MATH4822E FOURIER ANALYSIS AND ITS APPLICATIONS

8. THE EIGENFUNCTION METHOD AND ITS APPLICATIONS TO PDES

8.1. Linear partial differential equations.

General description. Many mathematical physics problems lead to linear partial differential equations:

0%u ou 0%u
0%u ou ou

where P,R and @ are functions of x, and u = u(z,1).

Here is a list of partial differential equations researchers often encounter.

(I) Heat Flow in a Rod:

0 0?
8—1; = a28—l26, a = K/cp, (K = thermal conductivity, ¢ = heat capacity, p = density)
x
(IT) Vibration String

Pu  ,0%u

52 =9 52 a>="T/p (T is Tension, p is mass per unit length)
0%u 2 0%u  F(u,t)

- =a"— . Forced vibrati

52 = % 92 P (Forced vibration)

(IT) Vibration of Rectangular Membrane

o? 52 5?2
a—tg = ¢ (871:1; + a—yg) > =T/p (T = Tension, p = surface density).

(ITI) Vibration of Circular Membrane

Pu 0% 10u 1 0%
o =5zt 1ot om)

Pu 5% 10u 1 0%u F(r,6,t)
oz = (52 * vy * 2 ow) T,
0u Ou  10u
o= (52 + )

(Forced Vibration)

(independent of direction, that is, 6)
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Boundary and initial value conditions. However, the solutions of these partial differential equations
are subjected to boundary conditions :

aula, t)—i—ﬂau(;;’t):(]
ou(b, t)
or 0,

(8.3)
yu(b, t) + 6

fort >0, a <z <b, where o, 5, v and § are constants, and initial condition:

(8.4) u(z,0) = f(z),
(8.5) Zﬁam:am

for a < x < b where f(z) and g(x) are given continuous functions.

We note that the above boundary and initial conditions can be interpreted as:

. . Ou
ail_r)r(llu(x,t) + B lim %(x,t) =0,

r—a

ou
li t)+0lim —(x,t) =0
T )+ 0 I (1) =0,

for t > 0, and

) . Ou
%g%u(m,t) = f(x), %gl(l) a(fl‘,t) = g(z),

for a < x <b. We also assume that («, 8) # (0, 0) and (v, §) # (0, 0).

8.2. Separation of variables method. The idea is to write
u=u(z,t) = ®(x)T(t)

where ®(x) and T'(t) are functions of x and ¢ only respectively. We further assume this u(z, t) satisfies
the boundary conditions wrote down above. We substitute u into

Pua}x+Rux+Qu:utt

and this gives
P®'T+RIT+QPT = oT",

or, after dividing both sides by u =& - T

P®" 4+ R +Q® T"
o T

We observe that the left-side of the above equation is a function of = only, and the right-side is a
function of ¢t only. We deduce both sides must be equal to the same constant —\, say. Thus we obtain
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(8.6) P + R +QP+ 1P =0,
and
(8.7) T" + AT = 0.

It can easily be verified that the above boundary conditions for & becomes

®(a) + 5P (a)
Y ®(b) + 6 ' (b) =

0
(8.8) .

The second order ODE and the boundary condition (8.8) is called a Sturm-Liouville boundary
value problem.

For this first equation in ® above, we will indicate that the Strum-Liouville problem has an infinite
set of solutions ® and their corresponding positive A, that is,

b =P, (x), A= An, n=0,1,2,...
and A, — 400 (see later). In the second equation in 7', then
T =T,(t) = Ay, cos(v/ Ant) + By sin(v/ )t

n=0,1,2,.... Since the PDE is linear, The superposition principle gives

(8.9) u(z,t) = Zuk(x,t) = ZTk(t)ék(a;)
k=0 k=0

if the series converges and we can differentiate term-by-term twice. We note that the {®,} are in
fact orthogonal called the eigenfunctions and {\,} are called the eigenvalues corresponding to the
eigenfunctions.

Substitute the infinite sum of u from (8.36)) into the PDEs and after rearranging yields

2 2
P@+R@+Qu—@
Ox

0x2
=Py G R G ey w S

> d%u,, oug (9 U,
kZ:O(P gz gy TRuw T 5 )=o.

The u in infinite sum (8.36]) should satisfy the initial condition (8.4]):

f(z) =u(z, 0) ZTk
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and

o) = 5.0 = Y TL(0) @
k=0

Thus the problem becomes to expand f and g by the orthogonal family of eigenfunctions {®,, }:

=3 Cup(a),  glz) = > anli(t)
k=0 k=0

and requiring T3 (0) = Cf, T;(0) = ¢ for k =0,1,2,... If A > 0, then we could also work out the Ay,
and By, for Ty(t):

Ay =Cy, Bp= k=0,1,2, ...

§\§
ol

8.3. An example of vibrating string.

Example. Equation of Vibrating String
We consider a homogeneous string, stretched, and fastened at both ends (z = 0 and = = [). If
the string is displaced by a small displacement and then released, then it will start to vibrate. Let

u(z,t) be the vertical displacement at the distance x and time . We analyze the forces acting on a
portion AB of the string: Then the difference of the tensions in the vertical direction is approximately

FiGure 1.

measured by:

os(<b+ Ag)  cos¢
+ Az, t) au(x t))

T (Sin(¢+A¢) —sinqb) ~T- ( sin(¢ + A¢) Sin¢>

:T~<tan(¢+A¢)—tand>> T(
d%u -

=T -+ (x+0Az,t)-Az, 0

922 0 < 1.

Now the Newton’s second law of motion (F' = ma) gives

0%u o ) _
p Az 2 - T- 922 Az, p is mass per unit length
—— z
mass density . —
acceleration force

Dividing both sides by Az gives
Pu _ 282 2 _
o2 ox?’

N !

which is the equation for free vibration of the string. Since both ends of the string are fixed, so the
boundary and initial conditions are given, respectively, by
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u(0,t) =0 =u(l, 1), t>0

and u(e,0) = (@), ou(2,0) = gla)

where f and g are continuous functions and vanish for x = 0, . We now apply the method of Sturm-
Liouville to

to get
O(x)T"(t) = a®d" (x)T(t).

That is,

@/I T/I

% e ™
Thus,

" + \d =0,
T" + a?\T = 0,

subject to u(0,t) = ®(0)T(t) = 0= ®()T(t) = u(l,t) for all £ > 0, that is, subject to ®(0) =0 = ().
We will assume ) is positive, so we write A\? instead:

" + N2 =0, T" + a?\°T = 0.
The general solution of the first equation is
O (z) = ¢1 cos A\x + o sin Ax.
But the boundary condition gives
®(0) =0=rc1c080+ cosin0 = ¢q,

that is, ¢; = 0, and so
0=®(l) = casin AL

k k
But ¢o # 0,80 A\ = 777 But the above analysis works for all A\, k= 0, 1, 2, ..., we obtain A\ = WT,

k=0,1,2, ... and
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Thus, the second differential equation gives
Ty (t) = Ak cos(argt) + By sin(aAgt), k=0,1,2,...

Hence

u(z,t) = iuk(:r,t)
k=0
N Ay, cos (lekt) + By sin (mrlkt)] sin (Wlﬁ)

We now apply the initial condition to u(z, t). So we require

k=0

) = ute,0) = - Agsin (H0)
k=0
and g(z) = ?:(x,O) = i Bk (C”l;k) sin (Wlﬁ)
k=0

kx
are just the Fourier series of f and g with respect to {sin WT} Thus

) l
Ay = / f(x) sinle dx,
A l
9

k
By, = pr g(z) sin¥ dz.
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8.4. Remarks on separation of variables. The Helmholtz equation named after the German physi-
cist Hermann von Helmholtz refers to second order (elliptic) partial differential equations of the form:

(8.10) (A2 + kD =0,

where k is a constant. If k& = 0, then it reduces to the Laplace equations. In this discussion, we shall
restrict ourselves in the Euclidean space R?. One of the most powerful theories developed in solving
linear PDEs is the the method of separation of variables. For example, the wave equation

1 02
(8.11) <A2 - ?@)\p(r, t) =0,

can be solved by assuming ¥(r, t) = ®(r) - T'(t) where T(t) = ¢*!. This yields

w2

(8.12) <A2 - —)(I)(r) —0,

c2

which is a Helmholtz equation. The questions now is under what 3—dimensional coordinate system
(u1, u2, ug) do we have a solution that is in the separation of variables form

(813) <I>(I‘) = <I>1(u1) . <I)2(u2) : (I)g(u;:,) ?

Fisenhart, L. P. (”Separable Systems of Stiackel.” Ann. Math. 35, 284-305, 1934) determines via a
certain Stackel determinant is fulfilled (see e.g. Morse, P. M. and Feshbach, H. “Methods of Theoretical
Physics, Part I”. New York: McGraw-Hill, pp. 125-126, 271, and 509-510, 1953).

Theorem 8.1 (Eisenhart (1934)). There are a total of eleven curvilinear coordinate systems in which
the Helmholtz equation separates.

Each of the curvilinear coordinate is characterized by quadrics. That is, surfaces defined by
(8.14) Az + By? + C22 + Day+ Exz+ Fyz +Ge + Hy + 1z 4+ J = 0.

One can visit http://en.wikipedia.org/wiki/Quadric for some of the quadric surfaces. Curvilinear
coordinate systems are formed by putting relevant orthogonal quadric surfaces. Wikipedia contains
quite a few of these pictures. We list the eleven coordinate systems here:
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Co-ordinate Systems

Name of system

Transformation formulae

Degenerate Surfaces

(1) Cartesian r=x, y=y, 2z2=2
o x=pcos¢p, y=psing, z==z
(2) Cylindrical »>0, Ch<b<n

x = rsin @ cos ¢, y = rsinfsin @,

(3) Spherical polar  z = rcosf
r>0, 0<60<7wm, —7nm<op<nm
Parabolic z=u’ =o' y=2uw,
(4) evlinder 2=z Half-plane
y u >0, —00 < v < 400

x = fcosh&cosn,y= fsinh&siny,

Infinite strip;

(5) CEIEES; 2=z Plane with
Y E>0, —oc0o<n < +00 straight aperture
. T = 2uvcos ¢, 2uvsin o,
(6) R;;jg;olgi dal z=u?—v? Half-line
p u, v >0, —T<o< T
v=1t s.mh S eos %, Finite line ;
(7) Prolate y = £sinh u sin v sin ¢, serment
spheroidal z = £ coshu cos v, Tg half-lines
u>0,0<v<m —T<p<T WO aines
x = ¢ coshusinv cos ¢, . .
(8) Oblate y = £ cosh usinvsin ¢, gi;iilzgifﬁate (disc);
spheroidal z = {sinhu cosv,

u>0,0<v<7m, <<

circular aperture

(9) Paraboloidal

T = %K(cosh 2a + 2 cos 23 — cosh 27,
y = 20 cosh a cos B sinh 7,

z = 2¢ sinh a:sin 8 cosh 7,

a,v>0, - m< <

Parabolic plate;
Plane with
parabolic aperture

(10) Elliptic conal

x = krsnasnf;

y = (ik/k")renacng,

z = (1/K)rdnadng;

r>0, —2K<a<?2K,
B=K+iu, 0<u<2K’

Plane sector;
Including quarter
plane

(11) Ellipsoidal

x = k%*(snasnfsnry,

y = (—K?{/K') ecnacenf eny,

z = (il/K")dnadn Beny;

a, B asin (10), y=iK'+w,0<w < K

Elliptic plate;
Plane with
elliptic aperture
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Laplace & Helmholtz

Coordinate system

Laplace Equation

Helmholtz equation

(1) Cartesian

(Trivial)

(Trivial)

(2) Cylinderical

(Trivial)

Bessel

(3) Spherical polar

Associated Legender

Associated Legender

(4) Parabolic cylinder (Trivial) Weber
(5) Elliptic cylinder (Trivial) Mathieu
(6) Rotation-paraboloidal Bessel Confluent hypergeometric

(7) Prolate spheroidal

Associated Legender

Spheroidal wave

(8) Prolate spheroidal

Associated Legender

Spheroidal wave

(9) Paraboloidal Mathieu Whittaker-Hill
(10) Elliptic conal Lame Spherical Bessel, Lame
(11) Ellipsoidal Lame Ellipsoidal
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(1) Associated Legendre:

(2) Bessel:
2%+x%+(x2—n2)y20
(3) Spherical Bessel:
2312+2 d—y+(:p2—n(n+1))y:0

(4) Weber:

(5) Confluent hypergeometric:

d*y dy

w@—k(’y—x)%—ayzo
(6) Mathieu:
%y
2T (A —2gcos2x)y =0
T

(7) Spheroidal wave:

d%y dy W
(1-at)0 xder{ a2 7 (1-=z )}y 0

(8) Lame:

d?y

T+ (h=n(n+ Di%sn’z)y =0
(9) Whittaker-Hill:

d?y

o + (a+bcos2z + ccosdx)y =0

(10) Ellipsoidal wave:

d2
d—;; + (a + bk? sn’z + qk4sn4x)y =0

The sn z is called the Jacobian sine elliptic function.
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8.5. Sturm-Liouville Boundary Value Problems. We assume that the function P in (8.1 does
not vanish. As a result, we can rewrite the equation (8.1)) into a self-adjoint form:

Lemma 8.2. The equation
(8.15) P®" + R + QP = —\®
can be written in the form

(p®") + q® = —A\rd,

where p, q and r are continuous functions of x on [a, b], p is positive and has a continuous derivative,
and r is positive.

Proof. Multiply the equation (8.15)) on both sides by r. Then we require:
rP®" +rR® +1rQd = —\r®,
p®” + p'® + q® = —\rd

to be the same. So it is sufficient that we require

p =7rR and p=rP,

/
R
that is, if % =5 and r= %,
1
or equivalently p= el ¥ and r=—el®
which is well-defined since P is positive, and the conclusion for p, ¢ and r thus follow. U
Lemma 8.3. Let
d ¢ d®
8.16 L@) = —(p°") +a@.
(8.16) @)= () +a
Then for any two twice differentiable functions ® and ¥, we have
d / /
(8.17) OL(V) —UL(P) = d—(p(CI)\II - \I/))
x
Proof. Direct verification. O

Lemma 8.4. If ® and ¥ satisfy the boundary condition
a®(a) + B9’ (a) = 0,

8.18

( ) ~®(b) + (5<I>’(b) =0

then

(8.19) OV — 'T =0=9oV — d'U IR

r=a r=b
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Proof. The equations

i

a®(a) + 4’ (a)
a¥(a) + BY'(a) =

have non-trivial solutions for a and S if and only if

0
0

Similar argument gives the condition at x = b. g

Lemma 8.5. Let L be the Sturm-Loiuville operator given in and

L(®) = —-\rd,
L(V) = —-A\r¥

and both ® and ¥ satisfy the same boundary condition in at x =a and b. Then ® and ¥ are
orthogonal on [a, b] with respect to the function r (called the orthogonal weight function).

Proof. Since
VL) —PL(V)=(n—A)rPU.

But (8.17)) gives

d

T (@Y~ $V) = VL(®) - @ L(Y)
x
=(pu—-Nrowv.

The (8.19) now gives

z=b b

0=p(®V — d'V) :(,u—)\)/ r® W dr.

r=a a

This proves that ® and ¥ are orthogonal with respect to the weight function r over [a, b]. O

Lemma 8.6. Let L be the Sturm-Loiuville operator given in and

L(®)=—-Ard.

Then A must be real.
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Proof. For suppose A is complex with A = p 4+ iv, v #£ 0 and ® = ¢ + i». Then
(p(¢' + ")) +a(¢ +iv) = (u+iv) r (¢ + ).
Taking complex conjugate of this equation gives
(p(¢' = ")+ alé —iv) = —(u —iv)r (6 — ith).

which implies that ¢ — iv = ® is an eigenvector and A = p — iv is the corresponding eigenvalue. If we
now follow the argument used in Lemma then we obtain

b b
/r®®dx:/ﬁ%ﬁ+¢%dx>o

contradicting that ® and ® are orthogonal. O

Theorem 8.7. Ifr >0, ¢ <0 and if the boundary conditions imply that

b
(8.20) p®d | <o,

a

then all the eigenvalues of the boundary value problem for
(p®) +q®=-\r®

are non-negative.

Proof. We multiply both sides of

(p®') + q® = —A\rd.

by ® and integrate both sides of the resulted equation over (a, b) to get

2=b b ) b b
p@'@‘ —/ p® dw+/ q ®? dx:—)\/ r®? d.
r=a a a a

It follows from the hypothesis that A > 0. In addition, A = 0 only if ¢ = 0, ' = 0 over [a, b]. That is,
if ® is a constant eigenvector. O

Remark. The assumption (8.20f) includes
(1) ®(a) =0=2(b),
(2) @'(a) =0='(b),
(3) ®'(a) — h®(a) =0, ®'(b) + HP(b) = 0, where h and H are non-negative constants.
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8.6. Existence of eigenvalues.

Theorem 8.8. The Sturm-Liouville boundary value problem

(p®') + q® = —A\r®,
a®(a) + B9'(a) =0,
Y®(b) + 59’ (b) =0

where p, q, T are continuous functions of x on [a, b], p and r are positive and p’' is continuous, has
infinitely many eigenfunction solutions and the corresponding eigenvalues Ay, such that A\ < Ao < ...,
and N, — o0 as n — +00.

Moreover, each eigenfunction corresponding to its eigenvalue, A\, say, has exactly n — 1 zeros in the
open interval (a,b).

The proof of the above theorem, which depends on Green’s functions, is beyond the scope of this
course. Interested students can consult Chapter 10 of Folland’s book.

Remark. The above problem is commonly called the reqular Sturm-Liouville boundary value problems.
The singular Sturm-Liouville boundary value problems may include situation where the function p may
vanish at one or both endpoints of [a, b], the weight r(x) may vanish or be unbounded at one or both
endpoints of [a, b]. Besides, the interval [a, b] may be unbounded, that is, a = —oo and/or b = +o0.

We consider some examples that illustrate the above theorem. The examples are taken from Folland
pages 91-93.

Example. We are given the differential equation

with boundary condition

(8.21)

Suppose A = 0. Then the solution to the differential equation y”(x) = 0 is y = cx +d. The boundary
condition at x = 0 and ¢ gives

ad=c¢, and y(cl+d)=c

respectively. Thus, v = a/(al+1). We may therefore choose y = =+ . Suppose now that A # 0, then
the Lemma asserts that A must be real. Thus, it remains to consider A = 2 for some real v > 0
or A = (ip)? = —pu? for some real > 0. Suppose A = v2. The boundary condition implies,
without loss of generality, that the general solution can be written as

y(x) = ccosvr + dsinvx

—vcosvx +asinvz
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since ac = ay(0) = y/(0) = vd. Thus d = ca/v. Hence we have discard the ¢ above. But then the
boundary condition (8.21)) at = ¢ implies that

—v2sin vl 4+ av cos vl = B(v cos vl + asin vl),

or
tanpl — (2= B
aff + v?
On the other hand, if A = —1? or v = iy, and noting that taniz = i tanh z, so that the above equation
would become
tam ot = L= O
af — p?

instead. It is clear that the above equations for v or u does not admit nice closed form solutions unless

a=pf.

Case I: =1, B = —1, and £ = w. We plot the curves of tan v and

v
71 respectively. The graph
V2 —

shows that there are infinitely many positive solutions v, increasing to infinity. In fact, the graphical

method shows that

for large n. There is no intersection for the second case when A < 0. The corresponding eigen-functions
are

Yn(x) = vy cOS VT + sin v, .

Case II: « =1, 8 =4, and £ = w. Then we plot the curves of

¢ —3v
anmy = ——.
4+ 12
It turns out that apart from ), = % ~ n? for positive n, the equation, for A = —p?,
¢ 3v
anmy = .
p?—4

admit one positive solution vy. Thus, the eigen-functions are

Yn(x) = vpcosvpr +sinvpx, n > 1,
and
yo(x) = po cosh pox + sinh poz.
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8.7. Eigen-function expansions. We quote without proof the following results.

Theorem 8.9. Let f be continuous on [a, b] with piecewise smooth f' such that it satisfies the Sturm-
Liouville boundary value problem with boundary condition

af(a) + Bf'(a) = 0,
VF(b) + 3f/(b) = 0.

Then the Fourier series of f with respect to the eigenfunctions, {®,}, that is,

f(a:) ~ COCI)()(.T) + 61@1(1’) + ...

and

b b
/ r®%(z) doe =1, Cn :/ rf(x)®,(x) dz,
n=0,1,2,..., converges to f(x) absolutely and uniformly.

Moreover

Theorem 8.10. If f is only a piecewise smooth on |a, b] instead in the last theorem, then the Fourier
series of f with respect to the eigenfunctions {®,} converges for a < x < b to the value of f(x) at
every point of continuity, and to the value

f(z+0)+ f(z —0)
2

at every point of jump discontinuity.

As for the completeness of the system {®,} for a square integrable function f(z) over [a, b], we
quote

Theorem 8.11. Let {®,,} be the orthogonal eigenfunctions derived from the Sturm-Liouville boundary
value problem above. Then

b o 0
[ @@ do = 3" ivian@)? = Yok
@ k=0 k=0

holds for every square integrable function f(x) over [a, b]. That is, the system {®,} is complete with
respect to the weight function r(x).
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8.8. Solutions to PDEs.

Theorem 8.12. Let u(zx, t), be a continuous solution of
Puze + Ruz + Qu = uy

ina<x<b, t>0 with Ou/Ot and 0*u/Ot* bounded on [a, b] x [0, to] for every to, and it satisfies the
boundary value problem

au(a,t) + Pug(a,t) =0, yu(b,t) + duy(b,t) =0

and the initial condition
U(SC’O) :f(CC), ut(li?o) :g(IE)
Then

u(z,t) =Y Tu(t) Bp(a),
n=0

where {®,,} are eigenfunctions associated with the boundary value problem. The function T, can be
found from solving the second initial conditions

(8.22) T+ AT, =0, n=012 ...

subject to
T,.(0) = C,, T!(0) = cp, n=20,1,2, ...

where Cy, ¢, are, respectively, the Fourier series coefficients of f(x) and g(x).

Remark. We note that the above result does not claim that the expansion for u(x, t) necessarily be a
solution to the boundary value problem, even if the Fourier series for f(z) and g(x) (for them to be
sufficiently smooth to) converge. This is because the series for u(z, t) would need to converge uniformly
after being differentiated with respect to = twice.

Proof. We multiply both sides of the PDE by

VS L
Then we can re-write the above PDE into the form
0?u  ,0u 0%u
P@‘FP %‘Fqusza
which is in a ”self-adjoint form”:
1= g () + v =r 5

so that we can apply the Lemma [S.3] to write
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9%
where we also have
(8.24) L(®,) ==\, r Dy, n=20,1,2 3, -

We apply the Theorem that for x in [a, b] and for every (fixed) ¢ > 0, the u(z, t) can be

expanded in a Fourier series in terms of the eigenfunction solutions {¢,} of the form

u(z, t) = To(t)@o(z) + Ty () @1(z) + - = Y _ Tn(t) Bp(2)
n=0

where the Fourier coefficients T}, (with ¢ fixed) for u(z, t) (¢ fixed) are given by

b
(8.25) T,(t) = / u(z, t) Op(z) r(z) de, n=0,1,23,---.

and so

T (t) = /abu(x, n(- Ai L(®,)) do = - /abu(:v, £ L(®,) dz

and the Lagrange identity

yields

To(t) = —)\1n /ab ®,,(t) L(u(zx, t)) do+ )\1n [p(‘l’n% - @, “)K

for which the second term vanishes according to the Lemma [8.4] Thus

b b a2
To(t) = —Al/ B (t) Llu(z, 1)) dz = —Ai ‘?)t';‘epn(x)r da.

Let us differentiate the (8.25)) with respect to ¢ twice yields

b 2u T
1) = [ @yt de
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which is identical to the equation (8.22)). The differentiation under the integral sigh with respect to ¢ is
justified because of the assumption of the boundedness of the first and second partial derivatives with
respect to t. This establishes the equation (8.22)). On the other hand, since u(z, t) is continuous, so

b b
lm 7, (t) = lim | wu(z, t) Pp(z) r(z)dr = / f(z) @p(z) r(z) de = Cy, n=0,1,23,---.

t—0 t—=0 J,

where C), is the Fourier coefficient of f(x) (with respect to the system {®,}). But the T,(¢) is
continuous, so

T0(0) = Cy, n=20,1,2,3,---
as required. Similarly, we have
T,(0) = cp, n=0,1,23,---
where the ¢, are the Fourier coefficients for the g(z). O

A problem of working with a general orthogonal (orthonormal) system {®,,} for a boundary value
problem is to make sure that the functions f(x) and g(x) in initial condition

ue, 0)= f@), S =go)

can be expanded in as Fourier series in terms of {®,,}. That is, suppose we have

flx) =) CyP(a),

k=0

and -
g(@) =Y ex®y(w),

k=0

then they need to match with the earlier

f(z) = u(z,0) = iAk sin (Zﬁ)

k=0

_ du ark

and g(x) = a(m,O) = in( l ) sin
k=0

wkx
(*7)
where
l
Ap = 2/ f(x) Sinﬂ—kx dz,
L Jo l
) l

k
By, = pr g(z) sin¥ dz.
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That is, we require
Ay = Ch, By, = ¢/ Ak

for £ > 0. So the above requirement would be true if both f and g are known to be “sufficiently
smooth”, which is rarely the case in reality. Then the problem is if the coefficients A; and By decline
sufficiently fast that guarantee the convergence as well as about term-by-term differentiation of the two
xr—derivatives of u. In any case, The above theorems show that if a physical problem has any solution
at all, then its solution from the above separation of variables method and Sturm-Liouville method
would lead to a solution. So we use the term generalised solution to the boundary value problem even
if the solution found by the above does not satisfy some of the above requirements (of the boundary
value problem). We call ezact solution for a genuine (real) solution. We discuss below if the generalised
solution is still of some use.

Theorem 8.13. Let -
u(z, t) ~ Y Ti(t) O ()
k=0

be either the exact or the generalised solution of equation , that satisfies the boundary condition

and initial condition (8.4). Suppose fm(z) and gn(x) converge to f(x) and g(z) respectively, in
the mean, as m — oo, that is,

b b
(8.26) Jim [ [fule) ~ F@)Prde=0= lm_ [ [gu(z) - g(a)r do.
Suppose that
U (2, 1) =Y Tn(t) Pp(x)
k=0

is either the exact or the generalised solution of equation , that satisfies the boundary condition
and new initial condition

Oum(z, 0)

um(xv t) = fm(x)ﬂ ot

then up,(z, t) converges to u(zx, t) in the mean, as m — oco.

Proof. So the idea is to compare the Fourier coefficients of the T, (z) and T}, (z). Recall that the
Ch, cn are respectively, the Fourier coefficients of f(z) and g(x) for the boundary value problem

)+ X\, Ty, =0, T,(0) = Cn, T.(0)=cp; n>0

and the Cy,p,, ¢, m are respectively, the Fourier coefficients of f(z) and g(z) for the boundary value
problem
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for each m > 0. We also know that

<A< A< - lim A\, = +o0.

n—oo

and that all perhaps except a finite number of them can be negative. Suppose A\, < 0 when n < N
and A\, > 0 for n > N. Then,

V=Ant 1(C’n — \/c_"T) e_mt, n<N

sin v/ Ant, n > N.

(8:27) Tnle) = C’< cos \/7t+ )
\ﬁ

and similarly,

l(Cmn + \;%) eV =Ant + %(C’mn — \;%) e_mt, n<N

(8.28) Ton(x) =
Crun COSV At + " sin v/ Ant, n > N.

\/7

Notice that the assumption (8.26)) implies that

b o0
o _ 2 o _ 2
(829) 0= lim | [fm(®) = f(@)’r dz= lim_ Z_%(Cn Crnn)
and
’ 2 - 2
(8.30) 0= lim | lgn(z) —g()f*r do = lim Z_;(cn — Cmn)?,
so that
lim C,pn = Ch, lim ¢pn = Cn.
m—00 m—0o0
We easily deduce from above that
(8.31) lim (Tyn—Ta) =0,  n>0.

We actually know more when n > N:

(T — Tn)? = |(Cr, — Cou) cosft—k sm\ﬁt
. | e
< 2[(Cn = Cun)? + (222 )|

But then we deduce from (8.29)), (8.30)), (8.32) and (8.31]) that
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b
/[um(ac t) — u(z, t)] rdm—/ Z n() = T ()2 @, (2)? 7 da

M

b
(T, — Tmn)Q/ @n(x)z r dx

n=0
[eS)
- Z(Tn —Tn)? -1
n=0
N o]
- Z(Tn - Tmn)2 + Z (Tn - Tmn)2
n=0 n=N-+1
— 0,

as m — oo, which is what we desire to prove.

Remark. Suppose we choose f,, and g, above as the m—partial sums of the f(z) and g(x) respec-
tively, then the solutions wu,, are ezact solutions to the (8.1) subject to the conditions (8.3) and the
corresponding (8.4). Thus, if u(x, t) is either the exact or generalised solutions to ({8.1]) subject to the

(8.3) and ({8.4)) is the limit of w,,(z, t), as f,, — f and g,, — g either uniformly or in the mean.

8.9. Remarks on Forced vibrations. We have instead

0*u ou 32u

8 a2 a +F($7 t)a

subject to the same (8.3)) and (8.4)), where the F(z, t) stands for an external force. The same technique

would lead to

62
L(u)=r atg + rF(z,t).
Then the Sturm-Liouville problem would give
L(®) = —\rd.
We also have
b
(8.34) T,(t) = / u(z, t) Op(z) r(z) de, n=20,1,23, -

A similar argument used earlier give

——/ u(z, t)) dw—/ E75) D, ( rdx—/rFxt

instead. Suppose

(x) dz
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Fz,t) =Y Fp(t)®x()
k=0
where

0 b
) =Y [ rBelo 0@u(o) do,  n=0, 1,20
k=0"9

and this gives

1 1
Tp=——T) — —

F
>\k; )\k ks

which is
T,g’—f—)\kaﬁLFk:O, n=20,1,2,3,---.

8.10. Remarks on Heat equations. Recall that the heat equation assumes the form

0 0?
a—? = QQa—Z, a = K/cp, (K = thermal conductivity, ¢ = heat capacity, p = density)
T

subject to the boundary condition (8.3 but initial condition becomes only the
u(z, 0) = f(a).

So we try

(839 (e, t) = Y T4 o),
k=0
where the ®;, proceed as before, while the T}, satisfies
Ti(t) + \eTx(t) =0, T(0) = Cy, k=0,1,2,---
and the C} are the Fourier coefficients of f(x). Since the solution here is given by
Ti(t) = Cre ™™, k>0,

so that any generalised solution for the heat equation would become exact since the convergence of the
series (8.38) is absolute and uniform and so can be differentiated any number of times.

Application to PDEs.
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Completing the free vibrating string. We continue with our discussion of the vibrating string equation
(§8.3) started at the beginning of this chapter:

0*u 5 0%u o T
o =at =
ot2 Ox? p

the boundary and initial conditions are given, respectively, by

u(0,t) =0 =u(l, 1), t>0

and (0= (@), Ou(z,0) = gla)

where f and g are continuous functions and vanish for = 0, [. The orthogonal system is given by

{ @}

b =, (x), A= An, n=0,1,2,...
with the corresponding eigenvalues \,, — +00. The T, then
T =T,(t) = Ay cos(v/ Ant) + By sin(v/ )1,

n=0,1, 2,.... Since the PDE is linear, the superposition principle gives

(8.36) u(z,t) = up(z,t) =Y Th(t) k()
k=0 k=0

(8.37) = ]:0 Ay, cos (azkt) + By sin (m;kt)] sin (Zﬁ)
We also recall that
F(z) = ulx,0) = i Apsin (”lﬁ)

k=0

o= Py 5y (9 (72
k=0

mhe

l }. Thus

are just the Fourier series of f and g with respect to {sin

2 [ k
A = / f(x) sin L dz,
L Jo l
2 l

k
By = ark |, g(x) sin% dx.

We note that each uj can be rewritten into the compact form
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kt
ug(z, t) = H, sin (% + ozk) sin LZ:U

where

A B
H, = \/Ai—i-B,%, sin oy, = Fi, cos ay, = FI;:

We see that the amplitude of each wy is given by

mtax|uk(x, t)| = Hk‘ sin 2|

14

Therefore the amplitude depends only on the x. This is called a standing wave. In particular, we see
that the string remains fized at the positions

¢ 2
:0 —_ _
€ J ]{:’ k’

[SV)
> L
—
=
|
—_
N—
~

at all time. These points are called nodes. As a result, the nodes divide the segment of length ¢ into k
smaller segments each with both end points fixed. Because of the sign change of the sine, two adjacent
segments are on opposite sides from the horizontal position with the largest displacements occurs at the
mid-point of each sub-segment. These points of largest displacements causing the largest amplitudes
are called the anti-nodes.

The total effect of the vibration of the strings is given by the superimposed solution (8.36)). The
fundamental mode

ar  w [T
w = — = — —,
A
with its corresponding period
27 p
=— =2/ =,
n w1 T

while the other vibration modes of the string, i.e., the harmonics (or overtones) are the subsequent
frequencies

ark @k |T
we = — = —— —,
P e\l p
with its corresponding periods
2t 20 |p
T, = — — — —,
k Wk k\VT

which gives the “background timber or colour” of the sound.
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Remark. If we hold fix the mid-point (z = £/2) of the string, then the fundamental mode, as well as
the subsequent modes of odd frequencies disappear (since they cannot move) leaving only the even
frequencies with periods divisible by two, that are, the even frequencies. The fundamental mode
becomes the first even frequency with period ¢/2 from the original series. Similarly, one can kill off the
frequencies which are multiples of three, etc.

Heat (diffusion) equations with both end points of the rod held at zero temperature. We consider heat
flow in a heat conducting rod of length ¢ made with uniform material and is insulated on the round
surface throughout, and subject to temperature maintained at zero degree at both ends. That is, let
u(z, t) be the temperature distribution function of the rod at the position x and at time t. We solve

ou 5 0%u 9
(8:38) ot~ ¢ a2 /ep

where c¢ is the heat capacity, p is the density (per unit length) of the rod, and K is the thermal
conductivity proportionality constant of the rod material, is subject to the boundary condition

(8.39) u(0, t) =0 =u(/, t)
and the initial condition (initial temperature distribution)
(8.40) u(z, 0) = f(x)
We substitute the following proposed separation of variables form solution
u(zx, t) = @(x) T(t)

into (8.38) and after dividing the resulting equation by ®(z)T'(t) , we obtain

q)// T/
— = = _)2
o 2T
where the right-hand side is a constant. We deduce
(8.41) " (z) + N2®(x) =0,
and
(8.42) T'(t) + a®>X2 T(t) = 0.

We solve the equation (8.41]) together with the boundary condition

B(0) = 0 = B(f)

since T'(t) cannot be identically zero for all ¢. This implies that
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®(x) = Crcos Az + Cysin Az
= (Cysin \px

where \,, = wk/l, for k=1, 2, 3, - -+ so that

k
®,,(z) = sin (%) k=1,2,3, -
As a result, we deduce that
2,212
Ty(t) = A e @Mt = Akexp<— % ) k=1,2,3, -
Hence
> _mhkry _a?n2k2,
— falbind 2
(8.43) u(z, t) ;Ak sin ( 7 > e 2

We now require the u(z, t) to satisfy the initial condition, that is

> . (Tmkx
Uz, 0) = ZAk sin <7) = f(x)
k=1
meaning that

1 [t . (7mkx
Ak—g/of(a:)mn(e) dux, k=1,2,3,---

Because of the exponential factor for T}, the series (8.43) so obtained always converge uniformly in
x for every fixed t. Moreover, the same also applies to the z—derivatives of u(x, t). Hence the series
satisfies the (8.38)). It only remains to justify the convergence of the Fourier series to f(x).

Heat (diffusion) equations with both end points of the rod held at constant temperatures. That is,
everything is the same as in the previous case with the exception that both ends of the rod are held at
constant, but otherwise arbitrary, temperatures. So the boundary condition (8.39)) becomes

(8.44) w0,t)=A,  u(l,t)=B

where A and B are arbitrary. The initial condition u(z, 0) = f(x) remains the same. We also recall
that

(8.45) u(z, t) = 3 Ti(t) sin (#)
k=1

but

(8.46) Te(t) = % /O " 1) sin (”T]fx) da.

Integration of (8.46)) by parts twice yields
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10 = 2 LoD () o () () [0 () )

2 20 [* k
(8.47) = = (A+(-D)1B) +0- /0 sin (H) wg da.

14

We deduce from (8.47) that

62

Ti(t) = (A + (-1)*B) - = TL(t).

wk

One can easily check that the solution of this non-homogeneous first-order differential equation

a?r2k? 2027k
TL(t) + — Telt) = =5~ (A+ (-1)*'B).

is given by

2]{32 9
Ti(t) = Ag exp ( — %t) + %(A+ (—1)k+1B).

We deduce from the initial condition that
k
f(z) =u(z, 0) E T1(0 s1n<7T I)

But then

2 [ . (Tkx _ _ 2 k+1
5/0 u(z, 0) sin (7) dr = T,(0) = A + %(A +(-=1)*"'B)

or

—3/06]“(@ sin(ﬂlem) dm—%(ﬁl—i—( 1)*1B).

Thus this gives a complete solution to the problem.
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Heat (diffusion) equations with both end points of the rod are at variable temperatures. We assume the
initial condition remains unchanged. Suppose the boundary values are given by

(8.48) u(0, t) = ¢(t),  u(l, 0) = ()

where the functions ¢(t) and v (¢) are certain functions of ¢. We leave the reader to check that one has

a?m2k? B 2a%mk

TU() + 5 Th() = 2 (00) + (1)),

This non-homogenerous first order differential equation is slightly more tedious to solve by the inte-
gration factor method. We have, skipping some details,

2,272 2a27k 2,272 4 2,272
Ti(t) = A exp ( — % t> + % exp ( - a7272 t) /0 exp (% t> (p(t) + (=1)"(t)) dt.

The coefficients A; can be calculated via the a similar procedure as in the ”constant temperatures”
case above.

Heat (diffusion) equations with both end points of the rod exchange heat with surrounding medium.
Suppose ug is the temperature of the surrounding medium, and H is the constant of emissivity which
measures the rate of heat exchanges between of both ends of the rod with the surrounding medium.
Then the initial condition that u(xz, 0) = f(z) (0 < z < /) remains unchanged, but the boundary
condition becomes

0
87‘: — h(u — ug)

0
=0, a—z—h(u—uo) =0

=/

=0

where h = H/K. Without loss of generality, we may assume ug = 0. Hence we have

(8.49) — —hu

—0, 2y
Ox ’ Y

=0
ox
=0

=/

Separation of variables method (u(zx, t) = ®(x)T'(¢)) will lead to solving
" (z) = —\®(x), T'(t) = —a®Mt(t)

with boundary condition
(8.50) ' (0) ,

—h®(0) =
(8.51) ')+ h =

P
o(0)

It follows from the Theorem that all eigen-values A\ are non-negative. So let us write
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(8.52) '(z) = —N20(x),  T'(t) = —a2\%(2).

Applying the boundary condition (8.50) to the solution

®(x) = C1 cos Az + Cysin Az,

yields
Col — h(Cqp =0,
A(=C1sin M 4 Cy cos M) + h(Cy cos M + Caysin M) = 0.
We deduce
G _G&
A R’
so that "
tan )\g = m

Without loss of generality again, we may assume that C; = A\ and Cy = h for positive Ax. Besides,
we may discard any zero eigenvalue since this would violate the boundary condition. It is clear that
we obtain infinitely many positive \; and their corresponding eigenfunctions are given by

@k(l‘) = A cos A\px + hsin \gx, k=1,2,3,---.

Thus,

T(t) = Apexp (—a®A%t), k=1,2,3,--,
and

u(z, t) = Z Ak (Mg cos Az + hsin A\gz) exp ( — aQAzt).
k=1

The initial condition implies

u(x) = Z A (A cos Agx + hsin Agx)
k=1

and so
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We cannot calculate the numerator unless we know of the f(x). However, we can still simplify the above
denominator. Multiplying ®;(x) to both sides of the equation ®} + )\z@ = 0 yields )\%CI)Q = -0, D},

We deduce
z={( ¢ 9
+ / o, ° dx
x=0 0

¢
(8.53) Aﬁ/o 7 dr = — 0P},
Combining ®(z) and

Pl (z) = —\2sin Az + hga

gives

A, (z)? + @)% = AL + h2A%.
Integrating both sides over [0, ¢] yields

24 4
Ai/o 7 da:+/0 ®,% dz = (A} + h2A})L.

Putting this into (8.53)) yields

¢ =t
zAﬁ/O 02 dr = (A} + h2A2)0 — 0,0, |”
We apply the boundary conditions (8.50|) to (8.53|) to obtain
DINL + h2) = N202 4 h2®2 = X} + h2N2,
or, after simplifying

P = A2,
at both x = 0 and x = £. In fact, the boundary conditions (8.50) also implies

(@0})[ " = 0B (1) — BL(0)2}(0) = h(B(E) ~ B(0)) = 20 7.

Thus, we deduce

0
2A§/ ®7 dr = (\f + RN+ 2R A7
0

and hence

¢ 2 2
A2+ h2) L+ 2h
/ @% dx = G 2) .
0
As a result, we obtain

/ f(x) p(x) dz

(A2 + W)l +2h

3 k:132737"'a
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