Math150-L2 Final Exam Answers, Spring 06

Part I: MC Questions

Version A

Question 1 2 3 4 5 6 7 8 9 Total

Answer d b d c e a e b d

Version B

Question 1 2 3 4 5 6 7 8 9 Total

Answer c e c a b d b e c

Answers of Version A MC Questions

1. Suppose that the population p(t) of certain field mice after ¢ years from now is described by the

initial value problem
d
d—f —0.5p— 500,  p(0) = 800 .

Find the time when the population just become extinct; i.e., the time 7' (in years) when p(T") = 0.

(a) 1.2476 (b) 1.8637 (c) 2.7645 (d) 3.2189 (¢) 4.2537
1
Answer: (d). /% = /idt — p(t) = 1000 + Ce’2. p(0) = 800 implies C' = —200, and
D—

hence p(t) = 1000 — 200e'/2.
p(t) =0 <=t = 2In5 = 3.2189

2. For which of the following functions M (x,y) is the equation

d
M(z,y) + (z° + 8y — 32) L =0
dx
an exact equation?

(a) 2(y?>+1) (b) 3y(z? —1) (c) 2*—2y? (d) =°+y (e) zy

Answer: (b).



3. By the method of undetermined coeflicients, there is a particular solution of the equation
which has the form u = p(t)e®, where p(t) is a polynomial. The degree of p(t) is:

(a) 1 (b) 2 (c) 3 (d) 4 (e) 5

Answer : (d). 5 is a single root of the characteristic equation 72 — 4r — 5 = (r — 5)(r + 1) = 0.
Hence the degree of p(t) is 4. Or by directly putting u = p(t)e® into the equation to see the degree
of p(t):

(p//GSt + 1Op/65t + 25p€5t) _ 4(p,65t + 5p€5t) _ 5p65t — (1 + 2t2 _ t3)65t

p”—ﬁp/:1+2t2—t3

4. A periodic external force F'(t) = 9cos(wt) is applied to a undamped spring-mass system so that the
equation of motion of the mass is
2y" + 6y = 9cos(wt) .

Which of the following values of w will cause an unbounded oscillation (resonance) of the mass?

(a) % (b) 3 (c) V3 (d) 2 (e) none of the above

Answer: (c). The natural frequency is \/g =/3.

5. Which of the following differential equations has e~2* cos v/3t and e~ sin /3t as a pair of funda-
mental solutions?

(a) ¥ +2y+3y=0 (b) ¥" =2y +3y=0 () ¥"+2y —=3y=0
d) ¥"+4y -Ty=0 () ¥'+4y +7y=0

Answer: (e). —2 ++/31 are the roots of the characteristic equation 72 + 4r + 7 = 0.

6. The Wronskian W (y1,y2)(t) of a pair of fundamental solutions y1(t), y2(t) of the equation
t2y" =3y + (1 +t})y =0
has value W (y1,y2)(3) = 3 at t = 3. Find the value W (y1,y2)(6).

(a) 3ve (b) V3e (c) 3e (d) 3e? (e) 6e

3 _
Answer: (a). y” — t%y’ + ijy — 0. Thus W = Cel 2% = 03",

3=WB)=Ce = C=3e
W(6) =3e-e /6 =3e!/2 .



7. Find the Laplace transform of the piecewise defined function

t, 0<t<3,
f(t) =
2%—3, t>3

Answer: (e). f(t) =t+ us(t)(t — 3), and hence

LU0 = L4t + £ L)t =) = 5+

8. Find the Laplace transform Y (s) = £{y(t)} of the solution of the following initial value problem:

2" — 4y + 5y = e cos2t, y(0)=-1, 3/ (0)=2.

—25+2 s+3
&) ) = 5 T e - B4 5 (E 1 65 + 13)
(b) Y(s) = 232_384—;j_ 5t (252 — 4s —1—85;332 + 65 + 13)
(c) Y(s)= 282_3541;1 5 27 —ds + 5)2(52 +6s +13)
M)Y@%=%2:i+5+(%2_@+;;i+6&+m)

(e) Y(s) —254+3 2
e) Y(s)= +
252 —4s+5 (252 —4s+5)(s? + 6s + 13)

Answer: (b). Taking the Laplace transform of the equation,

s+3
2(s*Y (s) — s(—1) = 2) —4(sY (s) — (1)) + 5Y (s) = (5+3)2+4
s+3
(25 — 45+ 5)Y(s) = —25 + 8 + 216513
—25+8 5+3

Y(s) =

252 —4s+5 * (252 — 4s + 5)(s% 4 65 + 13)



9. Which of the following convolution integral is a solution of the initial value problem

d2y ’
W"‘Zly:?)uﬂ(t)f(t_ﬂ-) ) y(O) =0, y(O) =0

where u,(t) is a unit step function.
(a) y(t) = /O t sin2r (i~ 7)dr
(b) y(t) = /O t > cosa(t — 1) (r)dr
(¢) y(t) = /Ot 28(t — 7+ m) sin2(t — 7)f(7)dr
£3

(d) y(t) = /0 §uﬂ(t —7)sin2(t — 7) f(r)dr

(e) y(t) :/0 guﬂ(t) sin 2t f(t — 7)dr

Answer: (d). Taking the Laplace transform of the equation,

(2 + ¥ (5) = 3 L)} = V(s) = S L{f(0)} = £ {;uw(t) sin 2(t — w)}ﬁ{f(t)}

Y(s) = £ {guﬂ(t) sin 2t + f(t)} ) {/Ot ;uw(t ) sin2(t — T)f(f)df}

Part II: Short Questions.

10. [8 pts] The homogeneous equation (1—t)y” +ty’ —y = 0 has two solutions y; (t) = t and y,(t) = €’.

(a) Find the Wronskian of y; and ys.

Solution:

Y1 Y2 t e t ot ¢
s t = = = te — e = t —_ 1 e
W (yl y2)( ) yi yé ‘ ‘ 1 e ( )
Answer: The Wronskian is W (yy,y2)(t) = (¢t — 1)e! [2 pts|

(b) Find a particular solution of the nonhomoegeneous equation
L=ty +ty —y=2(t—1)%"

which has the form y(t) = tu(t) + etv(t) for some functions u(t) and v(t). (You may leave you
answers in terms of some integrals.)

t 1
Solution: The equation in standard form: 7" + ﬁy’ T Y= —2(t — 1)2e.
B W) (t—1)et B

( u(t) = —2te™ " + Oy >



—1)2et
v(t) :/%dt = —/%dt = —Q/t(t— e 2at

< v(t) = t2e 2 + Oy )

Answer: y(t) = Qt/(t —1)e tdt — 2¢* /t(t —De 2dt (= —t%) [6 pts|

11. [8 pts] Find the solution of the boundary value problem: y” +y =2z, y(0) =2, y(g) =1.

Solution: The general solution of the homogeneous equation 3" +y = 0 is Cj cos z + Cy sin .
An obvious particular solution of the nonhomogeneous equation y”+y = 2x is y, = 2z. The general
solution of the nonhomogeneous equation is thus

y=Cicosz + Cosinzx + 2x

Putting in the boundary values:

2 =y(0) = Cycos 0+ Cysin 0+ 2(0), 1= y(g) =0 Cosg +Cy Sing + 2(%)

we have C7 =2, Cy =1 — 7.

Answer: The solution is y(x) = 2cosx + (1 — 7)sinz + 2x

12. [8 pts] After extending the function defined by f(x) = 3, for —2 < x < 2, to a function of period
4 on the whole real line, the resulting periodic function has a Fourier series expansion, containing
only sine terms.

(a) Find this Fourier series. (Hint: use an appropriate integration formula in the formula sheet.)

o
. . . . nmx
Solution: The Fourier series is: E b, sin 5 where

n=1

1 /2 2
b, = = / 22 sin @dx or / 22 sin @dx
2 J 2 0 2

2 2 \2 2 \3 2 \4 2
L B eos I 4 (—) (3x2)sin@ + (—) (6x) cos Ny (—) (6) sin 2L
nmw 2 nmw 2 nmw _9

16 96 16 6
= (——+ >Cosn71':(—1)"+1—<1— 5 2)

nmt  n3w3 nmw n2m

o
16 6
Answer: The Fourier series is: g (-1)"H—=(1 - ——)sin oy [6 pts|
v nm n’m

(b) At z = 2, the Fourier series converges to the value _0_. [2 pts|



13. [10 pts] The heat equation problem

P _on
ox? Ot
u(0,t) = u(2m,t) =0, wu(x,0) =3z, (0<z<2m)

can be solved by considering u(x,t) = X (z)T(t) as a product.

(a)

u  Ou
Show that the function e~ sin Az satisfies the heat equation Eroiaien for any constant .
x

Solution: By computing the partial derivatives,

8(€7>‘2t sin )\x)
ox

2
= Xe Mtcos\z

0?2 (e*)‘% sin )\x)
0x2

N2 .
= X Mgin\x

we have

8(€7>‘2t sin)\x) 9 22 . 32(6*)‘2tsin)\x)
- —\%e sin \x = 52
[2 pts|

2, . ...
Ant sin A,z satisfies the condition

Show that there is a positive sequence A, so that u,(x,t) = e~
u(0,t) = u(2m,t) = 0.

Solution: wu(x,t) = e~ Nt sin Az obviously satisfies u(0,t) = 0. By the boundary value at
r = 27, we have et gin 2\ = 0. For postive A > 0,

Sin2Ar = 0 <= 2A\7m = nn
where n = 1,2,3,.... So the positive sequence A\, is 5, n=1,2,3,....

Answer: A, = 5§ ,wheren =1,2,3,.... [3 pts]

[o¢]
Using superposition of these basic solutions, i.e., E cpun(z,t), and the Fourier sine series of

n=1

u(z,0) = 3z, find the solution of the heat equation problem.

Solution: wu(z,t) = > 7, cpe 1/ sin &5 satisfies u(0,t) = 0 = w(27,t). To satisfy also
the boundary condition u(x,0) = 3z, just pick ¢, to be the corresponding coefficients of the
Fourier sine series of the function 3zx:

1 [ 1 [ 2 22 o
Cn =5 . 3x sin %dw =5 [—E(?)x) cos % + (E> (3) sin %]

—2m

12(_1)n+1

e = ————
n

o
12(—1)n+1
Answer: the solution is u(z,t) = Z 12(=)™ e "t/ sin % [5 pts|
n




Part III: Long Questions

14. [12 pts] A damped forced vibration of a mass is described by the following differential equation:

(a)

y" + 4y + 3y = 3sint.

Find the general solution of the equation.

Solution: 72+4r+3=(r+3)(r+1)=0<=r = —1, —3 . The general solution of the
corresponding homogeneous equation is Cre~t + Coe™3,
To find a particular solution of the form y, = Acost 4 Bsint, put y, into the equation:

(—Acost — Bsint) + 4(—Asint + Bcost) + 3(Acost + Bsint) = 3sint

(2A+4B)cost + (—4A +2B)sint = 3sint

—

A+2B=0 =-3
—4A+2B =3 B— 3

The general solution of the given equation is

3 3
Y= Cie bt + Cge_gt % cost + 0 sint

Answer: The general solution is y(t) = Cie™" + Cye ™3 — S cost + 2 sint (8 pts|

Explain why the motion of the mass is approximately a damped free vibration as t — +oc.
(2 pts]

Solution: Ast — +o00, e7! — 0 and e 3 — 0. Thus y(t) is approximately the periodic

vibration —% cost + 13—0 sint for large .

Find the amplitude of the damped free vibration which approximates the motion of the mass
for large t.
Solution: The amplitude of the periodic vibration —% cost + % sint is
3\2 3\2 3
2 2 = 25
(5) * (10) 10 V5

[2 pts|



15. [18 pts] A damped forced vibration of a mass is described by the initial value problem
Y +3y +2y=4e  y(0)=0, y'(0)=0.

(a) Solve the initial value problem by the method of Laplace transform. [7 pts|

Solution: Taking Laplace transforms,

4
s+5

Y (s) 4 A N B n C
S) = =
(s+1)(s+2)(s+5) s+1 s+2 s+5

(s 4+ 35 +2)V(s) =

where
4=A(s+2)(s+5)+B(s+1)(s+5)+C(s+1)(s+2)

Putting in s = —1, we have 4 = 44;ie., A= 1.
Putting in s = —2, we have 4 = —3B; i.e., B=—
Putting in s = —5, we have 4 = 12C'; i.e., C = %

Ol

1 4 1 1 1 4 1
Y = —_ — _ :L —1 __E —2t _L —b5t
)= 3173572 73575 e} g™+ 3447}
4 1
yt) =e ' — gefzt + 367515

(b) Suppose the external force function 4e~' is cut off at ¢+ = 3, and an impluse force is applied
to the mass at t = 6, so that the equation of motion is given by

Y+ 3y + 2y = 4e™5 — duz(t)e P + 26(t — 6), y(0)=0, ¥'(0)=0.

(i) Find the solution of the new initial value problem. [8 pts]

Solution:
Y+ 3y + 2y = 47 — deBuz(£)e ™) 4 26(¢ — 6)

4 46—156—35
1 2 Y = — 2 —6s
s+ Vs +DV(s) = g = =g T2
Y(s) - (1 - 67156738) 4 + 26705 . ;
(s+1)(s+2(s+5) 5+ 1)(s+2)
Y =(1-— —15,—3s — . Z. 2765 .
=l )[SH 3°5+2 3 s+5] M P R
4 1
Y(s)=(1—e )L {e_t —ge ge_St} 20 L {e —e ]
4 1 A .
y(t) =e™" — 56_% + ge_St — e Bug(t) [e—(t—?)) — ge—Q(t—?») n 56—5@—3)}

+2ug(t) [e_(t_6) - e_Q(t_G)]

(ii) Are there jumps in the velocity of the mass at the time ¢ = 3 and t = 6 7 If yes, write
down the sudden change in velocity respectively. (3 pts]

Solution: No velocity jump at ¢ = 3; but a jump of ¥/ (6+) —¢'(6—) = 2 at ¢ = 6 caused
by the impluse force.



