MATH4822E FOURIER ANALYSIS AND ITS APPLICATIONS

6. FURTHER PROPERTIES OF FOURIER SERIES

6.1. Fourier Series with decreasing coefficients.

Lemma 6.1 (Abel’s Lemma). Let {u,} be a sequence of numbers and o, to be the n—th partial sum
of

o=ug+uy +ug+...
such that |oy,| < M for some M > 0, and for n =0,1,2,... Suppose ag, a1, aga, asg, ... are posilive,
monotone decreasing such that o, decreases to 0. Then the series

Qoug + Ul + - F apluy + ..

converges to s, and |s| < May.

Proof. Let
Sp = qpup + arul + -+ Qply

n—1

= aguo + Y aj1(0541 — 0;)
J=0
n—1 n—1

= aguo + Y Q410441 — ) @j410;
j=0 7=0

n n—1
= apug + E Qo — E 1105

= apup + E — j11)05 + 0oy — 09
— apoy| = ‘ E — j11)0;
< M E CM]+1
= M( o) — Oén)

Notice that the series
M Z — Oéj+1 M(Oéo — an)

is convergent to Mag. This implies the series
n—1
Z(aj — ®j11)0;
j=1
is absolutely convergent. This implies that s,, — a0, also converges
1
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lim (s, — ayop,) = lim s, =s

since o, is bounded and «,, — 0 as n — oo. Moreover,

lim s, = s < May.
n—o0

6.2. Some trigonometric identities and inequalities. Recall that

1 sin(n + 1)z
(6.1) —+cosx+cos2x+cos3x+---—I—cosn:c:M
2 2sin(3)
We deduce that when = # 2kr (k =0, £1, £2,---)
R 1
= k ‘ <
‘2 ) coska| < 2sin(Z)
k=1
(the sum equals k + % when © = 2km, k=0, £1, £2,... and so unbounded). Now we consider

n
s = Zsink‘x =ginx +sin2x + --- + sinnz.
k=1

We recall the identity:
2sin Asin B = cos(A — B) — cos(A + B).

Then
T x
2s sin§ = 22 sin(i) sin kx
k=1
= x x
= Z [cos(— — kx) — cos(= + k::c)]
2 2
k=1
x (n + 1)
= cos — —cos(n + —-)x.
2 2
Thus,

- cos | 4 | cos(n + )z 1
‘Zsinkx‘§| 5| |' (n+3) |§ 1

2|sin | | sin 5|
k=1

provided x # 2kmw, k =0,£1,42,.... In the case when x = 2kw, k=0, +1, £2, ..., then both sides
of the sum vanish.
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Theorem 6.2. Let
a o o0
?O + Z:lan Ccos N, ;bn sin nx
e —

be two trigonometric series. If the coefficients ay, b, are positive and decrease monotonically to 0 as

n — oo, then both series converge uniformly on any interval [a, b] that does not contain the points
x=2km, k=0, +1, £2,....

Proof. Since the two series are very similar, we only consider the cosine series.

Let s,(z) be the partial sum of the cosine series, and let o, (z) be the n—th partial sum of (6.1):

§+cosx+cos2x+...

Let € > 0 be given, 0 < a <z < b < 27, and

n+m
Tm(x) = Opym(x) — op(z) = Z cos kx.
k=n+1
We deduce ) )
< < 2. = .
[Tm(2)] < [Ongm(2)] + [on(z)] < Q‘Sin%] ]sin%\
Let
sinZ > .{S.as. b}>0
in — = min < sin —, sin —
g =H 9 %
and we set
1
|Tm(x)] < —:=M  forall z € [a, D]
1
Let

n
sp(z) = Z ayj, cos kx
k=1

and we write formally

o0
s = E ap cos kx.
k=1

Then,

s — sp(x) = apt1cos(n+ 1)z + apyocos(n +2)z + ...

Since |1, (z)| < M for m > 1, and a;, > 0 with aj, decreases to 0. So by Abel’s lemma,

|s(z) — sp(z)| < a1 M <€ for = € [a, b],

provided that n is chosen to be sufficiently large. This also implies that the convergence of s, to s is
uniform on [a, b]. O
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6.3. Complex Function Method on Fourier Series. Let F'(z) be analytic on {z : |z| <1}. Then

o0
f@) =Y, <L
j=0
Ifcj, j=0,1,2,... are all real, then
F(e) = Z c;el?? = Z cj(cos jO + isin jO)
j=0 j=0

o0 oo
= c; cos(jo) +ZZCJ sin(j6).
j=0 J=0

If F(e") = f(0) +1ig(f), where f, g are real functions of x, then

0) = Z cj cos(j), g(0) = Z ¢;jsin(j6).
j=0 Jj=0

Example. F(z):eZ:1—|—z+ZQ_?+§_?+...

Then
; i 20 30 20 in 360
F(e?) = ¢’ = (1+co 9+COS CO;, + --)+i<sm9+sm SH;, o)
But
e’ = goosfHising — gcosd ( cos(sin ) + i sin(sin 9))
So
20 30
% cos(sin ) = 1+ cos 0 + CO; + CO;
20 in 30
€% sin(sin 0) = sin 6 + sin + 2
2! 3!
Example. Find the sums of the series
cosx  Cos2x COS Nx
and
sinx  sin2z sin nx
p p? p"

where p is a real constant such that [p| > 1. Thus the two series converge for all x.
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It is easy to see that

cosxT  cos2x COS NI /sinx  sin2x sin nx
(1_|_ 5 — +...>+Z< 5 — )
p p p p
T 621'2: eniz
:1+?+p2 44 n_|_...
eiz eia: 2 eiz n
:1+_+<_) _|_...+(_) 4+ ..
p p p
_ 1 _p D
(€2 p—er  p— — ¢ si
1 (p) p—e p—COST —1SINT
_ p(p—cosx+isinx) p(p — cos x) , psinx

(p—cosx)?+sinz?  (p—cosz)?+sinz  (p—cosw)?+sinx

That is,
p(p —cosx) | 4 cose  cos 2z
p2 —2pcosz+1 P p2
and
psinz _ sinz  sin2x
p2 —2pcosz+1  p p2
EXERCISE
Q1 Let ap + a1 + a2 + - -+ be a convergent series. Use Abel’s convergence test to determine the

convergence of the following power series. Please discuss the region of convergence.
(1) Xhloarz™.

(2) 2pgark™
Q2 For which values of x do the following series converge:
(1) ZOO cos kx
k=1" /g °
in k
(2) 2202 =5

kx+sink
(3) ZZO:I cos aif/:m T

For which values of z are the sums of the series continuous. Which of the series are square
integrable functions?

Q3 Find the sums of the series

(1) cosx — % + “@% —--. (F(x) =sinz).
(2) Sig!% - 511!4”” + Si%!(jm —++. (F(x) =cosx).

You may assume sin(a + i/3) = sina cosh  + i cos asinh 3, and cos(a + i) = cos acosh § —
isin o sinh (3.
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6.4. Addition and Subtraction on Fourier series.

Suppose
a o0
fx) ~ EO + Z ap cosnx + by, sinnz,
n=1
Ay & :
F(z) ~ - + Z A, cosnx + B, sinnz.
n=1
Then

ap = %/_ﬂ (f(z) £ F(z)) cosnx dx

1 /™ 1 [7
= _/ f(z)cosnz dr £ —/ F(z)cosnz dx
T

. )

and similarly,
Bn = bn + Bna

even though the Fourier series of f and F' might not necessary be convergent at z (so is f + F).

6.5. Integration of Fourier series.

Theorem 6.3. Let f(x)be an absolutely integrable function of period 2w. Then the Fourier series can
be integrated term by term, whether or not the series converges, that is,

o0
fx) ~ % + Zak cos kx + by, sin kx,
k=1

then

b b > b
/ f(z) doe = / % dac—l—Z/ (ay, cos kx + by sin kx) dx
a a k=1 a

agp 2. ay(sin kb — sin ka) — by,(cos kb — cos ka)
= 20—
b-a)+Y .

k=1

Remark. Since {cos kz, sin kx} is a complete orthogonal system, and if f is square integrable, then the
above theorem holds automatically from the Theorem 4.9.

Proof. Let
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7

F is clearly continuous and has an absolutely integrable derivative (so it may not exist for a finite

number of points). Observe that

T a T2 a
F(x—|—27r):/0 (f(x)—go) dx—i—/ (f(x)—;o)dx
:F(x)+/7r (f(x)—%) d

=F(z)+ f(x) dz — mag

—T

= F(z) + 0= F(x).

Hence F'(x) is a continuous periodic function with period 27, which F' has an absolutely integrable de-
rivative. Theorem 5.10 asserts that F' can be expanded by its Fourier series which converges uniformly.

Let
F(z) = Ao +iAkcoskx+Bksinkx
2 k=1 ’
say. Integrating-by-parts yields
1 s
Ay = —/ F(x)cos kx dx
m —T
1 [F(z)sinkxz™ 1 [7 agy .
—;[7]{: ]_F_E 77T(f(x)—5)smkxdx
b b
o ()=
+ k k
Similarly, we obtain
Qnp,
B, = —
n
Thus,
Ay~ agsinkx — by cosk
F(x):_0+zak81n X . COS CC'
2 k
k=1
Hence
r apxr A . ay sin kz — by, cos kx
2 dr = =22 4+ 2
(62) | ) o= 2 S0 S -

k=1

and we obtain the desired series by considering

(/Ob—/oa)f(x) da.

Theorem 6.4. Let f be an absolutely integrable function, with

o
xT) ~ @—i- ay, cos kx + by sin kx,
2
k=1

whether or not the series converges. Then we can integrate the series term by term, that is,
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* by = —bgcoskz + (a 4+ (—1)F*1ag) sin ka
6.3 ) dr = -+ ’
(63) | @ I EDY .

x € (—m,m). In particular, if ag = 0, then

(6.4) /0 f(z) dx:ka"i_Z k COS xk ay sin kx
k=1 k=1

for all x.

Proof. Setting x = 0 in the formula (6.2) gives
Ay =D
Loy
k=1

On the other hand, recall that the Fourier series of an absolutely integrable function of x on (—m, )
is given by

T > o \kt1 Sinkz
thus the (6.2) becomes

/Ozf(x) dr = g % + a()(i(_l)kjtl%)

k=1

o0 .
ag sin kx — by cos kx
b3y tele

k
k=1

This gives the (6.3). It remains to check that (6.4) holds for all x. This follows from the fact that
Jo f dx is of period 27

/0 o f(z) do = /O " ) do + / o f(z) dz

:/zf(x) dac—i—@(x—i—%r—x)
o 2

_ /O " fa) da.
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Remark. As a by-product, we have established that for an absolutely integrable function f, its Fourier

series satisfies
[ee]
Z u
k
k=1

€T o0
being convergent. Thus although the series Z is convergent, > ok is divergent, so it is not
k=1 1 k=11

the Fourier series of an absolutely integrable function.

Example. Since the Fourier series of an absolutely integrable function of x on (—m, ) is given by

oo .
ki1 Sinkx

(~)HEREL

Theorem 6.4 gives

x? Tx > by . —by, cos kx
L 2 dr — Zk i
4 /0 D D S Dy

k=1 k=1
(D ()
S pi= iy pIEUL S
k=1 k k=1 k
& -1 k+1
:K—Z( k)2 cos kx

So it remains to determine the constant K. Since the right-hand side converges uniformly, we may
integrate term-by-term over (—m, ) to obtain

3 k;+1
Fz/ﬂ_dx_%TK Z /ﬂcoskxdm

1)1 sin kx
=2rK —
™ Z .

=2nK + O.

2
Hence K = —. Thus,
12
72 0 1)k+1
- —|— — Z cos kzx,
k=1

a formula that we have obtained in Chapter 2. Integrating this formula on both sides again from 0 to
x yields

3 > k+1
- E ~ % sinkx.

=1

This is another Fourier series.
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Theorem 6.5. Let f be a continuous function of period 2w, which has m — 1 continuous derivatives
and the m—th derivative is absolutely integrable (That is, fim) (x) may not exist for a finite number of
points). Then, the Fourier series of all m derivatives can be obtained by term-by-term differentiation of
the Fourier series of f(x), where all the series, except possibly the last one, converge to the corresponding
derivatives. Moreover, the Fourier series coefficients of f(x) satisfy

lim n™a, = 0= lim n™b,.
n—oo n—oo

Proof. Let

o0
f(z) ~ % + Zak cos kx + by sin kx
k=1

and suppose a},, b], are the Fourier coefficients of f’(x). Then

, 1 T . 1 - n [T .
a, = — f'(x)cosnx de = —f(x)cosnz| + — f(z)sinnz dz
Z - T R -
= 0+ nb,.
Similarly, b/, = —na,,. Thus,

I(z) ~ Z k(by cos kx — ay sin kx).
k=1

Since f has continuous derivatives, Theorem 5.10 gives

f(z) = Z k (by, cos kx — ay, sin k).
k=1

We may repeat the above argument to get

/ " /1
a W e U am
" n n2 n3 nm’
/ /! n
po= W _bn_ o B
"o n2 n3 nm’
where a}, al’, ... b, b ... are the Fourier coefficients of f'(x), f”(x), ..., and a,, and f3,, are the

Fourier coefficients of f(m)(x). Since f(™ is absolutely integrable, the Riemann-Lebesgue Lemma
implies that

0= lim 3, = lim n"b,,
n—roo n—oo

0= lim a,, = lim n™a,.
n—oo n—oo
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Theorem 6.6. Suppose that the coefficients of

o0
agp .
(6.5) ) + Z ay, cos kx + by sin kx
k=1
satisfy
(6.6) In"a,| < M, [n"b,| < M (M >2)

for some positive constant M, then the series (6.5) has (m — 2) continuous derivatives, which can be
obtained by term-by-term differentiation of the series (6.5).

Proof. Let us write

f(z) = % —i—l;akcoskx—i—bksinkx

km

a > akkm bkkm .
:5—1—2 o cos kx + sin kx
k=1
(6.7) :%—1—;2—2 coskac—i—f—f1 sin kx

where the hypothesis (6.6) indicates that

k| = [KMap <M and  |B| = [K"b| < M

for all k. We now differentiate the series (6.7) n times (n < m — 2). It is clear that the absolute values
of the coefficients of the differentiated series is bounded above by

M

fm—n :

It follows that the sum of the absolute values of these coefficients converge for each n =1, ..., m — 2.
A simple application of the Weierstrass M-test (Theorem 2.11) shows that (6.7) converges uniformly
for each n =1, 2, ..., m — 2. Theorem 2.10 implies that term-by-term differentiation of the series for
n=1,2,..., m—2is valid. U

Theorem 6.7. Let f be a continuous function defined on [—7, | with an absolutely integrable derivative
(so it may not exist at certain points). Then

I(x) ~ % + Z [(kbk + (=1)*¢) cos kx — kay, sin kx|,
k=1

where ay, and by, are the Fourier coefficients of f(xz) and c is given by
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Proof. Set

/ o0
f(z) ~ % + Z (aj, cos kz + b} sin kz).
k=1
This gives
1 (7 1
ay=— [ @) de==(fm) = f(=m)).
It is not difficult (why?) to see that
(6.8) f(z) - % ~ (ak, cos kz + by sinkx).
k=1

The Fourier series of the function (according to Theorem 6.4)

/ /
ap ap

(6.9) F(z) = /Ox (f'(z) - 5) dx = f(zx) — f(0) — == (F(0) = 0; f continuous)

2

can be obtained from (6.8) by term-by-term integration. This implies, therefore that the Fourier series
of (6.8) can be obtained from (6.9) by term-by-term differentiation. On the other hand, since f has an
absolutely integrable derivative, so we know from the Theorem 5.10 that that the Fourier series of f

converges uniformly:

flx) = % + Zakcosk:x + by, sin kx
k=1

and

e (_1 k+1

5 = Z sin kx.

k=1

We deduce from the Theorem 6.4 that
/ 0 1 k 1
f(x) — f(0) — % = % — f(0) +Zakcoskx+ (bk + %) sin kx
k=1

and hence

, 00
(z) — % ~ Z ( — kay sinkx + (kby + (—1)ka'0) cos kx),
k=1

which is the desired result after setting af, = c.

]

The following theorem is important to know the analytic nature of f(z) if we are only given the

Fourier series of f.

Corollary 6.8. If f(7) = f(—m), that is, ¢ = 0, then the Fourier series of f’ can be obtained directly

from the Theorem 6.7 via term-by-term differentiation

f(x) ~ Z k (by cos kx — ay sin kx).
k=1

Remark. We note that this also follows from the Theorem 6.5 since we can extend f to the r—axis

with period 27.



FOURIER ANALYSIS AND APPLICATIONS 13

Improving the Convergence of Fourier Series.

Example. Consider

f(z) = kzzz(—l) ] sin kz
Since k—3 ~ l as k — oo, we consider
kt—1 k& ’
k3 1 1 1

Recall that

on (—m, 7). Hence

_1)k+1

sinkx +sinx — sinx

x o (1"
:—§+51nx+zk5_k51nkx, x € (—m,m)
k=2
. 1
This improves the convergence from z to R
Example. Consider
— k' —k? +

cosnx.

J(@) = ; K2 (k1)

Notice that
E*— k241 1
K2(KA 1) k2

We consider
=k +1 1 -1

R+ 1) k2 ki1
Recall that (see Chapter 2)

i cos kx B 322 — 6xm + 272

— 27].
k2 12 9 € [07 ﬂ-]
k=1
Hence
1 =1
:Zﬁcoskx—zmcoskx
k=1 k=1
_ 222 — 6xm + 272 > cos kx € [0, 27,

_ —_,
12 k:lk +1

1
This improves the convergence from 72 to e
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Example. Consider

k:1k+a
We write
111 1 a o a
k+a_21+%_2(1_E+k2 i )
:1(1_9+a_2_a_2[9_a_2+ )
k ko k2 K2Llk k2
_1[1_2 a Cf( % )
k ko k2 E2\14¢
1 a a® ad
_E[l PTe k3+ak2}
1 a a? a’
PR TR Bkt
We again recall that
. sinkzx w—=x
> = (0 <z < 2m)
k=1
and .
Z coskkx = —1In(2sin g), (0 <z < 2m);
k=1
and

cos kx 322 — 67z + 272
2 = D 0<x<2m.

k=1

Integrating the second and third series gives

[ee] .
a ]’C x
blr;{—zx = —/O ln(2sing) dx,
k=1
and
i sin kx /J” 32?2 — 6mx + 272 d x3 — 3ra® + 27z
= €T = .
k3 0 12 12
k=1
Thus, we obtain
o0 .
sin kx sin kx o2 sin kx I sin kx
f(x)zz P Z Zk3k+a
k=1 k=1
T—x r 3 3ra? +27T:c i sin kx
= +a/0 1n(251n2)dx—|—a( 13 Zkﬁk—l—a'
. 1
This improves the convergence from z to e
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Remark. We now offer a “theory” concerning the understanding behind the method that improves the
convergence of the Fourier series. Suppose a function defined on [—7, n] with f(—m) # f(7) is to be

extended onto the whole real axis. Since the the Fourier series of f converges to the value w,
and hence the approximations to f cannot be too good, that is, one needs more terms to get a good
approximation (small error). If, however, we adjust the function by adding a new function ¢ such that
f(m)+¢(m) = f(—m)+¢(—mn), then the Fourier series of f+ ¢ will converge better (smaller error term).
This can usually be done by ¢(x) = az + b for some suitably chosen constants a and b.

EXERCISES

Q1 Using the list of identities in section 12, Chapter 5 of Tolstov’s book and the Parseval theorem
to calculate the sums

1
(a) Z A
k=1

Q2 Using the list of identities in section 12, Chapter 5 of Tolstov’s book and the Parseval theorem

to calculate
& T
/ In? (2 sin —) dx.
0 2

Q3 Find the Fourier series of the derivative of

> kx inkx
o) =3 (S ().

k=1

Q4 Improve the convergence of the following series:

o0

Q5 Show that if f(x) is square integrable and if ax, and by, are the Fourier coefficients of f, then

1 [rth agp > . sin kh
. flu) du = 3 + ;(ak cos kx + by sin kx) T

where |h| < .



