MATH4822E FOURIER ANALYSIS AND ITS APPLICATIONS

6. FURTHER PROPERTIES OF FOURIER SERIES

6.1. Fourier Series with decreasing coefficients.

Lemma 6.1 (Abel’s Lemma). Let {u,} be a sequence of numbers and o, to be the n—th partial sum
of

o=ug+uy +ug+...
such that |oy,| < M for some M > 0, and for n =0,1,2,... Suppose ag, a1, aga, asg, ... are posilive,
monotone decreasing such that o, decreases to 0. Then the series

Qoug + Ul + - F apluy + ..

converges to s, and |s| < May.

Proof. Let
Sp = qpup + arul + -+ Qply

n—1

= aguo + Y aj1(0541 — 0;)
J=0
n—1 n—1

= aguo + Y Q410441 — ) @j410;
j=0 7=0

n n—1
= apug + E Qo — E 1105

= apup + E — j11)05 + 0oy — 09
— apoy| = ‘ E — j11)0;
< M E CM]+1
= M( o) — Oén)

Notice that the series
M Z — Oéj+1 M(Oéo — an)

is convergent to Mag. This implies the series
n—1
Z(aj — ®j11)0;
j=1
is absolutely convergent. This implies that s,, — a0, also converges
1
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lim (s, — ayop,) = lim s, =s

since o, is bounded and «,, — 0 as n — oo. Moreover,

lim s, = s < May.
n—o0

6.2. Some trigonometric identities and inequalities. Recall that

1 sin(n + 1)z
(6.1) —+cosx+cos2x+cos3x+---—I—cosn:c:M
2 2sin(3)
We deduce that when = # 2kr (k =0, £1, £2,---)
R 1
= k ‘ <
‘2 ) coska| < 2sin(Z)
k=1
(the sum equals k + % when © = 2km, k=0, £1, £2,... and so unbounded). Now we consider

n
s = Zsink‘x =ginx +sin2x + --- + sinnz.
k=1

We recall the identity:
2sin Asin B = cos(A — B) — cos(A + B).

Then
T x
2s sin§ = 22 sin(i) sin kx
k=1
= x x
= Z [cos(— — kx) — cos(= + k::c)]
2 2
k=1
x (n + 1)
= cos — —cos(n + —-)x.
2 2
Thus,

- cos | 4 | cos(n + )z 1
‘Zsinkx‘§| 5| |' (n+3) |§ 1

2|sin | | sin 5|
k=1

provided x # 2kmw, k =0,£1,42,.... In the case when x = 2kw, k=0, +1, £2, ..., then both sides
of the sum vanish.
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Theorem 6.2. Let
a o o0
?O + Z:lan Ccos N, ;bn sin nx
e —

be two trigonometric series. If the coefficients ay, b, are positive and decrease monotonically to 0 as

n — oo, then both series converge uniformly on any interval [a, b] that does not contain the points
x=2km, k=0, +1, £2,....

Proof. Since the two series are very similar, we only consider the cosine series.

Let s,(z) be the partial sum of the cosine series, and let o, (z) be the n—th partial sum of (6.1):

§+cosx+cos2x+...

Let € > 0 be given, 0 < a <z < b < 27, and

n+m
Tm(x) = Opym(x) — op(z) = Z cos kx.
k=n+1
We deduce ) )
< < 2. = .
[Tm(2)] < [Ongm(2)] + [on(z)] < Q‘Sin%] ]sin%\
Let
sinZ > .{S.as. b}>0
in — = min < sin —, sin —
g =H 9 %
and we set
1
|Tm(x)] < —:=M  forall z € [a, D]
1
Let

n
sp(z) = Z ayj, cos kx
k=1

and we write formally

o0
s = E ap cos kx.
k=1

Then,

s — sp(x) = apt1cos(n+ 1)z + apyocos(n +2)z + ...

Since |1, (z)| < M for m > 1, and a;, > 0 with aj, decreases to 0. So by Abel’s lemma,

|s(z) — sp(z)| < a1 M <€ for = € [a, b],

provided that n is chosen to be sufficiently large. This also implies that the convergence of s, to s is
uniform on [a, b]. O
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6.3. Complex Function Method on Fourier Series. Let F'(z) be analytic on {z : |z| <1}. Then

o0
f@ =3¢, |el<l.
j=1
Ifcj, j=0,1,2,... are all real, then
F(e) = Z c;el?? = Z cj(cos jO + isin jO)
j=0 j=0

o0 oo
= c; cos(jo) +ZZCJ sin(j6).
j=0 J=0

If F(e") = f(0) +1ig(f), where f, g are real functions of x, then

0) = Z cj cos(j), g(0) = Z ¢;jsin(j6).
j=0 Jj=0

Example. F(z):eZ:1—|—z+ZQ_?+§_?+...

Then
; i 20 30 20 in 360
F(e?) = ¢’ = (1+co 9+COS CO;, + --)+i<sm9+sm SH;, o)
But
e’ = goosfHising — gcosd ( cos(sin ) + i sin(sin 9))
So
20 30
% cos(sin ) = 1+ cos 0 + CO; + CO;
20 in 30
€% sin(sin 0) = sin 6 + sin + 2
2! 3!
Example. Find the sums of the series
cosx  Cos2x COS Nx
and
sinx  sin2z sin nx
p p? p"

where p is a real constant such that [p| > 1. Thus the two series converge for all x.
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It is easy to see that

cosx  cos2z cOS NT /sinx  sin2x sin nx
(1+ 2SI L.
p p p p p p
eix 2ix niT
:1+?+p2 4+ 4 n_|_...
eix eiz 2 eix n
:1+_+<_) _|_..._|_(_) 4+ ..
p p p
_ 1 . p P
el - _ ixr . T
1_(7) p—e p—COST —1SINT
_ p(p—cosx+isinx) p(p — cos x) , psinx

~ (p—cosz)?+sina?  (p—cosz)? +sin’z  (p—cosx)? +sin’z

That is,
p(p—cosx) |4 Sos® | cos 2x
p? —2pcosz+1 D p?
and . . .
psinx _ sinz  sin2x
p2 —2pcosz+1  p p?
EXERCISE
Q1 Let ap + a; + as + --- be a convergent series. Use Abel’s convergence test to determine the

convergence of the following power series. Please discuss the region of convergence.
(1) 2o ant®.
(2) Xkzoark™"
Q2 For which values of z do the following series converge:

(1) ZOO cos kx

k=1 N

ink

(2) 220:1 51\nf:)3’
(3) ZZO L cos kx+sinkz.

VE
For which values of z are the sums of the series continuous. Which of the series are square

integrable functions?

Q3 Find the sums of the series

(1) cosw — @8pr 4 cospr ... (P(z) =sinz).
(2) Sig!% — 511!4”” + Si%!(jm —++. (F(x) =cosx).

You may assume sin(a + i) = sinacosh § + i cos asinh 3, and cos(a + i8) = cosacosh f —
isin asinh .

To be continued ...



