Valuation

1 Euler Number

There are two principles to follow when one counts objects of finite sets. For finite sets A and B, we have
1) Addition Principle: |AU B| = |A|+ |B| —|AN B|, and
2) Multiplication Principle: |A x B| = |A]|B].

The two principles are necessarily true when A, B are not finite sets. For instance, if A is the set of disjoint
union of two disks and a zero-shape of R?, and B is a set of disjoint union of a disk and the same zero-shape
of R?, see Figure 1, then |A| = 3, |B| = 2, |[AUB| = 4, |AN B| = 2. The Addition Principle implies the
contradiction

4=|AUB|=|A|+|B|-|ANnB|=3+2-2=3.

However, if we think of the contribution of the zero-shape is zero to the counting of AU B (the zero-shape
likes the symbol 0), then the Addition Principle is still valid. Indeed, there is a generalized counting measure
X, whose values for finite sets are just counting and for infinite nice topological sets are FEuler numbers. Since
a finite set can be viewed as a topological space with discrete topology, the the Euler characteristic (with
compact support) is a unified finitely additive measure to count both discrete and continuous sets.

Figure 1: Three disks and a zero-shape.
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Given a collection § of sets containing the empty set &, closed under intersection and union, that is, if
A, B € Sthen ANB,AUB € S. A set function v on § with values in an abelian group is called a valuation
(or finitely additive measure) on S if v(@) = 0 and for 4, B € S,

v(AUB) =v(A)+v(B)—v(ANB).

Since there is no countable additivity, the set-function v is not necessarily a measure. The valuation here
is nothing to do with its meaning in algebra. To construct a valuation we usually begin with an intersec-
tional class, a collection of sets closed under intersection. Given an intersectional class Z, the relative
Boolean algebra B(Z) is a minimal class of sets containing Z, closed under intersection, union, and relative
complement.

A closed interval is a set I = [a, b], where a,b are real numbers and a < b. A parallelotope of R" is a
set [[;—, I;, where each I; is a closed interval. We denote by Par(n) the class of parallelotopes of R". Let
B(Par(n)) denote the relative Boolean algebra generated by Par(n). A valuation v on Par(n) is translation
invariant provided that for each P € B(Par(n)) and a € R",

v(P +a) = v(P),

where P+ a = {x + a : € P}. To exclude possible pathological valuations that we have no interest, we
require the translation invariant valuation v on B(Par(n)) to be continuous in certain sense. A valuation v
on B(Par(n)) is said to be continuous if

lim v(I) = v(I),
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where I}, = [ag, bg] is a sequence of closed intervals convergent to a closed interval I = [a, b], i.e., limg_,o a =
a and limy_, o, by = b. We wish to classify all translation invariant continuous valuations on B(Par(n)).

Note that each object S of B(Par(1)) is a disjoint union of finitely many singletons and open intervals,
that is,

k l
S = |_|{ai} U |_|(bj7cj) (disjoint union)

i=1 j=1

Then x : B(Par(1)) — R, defined by
x(S) =k -1,

is a translation invariant continuous valuation. Another translation invariant continuous valuation is ¢ :
B(Par(1)) — R, defined by

£(S) = Lesbesgue measure of S.

It is easy to see that any translation invariant continuous valuation on B(Par(1)) is a linear combination of
the two valuations x and 4.
Now consider the translation invariant valuation v : B(Par(1)) — R[t] such that for each closed interval
I=a,b,
wI) =14+ ((b—a)t =x(I)+ L)t

We thus have a product valuation p™ : B(Par(n)) — R[t] defined by

u(]:[1'> f[lu(m STt

i=1

n
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k=0 NJC[n],|J|=kj€J
n
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= ek(xla"'axn)t I
k=0

where I; are closed intervals of length x; and e are the elementary symmetric polynomials of variables
Z1,...,2, of degree k. It follows that we have translation invariant valuations g : B(Par(n)) — R such
that

ur(P) = ep(x1, ..., xx)

for parallelotopes P of lengths x1,...,2,. The value u;(P) is called the kth elementary mixed volume
of P, also called the (n — k)th quermassintegral of P up to a universal constant. The valuations u; can
be extended to the class B(K™), the relative Boolean algebra generated by K.

Theorem 1.1.

The valuation v, defined on B(Par(n)), can be extended to the class U(X™) of finite union of compact
convex sets of R™. In fact, if K is a compact convex set and B is the unit ball of R™ then v; can be extended
to U(K™) such that

n

vol (K +rB) = Z Vi(K)anirn_ia (1)
i=0

where K +rB={z+ry:2 € K,y € B}, r > 0, and w; is the volume of the i-dimensional unit ball. The
identity (1) is called the Steiner formula.

Exercise 1. (a) Show that x is a translation invariant valuation on B(Par(1)).
(b) Show that every member P of B(Par(n)) is a disjoint union of finitely many relatively open coordinate

parallelotopes
H(ai7 bl) X H{cj}’

iel jeJ
where INJ =@ and TUJ ={1,...,n}.
Let V be a finite dimensional real vector space. A linear combination tyvy + --- + t,,v,, of vectors
V1,...,U;, in V is called an affine linear combination if ¢t; +--- 4%, = 1, and is further called a convex

linear combination if all ¢; > 0 and ¢; +---+t,, = 1. Given a nonempty subset S of V. The set S is said
to be convex if it contains segment

Ty:={te+(1—-t)y:0<t <1}



for each pair of points z,y of S. The affine span of S, denoted (S), is the set of all possible affine linear
combinations of points of S. The convex hull of S, denoted conv(.S), is the set of all possible convex linear
combinations of points of S. A convex body is a compact convex set. A polytope is a convex hull of finite
number of points. Given a closed convex set F. The interior of F in its affine span (F'), denoted F, is called
a relatively open convex set. The subset

OF = F~F

is called the boundary of both F and F. The dimension of (F') is called the dimension of both F and .
Given a nonzero linear functional ¢ : V' — R and a constant a. The subsets

Hp<a)={zeR":¢(x)<a} and H(p<a)={zrecR":¢(x)<a}

are called a closed half-space and an open half-space respectively. A convex polyhedron (or just
polyhedron) is an intersection of finite number of half-spaces. A closed polyhedral convex cone is an
intersection of finite number of half-spaces whose hyperplanes pass through the origin.

Given a polyhedron P. The set P is known as a relatively open polyhedron. A support hyperplane
of P is a hyperplane H, given by (u,z) = ¢, such that PN H # & and P is contained in the half-space
(u,z) < c. The vector u is called a normal vector of P and the polyhedron P N H is called a face of P.
We always assume that P is a face of itself. We denote by o < P that o is a face of P, and call relatively
open polyhedron ¢ a face of P; we also call ¢ a face of P. Every polyhedron P is the intersection of the
half-spaces of its support hyperplanes,

P=(H(@<c), P=()H(<o)
H H

where the intersections are extended over all supporting hyperplanes of P. Moreover, we have the disjoint
union
F=|]os.
o=XP

We introduce the following classes of sets of R™:
P" = the class of convex polyhedra,
P = the class of polytopes (compact convex polyhedra),
K™ = the class of compact convex sets (convex bodies),
C™ = the class of closed convex sets,
O™ = the class of relatively open convex sets.

Exercise 2. Show that a subset P of R" is a polytope if and only if P is bounded and is the intersection
of finitely many closed half-spaces.

Fix two real numbers r and s such that r + s = 1. For each real-valued function f on R, if f is
continuous everywhere except discontinuous at finite number of places, and f has left and right limits at
those discontinuous points (including at infinity), we introduce a so called Euler-Schanuel integral

mn:/ﬂmum= S [f@) - rfa) - sfat)], ()

zeRU{oo}

where f(z7) and f(zT) are the left and right limits of f at x, and f(co) = 0, f(oot) = lim,—,_ o f(2),
f(oo™) = limy— 400. The collection of Euler-Schanuel integrable functions forms a real vector space. The
indicator function 1(4) of an open interval (a,b) and the delta function d. at a point ¢ are Euler-Schanuel
integrable; moreover,

X(l(a,b)) =-1, X(ac) =1,

where 0.(z) = 1 if 2 = ¢ and §.(x) = 0 otherwise, it is possible that a = —oo and b = +00. Since each step
function is a linear combination of some delta functions and indicator functions of some open intervals, all
step functions are Euler-Schanuel integrable.

More generally, for f a real-valued function on R™ with bounded support, we define the the Euler-
Schanuel integral of f as the following iterated integral

W) = [ @) = [ [ ) dxim) (3)



which is well-defined provided that the resulted integrand from each iterated integral is continuous, except
at finite number of points and has left and right limits at those discontinuous points. Again the class of
Euler-Schanuel integrable multivariable functions is a real vector space. For a set S of R", its indicator
function 1g is defined as 1g(xz) =1 for x € S and 1g(z) = 0 otherwise. If 15 is Euler-Schanuel integrable,
the value x(5) := x(1s) is called the Euler number of S.

Lemma 1.2. For each bounded relatively open convez set U, its Fuler-Schanuel integral
X(U) = x(1ly) = (==Y, (4)

Proof. 1t is true when n = 1 since either dimU = 0 or dimU = 1. For n > 2, consider the orthogonal
projection 7 : R™ — R"~1. Tt is clear that 7(U) is a bounded relatively open convex set of R"~!. For each
point p € R"~1, the intersection 7~1(p) N U is either empty or a singleton or an open interval, we then have

/ Lo (p, e )dx(en) = / 11 gy () dx ()

0 if 7=Y(p)NU is empty,
1 if 7= 1(p) N U is a singleton,
—1 if 7= 1(p) NU is an open interval.

It is easy to see that 7~ (p)NU = @ if and only p & m(U). Note that if 7= (p)NU is a singleton for one point
p € m(U), then 7= (y) N U is a singleton for all y € w(U); if #=!(p) N U is an open integral for one point
p € m(U), then 7~ (y)NU is an open interval for all y € 7(U). We see that dim 7! (p)NU = dim U —dim 7(U)
for p € 7(U). Thus

/1U(yu‘rn)dX(xn) — (_l)dim U—dimTr(U)lﬂ(U).

By induction, [ 1, (y)dx(y) = (=1)4™m7@); it then follows that

X(U) _ (_l)dimedimﬂ(U) / 1W(U) (y)dx(y) — (_1)dimU'

O

A subset of a real vector space of finite dimension is said to be polyhedral if it can be obtained by taking
union, intersection, and relative complement finitely many times of half-spaces. The class of polyhedral sets
of R is the relative Boolean algebra B(P") generated by the class P™ of convex polyhedra of R™. Tt is
known that every polyhedral set is a disjoint union of finitely many relatively open convex polyhedra.

Theorem 1.3. Let P be a polyhedral set decomposed into disjoint relatively open polyhedra. Let ay, denote
the number of k-dimensional relatively open polyhedra in the decomposition. Then

X(P) =) (-1)*ay. ()

k

Proof. Let P be decomposed into a disjoint relatively open convex polyhedra o;. Then 1p = > i le, and
x(1,,) = (=1)4imei Thus

X(P)=x(1p) = Zx(lai) =D (=) =Y (1.

% k

Example 1. The Euler number of an oriented surface ¥, of genus g in R is

X(2g) =2 —2g.

Assume that ¥, is standardly sitting in R3 and its orthogonal projection to R? is the figure in Figure 2
with g = 3. Taking the Euler-Schanuel integral of the indicator function 1y;, of ¥3 along the last coordinate
x3, the result is a function f(z1, x2) on R?, whose level set is indicated in Figure 2. Taking the Euler-Schanuel
integral of f along the coordinate x2, we obtain a function h(x;) on R whose graph is given in Figure 3.
Taking the Euler-Schanuel integration for h, we see that the Euler number of X3 is x(1g,) =2 — 6 = —4.
The general case of x(X4) = 2 — 2g is analogous.



Figure 2: Projection of X3 to R2.
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Figure 3: Projection of X3 to R.

2 Gram-Sommerville Theorem and Gauss-Bonnet Theorem

Recall the class P¢ of convex polyhedra of R? and the relative Boolean algebra B(P?) generated by P?. Let
F(P%) denote the vector space of functions of the form >, ailp,, where a; € R and P; € P?. Each member
f of B(P?) can be characterized as a function f : R? — R, called a polyhedral function, such that (i)
the image of f is a finite set, (ii) for each value c of f the inverse image f~!(c) is a polyhedral set. Every
polyhedral function is Euler-Schanuel integrable.

Let P be a polyhedral set of R?. A face system of P is a collection F(P) of relatively open convex
polyhedra such that

P= |J o (disjoint)
c€F(P)

and the faces of each member o of F(P) are also members of F(P). Each member of F(P) is called a face
of P with respect to F(P).

A cone with apex 0 is a subset C' of R? such that if v € C then tv € C for all t > 0. The tangent cone
of P at a point p of R? is the set

cone(P,p) ={v €RY:Je > 0st.p+tv € PVO <t <e} (6)

The tangent cone is empty if p ¢ P. The tangent cone of P at a face p with respect to a face system F(P)
is
cone(P, p) i= cone(P,p), p € p. (7)

The tangent indicator of P at p is the function
Tp(P) := leone(p, p)- (8)
Given a relatively open convex polyhedron ¢. The tangent cone of o at its face p is
cone(a, p) := cone(o,p), p E p.

Let f be a polyhedron function on R%. A face system of f is a face system of supp (f), the closure of
the support {z € R?: f(x) # 0} of f, such that f(z) is constant on each o of F(f). The tangent indicator
of f at its face p with respect to a face system F(f) is

T,(f) = Z f(0)Tp(0),
c€F(f)
where f(o) = f(z) for any € o, and the tangent indicator of f at co is
Too(f) = > [(0)Tw(0).
oc€F(f)

One can define tangent indicator intrinsically for polyhedral functions without face system. The tangent
indicator of f at a point z is a function 7T, (f) : R? — R, defined for v € R by

T.(H)(w) = Tim f(o+ to) (9)



Each vector v can be viewed as a linear operator on F(P?) such that v(f)(z) = T.(f)(v). The tangent
cone of f at x is the set

cone(f,z) = {v € R : T(f)(v) # 0}. (10)

The map T(f) : R? x R? — R, (x,v) — f,(z), is called the tangent indicator of f. The tangent
curvature of f at a face p with respect to a face system F(f) and at a point © € p is

W) =70 = g [, TN, (1)

where B? is the unit ball centered at the origin of RZ.

Lemma 2.1. Let f € F(PY) and v € RY. The map T(f) : R¢ — F(PY), = — T,(f), is a polyhedral map,
and f, R4 = R, x + T,(f)(v), is a polyhedral function. Moreover,

Z 1p' Z Zf coneap)a

PEF(f) pEF(f) orp
where T, (f) = Ty (f) with x € p; and T(f) and T(f)(v) are integrable with respect to the Euler valuation x.

Proof. Given a face system F(f) of f. Notice that f = def(f) f(o)1,, where f(o) = f(x) with € o, and
T,(f) = T, (f) for each o € F(f) and all # € . Then for v € R?,

S HOT (L)),
o€F(f)

Let o’ denote the side of ¢ that can be seen from —oov. Then ¢’ is a disjoint union of some faces of o, and
T(15)(v) = 15U is a polyhedral function of variable x. By linearity f, := T'(f)(v) is a polyhedral function
of variable z. Of course, f, is integrable with respect to x. Moreover,

= > L, TN= ) L) f(0) ot

PEF(f) PEF(f) orp
which can be viewed as a function with values in F(P§). O

Theorem 2.2 (Gram-Sommerville Formula). Let f be a polyhedral function on R? with bounded support
and a face system F(f). Then

[ mhie = X 00 = (i, (12)
® PEF(f)
where 1oy is the indicator function of the set whose only element is the origin 0 of R4,

Proof. First Proof. For each face p of f with respect to F(f), note that T,(f) = T,(f) for = € p. For each
fixed vector v € R?, we have

[ npeae = [ ¥ 5endde = X 0 rme)
R' P (f) PeF(f)

which is the first identity in (12). To see the second identity, note that T,.(f)(v) = f,(x) and

[ mnwire) = | @

If v # 0, then for each point p € R%, the support of f, on the line p 4+ Ruv is a disjoint union of finitely many
half-closed and half-open intervals, and f, is constant on each of such intervals. In order to compute the
integral [ f,(z)dx(x), we choose a frame (v1,...,v4) of R with vy = v. We see that

/fv(zlvl + - 4 zgug)dx(zg) =0,

consequently, [o, fo(x)dx(z) = 0. If v =0, then f,(x) = f(x), consequently, [ f,(x)dx(z) = x(f).
Second Proof. Since f = Y f(0)l,, it suffices to show that it is true for each indicator 1,. Clearly,
(15)y(x) is either 0 or 1 for all . If v # 0, then (15),(z) = 1 iff v € cone(o, x), i.e., o N (z + Ro) is an open



segment (p,q) with direction v and = € [p, q). It follows that if v # 0, the support of (1), is the union of o
and the boundary side of ¢ that can be seen from the direction v, and this boundary side is homeomorphic
to a cell of dimension dimo — 1. Thus x((1,),) = 0 if v # 0. If v = 0, then (1,), = 1,, consequently,
x((15)0) = x(1,). Now by linearity of x, we have

[ = s / Jo(@)dx()

Zf o) 110y = x(f)150y-

Corollary 2.3. Let f be a polyhedral function on R® with bounded support. Then
[rnax@ = % vt <o
pEF ()

Let P¢ denote the class of closed polyhedral convex cones of R? with apex 0. Let F(Pg) denote the
vector space generated by indicator functions of polyhedral cones with apex 0. There is a linear operator
F(P§) — F(Pg), defined for g € F(P§) and u € R? by

N =x(s Tpezsunza) = [ glaante) (13

Let C be a relatively open convex cone of R? with apex 0. The normal cone of C is the closed convex
cone

C* ={ueR%: (u,v) <0forallveC}
Lemma 2.4. For each relatively open convex cone C € P, we have
N(l¢) = (1) C1c.
Proof. The map N is well-defined and is linear since x is a linear functional. Given C a relatively open
convex cone. For each v € C*, it is clear that C' C H, , we then have
N(le)(u) = x(CNH,) = x(C) = (=1)"™C.

For u ¢ C*, we have either CNH, =@ or C N H, # @. In latter case the set C N H,, is a half-closed and
half-open convex cone. Thus N(1¢)(u) = x(CNH, ) =0. O

Let f € F(P?) be a polyhedron function with a face system F(f). The normal indicator of f at a face
p with respect to a face system F(f) and at a point x € p is

Kp(f) = Ko (f) == N(T(f))- (14)
The Gaussian curvature of f at a face p with respect to F(f) and at point x € p is
e Al (15)

Theorem 2.5 (Generalized Gauss-Bonnet Formula). Let f be a polyhedron function on R with bounded
support and a face system F(f). Then

Ko = > K, (f)1ga, (16)
R4
PEF(f)
where 1ga is the indicator function of the whole space R?.

Proof. For each face p € F(f), note that T,(f) = T,(f), we have K,(f) = K,(f). Then

K. (fdx(z) = Y (—1)5PK,(f)

PEF(f)

= D (FD)TENITL)

PEF(f)

PEF(f)

= Nx(f)lgoy) = x(f)Lga-

Rd



It is trivial when v = 0, the values at v of both sides are the same. Assume v # 0. Let 7 : R? — L+
and 7, : R — L be the orthogonal projections, where I = Rv. Let X be decomposed into frame cells o;
with respect to a frame, where v is a member of the frame. For the cell o;, we may further assume that
;N7 1(a;11) is a closed frame cell; otherwise we may divide ;N (a;41) so that . Thus K, (o;)(v) = x(0:)
if € m;1(a;41) and K, (0;)(v) = 0 otherwise. Then

/ K, (03)(0)dx(x) = x(07):

o /KI(X) Z/K o)) (v)dx(z) = > x(0) =

7 : R? — L be the orthogonal projection, where L = Rv. Then R can be divided into finite singletons
{a;} and open intervals (a;,a;y1) so that 7= (a;, a;41) ~ (a;,a;41) x 7 1(a), where a € (a;,a;11) is a fixed
number. Let 77!(a) be decomposed into disjoint cells o;;. Then K, (0i;)(v) = 0 for x € 7! (a;,a;41) and
KI(O'Z‘]‘>(U) = (—1)dima” for x € oij N 7T_1(CLZ‘+1). O]

Corollary 2.6. Let f be a polyhedral function on R® with bounded support. Then

/ re(Pdx(@) = 3 k) = X(f).

veV(f)
Koo (f)(v) =
Proposition 2.7 (Frame Dependence). Given a function on a real vector n-space V. If x(f,v) = x(f,vx)
for each frame v = (vi,...,v,) and all permutations m of {1,...,n}, where vy = (Vr(1),---,Va(n)), then

x(f,v) is independent of the chosen frame v.

Proof. Given two frames u and v of V, there exists nonsingular n x n matrix A such that u = vA. Note

that A can be decomposed into a product of elementary matrices. For A = Diag|[1,...,a,...,1] with a # 0,
we have u = (v1,...,av;,...,v,). For each fixed coordinate x = (241, ..., 2, ), the function
9 Lijy T /f TiUup + -+ X u1++xnun)d>{(zl)dx<$1—l)

of one variable x; is discontinuous at (finitely many) points pg(z). Then the function

gi(z,x) = /f(:z:lul+~-'—|—x¢(aui)—|—~--+znun)dx(z1)--~dx(xi_1)
= g(azx;,x)

of one variable z; is discontinuous at points of pg(z)/a. Thus
/ (zi,)dx(z:) = Y (g(pk(:c),x) —rg(pe(z)”,z) — sg(pk(x)ﬂx))
k
= Y (0 r@)/a,2) = 1o ((or(@) /@) 2) = 51 (u() o)) )

k

[ rtarapinie.

It follows that

x(fou) = / (2, 2)dx () dx () = / (22, 2)dx(:)dx () = x(f.v).

Let A be an elementary matrix such that u = (v1,...,v;,...,v; +av;,...,v,) and ¢ < j. Then |v;|| =
bllv; + av;|| for some b # 0. Note that for x = (zj41,...,2x),

g2(xj, ) = /f(x1v1 + (v + auvy) -+ wpvn)dx () - dx(@ o) = g(bay, @),

Likewise,

X(fou) = / (5, 2)dx(z;)dx (z) = / ga(j, )dx(z;)dx () = x(f. ).



Now if the matrix A is such that v = (v1,...,v;,...,v,...,v,) with ¢ < j, then we have x(f,u) = x(f,v)

by assumption. It follows from the previous argument that x(f,u) = x(f,v"), where v’ = (v1,...,v;,...,v;+
avj,...,vy,). Switching the entries at ¢ and j in v’, we see that x(f,v") = x(f,v"”), where v" = (vy,...,v; +
avj,...,vj,...,0,). We thus have x(f,v) = x(f,v”). We have shown that the Euler-Schanuel integral of f
is independent of the selection of frames. O

Example 2. The iterated Euler-Schanuel integral depends on the order of a basis. Consider the function

2 . 2 2
_ Y if 22 + Yy < 43
fz,y) = { 0 otherwise.

The Euler-Schanuel integral if f with respect to the frame (eg,eq) is

/ fdx(z)dx(y) = /(22)y2dx(y)/(\/ﬁ i) dx(z)
= /(_22)(—y2)dx(y)=4-

However, the Euler-Schanuel integral of f with respect to the frame (eg,e1) is

/ fdx(y)dx(z) = / dx(z) / y2dx(y)
(—-2,2) (—V4—z2,V4—z2)

_ /(2 N 22))dy(z) = 0.

3 Another Eulerian valuation

Let P be a relatively open convex polyhedron, possibly unbounded. We introduce tangent cone of P at
oo as the set
cone(P,oo) ={-v eV :v#0,Ip€ Pst.p+tv € PVt >0}. (17)

The tangent indicator of o at oo is the function
Too(P) = (71)dimpil]~cone(P7 00)*

We shall see that
+ Z dlmo'T ) X(P)l{o}
o=P
Given a function f € F(P%9). We introduce a tangent indicator of f at oo is a function T (f) : R — R,
defined for nonzero v € R? by

Too(f)(—v) = — lim f(z)dx(z) (18)
"= Jcone(o,B(rv))~oxB(rv)
and T (f)(0) = 0, where B(rv) is the unit open ball of R? centered at tv, 0 * B(rv) is the join of o and
B(rv), and cone(o, B(tv)) is the open convex cone generated by B(rv).

Lemma 3.1. Let P be a relatively open convex polyhedron of R, given as the intersection of half-spaces
H(¢i < a;) and hyperplanes H(¢; = b;). Then cone(P,00) is a convex polyhedral cone and

cone(P, c0) ﬂH ¢; > 0) N H(; ~ {0}.

Moreover, the tangent indicator of 1p at infinity is given by
Too(lp) = (_l)dimpillcone(}’,oo)'

Proof. Let —v € cone(P,o0), i.e., v # 0 and p + Ryv C P for some p € P. Clearly, it is equivalent
to p+ Ryv C H(¢; < a;) for all i. By translation it is further equivalent to Ryv C H(¢; < 0), i.e
v €, H(¢; <0). This the same same —v € [, H(¢; > 0).

As for the tangent indicator at infinity, since p + Riv and R v are parallel half-lines of same direction,
we see that p + R,v intersects the truncated infinite cone cone(o, B(tv)) \ o * B(tv) for all ¢ > 0, of course
P intersects the truncated cone. So T (1p)(—v) = (—1)dmP=1,

Let —v & cone(o,00) and v # 0. Then there exists an 4 such that v € H(¢; > 0), i.e., ¢;(v) < 0. Let g
a positive real number be such that the distance of tgv to H(¢; = a;) is larger than ¢y. Then H(¢; < a;) is
disjoint from the truncated cones cone(o, B(tv)) \ o x B(tv) for all t > ty. Of course, P is disjoint from the
truncated cones. It follows that T, (1p)(—v) = 0. O



We refer each ordered basis of a finite dimensional vector space a frame. A real-valued function f on
a real vector n-space V is Euler-Schanuel integrable with respect to the frame v = (vy,...,v,) the
function F(z) = f(z1v1 + -+ - + zv,) with 2 = (21, ..., 2,) is Euler-Schanuel integrable. If so,

x(0) = [ P, (19)

is called the Euler-Schanuel integral of f with respect to the frame v. If f is Euler-Schanuel integrable
with respect to all frames, we simply say that f is Euler-Schanuel integrable. Let E, ;(V') denote the
set of Euler-Schanuel integrable functions on a real vector n-space V. It is clear that E, ;(V') forms a vector
space under ordinary additions and scalar multiplication of functions.

Theorem 3.2. Let E be a subset of real vector n-space V. If 15 is Euler-Schanuel integrable, then its Fuler
valuation x(F,v) with respect to each fame v is an integer, and is independent of the numbers r, s such that
r+s=1.

Proof. We proceed by induction on the dimension n. For n = 1, the set FE is a disjoint union of finitely many
open intervals (may be unbounded) and singleton sets. Each open interval interval has Euler measure —1
and each singleton has Euler measure 1. The Euler-Schanuel integral is an integer.

Assume that it is true for Euler sets of real vector spaces of dimension n—1. Given a frame v = (vy,...,v,)
of V. For each fixed z € R, the function F, : R"~! — R, defined by Fy(x1,...,2,_1) = lg(ziv; + -+ +
ZTp—1Un—1 + Ty, ), is Euler-Schanuel integrable with respect to the fame (v1,...,v,_1). Then the function

fla) = / Fu(t1, ... n-1)dx(z1) - dx(@n_1)

is integer-valued by induction and is Euler-Schanuel integrable. It follows that f(x) has the form
F= ailw)+ Y Bl
i J

where «; and 3; are integers independent of » and s such that » + s = 1. Hence

/1]5)(2131111 + -0+ $n”n)dX(~731) e dX(-rn) = /f(l‘)dx(ﬂ?)

is an integer and is independent of r and s such that r +s = 1. O
Definition 3.3. Frame cellular sets are defined inductively as follows:

(FC1) Every open segment or a singleton of any one-dimensional real vector space L is a frame cell
with respect to each frame of L.

(FC2) Let v = (v1,...,v,) be a frame of real vector d-space V, H; = span{vy,...,0;,...,v,}, and let
m; + V. — H; be the projection with ker(w;) = span{v;}. A subset ¢ C V is a frame cell with
respect to u provided that m;(o) is a frame cell with respect to the frame (vq,...,9;,...,v,), and
either 7, ' (z) N o are open intervals for all x € 7(c) or are singletons for all 2 € ().

(FC3) A subset X of a real vector n-space V' is frame cellular if X can be decomposed into a disjoint
union of finitely many frame cells with respect to each frame of V.

Proposition 3.4. The indicator function of any frame cellular set E is Euler-Schanuel integrable. Moreover,
if {o:} is a frame cellular decomposition of E with respect to a frame v, then

(E) = 3 (-1, (20)

9

Proof. Let E be a frame cellular set of a real vector n-space V, and let v = (v1,...,v,) be a frame of V. It
is clear that {o;} is a frame cellular decomposition of E with respect to the frame (vr(1),...,vr(n)) for all
permutations 7 of {1,...,n}. Since x(1,,,v) =

Thus

X(1gv) = S (=187 = y(15,0,).

i
It follows from Proposition 2.7 that 1g is Euler-Schanuel integrable, its integral is independent of the selection
of frames, and x(E,v) = >, (—1)4ime:, -
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Let o be a frame cell of R?. The tangent cone
Let X be a nonempty closed subset of R?. A smooth stratification of X is a finite collection { X, |a € P}
of subsets of R?, such that the following three conditions are satisfied.

e Each X, is a smooth submanifold of R?, called a pure stratum of X.
o X =U,cp Xq (disjoint).

o If X,N X, then X, C X,; we say that X, is a face of X} if X, C X,, written X, < X,. So P becomes
a poset, called the poset of strata.

The space X together with a stratification {X, | a € P} is called a stratified space.

Given a nonzero vector v € R?; let L = Rv be the subspace spanned by v and V = L* the orthogonal
complement of L. Let ¢ : R? — L be the orthogonal projection. A nonempty closed subset X of R¢ is said
to be cylindric along v if L can be divided into

set function ¢ : L — V

Given a nonzero vector v € R?; we say that X is

e locally finite at a point x along v if the intersection X N{z +tv : 0 < t < ¢} is either an empty
set, or a singlton, or an half-closed and half-open segment, when ¢ is small enough.

e finite with respect to v if for each point z € R, the intersection X N {x + tv : t € R} is a finite
union of singletons, or closed segments, or half-closed and half-open segments.

e finite along v if X N {z + tv:t € R} is a finite union of singletons, or closed segments, or half-closed
and half-open segments.

4 Group Arrangements

5 Grassmannian

Let Gr,(R"*) be the set of all n-dimensional vector subspaces of R"** and Gr,(R>) the set of all n-
dimensional vector subspaces of R*®. We shall make both Gr, (R"**) and Gr,(R>) into CW-complexes so
that Gr,, (R"**) is a subcomplex of Gr,,(R*).

Let B? denote the unit ball of R?, consisting of all vectors v with ||v|| = 1. The interior of B? is defined
to be the subset B¢ consisting of all vectors v with ||v|| < 1. For the special case p = 0, both B¢ and B
consist of the single zero vector.

Any space homeomorphic to B? is called a closed p-cell, and any space homeomorphic to B is called an
open p-cell. For instance RP is an open p-cell.

A CW complex is a Hausdorff space X, called the underlying space, together with a partition of X
into a collection {e,} of disjoint subsets, such that the following four conditions are satisfied.

CW1 Each e, is a topologically an open cell of dimension d(a) > 0, that is, there exists a
continuous map
¢o : BHY — X,
called the characteristic map for the cell e, such that ¢, (éd(a)) = e, and the restriction
Do Bd(@) _, €, 1s a homeomorphism.
CW2 Ife,Neég#0 then e, C ég; we say that e, is a face of eg if e, C €g. If {e,} contain only
finite number of cells, we say that X satisfying CW1 and CW2 is a finite CW complex.
CW3 Closure Finiteness. Each point of X is contained in a finite subcomplex.
CW4 Whitehead Topology. The space X is topologized as the direct limit of its finite sub-

complexes, that is, a subset of X is closed if and only if its intersection with each finite
subcomplex is closed in the finite subcomplex.
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