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A Simple Inequality
It follows from the definition of the definite integral that if £ and
|f| are both integrable over [a, b] then

/ab F(x) dx| < /ab|f(x)|dx,

and in particular if f attains its maximum M at some point inside
[a,b], then [” f(x) dx < M(b — a).
This follows easily from the |a+ b| < |a| + |b| for any a, b

/ab f(x) dx

n

|- *
Jim f(xp) Axg
k=1

n b
<AIiTOkz_:1|f(x,f)]Axk/a ()] d,

as required. Moreover, since |f(x)| < M for all x, so the last
inequality also follows.
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Fundamental theorem of calculus (Issac Newton)

Theorem 5.3 Suppose that f is continuous over [a, b| and that f
has a primitive (antiderivative) F(x) over [a, b], that is,
F'(x) = f(x) on [a, b]. Then

Example Find f23 x? dx by Newton's Fundamental theorem of
calculus.
Since F(x) = 3x3 is a primitive of f(x) = x?, so

3
1
2 3 3
dx=F(3) - F(2)=>33-223=""
/2x X (3) (2) 33 3 3
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Examples of Fundamental theorem of calculus

[ ]

! 21 1 1

/ode:0:2(12—02):2. (F(x) = x*/2)
°
3 1 3
/3x2—x+6dx:x3—x2+6x = 48.
) 2 .

°

(b* — a°) + g(;ﬁ - b%).
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A piecewise continuous function

Example Find the area under the following function over [0, 3]

X

—+1, ifo<x<2
f(x)=142 -

X, if 2 < x<3.

3 2 3
/ f(x)dxz/ f(x)dx—|—/ f(x) dx
0 0 2
2 X 3
= —+1) dx X dx
/0 (2+ ) d +/2 d
1 2 2 3
:/ xdx—i—/ 1dx+/ X dx
2 Jo 0 2

1,2 2 A
_ - 2‘
4X ‘0+X’0+X/ 2
=11/2.
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Figure of the piecewise continuous function
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An example with net area

Example Find the area under f(x) = x — 3 over [1, 6]. It is clear
that f is negative over [1, 3].

3 6
/x—3dx —l—/x—3dx
1 3

3 6
x2)2 - 3xu +(x%)2 - 3x)’3

Area =

=(9/2 -9) — (1/2 — 3)| + (9?/2 — 18) — (3?/2 - 9)
=|—-2|+9/2=13/2.

Whereas the net area after taking away the negative area,

6
/ (x —3)dx =5/2.
1
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An example with net area
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Second example with net area (a)

=Y

3
(3]
3

2
Net area = | 3 sinxdx = 0.
0
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Second example with net area (b)

It follows from Newton's second fundamental theorem of calculus
that

21 ) o
3sinx dx = —3cos x
0 0

= —3cos(2r) — (—3cos0) = —=3(1) + 3(1) = 0.
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Proof: Primitive as area function
Let

be the function which gives the area under f from a to x. Then

2 (Al +h) — A(e) ~ (<)

= ‘% (/:+h f(x) dx—/: f(x) dx) - f(C)\

1 c+h 1 c+h
= ’h/ f(x)dx—h/ f(c)dx‘

1 c+h 1 c+h
Sh/c ‘f(x)—f(c)‘dxgC§T£§+h(‘f(x)—f(c)‘)h/c 1dx
= 2= fel o

as x — ¢ since f is continuous at c.
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Completion of proof

What we have shown is that

LA+ h) — A(0) — A(c) = F(c), h—0,

And the above applies at all points in [a, b] (except at the end
points a and b which require some modifications). Hence the
function A(x) is a primitive of . Thus

A(x) = F(x)+ C  for some constant C.

Since 0 = A(a) = F(a) + C. So C = —F(a). But then at x = b,
b
mm+czmm:/fuwx

b
Hence / f(x)dx = F(b) — F(a) and this completes the proof.
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Area function figure 1

AQ) = f 1) d

A(x)
1 ] >
Ol a X t
constant (variable

Figure: (Publisher Figure 5.32)
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Area function figure 2

s ~
Independent variable
of the area function

/ \
Ax) = f (1) dr.

7\

Varlable of 1 mteclatlon
(dummy variable)

J

\
Figure: (Publisher Figure 5.32a)
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Area function figure 3

c d
Ald) = ffu)dz + J'fmm

. - .
A(b) = | floyde N Ale) = | f(n dt v L
fraa] Ho=frou ]
d
I 1 I
t a ¢ ' ‘ a ¢ 1
v =/ y=f y=f
Net area increases 'Net area decreases |

Values of the net
area appear on
the graph of the ¥ S
area function. (e, A(e)

fromx=atox=c¢ |forx>c¢

A

(d, A(d))
(b, A(b))

v =A)

(a, A(Ia))

a
Alw) = [jm dr=0

Figure: (Publisher Figure 5.33)
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Area function figure 4

X
VA AG) = j (2t + 3)di = x> + 3x — 10
2

f(tHy=2t+3

2x + 3
A(x)

2 X
|-<—xf2—>|

Figure: (Publisher Figure 5.37)

~Y

0
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Area function figure 5

Approximately
recmngulm'
when /i is small
Area = Lif(x)

A+ - (AW ]| =~ [mw

y=fn yv=fm

Alx + h)

A(x)

1 1 1 1 1 1
Ol a x x+h ot ()| a X x+h (Jl a

Figure: (Publisher Figure 5.39)
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Alx + h)
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Area function figure 6

x+h

Aa+n) - [Aw] = ff(r)dr

R y .
y=fn ! y=f

x+h

ff([) dt

1
0 X x+h 1 ()| a x x+h t

4 a 2
Figure: (Publisher Figure 5.48)
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Example on dummy variable (pp. 361-362)

We may use other variable such as t instead of x in definite
integration:

1/4 /5 1/4
/ vt 1dt:/ (t_1/2—1> dt
116 1 1/16 t

1/4

=212 — In\t|‘
1/16

()" il - 2(5) "

=—+4+In-==-—1In4
~ 0.5 —1.38263 = —0.8863
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Figure on dummy variable (Figure 5.43)

YA

_12__

—16¢4
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Example on Derivatives of integral (pp. 362-363)

Given f(x) on [a, b], we recall from the proof of the Fundamental
theorem of calculus that the area function defined by

serves as a primitive of f. That is, F/(x) = f(x).
So we have

(1)

i{(/x sin? tdt) = sin’ x.
1
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More example on Derivatives of integral (pp. 362-363)
(2)
/ V241 dt / \/1527 dt
=2 / Ve ld) = Ve gL

(3) We need to apply Chain rule to

d /< d /[ d
dx(/o costzdt>:du(/o costzdt)-d—:, where u = x°

= cos u? - (2x)

= 2x cos(x?)? = 2x cos x*.
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Exercises (p. 367)

L ([ ereia)
2 ([ %)

s ([ =)

L ()
EAVRGET)
o ([ #5)
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Even functions
We call a function even if

f(—x) = f(x), for all x

That is, we have

N
o vy =fx)
fE0 =1 (even function)
R R
I |
—a 0] a X

A0 a
J F(x)dx =2 f £ dx
0

—da

Figure: (Publisher Figure 5.50a)
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Odd functions

We call a function even if
f(—x) = —f(x), for all x

That is, we have

Y
v =f(x)
(odd function) J’}{x) dv = 0
—a
R
a
| L >
—a 0 *
R
f(=x)= —f(x)

Figure: (Publisher Figure 5.50b)
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Even and Odd examples

[
2 2 2
/(X4—3X3)dX:/ x4dx—3/ x3 dx
-2 -2 -2
2
4
:2/ X4dx—0:6—.
0 5
[ ]

[SIE]

2
cos x — 4sin3 x dx :/

s —
2

i

cosxdx—4/2 sin3 x dx

s
2

ol

™

/

:2/2 cosxdx —0 = 2sinx /
0 0

=2(1-0)=2.

2
° / ax® + bx3 dx
2
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Average values
Let us partition [a, b| into equally space points {xg, x1, -+, Xn}
such that any two consecutive points is are Ax = (b — a)/n apart.
Let f(x) be defined on [a, b]. As in the case of a Riemann sum,
we choose in each interval [x,_1, x| an arbitrary point x;. We
consider the average

FOx) +F(5) + -+ F(5)

n
f(x7)+f(x3)+ -+ f(xp 1 <
- (1)+([E—2)3;—/AX+ (n):b—a;f(xj*)AX
— ! /bf(t)dt n— oo.
b—a/, '
We call the

_ 1 b
f = f(t)dt
b_a/a (1)

the average value of the function f over the interval [a, b].
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Average values figure

The average f corresponds to deforming the area under the f into
a rectangle with the same area:

Vi

v =/

Height of /.
rectangle = f 4 — Area of 1}ectangle fh [
=f-(b—a)=|flx)dx
/ - }
v

0 a b

o ]

Figure: (Publisher Figure 5.51)
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Average values example

A hiking trail has elevation given by
f(x) = 60x> — 650x> 4 1200x + 4500

measured in feet above sea level, where x represents horizontal
distance along the trail in miles, in the range 0 < x < 5. Find the
average elevation of this trail.

According to earlier discussion, the average is given by

1 5
f= : / 60x3 — 650x° + 1200x + 4500 dx
0

:é(@ 4 650 3 1200 ,

1
4500)’ — 3058 + .
2 X 3 + +

3
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Elevation (ft)

YA

T

6000 H

5000 =

Average values example figure

Elevation of a hiking trail
over 5 horizontal mi

Average elevation

4000 Fm e e e N e
3000 1+
2000
1000+
1 1 1 1 1 -
T T 1 1 1 "
0 1 2 3 4 5 X

Horizontal distance (mi)
Figure: (Publisher Figure 5.52)
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Mean value theorem for integrals

YA

Heightof
rectangle = f

e

flo)=f 1

I
I
I
I
I
| >
C

Figure: (Publisher Figure 5.53)
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Basic observation
1. /(2X + 1)(x* 4+ x 4 1)? dx
Notice that

%(X2 +x+1)°2 =303+ x+1)(2x + 1).

So
1
/(2x +1)(x* +x +1)%dx = §(x2 +x+1)3+C.
5 2x+1
. \/X2+X—|—
We have again
d 1 2x+1
— Vx4 x+1=(PHx+1) V2 (2x+1) = ————
dx 2( ) ) 2vVx2+x+1
Hence

2x+1
————————dx=2Vx2+x+1+C.
Vx2+x+1
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Chain Rule revisited

The above examples become much more difficult to ”
when compared to the previous example. We shall develop a

general method by making " substitution”.

Suppose u = u(x), and y = f(u(x)). Then the chain rule implies

that J i d
u
—f )
(u(x)) = .~

Thus Jf d
u
——dx="f = f(u).
[ G5 ok = 1) = (@)
On the other hand, we get directly

/du—f

By comparing the above two equations, we deduce

df du
= dx = f(u a
/dudxd / du.

Notice the cancellation of the dx in the expression.above.
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1. /xex2 dx.

Let u = u(x) = x2, then % = 2x. It follows that
Ix

1 1 d
/xeX2 dx = / §2xex2 dx = / Ee” d—i dx

1 1 1
:2/e“du:2e”+C:2eX2+C.

Substitution examples (a)

2. /(4x +3)10 dx
Put v = 4x + 3. Then du = 4dx. Hence

du 11
4 10 10 11
/(X—|—3) dx—/u 2 a1V +C

1
= 3+ C.
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Substitution examples (b)

1. /(2X —5)(x* — 5x)° dx.
Put u = x> — 5x. Then du = (2x — 5)dx. Thus

3 du

Jex=5)62—sxax = [(ax -5z

1 1
:/u3du:4u4+C:(X2—5x)4+C.

4
3t2 + 2t
2. - dt.
/t3+t2+1
Set u = t3+ t?> + 1. Thus du = (3t> + 2t)dt. So
/3t2+2t dt_/3t2+2t du
t34+2+1 u  3t242t

d
:/u:In|u|+C:|n|t3+t2+1|+C~
u
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Substitution examples (c)

1. /XZ\/X3 + 1 dx.

Set u = x3+ 1. Then du = 3x%dx. And thus

/ 2(/x3 + dx—/ 2,1/ == du

3x 2

L[ 12 552 3/2
—3/u du = 33 +C= 9(X + 1)/ + C.

2. /(Inx)2 dx.

Let u = 2x2. Then du = %dx. Thus we have

(Inx)d_ ujxdu: u?du
[ b [ ran= |

_ls A1 3
=3u +C—3(In]x\) + C.

x
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Substitution examples (d)

1 2—x
V2xZT—8x+1 8x+
Set u=2x?> —8x + 1. Then du = (4x — 8)dx. Hence
2 —x dx — 2—x du
V2x2—8x+1 ) u 4x-38
-1 1
i 2du——f2u2+C

1 77—
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Solved substitution examples (a)

1.
3, 2.2 qu=xC42 [ o 13 13 i3
(x> +2)°3x dx u du—3u —i—c—3(x +2)°+c.
2.
3 12,2, 1 3 1222 _ 1 [ 1p
(x> +2) xdxfg (x> 4+ 2)*/°3x dxfg u-'“du
1u3/2 3
_ - _ 23/2
33/2+c 9(x+) +c
3.
2
O =81 (423 dx u3du
(x3+2)3 3
3G )T gErmp te
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Solved substitution examples (b)

1.
X2 1 3 1 2 1 1
1 4 4
= 5 §U3/4 +c= §(X3 +2)3/4 +c.
2.
1 1
/3X\/1 — 22 dx”‘l2x2/3(—4)(1 — 2x?)2(~4x) dx
_ 3 [ 1 IR PPN N
= u'du+c=—-=(1-2x)""+c.
4 2
3.

== 2(1=-x)"+c= —g(l —x2)*3 4 ¢
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Solved substitution examples (c)

1.
/mdx—/ —2x2)1/2 dx
1 1/2 1 213/2
=-1 (1—2x?) (74X)dX:76(172X) +c.
2.
2 2
X X
B /(X_% +2x2 +X3/2)dx = 2x7 + 3X3/2 + 5X5/2 +c.
3.
x2 + 2x 1 1
7d — 1—7 d = —_— /
/(x+1) T /( T el
X2 2
= +14+c = +c

x+1 x+1
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Solved substitution examples (d)

1.
x4+ 3 1 . 1 B
| aegmd=; [0 o0 iex g d=3 [uta
132/3 3., 2/3
T 22 +C—4(X +6x)7° + c.
2.
dX du 1 1
/2X—3_2 — = pnlul+c=7In2x =3[ +c
3.
4 X 14
/ex(ex+1)3dx:/u3du:u+cz(e+) +ec.
4 4
4.

dx e ™ —e %
/ 1 / Trex ™= _/ T3 e & = xIn(l+eT)+c
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Definite Integrations via Substitution

4
dx
Example Evaluate —_—.
P /0 14+
Put u = \/x. Then u?> = x and % = 2u. We consider the
indefinite integral first. So

/ dx 2udu_2/(u+1)—1du
I+vx ) 1+u 1+u

:2/(1—1iu> du =2 (u—In(1 + u))

—2(vVx—In (14 V&)).

[ s=2vm-mas VR,

= 2(Va—in (14 v4) - (Vo In(1 + VD))
=2(2—1n3).
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Definite Integrations via Substitution (b)

On the other hand, u = /4 =2 when x =2 and u=+v/0=0
when x = 0. Hence

4 2
dx 2u du 5
= =2[u—In(1+ =2(2—1In3).
/0 1+\/)? 0 1+U [u n( U)]O ( : )

1/3

y y
7 - 4730
172 :
u=x !
% :
Same Area
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Definite Integrations via Substitution (c)

Formula for integration by substitution with limits

[ sen @ o= [ swan

THEOREM 5.7  Substitution Rule for Definite Integrals
Letu = g(x), where g’ is continuous on [a, &], and let f be continuous on the
range of g. Then

b -g(b)
Fg(x))g’ (x) dx = / ) du
a gla)
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Definite Integrations via Substitution examples (p. 381)

/2 1 5.1 1
/ sin* x cosxdx—/ u4du:u—‘ = —.
0 0 5

4 17
1 1
/2dez/ —du
0o X +1 2 1 u
1 1
:§|n|u|‘17

1
= E(In 17 —In1).
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Definite Integrations via Substitution examples (p. 382)

L 2 5 U215
/ 2(2x+1)dx:/ udu:—‘.
0 1 21

vy=22x+ 1)
Area of R
2 v
= J 2(2x + Ddx Y=
I T ’
T . Area of R’
T .5
4 = J i i

R’ 1

1o ==
ER
e
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