 57.
Theorem 4.3. Given a nonhomogeneous linear recurrence relation of the second order
Tp = Q1Tp_1+ Q2Tp_2+ By, n=>2, (16)

where By, is a polynomial function of n with degree k.
(a) If a1 + e # 1, then (16) has a particular solution of the form
zp = Ao+ Ain+ -+ AgnF,
where Ag, A1, ..., Ap are constants to be determined. If k < 2, then a particular solution has the form

T, = Ag + Ain + A2n2.

12



(b) If a1 + g =1, then (16) can be reduced to a first order recurrence relation
Yn = (1 = Dyn-1+ Bp, n =2,
where y, = Ty, — Tp—1 forn > 1.

Proof. (a) Let 3, = Z;?:o bjn/. Put z, = Z;?:o Ajn’ into the recurrence relation (16); we obtain

k k k k
ZAJnJ = ale](n — 1) +0422A](n —2) + ijn ;
7=0 7=0 7=0 7=0
k k J k k
S =an YA~y <Z> nitax Y A Y (~2) (J> i+ bnd;
j=0 j=0 =0 7=0 =0 j=0
k k k k k k
S amd = Yt S (~1)y <Z> Aj+asy nt Y (~2) <J> A+ by
7=0 =0 Jj=t =0 Jj=t 7=0

Collecting the coefficients of n’, we have

lZ: Ai— o Zk:(—l)ji (‘Z) Aj — az JZ:(—2)J'Z' <Z> Aj— Zk:bi =0

J=i 1=0
Since a1 + ag # 1, the coefficients Ag, A1, ..., Ax are determined as

b

Ak = 716,
1- a1 — (9
1 k j
, = — | b; 1)/t j—i , . B

Az = 1—0(1—042 bz+ Z( 1) <2><Oé1—|—2 042)143 , nggk 1.

J=i+1
(b) The recurrence relation (16) becomes
Tp=o1Tp 1+ (1 —a1)zpy 2+ B, n>2.
Set yn, = &y — xp—1 for n > 1; recurrence (16) reduces to the required first order recurrence relation. OJ

Example 4.4. Solve the following recurrence relation

Ty = 6Tp_1—9T,_2+ 8n% — 24n
rg = 5
Ty = o.

Solution. Put x, = Ay + Ain + An? into the recurrence relation; we obtain
Ag+ Ain + Ayn® = 6[Ag + A1(n — 1) + Aa(n — 1)} — 9[Ag + A1 (n — 2) + As(n — 2)%] + 8n? — 24n.
Collecting the coefficients of n2, n, and the constant, we have
(4Ay — 8)n? 4+ (441 — 24 A5 4 24)n + (449 — 12A; + 304,) = 0.

We conclude that Ay = 2, A; = 6, and Ag = 3. So z, = 2n® + 6n + 3 is a particular solution. Then the general
solution of the recurrence is
Zn = 2n% +6n + 3+ 3" + 3"ncs.

Applying the initial condition xg = x1 = 5, we have ¢; = 2, ¢ = —4. The sequence is finally obtained as

Ty =202 +6n+3+2x3"—4n x 3"

13



5 Generating Functions

The (ordinary) generating function of an infinite sequence
ap, a1, a2, ..., A, ...

is the infinite series
A(x) = ap + a1z + agx® + - apa”™ - .

A finite sequence
ap, a1, a2, ..., Qn

can be regarded as the infinite sequence
ap, a1, ag, ..., Qn, 0, 0,

and its generating function
A(z) =ap+ a1z + asx® + -+ apa”

is a polynomial.

Example 5.1. The generating function of the constant infinite sequence
L1, .1, ...

is the function

1
Aw) =1+a+a?+ o ta"+ =

Example 5.2. For any positive integer n, the generating function for the binomial coefficients

() (1) GB) - (3)
ﬁi(Z)xk:(1+xw.

k=0

is the function

Example 5.3. For any real number «, the generating function for the infinite sequence of binomial coefficients

(o) (1) () () -

}:(z)xn:(1+xw.

n=0

is the function

Example 5.4. Let k be a positive integer and let
ag, a1, G2, «.., G, ...

be the infinite sequence whose general term a,, is the number of nonnegative integral solutions of the equation
T1+2x2+ -+ =N

Then the generating function of the sequence (ay,) is

Alx) = i Z 1 x":i Z gt
n=0 \i1+:+ig=n n=041++ir=n
= (kY o s (n+k-1\ ,
—7;)(—1)(71)36 Zo( )



Example 5.5. Let a,, be the number of integral solutions of the equation
xr1+ T2 +2x3+ T4 =N,
where 0 <1 <3,0 <29 <2, 23 >2, and 3 < x4 <5. The generating function of the sequence (a,) is
Az) = (I+z+2°4+2%) (1+z+2?) (®+2°+-+) (2 + 2" +2°)

2 (1+z+22+2%) (1+z+22)°
1—z '

Example 5.6. Determine the generating function for the number of n-combinations of apples, bananas, oranges,
and pears where in each n-combination the number of apples is even, the number of bananas is odd, the number of
oranges is between 0 and 4, and the number of pears is at least two.

The required generating function is

3(1 — 2°)
(1—22)2(1—x2)%

Example 5.7. Determine the number a,, of bags with n pieces of fruit (apples, bananas, oranges, and pears) such
that the number of apples is even, the number bananas is a multiple of 5, the number oranges is at most 4, and the
number of pears is either one or zero.

The generating function of the sequence (ay,) is

o = (£) (57) (%) ()

0
1+ x4+ 224+ 23+ 24 (1 +2)
(1= 21— )
(1+2)(1—2%)/(1 — )
(1+2z)(1—z)(1—z5)

= ; — i(_l)n <_2) "
(1-=)p = n
= /n+1 n ad n
= ngo< o )a: _ngo(n—i—l):v .
Thus a, =n+ 1.
Example 5.8. Find a formula for the number a,, ; of integral solutions (i1, 2, ...,1) of the equation

X1 +2xo+ -+ xp=n

such that 41,19, ...,%; are nonnegative odd numbers.
The generating function of the sequence (ay,) is

o0 o0 k.
2i+1 2i+1 L
Az) = (Z$+>"'<Z$+>:<1_fc2)k
=0 =0
(i k=1 o s+ E—=1\ o
_xg( i)x_z< e

0
> (HTA)xzj for k=2r

j=r j—r

Z;’ir (gf:) 22t for k=2r+1.

15



S—1r S—r

Ap ke = LSJ—FVSW—l) it n—k=even
(LZJ—L’;J P ke

We then conclude that ags o, = (‘H'T—l), A254+12r+1 = <S+ ), and a,; = 0 otherwise. We may combine the three
case as two cases:

and ap = 0if n — k = odd.

Example 5.9. Let a, denote the number of nonnegative integral solutions of the equation
2x1 + 3xo + 43 + Dy = n.

Then the generating function of the sequence (a,) is

Alz) = Z Z 1| z"

n=0 i,7,k,1>0
214-3j+4k+51=0

-5 () () (5)

1
1— )1 -1 - 21— )

Theorem 5.1. Let s, be the number of nonnegative integral solutions of the equation
a1r1 + agxo + -+ apTr = N.

Then the generating function of the sequence (sy) is

1

Az) = (1—z0)(1—z%2) (1 - xak)'

6 Recurrence and Generating Functions

Since
1 = [—-n (n+k—1
(1_$)H=Z(k)<—w>’“=2( L )xk 2] < 1;
k=0
then
1 > [-n . °°<n+k—1> bk 1
—_— = —ax)” = a‘x”, |r < -—.
= aa)" kz()(k)( =2 <

Example 6.1. Determine the generating function of the sequence

0,1,2% ..., n% ...
Since 12— = 3% z¥, then
1 d =~ d -
- B — k k*l'
(1—1x)2 dx(l—z) Zd < ) ;Ox
Thus ﬁ =370 kx®. Taking the derivative with respect to = we have
1+ > 2 k—1
T DLt
k=0
Therefore the desired generating function is
o) = (14 z)
(1—z)*

16



Example 6.2. Solve the recurrence relation

an, = bdap_1—06an,_9, n>2
ayg — 1
ap = —2

Let A(z) = > .7 jana™. Applying the recurrence relation, we have

Alz) = aptarzt S (Gan s — Gan o)a”
n=2

= ag+ a1x — Szag + SrA(z) — 622 A(x).
Applying the initial values and collecting the coefficient functions of A(x), we further have
(1—5z+ 6.7}2) A(z) =1—Tax.
Thus the function g(z) is solved as
_ 1-Tx
151+ 622
Observing that 1 — 5z + 622 = (1 — 2)(1 — 3z) and applying partial fraction,

A(z)

1—-Tx A B

1—5z+6a2 1—2x+1—3x'

The constants A and B can be determined by
A(l1-3z)+B(l—2z)=1-—Tx.

Then
A +B = 1
-3A —-2B = -7

Thus A =5, B = —4. Hence
1-7x 5 4

1—-52+6x2 1-2¢ 1-3z

1 x 1 x
I n, .n _ n,..n
1—2m_§ 2™ and 1_3:6—5 3"x

Since

We obtain the sequence
a, =5x2" -4 x3" n>0.

Theorem 6.1. Let (an;n > 0) be a sequence satisfying the homogeneous linear recurrence relation
p = 1Ap—1 + Q2ap_o+ -+ apan_k, ap#0, n>k (17)
of order k with constant coefficients. Then its generating function A(x) = " anx™ is of the form

P(x)
Q(x)

where Q(x) is a polynomial of degree k with a nonzero constant term and P(x) is a polynomial of degree less than
k.

A(z) = (18)

Conversely, given such polynomials P(x) and Q(x), there is a unique sequence (ay) that satisfies the linear
homogeneous recurrence relation (17) and its generating function is the rational function in (18).

17



Proof. The generating function A(z) of the sequence (a,) can be written as

k—1 k—1 0o k
Alx) = Z a;zt + Z anx" Z a;zt + Z <Z aian_i> "
=0 n=k \i=1
k—

k k-1 k 00
= Z a;xt + Z o Z Qp—iz" Z a;xt + Z o Z anx™t
=0 i=0 i=1 n=k—i
k— 00 k—i—1
= Za:c —I—ozkkaana: —I—Zal Zan;r”— Z aj:r:j
=0 n=0 7=0
k-1 k—i—1
= aa: +g Zalas —Za, Z ajxj
i=0 §=0
k—1 k k—1
= a;zt + g(x) Z a;xt — Z 2! Z 0a_g.
i=0 i=1 =1 =1
Then
k k—1 k—1 1
A(z) (1 — Zam’) = a;x’ — 7! oia—; = ag + Z a; — E:Oz]az —j
i=1 i=0 =1 =1
Thus

k-1 i
P(z) = ao—f—g ai—g ajai—; | 2,
i=1 j=1

k
Qx) = 1- Zaimi
i=1

Conversely, let (ay,) be the sequence whose generating function is A(z). Let

- ianx", P(z) = Zbixi, Qx)=1- Zail’i-
n=0 . —

Then g(x) = p(z)/q(x) is equivalent to

k 0o k
(1 — Z aixi> (Z anx"> = Z b,z
i=1 n=0 =0

The polynomial ¢(z) can be viewed as an infinite series with a; = 0 for ¢ > k. Thus

[ ) n k
S a3 (o ) = S
n=0 i=1 ]

n=0

Equating the coefficients of ™, we have the recurrence relation

k
ap = g QiGn_;, n>k.
i=1

Proposition 6.2 (Partial Fractions). (a) If P(x) is a polynomial of degree at most k, then

P(z) = Ay + Az 4ot L
(1—azx)* 1—azx (1—ax)? (1 —ax)k’

18



where A1, Ao, ..., A are constants to be determined.
(b) If P(x) is a polynomial of degree at most p+ q + r, then

P(.Z’) . Al(.ilj) Ag(l’) Ag(.%')

(1—ax)P(1-bx)1(1—cx)” (1—ax)» (1-0bzx)? (1—cz)"’

where A1(x), A2(x), and As(x) are polynomials of degree ¢+, p+r, and p + q, respectively.

7 A Geometry Example

A polygon P in R? is called conver if the segment joining any two points in P is also contained in P. Let C,, denote
the number ways to divide a labelled convex polygon with n + 2 sides into triangles. The first a few such numbers
are C1=1,Cy =2, C3 =5.

We first establish a recurrence relation between C,, 1 and Cy, C1, ..., C,. Let P(v1,ve,...,v,43) denote a convex
polygon with the vertices vy, vo, ..., v,43. In each triangular decomposition of P(v1,ve,...,v,+3) into triangles, the
segment v1v,4 3 is one side of a triangle A in the decomposition; the third vertex of the triangle A is one of the vertices
V2, U3, .., Unt+2. Let vgio be the third vertex of A other than v; and v,43 (0 < k < n); see Figure 1 below. Then

vk+2
vn+2
Vas3 V3
v v,

Figure 1: vg1o is the third vertex of the triangle with the side vv,42

we have one convex polygon P(vi,vs,...,Uky2) of (k+2) sides and another convex polygon P(vki9, Ugt3, - .-, Unt3)
of (n — k4 2) sides. Then there are Cy ways to divide P(vy,vg,...,vk12) into triangles and there are C),_j ways to
divide P(vk12,Vgk43,--.,Unt3) into triangles. We thus have the following recurrence relation

Cnp1 =Y _ CpCnp with Cp=1.
k=0

Consider the generating function F(z) =Y 2 Crz". Then

F(z)F(z) = (Z C’nx"> (Z Cnx”>
n=0 n=0

— Z <Z C’kan> z"
n=0 \k=0

= nzzz)cn+1l‘n = inzz:l Cnﬂ?n

_ F(z) 1

Tz

We thus obtain the functional equation

Solving for F'(x), we have



Note that

et = 3 (2)

= n!
n=0
=1-3-5--2n—1)—-1)_,
_ _Z;) (n§ )= Do,
= (2(n—1))!
R ST
n=1

We conclude that
1—+1—4x
2z

S e,
B Z n+1)!x

|
= n!(
=1

- Zn+1<2:>xn'

n=0

Hence the sequence (C),) is given by the binomial coefficients:

C, = 1 <2n>7 n > 0.
n+1l\n

The sequence (Cy,) is known as the Catalan sequence and the numbers C,, as the Catalan numbers.

Example 7.1. Let C,, be the number of ways to evaluate a matrix product A;As - -- Ap41 (n > 0) by adding various
parentheses. For instance, Cy =1, C1y =1, Co = 2, and C3 = 5. In general the formula is given by

1 2n
Cp = :
" n+1 < n )
Note that each way of evaluating the matrix product AjAs--- A,io will be finished by multiplying of two
matrices at the end. There are exactly n + 1 ways of multiplying the two matrices at the end:

AjAg - Apyo = (A1 A1) (Apq2 - Apyo), 0<k<n.

This yields the recurrence relation

Cnt1 = chcnfk-
k=0

Thus C,, = n%rl (2”), n > 0.
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8 Exponential Generating Functions

The ordinary generating function method is a powerful algebraic tool for finding unknown sequences, especially when
the sequences are certain binomial coeflicients or some the order is not material. However, when the sequences are
not binomial type or the order is material in defining the sequences, we may need to consider a different type of
generating functions. For example, for the sequence a, = n!, counting the number of permutations of n distinct
objects. It is not easy at all to figure out the ordinary generating function

oo o0
Z anpx” = Z nlz™.
n=0 n=0
However, the generating function
> an, > 1
D =) =
n=0 n n=0 r

is obviously figured out.
The exponential generating function of a sequence (ay;n > 0) is the infinite series

Example 8.1. The exponential generating function of the sequence

P(n,0), P(n,1), ..., P(n,n)
is given by
E(x) = P(n’k)xk
k!
k=0
N (M)
- Z(k)x
k=0
= (1+x)™

oo xn
_ Yz
E(z) = nEO =
The exponential generating function of the geometric sequence (a, = a™;n > 0) is
X n,.n
B az"
E(z) = nE_O ¢
Theorem 8.1. Let M = {njaq,nsaq, ... ,ngar} be a multiset over the set S = {ay,as,...,ar} withny a1’s, ng as’s,

.., Nk ag’s. Let a, be the number of permutations of the multiset M. Then the exponential generating function of
the sequence (an;n > 0) is given by

o (£9) 1) (5)

1=0 =0 =0

Proof. Note that a,, = 0 for n > nj +--- + ng. Thus E(z) is a polynomial. The right side of (19) can be expanded

to the form
N1,N2,0. N $i1+i2+-~~+ik nitng+etng

-y 40 -
iligl- il n! ilig! - gl

n=0 . i1tig4-Fig=n

11,82,...,5,=0
0<iy<nq,..., 0<ip<np
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Note that the number of permutation of M with exactly i1 ai’s, 2 a2’s, ..., and i, ax’s such that

i1 +ig+ - t+ip=mn

( n > n!
ivvigs e ) inligl - ig)

It turns out that the sequence (a,) is given by

is the multinomial coefficient

|

n.

Ap = Z TR n > 0.
iplig) - ay!

'L1+i2+~'+ik:n
0<ii<ny,...,0<5, <ny

O

Example 8.3. Determine the number of ways to color the squares of a 1-by-n chessboard using the colors, red,
white, and blue, if an even number of squares are colored red.

Let a, denote the number of ways of such colorings and set ag = 1. Each such coloring can be considered as a
permutation of three objects r (for red), w (for white), and b (for blue) with repetition allowed, and the element r
appears even number of times. The exponential generating function of the sequence (a,) is

w0 - (San) (£5)

n=0 =|
x —Z 1
_ € +26 ezm:§(e3x+ex)
1 [ 3ma” =
()
n=0 n=0

1 — n x
= 22_%(3 +1)

Thus the sequence is given by
_3n+1
=
Example 8.4. Determine the number a,, of n digit (under base 10) numbers with each digit odd where the digit 1
and 3 occur an even number of times.

Let ag = 1. The number a,, equals the number of npermutations of the multiset M = {ool, 003, 005, 007, 009},
in which 1 and 3 occur an even number of times. The exponential generating function of the sequence a,, is

o0 2n 2 o0 " 3
o - (S (57)

n=0 ( n=0

_ 2
2
1
4

SRS oE

n > 0.

an,

n=0 n=0 n=0
R <5n+2><3”+1> "
pr— 7'.
= 4 n!
Thus B 42 x 30+ 1
X
an = 1 , n>0.
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