Math150 Introduction to Differential Equations

Prerequisite: Work on Your Integration/Differentiation Skills!!!

Indefinite Integrals (or Antiderivatives)

e Definition

/f(x)dx =F(z) + C &2 F'(2) = f(x)<=y = F(x) + C solves j—i = f(x)

integrating = anti-differentiating (reversing differentiation) = solving certain differential equation

e Basic Techniques in Finding Indefinite Integrals

1. Directly from formulas

2. Substitution: /f(u(x))u’(x)dz = /f(u)du (Let uw = u(x), hence du = ' (z)dx)

3. Integration by parts: /udv =uv — /vdu (From Product Rule: [uv]’ = wv’ + vu’)

4. Partial Fractions: If f(z) = pEw; is a rational function, try writing it as a combination of a poly-
q(x
nomial (by division algorithm, if degp(x) > degq(x)) and other simple fractions like (L
% For examples
(az? + bx + )k’ HATPIes,
z+3 2 " 1
(r—1(x+2) -1 =x+2
2?2 —4x+ 7 2 1 . 1
(z—1)(xz-22 z-1 2-2 (z—2)2
x+3 2 7 2¢ + 1
(x—1)(22+1) -1 22+1
Basic techniques involved: solving systems of linear equations; e.g.,
Tz+3 A Bx +C
= A(z? +1 B -1)=
G-+ D) o T e (*+ 1)+ Bx+C)z—-1)=z+3
A+B=0 A=
= -B+C=1 —< B=
A-C=3 C=

Sometimes one can find some of these coefficients by putting in some suitable values of z; e.g., by
putting in = 1, A can be found easily from A(12 +1)+ (B+C)(1—-1) =1+ 3.

e Some Often Seen Substitutions
a? —x2 «— x=acost or x=asint
. d
va2+zx?2 «—— z=atant or z =asinht lef %(et — e_t)

def _
2 —a?2 «—— x=asect or x:acosht:%(etJre t)



e Derivative-Integral Formulas

Basic Formulas Chain Rule Version

d(constant) 0

dz B

daP _ if p#£—1 / 1 dlf(z)]P

22— ppPl p Py — p+1 4 o -1

i e = W sy

dlnzx 1 1 dln f(z) f’(x)

de® f(z)

% = ¢ — /exda: =e"4+C ded = f'(x)ef@

x
dsi dsi
Sdl;lx = Cosx — /Cosxdac =sinz + C blzbj(m) 1/ () cos f(z)
d cos )
dcdos:v:_s,mx — /Sinxdm:—cosw—i-C daf( )——f( )sin f(x)
x
dtan f(x)
dt;;:U =sec’z — /5602 xdr =tanx + C —dr () sec? f(x)
e Some Basic Reduction Formulas from Integration by Parts
1 1 1
/p(a?)e‘“”dx = - /p(m)de” = —p(z)e*® — = /p’(x)eaxdx
a a a
1 1
/p(a:)sin(cwc)dac =—— /p(sc)d cosax = ——p(x) cos(ax) / ) cos(ax)dx
a a

/ p(z) cos(az)dz = é / p(x)dsinaz — %p(m) sin(az) — / /(@) sin(az)dz

e.g. try working out the reduction formulas for :

/sin” axdzx, /cos” axdz, /tan” axdz, /sec” axdr

1 1
e Others /tan axdr = —In|secaz| + C, /sec axdr = —In|secax + tanax| + C
a a

Most Often Seen Differentiation in Math150

d%:j = ke, d:l;’;”” = k%e** (k= any real or complex number)
w = u/(z)v(z) + u(z)v'(z), % =u"(x)v(z) + 2u/ (z)v'(x) + u(z)v” (x)

Fill in the following blanks:

L] -
d

e [p(w)e’” sin bx] =
d

e [p(m)e’” cos bx] =

Find also their 2nd order derivatives.



Review Exercise
Find the following indefinite integrals. You may check you answers by differentiating them and see if you
get the integrand (the function to be integrated) back!

dF(x)
dx

/f(x)dm:F(:c)+C’<:> = f(x)
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8. /efhdx =
9. /xe‘xzdx =

x
10. ——dx =
/ Va2 +1

11

1
. ——dx =
/ Va4 — 22

1
12. ——dx =
/ 3244
13. /xegwdaﬁ =
14. /$6*2Id$ =
15. /xQe%dx =

16. /xze_zmdx =
17. /xsin?zdaz

18. /:c2 cos 2xdxr =

19. /lnxdx =

20. /xln xdx =



