MATH4822E FOURIER ANALYSIS AND APPLICATIONS
CHAPTER 5 CONVERGENCE OF FOURIER SERIES

5. CONVERGENCE OF FOURIER SERIES

We understand that a function f being integrable over the interval [a, b] is to be interpreted in an
elementary, that is, f is either continuous or have a finite number of discontinuities (which can be
either either bounded or unbounded).

Definition. Let f be defined on [a, b] with at most a finite number of discontinuities. Then f is said
to be absolutely integrable if | f(x)| is absolutely integrable over [a, b]. That is,

/ @) d

exists.

We also recall that f being an absolutely integrable on [a, b] must also be integrable there. Note that
we require stronger integrability than the Riemann integrability since a Riemann integrable function
may have an infinite number of discontinuities, while we allow for only a finite number of discontinuities
for our absolute integrability. In this case, absolute integrability implies integrability.

Here is an example of an unbounded absolute integrable function.

Example. Consider f(z) = —1In|2 sin(g)| on the real axis.

It becomes positive infinite when x = 2k7w, £ = 0,+1,+2,..., but is otherwise an even continuous
function. On the other hand, it is easy to see that f has period 27:

T+ 27

flz+27)=—1In

2sin(

)

= —ln‘2sin(g +7r)‘ = —ln‘QSin(g)‘ = f(x).

4m

g_

FIGURE 1

We show that f is absolutely integrable. Since f is periodic, so it suffice to show f to be absolutely
integrable over the interval [0, a], where a < % (since f(5) = 0). Let € > 0. Then
1
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x

—In ‘2sin(g)|‘ = — /Ga In (2sin(—)) dx

a @z cos 5
=—zln (2sin(£)> +/ ’ —2 dx
27/ le ¢ 2sing

[\)

r

1 (% cosZ
= [—aln(Qsin%)—i—eln(Qsin%)] +§/6 xsing dx.

2

Since .
€In(2sin 5) ~elne—0

as € — 0, and

as ¢ — 0, so the last integral exists, and f is therefore absolutely integrable over [—m, 7].

Lemma 5.1. Let f be an absolutely integrable function on |a, b]. Then for each ¢ > 0, there is piecewise

continuous function g such that

b
/ |f(x) = g(x)] do < e

We skip the proof of this elementary lemma.

Remark. (1) It is known that the product of an absolutely integrable function and a bounded

integrable function is again absolutely integrable.
(2) If f and g are continuous, piecewise smooth functions on [a, b], then if f’ and ¢’ are absolutely

integrable, we have

b b b
/ f(x)d (x) dz = f(x)g() L / f'(z)g(z) dz.

Theorem 5.2 (Riemann-Lebesgue Lemma). Let f be an absolutely integrable function on [a, b]. Then
b b

lim f(z) cosmzdr = lim f(z) sinmazdr = 0.

m—o0 a m—r 00 a

Proof. Let € be given. Then the Lemma 5.1 asserts that there exists a piecewise continuous function g

such that

IN
l\J.I o

[ 156~ gt as
Then '

b b b
‘/a f(x) cosma d:c‘ < ‘/a (f(z) — g(x)) cosmz dm‘ + ‘/a g(x) cos mz d:c‘

< / (@) - 9(2) da| + | / " g(a) cos ma da|.

Integration-by-parts yields

b1 [P ,
- —/ sinmz ¢'(x) dz,
m a

a

/ab g(x) cosmx dr = %[g(x) sin mx]
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which is bounded, if we choose m to be sufficiently large (the ¢’ is continuous and hence absolutely
integrable). Hence

b
‘/ g(x) cosmz dx‘ <=
o 2

for all m sufficiently large. Hence we deduce

b
‘/ f(x) cosma dx‘ <€,

for all m sufficiently large. O

Remark. We note that this lemma implies that the Fourier coefficients of an absolutely integrable
function tend to zero as m — oc.

Theorem 5.3 (Partial sum integral representation). Let f be periodic function of period 2w, and
suppose that

f(z) ~ % —i—Zakcoskx—i—bksinkx.

k=1
Let
a -
Sp(x) = 3 + Z a, cos kx + by sin kz.
k=1
Then

sin[(n + %)u]
2sin(y)

(That is, an integral representation of the n—th partial sum).

sn(x) :% i flx +u) du

Proof. Let
1
5:§+cosu+cos2u+---+cosnu.
Then
QSSing:sing+2singcosu+2singcos2u+---+2singcosnu
) u+(. 3u . u)+< Su 3u>+ +(, Cn+1Du . (2n—1)u>
= sin — sin — — sin — sin — — sin — sin ———— — sin ————
1n2 in 5 1112 in 5 in 5 in 5 in 5
. (2n+1u
=sin ——.

So
_ sinf(n + )]
2sin(y)

On the other hand,
™ sin[(n + )ul Tl
/ Wdu:/ﬂ(§+;cosku)du:7r+0:7r

—r D)
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That is,
T o 1
- sinf(n + 4]
) 2sin(g)
2 [T si 1
_2 i,
T Jo 2sin(y)
since the integrand is even.
We rewrite
1 s s ) )
sn(x):% _Wf()dt—i— [Z f t) cos kt - coskxdt—i—z )smkt-smkxdt]

k=1

1 [ 1 . .
- - /ﬂf(t)[§ + Z(COS kt cos kx + sin kt sin k:x)} dt

= / f(t) —i—Zcoskt—x]

T 2sin(5%)
1 [ sin(n + 2)u

:—/ flu+x) < —du  Letu=t—ux
T ) s 2sin(3)
1 [7 sin(n + 1)u

=— _Wf(u—i—x) 2sin(2) u

. sin(n + 3)u
since both f(z 4+ u) and have period 2. O

2sin(%)

Theorem 5.4. Let f be absolutely integrable function with period 2mw. Then at any continuity point
where the right-hand and the left-hand derivatives exist, the Fourier series converges to f(xz). (In
particular, the result holds if f has a derivative at x)

Proof. Let x be a continuity point of f and

(5.1)

exist. We want to show that

n—o00 T 2si
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That is,
L sm(n+ ) 1 /™ sin(n+ 3)u
O_nhﬁnéo / f@ z du— f(z)- 7T/,T QSin%2 du
sm(n—|— Ju
=t [ () - fa) S
a fa )~ fa) _ o)~ f@)
T+u x r+u T u
P(u) = 2sin § N u .QSIH% = e1(w) - d(u),
where
orw) = LEXIZTD g gy =

We claim that ¢ is absolutely integrable over [—m, 7]. That is,

/W |6(w)| du < +oc.

—T
It is sufficient to show that ¢;(u) is absolutely integrable, since ¢2(u) is a bounded continuous function
(being continuous) on [—m, 7]. But then ¢ is a product of an absolutely integrable function and a
bounded function, so it is also absolutely integrable. Now we need to verify that ¢;(u) is absolutely
integrable. But it follows from (5.1) that both the left- and right-handed derivatives exist, so there is
some o > 0 such that
flz+u) - f(z)

|61(u)| = " <M

for some M > 0, on [—4, §].

x?ﬁ 1:: JH“B ’

77717
X

FIGURE 2

Since f(x) and hence f(x + u) are absolutely integrable, so we deduce that ¢ (u) (x is fixed) can have
at most a finite number of discontinuities when u # 0. We conclude that it is absolutely integrable
(with respect to u) on the interval [—d, 6]. When u lies outside [—4, §], we notice that

1 1

= < <

u
and that f(x 4+ u) — f(z) is clearly absolutely integrable (with respect to u). So ¢(u) is a product of
an absolutely integrable function and a bounded function (with respect to u) outside [—d, 6]. So the

¢1(u) is absolutely integrable on [—m, w]. Hence ¢(u) is absolutely integrable over [—7, w]. We deduce
from the Riemann-Lebesgue Lemma (Theorem 5.2) that

™

1
lim ¢(u) sin (n + i)u du = 0.

n—oo J_

Rearranging the terms in the above equation yields the desired result. O
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Theorem 5.5. Let f be absolutely integrable function of period 2. Then, at every point of discontinuity
where f has a right-hand and left-hand derivatives, the Fourier series converges to

[ +0) + [z —0)

2
Proof. We aim to prove
m 1 _
lim s,(z) = lim — flx+u) sm(n'—i—uz) u = f@+0)+ flz=0)
n—00 n—oom J__ 2 sin 5 2
It suffices to prove that
(5.2) mn—/Lf oy Snin + )du:f—(iiQ
n—00 T 2 sin 2 2
and
sm(n + Hu f(z—0)
. lim — 27 du =
(5:3) ngﬁm/ J( 2sins " 2
hold. We first note that
x+0 / fa sm(n+ Ju s
2sin 5
Thus the (5.2) is equivalent to
.17 f(z+0)7 sin(n+ 3)u
4 lim — [ - ] 2% gy =
(5-4) o 0 flatu) 2 2sin 5 u=0
Again denote
St - f@)  fletu) - f@)  w
sin 5 U 28in 5

2

fletu) - flz+0)

Since f! (x) exists, then we argue as in the proof of Theorem 5.4 that the ratio

u
is (bounded and) absolutely integrable when u — 0 and w > 0. Similarly, the ratio is also absolutely
integrable on [—, 7. Finally, we again argue as in Theorem 5.4 that ¢(u) is a product of the absolutely

integrable function above and the bounded function 5 u( my on [—m, w]. Hence ¢(u) is absolutely
sin(%
2
integrable on [—m, 7]. We then use the Riemann-Lebesgue Lemma to show that (5.4) holds. A similar
argument gives (5.3). We omit the details here. U

Theorem 5.6. Let f be an absolutely integrable function of period 27 which is piecewise smooth on
[a,b]. Then for all x € (a,b), the Fourier series converges to f(x) at points of continuity, and to

fx+0)+ f(z—0)
2

at points of discontinuity.

Proof. Since f is piecewise smooth on [a, b], so the left-hand and right-hand derivatives exist and equal
for each = € (a,b) except at at most a finite number of points, where either f has a “corner” or is
discontinuous. If f has a “corner” at z, then it is easy to see that it has both left-hand and right-hand
derivatives at x. In fact, one has, via the mean value theorem that
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o fle+uw) = fle) ., /
lim = lim f'(§) = f'(z +0),
= =

for x < £ < © + u. The left-hand limit case can be dealt with similarly. Hence one can apply the
Theorem 5.4 to arrive at the desired conclusion.

Suppose that f has a discontinuity at x. Then the mean value theorem again implies

fla+u)— flz+0)

lim = lim f’(() = f’(:c +0),
u—0 u u—0
u>0 u>0
for x < ( < & + u. The discontinuity case follows from Theorem 5.5. O

Remark. The above argument does not apply to the end points of the interval since only one-sided
limits exist. However, one can extend f periodically beyond the 27 period so that the above theorem
applies at these end points.

Example. Let us revisit the example f(x) = —In|2 sin(%)|.

Wi

FIGURE 3
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We have shown that f is absolutely integrable over [—m, 7]. Thus,
Theorem 5.5 asserts that the Fourier series of f converges to f at every continuity point and to

S +0)+ f(z — 0]

at every discontinuity point that has a left-hand and right-hand derivatives. It is clear that this f
do not have points of this second category. Thus the above results do not apply to points at 2k,
k=0,£1,4+2,... However, since the Fourier series is given by (check!), we have

cos 2x n cos 3x n
2 3 ’

—ln‘2sin§‘:cosx+ x # 2km.

However, we see that both sides become infinite at x = 2knw, k = 0,+1,4+2,.... So we may still regard
that the Fourier series is value for all x.

Putting x = 7 in the Fourier series above, we obtain

1 1 1
n2=1—=4-—=4...
n 53 1"
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which is the harmonic sum.

Theorem 5.7. The Fourier series of a continuous, piecewise smooth function of f of period 2w con-
verges to f absolutely and uniformly.

Proof. Since f is continuous, piecewise smooth function of period 27, so f’ exists everywhere except at
the “corner” of f, and is bounded on [a,b]. So the products f’(z)sinnz and f/(x) cos nxz are absolutely
integrable. Thus

1 /7 1 Q 1 4
ap = — f(x)cosnxdx = — f(z)sin nm‘ - — f'(x) sinnz dx
T ) x nm — nr ),
1 1 /(7
=0——-— f'(z)sinnz dz
n oTJ)_ .
1
E—
n n
where b), is the Fourier coefficient of sin nx of f’(x). That is,
to=2 [ f(@) sinna d
= — in :
-y x) sinnx dx
Similarly,
1, 11 /™ ,
by =—a,=—"— f(x) cos nx dx.

n
n n TJ)_,

Since f’(x) is bounded (except at a finite number of points) and so it is square integrable on [—, 7).
By the Bessel inequality,

b [ee]
m>/fuﬂmzzwm+MR
a n=1

So
oo
>t
n=1
also converges. Notice that
1 2 1
0 < (lag| - E)Q = |aj,|* - E|a;<;| ti3
and . 5 .
0< b/ __2:b/2__b/ —
Hence,
’a%’ ’b;c‘ 1,2 /2 1
BT Sl th g
SO
oo oo
lai,| | 10
|ak| + |bk| ZZTk+7k
k=1 k=1

converges absolutely. We deduce

oo o0
‘ Zak cos kx + bksink:x‘ < Z lag| + |bg|-
k=1 k=1

By Weierstrass M —test, the Fourier series of f converges absolutely and uniformly to f(x) for all z. O
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Lemma 5.8. Let f be a continuous function of period 2, which has an absolutely integrable derivative
on [a, b], and let w(u) be a continuously differentiable function on |a, b]. Then given any € > 0, there
is N such that

b
/ flz+u)w(u) sin(mu) du| < e

whenever m > N for all x.

Proof. Integration-by-parts yields

b 1

(— f(z + w)w(u) cos mu ) +— /ab[f(x +u)w(u)]" cosmu du,

m a m

’ 1
/ f(z+u)w(u) sinmu du =

where

[f(z+uww)] = f(z+u)wu) + flz+u)w (u).

Since w(u) and f(x + u)w'(u) are bounded, that is,

lw(u)| < M and |f(x +u)o (u)] < M,

for some M > 0. Hence

‘/ab[f(ﬂz—f—u)w(u)]'cosmudu‘ < M/ab|f’(x+u)| du+ M(b—a)

<M i |f'(u)] du + M(b— a) < co.

—T

Assume that b — a < 2. Therefore

)

/abf(:c+u)w(u) sin mu du‘ < ‘%(—f(:ﬂ—f—u)w(u) cos mu

1. b
+— / [f(z 4+ w)w(u)]" cos mu du‘
m a
— 0
since w' is continuous. O
Lemma 5.9. The integral
[t
0 2sin(s)

is bounded for —m < u < m for any m.
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Proof. We note that
I / ' Sin,(mf) dt
0 2sin(s)

/“ sinmt  sinmt N sin(mt)
0ot t 2sin(%)

/“sinmt+( 1 1) it dt
= — — ) sinm
0 t 2Sll’1t/2 t

= / SIME gy —|—/ w(t) sinmt dt
o 1 0

dt

where
1 1
wt) = ——= — -.
2sint/2 ¢t
Since we have w —aast—0,so
1 1 R 1 1
2sint t o 2(t/2) t’

as t — 0. So the second integral above is bounded. On the other hand, we can rewrite the first integral

as
Y sinmt MY Sin x
t = dzx
0 13 0 x

after the substitution x = mt. It is left as an exercise to show that this integral is also bounded. [

Theorem 5.10. The Fourier series of a continuous function f of period 2w with an absolutely integrable
derivative converges uniformly to f(x) for all .

Proof. We apply the partial sum formula from Theorem 5.3 to consider the difference

i@ =L [ (ot ) i) B B
(o)~ (@) = /(f< ) = f) Ty

3 1
- 5
:;(Il—i-fg—l—[g),

where 0 < 0 < 7. Let € be given. Integration-by-parts yields

. 1
sin(n + 5)u
2sin §

)
L - / ()= @) 2

— e+ sl [ ) e ([ )

2 sm 2sin 5

du
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We consider the first term above:

e+~ sl [ D )|

281n§

B B 3 sin(n + 3)t B L ~Osin(n 4+ )t
= e+ 0) = 5@ [ TR e o) - s@) [T
9 sin(n + 4 O sin(n + 4
e+ 0) ) [ I e gy g [ IR
2 2

sin(n + %)tdt _€

P
281n§ 2

)
— [f(a+0) + flz —8) - 2/(x) /0

when § > 0 is chosen to be sufficiently small since f(x) is continuous by our assumption and the definite
integral is bounded by the Lemma 5.9. We apply the Lemma 5.9 to the second integral above to deduce

‘/if’(m—l—u)(/ Sm(n+ dt du ‘<M/ '(z + )| du

2 sm

for a suitable M > 0. This integral is clearly bounded since f’ is absolutely integrable, also
M / "+ u)| du < 5

if & > 0 is sufficiently small. Therefore, Iy < e. Next the Lemma 5.8 implies that

= | [ () = ) 2

sin(n + 2)u
2sin

du‘
3

< ‘/5 flx+u)w(u) sin(n + §)u du‘ + ‘ /; f(x)w(u) sin(n + %)u du

where w(u) = s=—= (which 1s clearly continuously differentiable over |0, 7|) provided that n 1s chosen
h semgzy (which is clearl i ly differentiabl s ided that n is ch
2

sufficiently large. We skip the derivation for I; which is similar. Hence, given ¢ > 0 we can find a NV
such that

1 I 1 3
su(e) — f(a)] < IEIEIEI] 3¢

for all = provided n > N. O

Theorem 5.11. Let f be an absolutely integrable function of period 2w, which is continuous and has
an absolutely integrable derivative on [a, b]. Then the Fourier series of f converges uniformly to f(z)
on each interval [a + J, b — ], where 6 > 0.

Proof. 1f the length of [a, ] is not less than 2, it is clear that f(x) is continuous for all x and has an
absolutely integrable derivative, so by Theorem 4.10, the convergence of its Fourier series is uniform
on the whole z—axis. Assume b—a < 27, let F'(x) be a continuous function of period 27, which equals
f(z) for a < x < b, equals f(a) for v = a + 27, and is linear on the interval [b,a + 27]. Outside
[a,a + 27], the values of F(x) are obtained by periodic extension. F'(z) has an absolutely integrable
derivative. Let ¢(z) = f(x) — F(x), where ¢(x) is absolutely integrable and ¢(z) = 0 for a < z < b.
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Fa)y=fa) ./ | \\_F(b)=f(a)
B I
a b a+2m
FIGURE 4
Then f(z) = ¢(x) + F(z), and
I sin mu 1 [7 sin mu
sn(r) — f(o) = ;/_ [f(z +u) - F(UC)]%T(%) du + ;/_ [p(x +u) — (b(x)]iQsin(%) du

=0 + Iy,

1
where we have set m = n + 3

Let € > 0 be arbitrary. By Theorem 5.10, the Fourier series of F'(z) converges uniformly to F(z), so
that
|| <

DO

for all x, provided that n is sufficiently large.

Now let a + 6 <2z < b—¢. Then ¢(x) = 0 and therefore

1 (7 sin mu
L=— [ ¢@+u)s—mrs
) . 2sin(3)
If =6 <u <4, we have
a<z4+u<bd
and hence ¢(z + u) = 0. Therefore,
1[0 sin mu 1 [" sin mu
Iy == Ssmmu g4 2 smmu
S o oz +u)2sin(%) ut T /5 o +u)2sin(%)

By Lemma 5.8, |Io| < § for a +6 < < b— 0 and n is sufficiently large.

Hence,
sn(z) = f(2)] < L] + [I2] <€

for all  in the interval [a + 0, b — J], and n is sufficiently large. O

EXERCISES

Q1 Show that the Theorem 5.4 can be proved if we assume f(z) is an absolutely integrable function
of period 27 and if f is continuous at xg and that there exist positive constants ¢ and a such
that

|f(z) = f(z0)| < cla — z0]*

for all  in some neighbourhood of zp, then the Fourier series of f(x) converges to f(zg) at
Tr = Xg.



Q2

Q3

Q4
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Let f(z) and g(z) be absolutely integrable functions with period 27, and whose Fourier series
are - -
1‘) -~ Zanemz’ g(x) ~ aneinm
n=1 n=1
Let
1 2
h(w) = o i flz—1)g(t)dt,

and

oo

~ Z cpe

n=1

Show that

[ wwar < (5 [ i) (5 [ onar).

and that ¢, = a,b,. In particular, if f and g are square integrable, show that

oo

Z len] < +oo.

n=1

Assuming the following Fourier series expansion

@) _7r—x i mkx

k=1

Let s,(x) be the n—th partial sum of the series:

" sin kx
Sn(x) - k
k=1
Let ) 1/9
Dn(x)sm(r'z—l— /2)x
2sin(x/2)
Show that

(a)

_+5n / D
x T sinnt sint
/ Dn(t)dt:/ dt—i—wn(x):/ S 4 (),
0 o t 0 3

where wy,(z) — 0 as n — oo;

()

t
/ sin g
0 t 2

Using the notation in Q3 to show that

sm t sint
lim sn / / — dt.
n—00 t



