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Chapter 1

Analytic Functions

We shall give a brief review of the basic results in complex functions
centred around Cauchy’s integral formula in its general form and its
immediate consequences.

1.1 Notations

C={z=x+iy: |z| < oo,|y| < 00,i* = —1}:= complex plane;
C = CU{o0}:= extended complex plane or Riemann sphere;
(20,7) = {2z : |z — 20| < r}:= open disk;

(z0,7) = {2z : |z — 20| < r}:= closed disk;

(2):= real part of z;

(z):= imaginary part of z.

BT

Definition 1.1.1. 1. A set S € Cis connected if for any two points
lying in S, there exist a polygonal curve lying entirely in S and
connecting the points.

2. A region G € C is an open connected set.
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1.2 Cauchy-Riemann Equations

Definition 1.2.1. Let G be an open set in C and f : G — C. Then f
is differentiable at a € G if the limit

o Hat ) = ()

h—o00 h

exists; the value of the limit is denoted by f’(a) which is called the
derivative of f at a. If f is differentiable at each point of GG, then we
say f is differentiable on G.

Definition 1.2.2. A function f : G — Cis analytic if f is continuously
differentiable on G i.e., f’ is continuous at every point of G.

We shall show later (see Remark that analyticity of f alone
(i.e., without the continuity assumption) implies the continuity of f’
(in a neighbourhood). That is, the function must be continuously dif-
ferentiable. This is certainly not the case in real function theory; there
exist many real functions such that their derivatives are not continu-
ous. (e.g. |x|)

[t is an easy exercise to show (from the definition) that if f(z) =
u(x,y)+iv(z,y) is analytic, then u and v satisfy the Cauchy-Riemann
equations at z:

ou Ov Ou ov

or oy oy Oz
Note that the partial derivatives are continuous and the converse
is also true.

Theorem 1.2.3. Let u and v be real-valued functions defined on a
region G and suppose that they have continuous derivatives there. Then
f:G— C, f=u+1v is analytic if and only if both u and v satisfy
the Cauchy-Riemann equations.

Proof. See Conway p.41-42. ]
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1.3 Line Integrals

Definition 1.3.1. A path in a region G C C is a continuous function
v : |a,b] = G (a < b). A path is smooth if 7" exists and also continuous
on [a,b]. Let a =ty <t; <ty <--- <t, =0>bbe a partition on [a,b],
then a path 7 : [a,b] — G is piecewise smooth if it is smooth on each
subinterval [t;_1,%;],1=1,...,n.

Remark. We note that if 7/(¢) # 0 implies that v has a tangent at t.
Some authors will simply assume, in addition to the existence and the
continuity for the smooth curve ~, to have v/ # 0.

Definition 1.3.2. We define the length of a piecewise smooth curve

to be ,
1) = [ 1/ ®)]dt

This is clearly a well-defined number. Suppose that f : G — C is
continuous and v[a,b] C G, we define the line integral along ~ to be
the number

[1=["rdr=[ s e)ar

In fact, it can be shown that the integral always exists (see Conway
p.60-62) and it is independent of any particular parametrization (see
Conway p.63-64).

Definition 1.3.3. Let f and ~ be defined as above. Then we define
the line integration of f along v with respect to the arc length as

[ 1zl = [ fao) @)l d. (1)

The integral clearly exists since f is continuous, and v is piecewise
continuous. It is easy to verify that

s

< [ If11dz].
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Remark. The (1.1]) becomes I(v) if f(t) = 1.

Theorem 1.3.4. Let 7y : [a,b] — G be a piecewise smooth path in a
region G with initial and end points o and B. Suppose f : G — C s
continuous with primitive F' : G — C (i.e. F' = f), then

Af = F(B) - F(a). (v(a)=a,v(b) =5)

Proof. By definition of line integral above,

= ["(Fory(t)di
= F(v(b)) — F(y(a))
— F(B) - Fla).
by the Fundamental Theorem of Calculus. ]

Definition 1.3.5. A curve v : [a,b] — C is said to be closed if y(a) =
7(b).

We deduce immediately from the above theorem that

=0

gl

when 7 is a closed piecewise smooth path and with f as in the above
theorem.

Remark. (i) All of the above definitions and results about piecewise
smooth paths can be generalized to rectifiable paths. We shall
restrict ourselves to piecewise smooth paths in the rest of the
course. See Conway for more details.

(ii) Although the treatment here (and in most books) about line in-
tegral is short, complex line integral is considered to be a very
important contribution from Cauchy (in a paper dated 1825).
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1.4 Local Cauchy Integral Formula

Theorem 1.4.1 (Local Cauchy Integral Formula). Let f : G — C be
analytic and that B(a,r) C G, v(t) = a +re', t € [0,2n]. Then

" 2mi /7 w — z
for any z € B(a,r).
To prove this theorem, we require

Proposition 1.4.2. Let ¢ : [a,b] X [¢,d] — C be a continuous function.
Define g : [¢,d] — C by

o(t) = [ ols.t)ds.

Oy
Then g is continuous. Moreover, if 5 exists and is a continuous

function on [a,b] X [¢,d], then g is continuously differentiable on |[c, d]
and

g = %f( 1) ds. (1.2)

Proof. Since ¢ : [a,b] X [¢,d] — C is continuous and hence it just be
uniformly continuous on its domain. It follows easily that g, as defined
above, must be continuous on [¢,d]. In order to prove (1.2)), it suffices
to show that . . 3
— b
9(t) —g(to) _ / 92 (s, ty) ds
t— 1o ot

can be made arbitrarily small.

Since ¢(s,t) = f(s,t) is continuous on [a,b] X [¢,d], it must be
uniformly continuous there. Thus, given € > 0, there exists a 6 > 0
such that

[or(s', 1) — (s, b)) < e
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whenever (s’ — s)? + (' — t)* < §2. In particular,

[oe(5,t) — (s, t0)| < €

if a < s <band |t —ty| <J. Hence for |t — ty| < J, we have

t

/to 0i(8,T) — @i(s,to) dr| < €|t — to].

But the integrand of the last inequality equals, with a fixed s,
(o(s,t) — tpu(s, o)) — (@(s,t0) — Lopr(s, to))

= (s, 1) — @(s,t0) — (£ — to)ei(s, to).

Hence
|o(s,2) = p(s,t0) = (E = to)er(s, to)| < €t — o
whenever a < s < b and |t — ty| < . But this is precisely

o)

< €|b — al
t — 1o

after integration with respect to s on both sides. This proves ¢'(t) =

12 0i(s,t)ds. But ¢y is continuous and so ¢’ must also be continuous.
]

Example 1.4.3. Show that

1S

2 e
/ . ds = 27
0 e’ —z

whenever |z| < 1.

1S
T,for()gtgl,()gsg%r,is
e

Solution. Since ¢(s,t) =
—tz
continuously differentiable, it follows from Prop that

18

ds.

o(t) = [ elstyds = [ =

eis — tz



CHAPTER 1. ANALYTIC FUNCTIONS 7

But
or  ze' —iz |*" —iz —iz

e e S

0 (efs —tz)? ers —tzly e —tz eV —tz
for all ¢ € [0, 1]. Hence g(t) = constant, and in particular,

o eis
9(0) = || S —gds =2

For t = 1, we have the required equality. ]

Now, we are sufficiently prepared to prove Theorem [1.4.1].

Proof of Theorem 1.4.1. For any B(a,r) C G, we are required to show

f(z) = 271m/71{j(10)z dw

where y(t) = a + re', t € [0, 27).

Without loss of generality, it is clear that we may consider a = 0
and 7 = 1 only. Since the translation f(a + rz) will take that B(0,1)
to any preassigned B(a,r). Thus we aim to show

B i /271_ f(eis)eis

. d e B(0,1).
277'2/710—2 o Jo els — » 5 % (0,1)

Consider . .
f(z+t(e”® —2))e™

eis — 2

p(s,1) = - f(2),

where t € 0,1}, s € [0,27], |2| < 1. Clearly ¢ is continuously differen-
tiable. Hence

g(t) = [ pls.t) ds
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is also continuously differentiable, and

21 0 (f(z + t(e" — 2))e’

g'(t) = 0 ot —f(z)) ds

e's — 2)
_ /27r (6is _ z)f’(z + t(eis _ Z))ezs s
0 ers — z

= /(;% fl(z+te” —2))e" ds

1 ) 27
= gf(z +t(e” — 2))

0

for each t € [0, 1]. Hence g(t) = constant. Then

(22 = re) as= a0 = = [ (225 - 110 a

els — 2 eis — 2

But

18

2 f(z)eis o 2T e o
/0 (eis—z_f(z)) ds-f(z)/o (eis—z_l) ds =0
by the Example above. Hence g(1) = 0. And this is precisely

2 f(2) :/O%f(.eis)eisds: 1/7 J(w) dw.

e — 2z 1 w—z

The result follows. ]

1.5 Consequences

We now investigate some consequences of the local Cauchy Integral
formula.

Theorem 1.5.1. Let f be analytic on B(a, R). Then

f(z) = i( )"
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(n)
for z € B(a, R) where a,, = / '(a) and the series has radius of con-
n!

vergence at least R.

Proof. Let r > 0 such that B(a, r) C B(a, R). Suppose () = a+re”,
t € [0,27]. Define M = max.cjo 25 | f(2)] since [0, 27] is compact and
f is continuous on [0, 27]. By Theorem [1.4.1] we have

S cmam=arret

flz) =

o

We claim that

o= [ IO g

S 2mih(—a+a—z

1 f©)
B 2m’/7(<_a)<1_2:3> a%

1 [ f(©) S (z_CL)de

:%VC—akZO ¢—a
R USSR S S (( N S
_k;z::o(z_a) .QWi/V(C_a)kJrldC'_kz::Oak(Z a)”.

This is because

<1 and ‘g(f)a (Z:Z)k

Z—a

(—a

M (za|)lC
< — :
r r

k
) converges uniformly by applying M-

So the series Zéf(o (Z —f

—a\(—a
test.

Thus we could interchange the integral and summation signs in the
above computation. But the series
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can be differentiated indefinitely within its radius of convergence, and
the derivatives are given by

=Y nn-1)(n—k+Dap(z —a)f™, n=123, -
k=0
so that
" (a) = nla,.
Hence . .
IO gy, W
271 v (C — a)*tt n!
for each n > 0. This completes the proof. ]

We deduce immediately from the above theorem that

Theorem 1.5.2. Suppose f : G — C is analytic and B(a,r) C G,
Then

(i) f is infinitely differentiable; and
(ii)

f(n)(a) n! /V(C i(j))TH_l dCa ’y(t) _ a—l—reit‘

T o

The next theorem is another very important result in complex anal-
ysis. It will be derived from Theorem above. However, some
authors prefer to derive it directly and deduce the Cauchy Integral
formula as a consequence.

Theorem 1.5.3. Let f be analytic on B(a, R) and suppose 7 is any
closed piecewise smooth curve in B(a, R). Then f has a primitive and

Af:O
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Proof. Suppose z € B(a, R) and f(z) = >2°,a,(z — a)" by Theorem
1.5.1] It can be easily verified that the function defined by
< q,

n:()n—l—l

P(z) = et

(z—a

has the same radius of convergence as that of f(z). Clearly F is dif-
ferentiable, and F'(z) = f(z). Hence, F is a primitive of f in B(a, R).

Suppose 7 : [a,b] — C is as in the assumption, then

since 7 is closed. [l

1.6 Liouville’s Theorem

Definition 1.6.1. We say a function f that is analytic everywhere in
C an entire function.

Clearly, any entire function has the power series representation in
B(a,r) for any a € C and any r > 0. So the power series must have
an infinite radius of convergence.

Proposition 1.6.2. Let G be an region. If f : G — C is differentiable
with f'(z) =0 for all z € G, then f is a constant on G.

Proof. Let zy € G and f(zp) = wp. Set
A={z€G: f(z) =wy} CG.
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We aim to show that A = G by proving that A is both open and
closed. Then a standard topological argument gives A = GG. Hence, f
is constant on G.

Let {z,} be a sequence in A and z, — z as n — co. Then by the
continuity of f, we have

wo = lm f(z,) = f(im zn) = f(2).

Hence z belongs to A. This proves that A is closed.
Let a € A, B(a,e) C G and z € B(a,¢). Let

gt)=f(tz+(1—1t)a), 0<t< 1.

Then
9(t) —g(s) _ fltz+ (1 —t)a) — f(sz+ (1 —s)a)
t—s tz4+ (1 —t)a— (sz+ (1 — s)a)
24+ (1 —tla—(sz+ (1 —s)a)
t—s
— f'(sz+ (1 —s)a) - (z —a) (Chain rule)
=0-(z—a)=0,

as t — s. That is ¢'(s) = 0. So f(2) = ¢(1) = ¢g(0) = f(a) = wy.
Since z € B(a,€) is arbitrary, we conclude that B(a,¢) C A. Hence A
is open. This completes the proof. ]

Theorem 1.6.3 (Liouville’s Theorem). Any bounded entire function
must reduce to a constant. That is, there is no non-constant entire
function.

Proof. Let z € B(z,r) C C. Then Theorem implies

1 f(©)
/V(C—Z)2

f'(z) = d¢, v=z+re", tel0,2n]

o
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So

— 22
< upper bound of |f]

—0 as r — oo.

r

Hence f'(z) = 0 for every z € C.

Alternatively,

‘an| =

1 f(<)
271 /7 (¢ — z)ntl dC|
< upper bound of |f]

—0 as r—

Tn
for each n > 1. Hence
f(z) => an(z —a)" = ag = constant.
[l

Definition 1.6.4. Let f : G — C and a € G such that f(a) = 0. Then
a is a zero of f with multiplicity m > 1 if there is an analytic function
g such that f(2) = (2 —a)™g(2) and g(a) # 0.

We deduce the following important theorem from the Louville The-
orem.

Theorem 1.6.5 (Fundamental Theorem of Algebra). Every polyno-
mial P(z) = a,2" + - -+ + ag can be factored as

P(z) = ¢(z = b)) -+ (2 = by)"™,
where ¢ is a constant, by, . .., by, are the zeros of P and ky+- - -+k,, = n.

Proof. It suffices to show that P has at least one zero if it is non-
constant, so that we have P(z) = (2 — a)g(2), and then obtain the
general form via induction on the degree of P.
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So let us suppose that P(z) # 0 for all z € C. Then

1
P(z)

F(z):=

is an entire function on C. But F(z) — 0 uniformly as z — oo along
all possible paths, so we can find an M’ > 0 and R > 0 such that
|F(2)| < M for z € C\ B(0, R).

Notice that F' is also continuous on B(0, R) since P has no zeros
there. Hence we may find a M” > 0 such that |F| < M” on B(0, R)
since the closed disk is a compact set and F' is continuous on it.

Let M = max{M', M"}, we see that |F| < M for all z € C. So
F, and hence P, must reduce to a constant by Louville’s theorem. It
contradicts to the assumption that P is an arbitrary polynomial. [

1.7 Maximum Modulus Theorem

Theorem 1.7.1 (Isolated Zero Theorem). Let G be a region, f: G —
C be analytic. If the set Z == {z € G : f(z) =0} has a limit point in
G, then f =0 in G.

Proof. Let a be a limit point of Z := {z € G : f(z) = 0}. Then we
can find a sequence {z,} in G, 2z, — a and f(z,) = 0. Since

0= nh_>nolo f(zn) - f(a),

so f(a) = 0. Theorem implies that for some R > 0 such that
B(a, R) C G, we have

0
f(z) =3 ar(z — ap)"
k=0
Suppose that there is an integer N where 0 = ay = a1 = --- = ay_1

but ay # 0. Then we can write
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in B(a, R) where g is analytic there and g(a) # 0. But since g is
analytic and hence continuous in B(a, R), we can find 0 < r < R such
that g(z) # 0 in B(a, r). But since a is a limit point, so there is a
b € B(a, r) different from a such that 0 = f(b) = (b —a)¥g(b) # 0. A
contradiction. So no such integer N can be found. Thus, the set

A={zeG: f"(z)=0 for all n > 0}.

1s non-empty.

We next show that A is both closed and open. Let z belongs to
the closure of A, and {z;} C A converges to z. Since each f™ is
continuous, it follows that 0 = limy_ ™ (z) = f™(2). Hence z € A
and A is closed.

Let a € Aand B(a, R) C G. Then f(z) = Y ai(z —a)* in B(a, R),
and f(a) = 0 for each n. So f(z) = 0 in B(a, R). Then clearly
B(a, R) C A. Hence A is open. Since A is non-empty, so A =G. [

Corollary 1.7.1.1 (Identity Theorem). If f = g on a sequence of
points having a limit point in G, then f =g on G.

Theorem 1.7.2 (Maximum Modulus Theorem). Let G be a region
and f : G — C is analytic. If there exists a point a € G such that
1f(2)| < |f(a)| for all z € G, then f is constant.

Proof. Let zy be an arbitrary point in G such that |f(z)| = |f(a)],
B(z9,7) C G, v(t) = 20 + re’, t € [0, 27].
By Cauchy’s integral formula,

1
/ f(<) i
2me Iy ¢ — 2
1 - it .
= n flzo+ ret) —|—’7‘e >z'7“e”dt
2711 /0 rett

1 27 .
= | fzo et dt.

f(Zo) =
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We may suppose that |f| is non-constant on 0B(zy,r) for some
r > 0. Hence, there exists a ty € [0,27] and § > 0 such that

1f(z0 +re")| < M = |f(a)] on [ty — 6ty + 6]

Hence

1
o /t€[0,27r]\[t0—6,to+6]

1 it
+ %/te[to_&tow] f(zo +re )dt‘

M = |f(z0)] < (20 + re) dt‘

M M
— (2T — 2 —26 = M.
<27T(7T 5)+27T5

A contradiction since M £ M. Hence |f| = M in B(zp, ), then f
is constant in B(zg,r) (Use f' = u, + iv, and Proposition [1.6.2). Now,
since B(zy,r) is non-empty open subset of G, then by the Identity
Theorem, f is constant on G. ]

Theorem 1.7.3 (Minimum Modulus Theorem). Let f : G — C be
analytic and G is a region. If there exists a € G such that |f(z)| >
|f(a)| for all z € G, then either f is a constant or f(a) =0 i.e. a is
zero of f.

Proof. Exercise. H

1.8 Branch of the Logarithm

Definition 1.8.1. Let G be a region and f : G — C is continuous.
We call f(2), a branch of the logarithm if e/*) = z for every z € G.

If ¥ = 2, then we write w = log z = f(z). But e**?"* = ¢¥ = 2 for
every integer k. Hence for each z, the equation e” = z has an infinite
number of solution for w = log|z| + i(arg z + 27k). Let G = C\ {z :
r <0} and —7 < arg z < 7. The function

f(z) =log|z| +iargz, z€G
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is called the principal branch of the logarithm. The other branches of
the logarithm are given by

fr(z) =log|z| +iarg 2

for (2k —3)m < argz < (2k — 1)m., k € Z \ {1}. (Principal branch
f - f17 i'e'7 k= 1)

The principal branch of the logarithm is analytic on C\ {z : < 0}.

Proposition 1.8.2. Let v : [0,1] — C be a closed piecewise smooth
curve and assume that a ¢ ~. Then

1, d¢

2ri 7(—a

€ 7.

This proposition seems trivial since

d
[ %, = [ dlog(¢ — a)) = [ dllog ¢ ~ al) + i  dlarg(¢ ~ ).
When 7 has described a complete revolution, () returns to its initial
position, so the first integral [, d(log |¢ —a|) = 0; and ¢ [, d(arg(¢ — a))
gives 2mik, where k is the number of the complete revolutions that
around a. However, the function arg(¢ — a) is not uniquely determined
(multi-valued), so the above argument is not precise.

Proof. One of the easiest proofs available is to consider the function

0= [ O

Note that

1 ((t d¢
g(1) = [ g(t)(—)adt:/vg—a'
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We aim to show that — is constant on [0, 1]. Consider
(t) —a
420 ) e coe
dt \¢(t) —a) C(t)—a (C(t) —a)?
Ca S0 S0 )
(C(t) —a)*  (C(t) —a)?
=0
for t € [0, 1]. Thus
) eo(1)

¢0)—a (¢(1)—a
But g(0) =0, so /) =1,

Hence Lo %
ga):%;qﬂ_adﬁzéc_azzmk

for some integer k. Then the result follows.

[]

Definition 1.8.3. Let 7y : [0,1] — C be a closed and piecewise smooth
curve, and a ¢ . We define

n(v;a) ]'/ &

T o v(—a

to be the index of v with respect to a or the winding number of v around
a.

Suppose v(t) : [0,1] — C is a curve, we define —y(t) = (1 — ).
If o :[0,1] — C is another curve such that v(1) = ¢(0), then v + o

means
v(2t), 0<t<i
+0)(t) =
(r+ o)) {J(Qtl), ;s <t<1.

It is left as an exercise to verify that
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(i) n(—=v;a) = —n(v;a)

(ii) n(y +o;a) = n(y;a) +n(o;a).

Proposition 1.8.4. Let~y : [0, 1] — C be a closed and piecewise smooth
curve, and a ¢ . Then n(vy;a) is constant for any a belongs to a
bounded component of C\ ~, and zero for a belongs to the unbounded
component.

Remark. There is only one unbounded component since 7y is a com-
pact set.

Proof. Let a and b belong to the same component D of C \ 7. Since
n(v;a) and n(y;b) both equal to some integers, it suffices to prove
n(v;a) is continuous on D. (Then, n(y; D) is connected, and since
n(y; D) C Z, n(v; D) is a constant integer only.)

Let d = minge,{|¢ — al,|¢ — b]}. Then, by definition,

o) =) = |5 [ (=0 = 75 ¢

1 a—>b
=5 b T=ac oy dC‘

a—b\
27r/| S
< QW - / |d<!

:m ]
2md?

as |a—b| — 0. Hence n(v; a) is continuous on any components of C\ 7.
For a belongs to the unbounded component of C \ v, let d =
mince,{|¢ — a|} By the above argument, we have

1 d
o)l = 5| 2

%
= o dl()

() =0,
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But minee,{|¢ — a]} — oo as a — oo. Hence, |n(v;a)] — 0 as
a — 00. Since n(7;a) is constant and so n(y; a) = 0 in this unbounded
component because n(7;a) was proved to be continuous. O

1.9 Cauchy’s Theorem

We next prove the general Cauchy Integral formula and Cauchy’s the-
orem. In particular, we give conditions on n(vy;a) so that the Cauchy
theorem holds.

Proposition 1.9.1. Let v be a piecewise smooth curve and ¢ is a
function continuous on 7. For each m > 1, define, for z ¢ ~
(<)

Fo(z) = /W(C—z)m dc.

Then, F,, is analytic on C\ v and F = mF,, 1.
Proof. We first show that F}, is continuous on C\ . Since ~y is compact
and ¢ is continuous on v, we may let M = max.c, |p(z)].

Let a and b belong to the same component (if any) of C\ 7. Then,
as in the proof for n(vy;a),

@) = Fal®)] = | ((C@_(%m B <<¢£<b)>m> dc|
<M [ ! L jdel.

So, it remains to estimate the function inside the integrand: Since

C—a)™ (C—=b)m
A" —B" = (A—-B)(A™ ' + A" 2B+ ...+ AB" 24 B™7).

1
and B = ——, and let d = min¢e,{|¢ —al, |¢ —

1
Putting A =
utting —a C—b

b|}, gives

|a — |
dm—i—l

|Fn(a) — Fo(b)| <mM [(v) >0 asa—b.
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Hence, F,, is continuous on C \ 7.
Let a, b € C\ v and A, B as defined above. Then

J(A—B)(A" ' 4+ A" 2B 4 ... 4 AB™?

Fo(a) — F,(0)
a—2b _a—b/

=—/ O)(a—b)AB(A™ 1 + A" 2B + ...
+ABm 2+ B™Ydc¢
— /7 P(O)(A™B + A" B + .- + AB™) d(
—>/90(C)(Bm+1 Bm+1 Bm+1) dC
A

=m [ p(()B"" d¢

m/ — m+1

= F&(b)
as a — b.
Hence, I, is analytic with its derivative given at the end of the
above expression. ]

Theorem 1.9.2 (Cauchy’s Integral Formula - First version). Let G
be an open subset of C and f : G — C be analytic. If v is a closed
piecewise smooth curve in G such that n(v;w) =0 for allw € C\ G,
then for a € G\ 7,

n(y;a)f(a) = 1/ A

2mi )y ( —a

Proof. Define ¢ : G x G — C by

fz) = flw) .
prw)={ z-w o FT
f(2), if z =w.

(Exercise: Show ¢ is continuous and z +— ¢(z,w) is analytic.)

+ B™ N d¢
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Let H = {w € C: n(y;w) = 0}. Then H is open since n(vy;w) is
continuous on C\ 7 and integer-valued i.e., {0} is open in Z. From the
definition of G and H, we deduce that C = GU H and G N H # (.
Define g : C — C by

[z Q) d, ifzeG
9(2) = fvcf(_ozdg, if 2 e H

Next, we verify that g is well-defined on G N H.

[0 = [ TPIO

z—=C
_Af(ggiﬁ(Z)dC
=/ CfECZ d¢ — f(z) - 2min(y; 2)
- Wg(—g)zdg’

since z € GN H. Hence, g is a well-defined function on C.

It follows from Proposition that ¢ is an entire function, and
from Proposition [[.8.4] H must contain the unbounded component of
C \ v (because if n(y;w) = 0, then w € H). For z belongs to the
unbounded component, we have

. . f(¢) 1
lim () = lim [ 7 dC = [ F(O) lim o dC =0
. . . 1 .
since f is bounded on ~ and lim, .., —— = 0 uniformly.

So, there exists an R > 0 such that |g(z)| < 1 for |2|] > R, and since
g is bounded on the compact set B(0, R), then g is a bounded entire
function. Hence ¢ is constant by Liouville’s Theorem. Thus, g(z) = 0
for all z € C.
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That is, for a € G \ 7,

R
S .
= A =ri f(a) - 2win(y;a).
This completes the proof. ]

Theorem 1.9.3 (Cauchy’s Integral Formula - Second version). Let G
be an open subset of C and f : G — C is an analytic function. If
Y1, Ym are closed precewise smooth curves in G such that

n(y;w) + -+ n(ymiw) =0

for allw € C\ G, then for alla € G\ v and vy =y U--- Uy,

@) Enlwsa) = 3 o | T g

k=1 211

Proof. The proof is similar to that of Theorem [1.9.2] except to define
suitable ¢, H and g. ]

Theorem 1.9.4 (Cauchy’s Theorem - First version). Let G be an open
subset of C and f : G — C is an analytic function. If v1,...,vm are
closed piecewise smooth curves in G such that

n(y;w) + -+ (g w) =0
for allw e C\ G, then
f=0.
/{;I/Yk

Proof. Put f(z)(z—a) instead of f(z), and then apply Theorem [1.9.3
[l

Remark. We note that Cauchy’s theorem was published around 1825,
while Goursat’s theorem was around 1900.
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Theorem 1.9.5 (Morera’s Theorem). Let G be a region and f : G — C
be a continuous function such that

Jpf =0
for every closed triangular curve T in G, then f is analytic on G.

Remark. A closed triangular curve is a closed three sides polygon.

Proof. It suffices to show that f has a primitive on each open disks in
G. In fact, we may assume G = B(a, R) since G is open.
Let z € B(a, R) and define

Suppose 29 € B(a, R), then

F(z) = (/[] - [zo-z}> :

// z \\
’ \
1 \
I 1
\ a 1
\

\ 20 ¢

N s,

Figure 1.1: B(a, R)
So
F(z) — F(2) _ 1 /
zZ— 2 z — zg /[#0.7]

B z —1 20 /[zoz](f(c) o f(Zo)) dg + f(ZO)
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Hence
P(z)— F :
DB ) < s 1000 = Sl - |2
= | f(€) = f(=0)]

— 0 asz— 2.

Hence, F'(zy) = f(z). But F must be infinitely differentiable, so
f is analytic on B(a, R). O

1.10 Homotopy version of Cauchy’s The-
orem

Definition 1.10.1. Let 79, 71 : [0,1] — G be two closed piecewise
smooth curves in a region G. Then we say that vy #s homotopic to 1
is there is a continuous function I' : [0, 1] x [0, 1] — G such that

['(s,0) =70(s), I(s,1)=m(s), 0<s<1;

r0,t) =T(1,t), 0<t<1.

Figure 1.2: 7 is homotopic to v;

Remark. (i) If we write ['(s,t) = 7(s). Then the above definition
does not require v;(s) to be piecewise smooth.

(ii) If 79 is homotopic to 71, we write vy ~ ;. Note that ~ defines
equivalent classes on closed piecewise smooth curves in G-
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(a) v ~ 70 by the identity map,

(b) If 49 ~ v, then A(s,t) =T'(s,1 —t) would give v; ~ o,

(¢) If v9 ~ 71 and y; ~ 9 with homotopy I" and A respectively,
then the homotopy W : [0,1] x [0, 1] — G given by

T'(s,2t), 0<t<

A(s,2t = 1), 1 <t<

U(s,t) = {

shows that vy ~ 7.

Definition 1.10.2. A closed piecewise smooth curve « is said to be
homotopic to zero if 7y is homotopic to a constant curve (written vy ~ 0).

Definition 1.10.3. A region G is a-star shaped if the line segment
[a, 2] lies entirely in G for each z € G. We simply call G star shaped if
(7 is O-star shaped.

Figure 1.3: a-star shaped

Example 1.10.4. Let G be an a-star shaped region. Then every closed
piecewise smooth curve v in G is homotopic to the constant curve

Y(t) = a.
Solution. Let
I'(s,t) = ty0(s) + (L = t)mn(s)
=ta+ (1 —t)y(s)

for 0 <s,t <1.
It is easy to see that I' is a homotopy between v and 7. ]
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Remark. A convex region is a-star shaped with respect to any a that
belongs to G.

Definition 1.10.5. If vy, 71 : [0,1] — G are two piecewise smooth
curves in a region G such that v(0) = a = (1), y(1) = b = 71 (1).
We say 7 is (fized end points) homotopic to v, (9 ~ 71) if there exists
a continuous map I : [0, 1]* — G such that

F(S7 0) = 70<S)7 F(S7 1) = 71(5)7 0
00,6) —a, T(Lt)=b, 0<t

IA

s < 1;

1.

IA

Figure 1.4: 7y is (fixed end points) homotopic to v

Similarly, it can be verified that ~ is an equivalence relation on the
piecewise smooth curves satisfying the above definition. (See Conway
p.93)

And note again that, the intermediate path v4(t) = I'(s,t) for 0 <
s < 1 and t fixed, need not be piecewise smooth.

Theorem 1.10.6 (Cauchy’s Theorem - Second version). Suppose f :
G — C is analytic and v is a closed piecewise smooth curve in G such
that v ~ 0, then

[f=0

gl

Theorem 1.10.7 (Cauchy’s Theorem - Third version). Suppose f :
G — C s analytic and vy, 71 : [0,1] — G are two closed piecewise
smooth curves such that vy ~ 71, then

L= 0T
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Proof. Let 7y and 71 be as in the hypothesis, and T : I* — G (I =
0,1]) be the corresponding continuous function. Since I? is compact,
I" must be uniformly continuous on I?. Thus I'(I?) is compact and is
a proper subset of GG. Hence

d(L'(I1*),C\ G) =inf{lz —y| : 2 € (I, y € C\G} =7 > 0.
There exists an integer n > 0 such that
IT(s',t) —T(s,t)| <r

whenever |(s,t') — (s,?)|* < & and (s',t), (s,t) € I*
Set

i+l ok k+1
[*7 ]X N

ij: )
n n n n

] 0<jk<n—1)

(this forms a partition of I x I) and

Jj k :
e =1(=, — 0<73,k<n).
C]k (nvn) ( > _TL)
1 1 2 2
As the diameter (= diagonal) of Jy is /— + — = £ < —, we
n? n

must have I'(J;;) C B((ji,7) for 0 < j,k <n—1. (UjkB(g-k, ) Tflorms
an open cover of I'(1?); also it is a proper subset of G by the choice of
r>0.)

Let

Qr = [Cor> Ciks - - > Gk

be the closed polygon (since (o = (i) for 0 < k < n.
We will first show that
LI =l !

o f=].1

and
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then
/Cgkf:/QkJrlf (0§]€§n—1).
Thus
L= furmm == = L1
Let

Pt = [Ciks Gtk G k415 Gty Gk

be a closed polygon. (See Figure 1.5)

¢ Ci+1,k+1
g, k+1

Gk

Figure 1.5: Pj;

But I'(J;x) C B((jk,r), hence Py, C B((jx,r) in which f is analytic.
So
[, f=0 (0<jk<n-1)
Py

by Theorem [1.5.3]
We now show [, f = Jo, f, where

Qo = [Co0; G105 - - - 5 Gro)-
: 1
Let 0,(s) = 7(s) for J<s< L, (0<j<n-—1). (See Figure
n n
1.6)
Clearly oj+[Cj+1,0, Gjo] is a closed piecewise smooth curve in B((jo, )

and so

= 0.
/ijJF[CjH,o,CM f
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Figure 1.6: o/(s)

That is
/a- f=- [+1,05Gjo] /= /[C'O,Cjﬂ,o] /

J

So
n—1 n—1
/’70 f - yz:() /Uj f - jz:(] /[Cj07<j+1,0] f - /Qo f

Similarly, we can prove [, f = Jg, f. Finally, we show [o, f =
Jown [ (0 <k <n—1). Clearly we have 0 = Z?;(} Ip, [

Ci+1,k+1

Cj+2,k+1

/7 / Cjk
7

Figure 1.7: Pj, and Pjiq

It follows from the Figure 1.7 that

/[gj+l,k74j+1,k+1] /
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of /ij f cancels the

/[CjJrl,kJrvajJrl,k:} f
of /Pj+1,k: f. Thus

n—1
B SINEINSI

[]

Theorem 1.10.8. Let v be a closed piecewise smooth curve in G with
v~ 0. Then n(vy;a) =0 for alla € C\ G.

Proof. The proof follows from Theorem [1.10.6/ Since
on GifaeC\GQG,

is analytic
zZ—a

1 1
C2mih(—a

n(v;a) d¢ = 0.

]

We note that the converse of Theorem 1.9.8 is not true. That is,
there exist a v such that n(vy;a) = 0 for all @ € C\ G but it is not true
that v ~ 0. (See exercise). Thus Theorem and are more

general than Theorem [1.10.6| and [1.10.7].

Theorem 1.10.9. If vy and v, are two piecewise smooth curves joining

a tO b a:nd ’)/0 ~ ’Yl, then
Y0 /1

Proof. Since vy ~ 71, so there exists a continuous map I' : I? — C
such that

['(s,0) =7(s), I[(s,1)=m(s), 0<s<1;

['0,t)=a, [(1,t)=0, 0<t<1.
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il

s

Y0

Figure 1.8: 79 ~ 7

Because 79 — 71 is a closed piecewise smooth curve, we define

1

Y0(3s), 0<s<—

| b

v(s) = b, g <s<g
7(3 — 3s), §<s§ L.

Next we show v ~ 0 by claiming that A : I? — G is a suitable
function:

F(3s(1—1),1), 0<s< %
A(s,t) = [(1—1t3s— 142t — 3st), §<5§3
(3 = 3s)(1 - 1)), S<s<l

Note that
A(Svt) :’Yt(s)’ A(S,O) =7 — 7, A(Sa 1) =a=>.

1 2
It is easy to see that A is continuous at s = —; and at s = — because

(1 —t,1)=(1—1). So, A is continuous on I
Hence
0= = — :
Lr=Ls=17
[l

Definition 1.10.10. An open set G is called simply connected if it
is connected and every closed curve in G is homotopic to zero (i.e.,

v ~0).
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(1—1¢1)

For a fixed ¢

Figure 1.9: A(s,t) and [0,1 —¢] x [¢, 1]

So we have the following version of Cauchy’s Theorem.

Theorem 1.10.11 (Cauchy’s Theorem - Fourth version). If G is sim-

ply connected, then [, f = 0 for every closed piecewise smooth curve
and every analytic f.

The notion of simply connected region lies much deeper than it
appears. We shall study this in a more detailed way in a later chapter
(pending). Here we chiefly want to prove some immediate consequences
of analytic function defined on simply connected region.

Theorem 1.10.12. Suppose the region G is simply connected, and
f: G — C is analytic. Then f has a primitive on G.

Proof. Let a € G and ~ : [0,1] — G be a piecewise smooth curve (if
closed, then by Theorem immediately) in G where v(0) = a.

a ga!

Figure 1.10: vg —
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Define an expression F(z) = / f(¢)d¢. We first verify that F' is
2l

well-defined.
Since 79 — 71 ~ 0, Cauchy’s Theorem implies that

/Wo—%fdgz/%fdc_/%fdczo-

Hence F' is independent on the choice of v. Thus F' is a well-defined
function.

To show F' is analytic and F’ = f, we consider r» > 0 so small such
that B(zp,r) C G. Replace v by v + [29, 2] in F"

Then we have

F(z) = F(x) F(z0) = 1

VAR Z — 20

/[Zo,z](f(c) o f(ZO)) dC

By the similar argument in the proof of Morera’s Theorem, we can
deduce that F’ = f and I is analytic. O

The next result lies deeper.

Theorem 1.10.13. Let G be simply connected and f : G — C be an
analytic function such that f(z) # 0 for any z € G. Then there is
an analytic function g : G — C such that f(z) = e9%). If zp € G
and e = f(zy), then we may choose g such that g(zp) = wy. So
simply connected region implies every non-vanishing analytic function
can have a logarithm.

/
Proof. Since f has no zeros, and = is analytic on G. By Theorem

/

1.10.12, we let g to be a primitive of J; Consider

= 0.

d (f)zf’—g’f

dz \e9 ed
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Thus f = (constant)e? = e97¢, where c is a constant.

So, if zp € G and e = f(zy), we may find a suitable integer k such
that wy = g(z0) + ¢ + 27k. Now define § = g + ¢ + 27k, which is the
required function. H

Remark. The converse of the above statement also hold, namely that,
(G is a simply connected region if every non-vanishing analytic function
f can be represented as f = €9 for same analytic function g on G. We
refer to [1] or [3] for the detail.

1.11 Open Mapping Theorem

Definition 1.11.1. If v is a closed piecewise smooth curve in G such
that n(y;w) = 0 for each w € C\ G. We call such curve homologous
to zero (v =~ 0).

The following contour shows that although v ~ 0 implies v ~ 0,
the converse is not true. One can verify that following figure has v ~ 0
but v +¢ 0 since n(v; a) = 0 = n(v; b). The contour was first written
down independently by C. Jordan (1887) and L. Pochhammer (1890).

Figure 1.11: Pochhammer contour

Remark. The Beta function is defined by the integral

B(x,y)= [ 71—ty dt, (1.3)
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where $(x) and R(y) > 0 so that the integral converges. However, if
we remove the restriction®(z) and R(y) > 0, then we can still compute
the beta function via Pochhammer contour to

B(z,y) = |

(Pochhammer)

0+, 1—,0— o m’(x—i—y)4 2
W ORIZ 0 oyt g — ‘ : dt.
(1 —2)l'(1 —y)l'(x+y)
(1.4)

See [9] for the detail.

By using Cauchy’s Theorem, we shall see below some topological
results of different natures.

Theorem 1.11.2. Let G be a region and f : G — C analytic on G with
2eros Gy, . . ., Gy (counted with multiplicity). If v is a closed piecewise
smooth curve in G such that ap € v for each k, and if v = 0 in G, then

m

1 1!
m/yf(o d¢ = kzln(%ak)-

Proof. According to previous discussion,

F2) =z —ar) - (z—am)g(z), g(z) £0, z€G.

Then for z # a4, ..., a,, we have
f/ B 1 1 g/
f(Z)_Z—CujL +z—am+9'
So
1 1! 1 d¢ 1 d¢ g
= yvde = 7 d
21 vf(o ¢ 2m'/7C—a1+ +2m'/7C—am+/’yg ¢

!/
:n(v;a1)+---+n(7;am)+ﬁggd(.

/

Since v ~ 0 and I s analytic on GG, by the Cauchy Theorem - First

/
version, we have [, g d¢ = 0. This completes the proof. []
g
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Corollary 1.11.2.1. Let f, G and ~y be as in the preceding theorem
except that ay, ..., an, are the roots of f(z) = a (counted according to
multiplicity). Then

Lo Qe
2mfyf(<)—ad<_,§1 (7: k).

We next prove the important Open Mapping Theorem. But we
first need the following theorem.

Theorem 1.11.3. Let f : G — C be analytic where f(a) = a. Suppose
f — a has a zero of multiplicity m. Then we can find an € > 0 and a
d > 0 such that for all £ in 0 < | — a| < 6, the equation f(z) =& has
exactly m simple roots in 0 < |z — a| < e. (A simple root of f(z) = ¢
is a zero of f — & with multiplicity 1.)

Figure 1.12: f: G — C, f(a) = «

Proof. Let

= gtle vl

Since the zero a of f — « is isolated, we may choose ¢ < 5 such

that f(z) —a # 0in 0 < |z —a| < €. Then we have the representation

F(z) = f(2) —a=(z —a)"g(2)
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over the disk B(a,€), where ¢ is analytic and g # 0 there.

Let v be the boundary of B(a,€), and write ¢ = f(). Since C\ o
is open, we can find a component of C\ o containing «, and a number
0 > 0 such that B(«,d) is a proper subset of this component.

Consider

1 dw

n(a;a) - 2m'/crw—oz
1 F(Q)
N 27r2'/7 F(C) aq

1 m 1 4
2mi 4+ /v g0 “

T orih(—a 2

=m+0=m

/
since v is closed and g # 0 on B(a,€). (So I has a primitive.)

According to Proposition [1.8.4) n(c;() is a constant on this com-
ponent for each £ € B(a,6) \ {a}. Theorem [1.11.2 gives

n(oi§) = = [ -2

" omiJow — 19
1
I GE
= 3 i)

k=1

where aj for k = 1,...,n are the zero of f — ¢ in B(a,¢). But 7 is a
circle, so n(v;a;) = 1 for 1 < k < n. But then we must have m = n.
Theorem again implies that each of these zeros a; is a simple
root of f — &. This completes the proof. ]

We deduce immediately the following important result.

Theorem 1.11.4 (Open Mapping Theorem). Let f be a non-constant
analytic function defined on a region G. Then f is an open mapping,
i.e. f maps open sets onto open sets.
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Proof. Suppose U C G is open. To show f(U) is open, it suffices to
find a § > 0 for each £ € f(U) such that B(£,d) C f(U). But this
follows easily from Theorem that there exist €, § > 0 such that
B(a,e) C U, B(a,6) C f(B(a,€)). In fact, only part of the conclusion
in Theorem [1.11.3] is used. O

We now can give a second proof for the maximum modulus theorem.

Theorem 1.11.5 (Maximum Modulus Theorem). Let G be a region
and f : G — C is analytic. If there exists a point a in G such that
1f(2)| < |f(a)| for all z € G, then f is constant.

Second proof (Topological argument). Suppose a € f(G) and f(a) =
a, a € G. Then we can find a § > 0 such that B(«,d) C f(G) by open
mapping theorem. Hence there exist points in B(«,d) with modulus
strictly longer than |«|. Hence max |f(z)| cannot occur at an interior

of GG. []

We now consider the definition of an analytic function. Since the
main result we use is Morera’s Theorem, we could do this immediately
after the proof of Morera’s Theorem.

Recall that f : G — C is analytic on G if f is continuously differ-
entiable.

Theorem 1.11.6. Let G be an open set and f : G — C is differen-
tiable. Then [ must be analytic on G. That s, [ is differentiable if
and only if f is continuous differentiable.

Proof. According to the statement of the theorem, it suffices to show f’
is continuous. But by using Morera’s Theorem, we can show that f is
analytic directly. See, for examples, [1], [3], [4] for a proof of Goursat’s
Theorem. ]

Remark. It follows from Theorem [I.11.6[that we could define analytic
function simply that f is merely differentiable (without continuity) at
each point of an open set G.
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1.12 Isolated Singularities

We have proved that every zero of an analytic function must be iso-
lated; and as indicated that this property is not shared by real func-
tions. The next natural question is about the singularities of analytic
functions, i.e., the nature of points a such that f(a) undefined, such
as f(a) = oco. The following is a list of examples:

1.
Vz—1
has a (square-root) branch point at z = 1.
2.
In(z —1)
has a logarithmic branch point at z = 1.
3.
o1/(=1)
has an essential singularity at z = 1 (see below).
4.

tan[In(z — 1)]

has a non-isolated essential singularity at z = 1 (see below).

We can deal with a small selection of singularities in this course. In
the case where f(a) = 0o, the standard way to investigate the problem

is to consider F(z) = - at a i.e. F(a) = — = 0. Since any zeros
00

are isolated, we may assume F' has no zeros in 0 < |z —a| < § for
some 0 > 0. So F' has only one zero at a i.e. any singularities of f
with f(a) = oo must be isolated (just like the zeros). It turns out
that there are only a few types of singularities for analytic functions,
and the easiest way to study them is by considering the power series
expansions of the functions around the singularities.



CHAPTER 1. ANALYTIC FUNCTIONS 41

Theorem 1.12.1 (Laurent Series, 1843). Let f(z) be analytic function
in an annulus I'(a; Ry, Re) = {2z : Ry < |z —a|] < Ry}. Then

fz)= > an(z—a)"

n=—oo

and the series converges uniformly in T'(a; Ry, Re) = {2z : Ry < |z—a|] <
Ry}. The coefficients a,, are given by the formula

1 f(€)
tn = 2m'/v(C—a)”+1 a6

where 7y is any circle in U'(a; Ry, Ry) centred at a, and for all integers
n.

Proof. Let ri and r9 be two real numbers such that Ry < ry < ry < Ro,
and o be a straight line segment joining the boundary of I'(a;ry,79)
and passing through a. Let v;(t) = a + rie®, and Yo(t) = a + rqe for
t € [0, 2], then any closed curve inside v := 75+ 0 —y; — 0 is ~ 0. By
Cauchy’s formula we obtain, for z € I'(a; 1y, r2),

Ry

Y1

Figure 1.13: v:=vyw+0—v7 —0



CHAPTER 1. ANALYTIC FUNCTIONS 42

1 f(Q)
f(z)—% WC—ZCK
1 ()
=il L] ) 2
1 f() 1 f©)
B 27m'/72§—zdg_ 27ri/71§—de
_ 1 f(©) 1 f(Q)
N 27rz'/72 (C_a)(l_z:g> a6 27T7j/71 (z—a)(l—%) 4
@ ! f(©)
B ,LZ::O(Z —a) 271 [/2 (¢ —a)ntt %
£ | O -0
00 -1
=S a0+ S0y [ AOC- o
— i a,(z —a)" + i an(z —a)" (uniform convergence)
n=0 —00
where | £O)
a, = 2m,/71 (C—a)”“dc forn >0
and

an, 1/72 (Cf(C)anC for n < —1.

T om —a)

Let v = a+re fort € [0,2n] and By <1 <71 < 719 < Ry. By
constructing suitable contours involving v, we may bring the above
two line integrals over v, and ~y; respectively to the common curve .
Thus we obtain the formula for a,, as stated in the theorem. ]

Remark. We remark that Laurent expansion of an analytic function
in a punctured disk gives a beautiful generalization of Taylor expansion
of analytic function.
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Looking at the Laurent expansion of the functions in the above
theorem, there are several possibilities:

(i) ax = 0 for all & < —n for some integer n > 0; the point a is called
a pole of order n;

(ii) there are infinitely many a; # 0, k < —1; the point a is called an
essential singularity of f at a;

(iii) ar =0 for all k£ < —1, then a is called a removable singularity of
f at a.

e If f has a pole of order n, then

fl2) =2 ——5+ > alz—a)

%) s (z—a)f S (

where the sum Y7_; ai./(z — a)* is called the principal part of f
at a, and |f| — oo in the manner of O(|z — a|™) as z — a.

e If f has a removable singularity at a, then f(z) = 2, ar(z —a)*

in 0 < |z—al <d (somed > 0). But we clearly have f — ag as
2z — a, thus we may define a new function at a by g(z) = f(z)
for 0 < |z —a| < 0 and g(z) = ag at z = a. Then ¢ is an analytic
function in |z — a| < 6. Thus f is almost analytic at a if it has
a removable singularity at a and so from this point of view, this
case is less interesting.

We shall discuss the implication of pole later. The behaviour of
f near an essential singularity is very different. It is not true that
|f| = o0 as z — a.

Example 1.12.2. 1. Thesin z/z has a removable singularity at z =
0.

2. The Euler-Gamma function I'(z) has simple poles at each of neg-
ative integers (see a later chapter).
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3. The Weierstrass function p(z) has double poles at the vertices of
its fundamental period parallelograms (see a later chapter).

4. The €'/#, sin (1/z) and cos(1/z) all have an essential singularity
at z = 0.

5. Show the following Laurent expansion
3 (=1/2) _ i st
—0o0
where

1 2m .
ar = 27r/0 cos(k# — sin0) db.

Theorem 1.12.3 (Casorita-Sokhotskii-Weierstrass-1864). Suppose f
has an essential singularity at a. Then for every 6 > 0, f(I'(a;0,6)) =
C.

The statement of this theorem is equivalent to given any p, € > 0
and any ¢ € C, there is a point z inside 0 < |z — a| < p in which
|f(2) — | < e. That is to say, given any ¢, f tends to ¢ as the limit as
z tends to a through a suitable sequence of complex numbers.

Proof. We first show that f is unbounded on any punctured disks
['(a;0,0).

Suppose |f(z)] < M for all 2 € T'(a;0,0). Let y(t) = a + Re",
t € [0,27], then

1 f(©)
an| = 27m'/v(g—a)”+1 d¢| forn < -1
1|2 fla+ Re) _ .,
<MR™

—0 as R—0.
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Hence a,, = 0 for all n < —1 and f has a removable singularity at
most. A contradiction.
Let us now assume that 6 > 0 is chosen so small that f — ¢ has

no zero in I'(a;0,9). Then the function ¢(z) = 7
['(a;0,d). We claim that ¢ has an essential singularity at a. For if ¢

is analytic in
c

1
has a pole at a, then f = — + ¢ would be analytic at a; while if ¢ has

a removable singularity, then f either has pole or analytic at a. This
is a contradiction.

We now apply the result obtained above to ¢ i.e. ¢ is unbounded
on I'(a;0,9), so |f —¢c| = 0 on I'(a;0,0). That is, given € > 0, there
exists z € I'(a; 0, 9) such that

6(2)] > 1/e,

le.,
[F(z) =l = [1/o(z)] <.
So we could find a sequence ¢, = 1/n and {d,,} such that 6, — 0 and

zn € I'(a;0,4,) so that 2z, — a for and f(z,) — ¢. This completes the
proof. H

1.13 Rouché’s theorem

This is an application of the argument principle discussed earlier.

Theorem 1.13.1 (E. Rouché). Let f(z) and g(z) be analytic in the
domain D containing the closed, piece-wise smooth curve ~y. Suppose

FE>g()] forall z €.

Then f(z) and f(z) 4+ g(z) have the same number of zeros, counting
multiplicity, in the domain enclosed by 7.
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Proof. 1t is evident from the assumption that |f(z)| > |g(z)|, for all
z € 7 that both f(z) and f(z) + g(2) do not have zeros on 7.
The argument principle assets that

A, arg (f(Z) + 9(2)> = A, arg {f(z)(l T 9(2)”

f(2)
9(2)
=A A 14 ==,
varg f(z) + Varg< + f(z))
But since ) )
gz gz
1> =|==+1)—1],
f(2) ‘(f (2) )
on v. It follows that 1 + % can never circle around w = 0. Hence
Ay arg(f+g) = Ay arg f(2) +0
Thus

(f+9)=) 1 fl(z) .,
Nieg = 2m/f (z)dz_%i/vf(z) dz =Ny

inside -y, as required. ]

Example 1.13.2. If f(z) has zero of order two at a, and a pole of
order 3 at b, where both a and b are inside v, then

Ay arg f(z) =2m(2 — 3) = —2.

Example 1.13.3. Determine the number of roots of
2 =424+ 2-1=0

in |z] < 1.
On |z| = 1, we write

f(2) = —42°, g(z) = 2"+ 2 — 1.
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Then |f(2)| = 4 and |g(2)] < |2|" + |z| + 1 = 3 Hence |f(2)| > |g(2)|
on |z| = 1. Thus Rouché’s theorem asserts that f + g has the same
number of zeros as that of f = —42? in |z| < 1. Thus there are 3 zeros

inside |z| < 1.

Exercise 1.13.1. Prove the open mapping theorem for analytic func-
tion by applying Rouché’s theorem.

See next chapter for an hint.



Chapter 2

Conformal mappings

2.1 Stereographic Projection

One known problem with numbers in the complex plane C = {(z, v) :
—o0 < 7,y < +oo} do not have an ordering like the real numbers
on the real-axis R. Riemann’s (1826-1866) idea is to add an ideal
point, denoted by oo, to C to obtain an extended complex plane C=
C U {oo}. This construction can get around the problem of ordering.
The resulting C is compact which can be vasualised by the following
construction.

We show that there is an one-to-one correspondence between
S ={(z1,29,13) € R® : 2% + a3 + 23 = 1}

and C = CU {oo}. The S is called the Riemann sphere.

Let N = (0,0,1) and z € C. If we join the straight line between
N and z, the straight line intersects the sphere S at Z = (x1, 29, x3)
say. The construction clearly exhibits an one-to-one correspondence
between S \ {N} and C. Note that Z — N as |z| — oo. We may
associate N with oo and obtain the bijection between S and C. This
is known as the Stereographic projection.

Suppose P(z1,xy,13) = Z € S associates with z = (z, y) € C.
Then we may associate z the notation P with coordinate (z, y, 0).

48


https://en.wikipedia.org/wiki/Riemann_sphere
https://en.wikipedia.org/wiki/Stereographic_projection
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Figure 2.1: Riemann sphere

Then we have, by considering similar triangles formed by the line seg-
ment NP and projecting onto the x—, y— and z—axes respectively,

\NP|_x_y_ 1 (2.1)
INZ| 21 29 1—uax3 '
so that .
4 1—33’3.
Then
‘Z|2= .’E%-l—l’% :1+l‘3
1—51732 1—51737
(
hence
2> = 1
Tn —
ST P +1
Then -~ _
Z+Z 2—7Z

TR Tty

This clearly shows a one-one correspondence between S\ (0, 0, 1) and
C with the N = (0, 0, 1) corresponds to co. We also note that the
upper hemisphere where x3 > 0 corresponds to |z| > 1 and the lower
hemisphere of S corresponds to |z| < 1. An advantage with this Rie-
mann sphere model is that it puts all complex numbers including ‘oo’
in equal footing since any number can be rotated to N and vice-verse.
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From a geometrical viewpoint, it is evident that every (infinite)
straight line in the z—plane is transformed into a circle on S that
passes through the North pole NV, and conversely. Hence, every circle
(straight line included) on the z—plane corresponds to a circle/straight
line on S.

Theorem 2.1.1. A circle on the Riemann sphere is mapped under the
Stereographic projection into a circle (including a straight line) of the
C, and conversely.

Proof. Show that

1. a circle equation that lies on the Riemann sphere is an equation
of the form
ari + bxy + cx3 =d
subject to 0 < ¢ < 1 and a®+b? + ¢ = 1 (this is the intersection
of the plane and the unit sphere).

2. the above equation can be rewritten in the form
alz +72) —ib(z —2) +c(|z)* = 1) = d(|z]* + 1)
3. the above equation can be further rewritten into the form

(d—c)(z* +y*) — 2ax — 2by +d +c =0,

which is clearly a circle equation in the C and it becomes a straight
line. equation if and only if ¢ = d. ]

That is, a circle on the Riemann sphere S corresponds to either
a circle or a straight line on C. In the case the circle on S passes
through the North pole N = (0, 0, 1), then the corresponding straight
line (also considered as an unbounded circle passes through) to oc.

Exercise 2.1.1. Show that if z and w are two points in C so that
their images lie on two diametrically opposite points on the Riemann
sphere, then

wz+1=0.



CHAPTER 2. CONFORMAL MAPPINGS 51

Theorem 2.1.2. The stereographic projection is isogonal (i.e., the
mapping preserves angles).

Proof. The statement of the theorem means that the tangents of two
curves in the C intersect at point zj is equal to the angle made by two
tangents at the corresponding intersection point of two image curves
on the Riemann sphere. We shall make two assumptions:

1. that the Stereographic projection preserves tangents. We skip
the detail verification of this fact. But this is not difficult to see
since the Stereographic projection is a smooth map,

2. that without loss of generality that the two curves in C are (in-
finite) straight lines.

Suppose the two straight line equations are given by

ax +asy+az3 =0 (x3=0);

2.2
bix + bzy + b3 = 0. (:1:3 = O) ( )

It follows from ([2.1]) that the two plane equations become respectively,

CLle + CLQXQ + ag(Xg — 1) = 0;
lel + bQXQ + bg(Xg — 1) = 0.

In the limiting case when X3 = 1, we have the two tangent plane
equations

CL1X1 + CLQXQ = O;

2.3
lel + b2X2 = 0. ( )

at N(0, 0.1) parallel to the C. Clearly the angle between the two
curves in ([2.2)) is the same angle between the two lines in ((2.3)).

Note that any two intersecting circles in general positions on S can
be rotated so that the intersection point passes through the North pole
N. This consideration takes care of the preservation of the angle of
intersection of two curves in general position in C under the Stereo-
graphic projection. ]
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Theorem 2.1.3. Let z1, 29 be two points in C and Zy, Zy be their
images on the Riemann sphere S under the Stereographic projection.
We denote a(Zy, Zs) to be arc length between Z1 and Zy. Then

LoalZZ) 2
1111 5
270 [z =z 142

(2.4)

That is, the ratio depends on position only. So the Stereographic pro-
jection is called a pure magnification.

We easily deduce from the above theorem that

Theorem 2.1.4. Let C = {z = 2(s) : 0 < s < L} be a piecewise
smooth curve in C. Let I' be the image curve of C' on the Riemann
sphere under the Stereographic projection. Then the length (') of I’

s given by
 2ldz(s)|
/ 1+ ]dz

Let d(Z1, Z5) denote the chordal distance between Z; and Z; on S,
We also write

X(Zl, 2’2) = d(Zl, ZQ)

where 21, 29 are the corresponding points in C.
Theorem 2.1.5. Let z1, z9 € C. Then

2|Zl — 22‘
VRPN ERPAE

X(Zb 22) -

Since
X(z1, 20) = d(Z1, Zs) = a(Zy, Z>)

as 21 — z2. So the Theorem follows from the equation ([2.5)) in
the limit z9 — 27.

Proof. Let z1 = (x1, y1) and 2o = (z3, y2) and none equal to co. We
construct a plane passing through the following three points:

(07 07 1)7 (5131, Yt, 0)7 (33’2, Y2, 0)
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%,

Figure 2.2: Riemann sphere slide

Then we have the above figure.
We deduce from the Riemann sphere S that

d(N, z1) =1+ |z1/%, d(N, z9) = /1 + |2]%

One can see from similar triangles consideration on the Riemman

sphere S that
T o 1— XT3 o i)

T 1 Y
Hence
2 2
1 2 _ 1420 .2=1 L1 L2
+ |2| +ax*+y +(1—x3)2+(1—x3)2
B 2(1 — x3) 2
- (1—.173)2 - 1—1‘3.
and
d(N,Z)_l—SC?,_ 2

d(N,z) 1  1+[2*
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holds. This gives raise to

2 2
d(N, Z,) = ———— d(N, Zy) =

IRENER AP
We conclude that
d(N, z1)d(N, Z1)= 2 =d(N, z3)d(N, Zs).
Hence the triangles ANzj2z9 and AN Z,Z, are similar. Hence
d(Zy, Zy)  d(N, Z»)

d(z1, 22) d(N, z1)

It follows from the above consideration that

d(N, Z2) _ 2|Zl — 22‘
d(N, z1) 1+ |zl + |2?

d<Z17 ZQ) — d(Zh ZQ) :

as required. [

We are ready to prove Theorem [2.1.3]
We observe the relation
d(Zy, Z;)  sina

CL(Zl, ZQ) (0] 7

holds, where « is the angle between the line segments NZ; and N Z,
from the above figure. Hence

a(Zl7 ZQ) _ d(217 ZQ) —~ X(zla ZQ) N 2
‘21—22| |2’1—22‘ |Zl—22‘ 1+‘21|2

as 29 — 21.
We also note that

2

X(z1, 00) = Z;iggox(zh Z) = ma
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which follows from the Riemann sphere (geometric) or the Theorem
2.1.5| (algebraic) considerations. Thus we define the chordal distance
to be

2|z — 7|

\/1 45 |z\2\/1 + |z’|2’
V14|22

2,72 eC

X(z,2') =
7 = 0.

Alternative derivation

of the chordal distance. Suppose (z1,z9,x3) € S associates with z =
(z,y) € C and (z, x, 24) € S associates with 2’ € C.

Then the distance or the length of the chord joining (x1, z2, x3) and
(2, xh, x%5) on S is given by

V0@ — 21)? + (w2 — 25)? + (w3 — 23)%
On the other hand,

(z1 — )+ (29 — 2h)* + (23 — 25)? = 2 — 2(212) + 202 + w375).

Exercise 2.1.2. Show that
xlx'l + :L‘Q:E’Z + xgxg
(z+2)(z'+7) - (=2 —Z)+ (]2 - D('| - 1)
1+ [z +[']%)

_ @+ P)A+ ) — 2l — 2P

N (1 + |21+ [2])
Exercise 2.1.3. Verify the formaula for chordal distance using the
above formala.

Exercise 2.1.4. Verify that x(z1, 22) = x(21, 22) = x(1/21, 1/29).

Exercise 2.1.5. Describe a e—neighbourhood of a pont 2, in the
chordal metric.
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Metric space

The chordal distance x(z1, z2) defines a metric on C. This is because
1. x(z1, 29) > 0 and with equality if and only if 21 = 25;
2. x(z1, 22) = x(22, 21);
3. x(21, 23) < x(21, 22) + X(22, 23),
where the third item follows from
Exercise 2.1.6. Let a, b, c € C. Then
(a—b)(1 —cc)=(a—c)(1+cb)+ (c—b)(1+ ca).

Exercise 2.1.7. Show that the above metric space is complete.

2.2 Analyticity revisited

Local properties of one-one analytic functions

We recall that if f : E — P and there correspond only one point
in E for every point in P under this f, then we say the map f is
injective. This defines a function g on P, denoted by z = g(w), called
the inverse function or inverse mapping of f. In particular, we
see that g[f(z)] = z.

Let w = f(2) = u(zx, y) + iv(x, y). Then one can view f as a
mapping R? — R? given by

x u(z
( ) R ( (z, y)).
y v(z, y)
What is a criterion that guarantee the existence of an inverse mapping
for the above mapping?
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Standard material from calculus courses asserts that if

ou ou
(g)%? g?{) £ 0, at 2o = (xo, Yo),
Oxr Oy

then the Implicit function theorem asserts that an inverse function of
f exists there. That is, if the Jacobian is non-zero at z,. But then the
Cauchy-Riemann equations give

ou on
Uy —VUg /

Jo Gy =\t i — e = | ()P

or dy

This leads to the following statement.

Theorem 2.2.1. Let f(z) be an analytic function on a domain D such
that f'(z9) # 0. Then there is an analytic function g(w) defined in a
neighbourhood N (wy) of wy = f(20) such that g(f(z)) = z throughout
this neighbourhood.

Proof. Since

ou ou
9T 9y | = |1 (z0) # 0,
Oxr Oy

so the Implicit Function theorem asserts that is a neighbourhood N (wy)
of wy = f(2p) in which f has a local inverse at wy

o) = (o)

Moreover, the janalytic Implicit Function theorem asserts that the
stronger conclusion that since f is analytic at 2y so the g(w) is an-
alytic at wy. ]


http://en.wikipedia.org/wiki/Implicit_function_theorem
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We prove that a strong form of converse of the above statement
also holds. Please note we could apply the Theorem [1.11.3| to prove
the theorem. But we prefer to apply the Rouché theorem instead.

Theorem 2.2.2. Let f(z) be an one-one analytic function on a domain
D. Then f'(z) # 0 on D.

Proof. We suppose on the contrary that f'(zy) = 0 for some z; and we
write f(zg) = wg . We first notice that f'(z) # 0. For otherwise, f(z)
is identically a constant, contradicting to the assumption that f(z) is
one-one on D.

Since the zeros of f/(z) are isolated , so there is a p > 0 such that
f'(z) #0in {2z : 0 < |z — 29| < p}. Because of the assumption that f
is one-one, so

f(2) # f(=0) on [z — 2| =p.

On the other hand, |f(z)] is continuous on the compact set |z — zg| = p
so that we can find a § > 0 such that

1f(z2) = f(20)| 20>0 on |z—2|=p.

Let w" be an arbitrary point in {w : 0 < |w" — wy| < d}. Then the
inequality
f(2) —wo| =6 > [w' — wy

holds, so that the Rouché theorem again implies that the function
f(2) = f(z0) = f(2) — wy and the function

[f(2) = f(z0)] + [f(20) — w] = f(z) —

have the same number of zeros inside {z : |z — 29| < p}. But f'(29) =0
so f(z) — f(z0) has at least two zeros (counting multiplicity). Hence
f(z) — w' also has at least two zeros (counting multiplicity) in {z :
|z — 20| < p}. But f'(2) # 0in {2z : 0 < |z — 29| < p}, so there are
at least two different zeros z; and z3 in {z : |z — 2| < p} so that
f(z1) = w' and f(z9) = w', thus contradicting to the assumption that
f(2) is one-one. O
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2.3 Angle preserving mappings

We consider geometric properties of an analytic function f(z) at 2
such that f/(zg) # 0. Let v = {y(t) : a <t < b} a piece-wise smooth
path such that zp = v(ty) where a <ty < b and 2'(¢y) # 0, and

F:={w=f(2(t): a <t<b}.

That is, I' = f(7).
It is clear that the assumption z'(¢y) # 0 above means that the path ~
must have a tangent at ty. Thus,

dflz(0)]|  _df(z)]  dz
dt dz . dt -

= ['(20) - '(t0) # 0
since f’'(z9) # 0 and 2/(ty) # 0. We deduce

df[z(t)] df (2)
dt dz

dz

t=to

dz
Aro —~
+ Arg 7

Arg = Arg

t:to Z=Z0 t:to

Let 6y = Z/(t) denote the inclination angle of the tangent to v at z; and

df[=(t)]
dt

positive real axis, and let g := Arg =4 denote the inclination

t=tq
angle of the tangent to I' at wy = f(zy). Thus

Arg f'(z0) = po — 0.
Now let v1(t) : z1(t) : a <t <band 1(t): 2z(t): a <t <bbetwo
paths such that they intersect at z;. Then
p1— 01 = Arg f'(20) = @2 — ba.
That is,
P2 — 1 = b — b1

This shows that the difference of tangents of I'y = f(7,) and I'y = f(y1)
at wy is equal to difference of tangents of v, and v, at zy.



CHAPTER 2. CONFORMAL MAPPINGS 60

V2(t2)
71 (t)

01

71

Figure 2.3: Conformal map at zj

Definition 2.3.1. An analytic f : D — C is called conformal at z,
if f'(z0) #0. f is called conformal in D if f is conformal at each
point of the domain D.

We call |f'(zy)| the scale factor of f at z.

Theorem 2.3.2. Let f(z) be analytic at zy and that f'(z) # 0. Then
1. f(z) preserves angles (i.e., isogonal) and its sense at zy;
2. f(z) preserves scale factor, i.e., a pure magnification at zy in the
sense that it is independent of directions of approach to zj.

We consider a converse to the above statement.

Theorem 2.3.3. Let w = f(2) = f(z + iy) = u(z, y) + iv(z, y) be
defined in a domain D with continuous u,, uy,, vy, v, such that they do
not vanish simultaneously. If either

1. f is isogonal (preserve angles) at every point in D,
2. or f is a pure magnification at each point in D,

then either f or [ is analytic in D.
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Proof. Let z = z(t) be a path passing through the point zy = z(tj) in

D. We write w(t) = f(2(¢)). Then
wlte) = 50 o'(t) + 5/ (t),

That is,

of
o)~ 020 T a0 L)

where we have adopted new notation

of _ (8f 8f) of _ (af af)

g:  2lor oy 8z 2\ax oy

If f is isogonal, then the arg 1;’,/83)) is independent of arg z'(ty) in the

above expression. This renders the expression (2.6 to be independent
of arg 2/(ty). Therefore, the only way for this to hold in({2.6)) is that

o0 _ (f f)
0z or oy

which represent the validity of the Cauchy-Riemann equations at z.
Thus f is analytic at z;. This establishes the first part.
We note that the right-hand side of (2.6) represents a circle of

radius 1 of o/
(5 *13y)

centered at Jf/0z. Suppose now that we assume that f is a pure
magnification. Then the (2.6) representation this circle must either
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have its radius vanishes which recovers the Cauchy-Riemann equations,
or the centre is at the origin, i.e.,

o= _L1(of _,of
0z 2\ 0z Jy
or the equivalently f(z) is analytic at zy and hence over D. O

Remark. If f(z) is analytic at zy, then it means that f preserves the
size of the angle but reverse its sense.

Example 2.3.4. Consider w = f(z) = e* on C. Clearly f'(z) =e* #0
so that the exponential function is conformal throughout C. Observe

w=e* =e" + e = Re',

so that the line x = a in the is mapped onto the circle R = €% in the
w—plane, while the horizontal line y = b (—o0 < z < 00) is mapped
to the line {Re® : 0 < R < +o00}. One sees that the lines v = a
and y = b are at right-angle to each other. Their images, namely the
concentric circles centred at the origin and infinite ray at angle b from
the x—axis from the origin are also at right angle at each other. The
infinite horizontal strip

G={z=x+1iy: |yl <m, —o0o<zx<o0o}

is being mapped onto the slit-plane C\{z : z < 0}. Moreover, the
image of any vertical shift of G by integral multiple of 27 under f
will cover the slit-plane again. So the f(C) will cover the slit-plane an
infinite number of times.
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p
N

Figure 2.4: Exponential map

2.4 Mobius transformations

We study mappings initiated by A. F. Mobius (1790-1868) on the C

that map C to C or even between C. Mébious considered
The mapping

_az—i—b

w:f(z)—m, ad — be # 0

is called a Mobius transformation, a linear fractional trans-
formation, a homographic transformation. In the case when
¢ = 0, then a Mo6bious transformation reduces to a linear function
f(2) = az+ b which is a combination of a translation f(z) = z+b and
a rotation/magnification f(z) = az. If ad — bc = 0, then the mapping
degenerates into a constant.

We recall that a function f having a pole of order m at z is equiv-
alent to 1/ f to have a zero of order m at z, . Similarly, a function have
a pole of order m at co means that 1/f(1) to have a zero of order m
at z = 0.

The mapping w is defined on C except at z = —d/c, where f(x)
has a simple pole. On the other hand,

a/C+b a+bl
c/C+d c+dC ¢

|

f(1/¢) =


https://en.wikipedia.org/wiki/August_Ferdinand_M%C3%B6bius
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when ¢ = 0. That is, f(c0) = a/c. So f(z) is a one-one map between

C = CU {co}. One can easily check that the inverse f~1 of f is given
by
_ wd — b a
fHw) =~ w # P

cw—a’

d
Thus N 00, 00— —— (Since
c c

f_1(1>__d/77—b__d—bn_ d
- ¢/p—a  c—an ¢
asn = 0. Thus f'(c0) = — Similarly, since

1
(w)

Cw — a
= — =0.
a/c dw — blw=a/c

£
a
Thus f~'(~) = oo.
us f (C) 00 )
Theorem 2.4.1. The above Mdbius map is conformal on the Riemann
sphere.

Proof. Let ¢ # 0. Then

ad — be

f(2) :M#O,

whenever z # —%. Hence f(z) is conformal at every point except per-
haps when z = —d/c where f has a simple pole. So we should check if

f(z)

1 /
()

is conformal at z = —d/c. But

:_f’(z)‘ _ ad—bc X(cz+d)2
2=—dc f(z)?l=a/e (cz+d)> \az+Db

ad — be ~ (ad=bo)* =
(az + b)2‘—d/c  (ad—0bc)?  ad—be

£ 0.
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Hence f is conformal at —d/c, whenever ¢ # 0.
Similarly, in order to check if f is conformal at co, we consider,

when ¢ # 0

<f(1)>’:(a+b(>’_ bc — ad _bc—ad#o

¢ c+d¢/)  (c+d()? 2
when ¢ = 0 and whenever ¢ # 0. Hence f is conformal at oo if ¢ # 0.
b
If ¢ = 0, then we consider f(z) = az; = «az + [ instead. Since

f'(z) =a#0forall z € C, so f is conformal everywhere. It remains

to consider
1 1 ¢

p(1¢) ~ alCHB T at i

Hence f(o0) = 0o. We now consider the conformality at oo:

1 / o 1
<f(1/C)>C:0 - (04+5C)2’<:0 =—#0

as required. ]

Exercise 2.4.1. Complete the above proof by considering the case
when ¢ = 0.

Exercise 2.4.2. Show that

1. the composition of two Mo6bius transformations is still a Mobius
transformation.

2. For each Mobius transformation f, there is an inverse f—1.

3. If we denote I be the identity map, then show that the set of all
Mobius transformations M forms a group under composition.
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b
Theorem 2.4.2. Let w = f(z) = azi—d‘ Then f(z) maps any circle
cz

in the z—plane to a circle in the w—plane.

Remark. We regard any straight lines to be circles having infinite radit

(+00).
az+b ,
Proof. We note that any can be written as
cz +
arz+b/ay a b/a—d/c
= = — 1 _
v c{z+d/c] c{ i z+d/c}
a bc/a —dy 1
= )l

bc — ad 1
:CCL+< : ca ><cz+d)’

Showing that w can be decomposed by transformations of the basic
types:

1. w = z+ b (translation),
2. w = ez (rotation),
3. w=kz (k> 0, scaling),
4. w = 1/z (inversion).

In fact, we can write the T'(z) as a compositions of four consecutive
mappings in the forms

a
)w27 wy = E+w37

wp = cz +d, Wy = —,
w1

From the geometric view point, the translation z + b or rotation w =
¢z all presences circles (lines). So it remains to consider scaling
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w = kz (k> 0) and inversion w = 1/z.
Let us consider the circle equation (centred at zg = (¢, yo) with radius
R). Then

(x — $0)2 + (y - y0)2 = RQ.
That is,
r® 4y — 2wor — 290y + (23 +y2 — R = 0.
Substituting z = x + iy, Z =x — iy

—2 1 2 1
2z + 7(210 + 20)5(2 + f) — Z(Zo — ?Q) Z(Z — f) “+ 2020 — RQ.

This can be rewritten as
2Z+Bz+Bz+ D =0,

where B = —2p, D = 22+ y2 — R%.
Conversely, suppose B = —z, \B|2 — D = R? > 0, then the above
equation represents a circle equation centred at —B = 2z, with radius

R=\|B” - D.

In fact, |z — (—B)| = /|B|* — D. We consider the scaling : w = kz.
The circle equation becomes

1 B B
ﬁww+gw+ﬁw+D:O.
Thus

ww + kBw + kBw + k*D = 0

Clearly, k2D is a real number, and k2 |B|* — k2D = k\/|B]> = D > 0.
Hence the above equation is a circle equation in the w—plane.
[t remains to consider inversion w = 1/z. Then the equation becomes

1 B B
— +=+=+D=0,
ww w w
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> B B 1
ww+5w+5w+520.

clearly 1/D is a real number, and |B/D|* —1/D = #(\3\2 — D) > 0.

So the equation is a circle equation in the w—plane. ]

2.5 Cross-ratios
Let +b
az
T =
(2) cz+d
be a Mobius transformation, and let wq, ws, w3, wy be the respectively
images of the points 21, 2o, 23, z4. Then it is routine to check that
ad — bc
(czj +d)(cz + d

(2.7)

wj — Wy, = )(zj—zk), i, k=1,2,3, 4.

Then
(ad — bc)?
MM (czj +d

(w1 — w3)(wy —wy) = )(z1 — 23)(22 — 24) (2.8)

Similarly, we have

(ad — bc)?
MM (cz; +d
Dividing the by yields

(w1 — ws)(wy —wy) _ (21— 23)(22 — 2)
(w1 —wy) (w2 —ws3) (21 — 24)(22 — 23)

(w1 — wy)(wy —ws3) = )(zl — 24) (29 — 23). (2.9)

. (2.10)

Definition 2.5.1. Let zp, 29, 23, 24 be four distinct numbers in C.
Then
(21 — Zg)(ZQ — 24) 21 — R3 k9 — 23

21, 29, 23, 24) 1= = : 2.11
(1, 22, 23, 24) (21— 2)(22—23) 21—24 22— 2 ( )
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is called the cross-ratio of the four points. If, however, when any one
of z1, 29, 23, z4 is 00, then the cross-ratio becomes

22 — 24
(007 29, 23, 24) = )
29 — 23
Z1 — %3
(Zl7 0, 23, Z4) = ’
21 — %4
22 — 24
(Zh zZ9, OQ, Z4) = 3
”1 — %4
21 — 23
(Zla 29, 23, OO) = 3
29 — &3

respectively.

The equation (2.10) implies that we have already proved the fol-
lowing theorem.

Theorem 2.5.2. Let T' be any Mobius transformation. Then
(Tz1, Tzy, Tzz, Tzy) = (21, 29, 23, 24). (2.12)

Remark. The above formula means that the cross-ratio of four points
is preserved under any Moébius transformation 7T'(z).

Example 2.5.3. We note that the cross-ratio when written as

(z — 23)(22 — 24) _z—2 m— 2
(z—24)(220—23) 2—24 29— 24

(Z7 22, %3, 24) —

is a Mobius transformation of z that maps the points 2o, 23, z4 to
1, 0, oo respectively.

Theorem 2.5.4. Let 2z, zo, 23 and wq, wy, ws be two sets of three arbi-
trary complex numbers. Then there is a unique Mobius transformation

T(z) that satisfies T'(z;) = w;, j =1, 2, 3.
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Proof. The cross-ratio formula

w— w3 W2 — Ws Z — 23 k9 — 23

W— Wy Wy — Wy Z—Z4 29— 24

does the trick. ]

Example 2.5.5. Find a Mobius transformation w that maps —1, 7, 1
to —1, 0, 1 respectively.
It follows that

w—0 —-1-0 z—i —1-—i
w—1 —-1—-1 2z—-1 —-1-1

So .
2w _zZ- z< 1 >
w—1  z—1\1+44¢/
Hence ,
1+12
W= — )
14+ z
Arrangements

The above arrangement of the four points z1, 29, 23, 24 in the construc-
tion of our cross-ratio is not special. One can try the remaining twenty
three different permutations of z1, 29, 23, z4 in the construction. How-
ever, we note that

)\ = (217 22, 23, Z4) - (227 21y R4, Z3) — (237 24y 21, ZQ) — (Z47 3, 22, Zl)

so that the list reduces to six only. They are given by

29, 23, 21, R4) = ——— 23, 21, B9, Z4) = ———
2y <3y <1y <4 \ ) 3y 1y <2, <4 1 \

1
(29, 21, 23, 24) = T (23, 29, 21, 24) = T (21, 23, 22, 24) = 1=\,
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The above list contains all six distinct values for the cross-ratio for dis-
tinct 21, 29, 23, 24. If, however, two of the points z1, 29, 23, z4 coincide,
then the list of values will reduce further. More precisely, if A = 0 or
1, then the list reduces to three, namely 0, 1, co. If A = —1, —1/2 or
2, then the list reduces to three again with values —1, 1/2, 2. There is
another possibility that

1+iv/3

A 2
See exercise.
Moreover, if we put zo0 = 1, z3 = 0, 24 = 00, then the cross-ratio
becomes

(A, 1,0, 00) = A,

which means that A is a fixed point of the map.

Theorem 2.5.6. Let z1, 29, 23, z4 be four distinct points in C. Then
their cross-ratio (21, zo, 23, z4) is real if and only if the four points lie
on a circle (including a straight line).

Proof. Let Tz = (21, 22, 23, 2).

We first prove that if z1, 2o, 23, z4 lie on a circle/straight-line in @,
then T'z is real. But by the fundamental property that 7" is the unique
Mobius map that maps 2, 29, z3 onto 0, 1, co. Hence T is real on
T~IR. It remains to show that the whole circle/straight-line passing
through z1, 29, 23 has T'z real.

If Tz is real, then we have Tz = Tz. Hence

aw+b aw+b
cw+d  cw+d
Cross multiplying yields

(ac — ca)|w?| + (ad — eb)w + (b¢ — da)w + bd — db = 0
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which is a straight-line if ac—ca = 0 (and hence ad—cb # 0). Moreover,
in the case when ac — ca # 0, the above equation can be written in the
form

ad — Cb’ _ ‘ad— bC”

w -+ - -
ac — ca

ac — ca
which is an equation of a circle. ]

Exercise 2.5.1. Verify that

(A, 1,0, 00) = A

Then use this identity to give a different proof of the above theorem:
(21, 22, 23, 24) is real if and only if the four points z1, 29, 23, 24 lie on
a circle.

Exercise 2.5.2. Show that if one of 29, 23, 24 is 00, the corresponding
cross-ratio still maps the triple onto 1, 0, co. Namely the

2 — 23
(Zu 0, 23, 24) = )
2 — 24
22 — 24
(z, 29, 00, 24) := :
2 — 24
Z — Z3
(Za 22, 23, OO) = )
29 — X3

2.6 Inversion symmetry

We already know that the point z and its conjugate z are symmetrical
with respect to the real-axis. If we take the real-axis into a circle C' by
a Mobius transformation 7', then we say that the points w = Tz and
w* = Tz are symmetric with respect to C. Since the symmetry is a
geometric property, so the w and w* are independent of T". For suppose
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there is another Mébius transformation that maps the real-axis onto
the C, then the composite map S~'T maps the R onto itself. Thus the
images,

S =S8""Tz, S'w'=85"Tz
are obviously conjugates. Hence we can define

Definition 2.6.1. Two points z and z* are said to be symmetrical with
respect to the circle C' passing through zq, 2o, 23 if and only if

(Z*, 21, %2, 23) = (Z, 21, 22, 23)

In order to see what is the relationship between z and z*, we con-
sider the following special case.

Example 2.6.2. When z3 = co. Then the symmetry yields

Z*—ZQ 2_2—2_4

Z — Z4 - 51 — 2’74'
That is,
|2" — 29| = |2 — 29

first showing that the z and z* are equal distances to zy (which is
arbitrary on C'). And

>k

2 — 29 Z — 29
%( ):—3( )

21 — 22 21 — 22

finally showing that the z and z* are on different sides of C'.

Theorem 2.6.3. Let z and z* be symmetrical with respect to a circle
C' of radius R and centred at a. Then

R2
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Proof. We note that
(zj —a)(z; —a)=R?* j=1,23.

Thus we have

(z, 21, 29, 23 = (2 — a, ZQ—CL 23— a, z3 — a)
R? R?
( zl—a ZQ—CL ,23—a>

RQ
Z —

a, z9 — a, z;;—a)
2
<Z + a, 21, 2o, 237)

(Z* 29, %3, 23)

as required. ]

We deduce immediately that

Theorem 2.6.4. A Mdébius transformation carries a circle Cy into a
circle Cy also transforms any pair of symmetric points of Cy into a
pair of symmetric points of Cs.

Remark. 1. (z* —a)(z—a) = R,
2. The symmetry point a* = oo for the centre a above.
3. The expression

2F—a R?
= > (0
z—a (z—a)(z—a)

implying that z and z* lie on the same half-line from a.

We briefly mention the issue of orientation. Suppose we have a
circle C. Then there is an analytic method to distinguish the in-
side/outside of the circle by the cross-ratio. Since the cross-ration
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Figure 2.5: Inversion: z and z*

is invariant with respect to any Mobius transformation, so it is suffi-
cient to consider the inside/outside issue of the real-axis R since we
can always map the circle C' onto the R. Let us write

_az+b
ez +d

(Zlu 22, %3, Z)

where a, b, ¢, d are real coefficients (since z1, 22, z3 € R). Then

N _ad—bc
S(z, 21, 22, 13) = 75 S2.
lcz + d
Suppose we choose z; = 1, 29 = 0 and z3 = co. Then a previous

formulai
(2, 1,0, 00) =z

implies that J(z, 1, 0, 00) = Sz, so that (4, 1, 0, oo) > 0 and

(=i, 1, 0, o0) < 0. The ordered triple, namely 1, 0, co clearly indi-
cates that the point i is on the right of R (in that order) and the other
point —i is on the left of R (in that order). But any circle C' can be
brought to the real-axis R while keeping the cross-ratio unchanged. So
we have

Definition 2.6.5. Let C be a given circle in C. An orientation of C
is determined by the direction of a triple z1, 29, 23 (i.e., 21 — 22 — 23
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) lying on C. Let z ¢ C. The point z is said to lie on the right of C
if 3(z, 21, 29, z3) > 0 of the oriented circle. The point z is said to lie
on the left of C if (2, 21, 29, 23) < 0 of the oriented circle.

Definition 2.6.6. We define an absolute orientation for each finite
circle with respect to oo in the sense that the oo is on its right (we call
this outside), otherwise, on its left (we call this inside).

2.7 Explicit conformal mappings

Example 2.7.1. Find a Mobius mapping that maps the upper half-
plane H onto itself. )
az +
Suppose f(z) = o
Then f(z) must map any three points {x1, zo, z3} on the z-axis in
the order x1 < x9 < x3 respectively to three points u; < us < ug on
real-axis. It follows that is “no turning" on the real-axis, thus implying
that

maps the upper half-plane onto itself.

arg f'(xr1) =0 or f'(z1) > 0.

Moreover, one can solve for the coefficients a, b, ¢ and d by solving

_ar;+0b

U = ———
cr; +d’

i=1,2 3.

One notices that a, b, ¢ and d are therefore all real constants. But

ad — be

f/(xl) = m > 0,

implying that ad — bc > 0. Since f must map C one-one onto C, the
upper half-plane onto itself. Thus we deduce that

az+b

: ad — bc > 0.
cz+d

fz) =
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Conversely, suppose

az+b
w=f(z)= cz+d
where a, b, ¢ and d are real and ad — bc > 0. Then for all real x,
ad — bc
f/(x) = m > 0, and arg f/(x) =0.

That is, there is “no turning' on the real-axis. Therefore w must map
the real-axis onto the real-axis, and hence Therefore w must map the
upper half-plane onto upper half-plane.

Exercise 2.7.1. Prove directly, that is without applying ', that it is
necessary sufficient that ad — bc > 0 for

1. f maps H into H;

2. that the above map is “onto".

Example 2.7.2. Construct a Mobius mapping f that maps upper
half-plane into upper half-plane such that 0 — 0 and ¢ — 1 4 4.

According to the last example, we must have

_a,z+b

f(Z) = m, CLd—bC> O,

where a, b, ¢ and d are real. Since f(0) = 0 implying that b = 0. On
the other hand,

al 1
1 .: ) p— p—
+i=f(0) ci+d ei+ [’

say. Thatis,e—f:OandeJrf:l,ore:f:%. Hence

2z
241

w =
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Example 2.7.3. Show that a Mobius mapping [ that maps the upper
half-plane H onto AN = {z : |z| < 1} if and only if

o2 —
w = f(z) = e —, Sa >0, 6)eR
Z—

Suppose f : H — A. It follows that f must map the xr—axis onto

|lw| = 1. Let us consider the images of z = 0, 1 and co. Since f(z) =

az+0b b
require f(oo) to lie on |w| = 1 which is necessary finite. But we know

from a previous discussion that

, implying |b| = |d| . We also

1 a + b¢ a
O = — = = |—| = 1’
e =|1(2)] = vt = e
implying that |a| = |¢|. So
az+b a z+bla az-—z
w = = — X = —
cz+d ¢ z+d/lc cz—2z
where |zg| = |b/a| = |d/c| = |21]|. Since |a/c| = 1, so there exists a real

0 such that ¢ = e. Thus

g Z— Z
w=ehZ 0 |z| = |z
Z— 21
Consider
Z — 2
1=1f(1)] =
)= =2
implying |z — 29| = |z — 21| or
(1 — Zl)(l — 71) = (1 — Zo)<1 — 70).
Notice that |z1| = |z9|. Hence

1—21—§1+’21|2:1—Zo—§0+’20|2.
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Thus
2%(21) =21 +Z1 =% +2)= 2%(2@)

or R(z1) = RN(zp). Hence z; = 2y or 21 = Z5. We must have z; = z, for
if z1 = 2y, then f(z) is identically a constant. Thus

fz) =" (Z—2).

Z— 20

Since f(z9) = 0 so J(zp) > 0.
Conversely, suppose

Z—

f(z):ew( ), z € H.

Z—«

Then |w| < |f]| = ‘Z — Oé‘ < 1. If z lies on the lower half-plane, then
z—
lw| < |f| = ‘z—a' > 1. If z lies on the real axis, then |w| = ‘Z _&’ =
Z— z—

1. Since f maps C to C in a one-one manner, so f must maps the H
onto |w| < 1.

Remark. If 3(zp) = S(a) < 0, then f maps the upper half-plane onto
the lower half-plane.

Exercise 2.7.2. Find a Mdbius transformation w : H — A, 1 +— 0.
So

w = f(z) = e (zjri)

Exercise 2.7.3. Let A = {z: |z| < 1}. Show that a Mébius transfor-
mation f that f : N — /A if and only if there exists 0y, |a| < 1 such
that

w=f(z) = e T2

1 —az
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2.8 Orthogonal circles

We follow the ideas of Riemann and Klein to visualise the effects of
conformal mappings. We use the toy models of Mobius transformations
to allow us to have a glimpse.

Consider the map

where k is some non-zero constant to be chosen later. The map carries
z=uatow=0and z =0 to w = oco. This means that any straight-
line passing through the origin in the w—plane has its preimage to pass
through the points z = a and z = b, and this preimage must be a circle
(may be a generalised circle, i.e., a straight-line) in the z—plane.

On the other hand, the circles centred at the orgin in the w—plane
are of the form |w| = p for some p > 0. That is,

Z—a
S| = /Kl

Hence the loci of the h™ {|w| = p/|k|}, which must also be a circle,
also lies on the z—plane. The relation

|z —al = (p/|k]) |z = b]

describes the loci of the point z so that the distances of it to @ and b are
in a constant ratio. Such circles, denoted by Cj, are called Apollonius’
circles and the points a and b are called the limit points. It is clear
that the family of concentric circles |w| = p/|k| are always at right
angles with any straight-line through the origin in the w—plane. So
their preimages, denoted by C are orthogonal to the Apollonius circles
C5. In general, we denoted by C{ and by C) the images of () and
Apollonius circles Cy, respectively, under a Mobius transformation in
the w—plane. Obviously, the C] and C, are orthogonal to each other
at their intersections.
We have the following theorem.


https://en.wikipedia.org/wiki/Circles_of_Apollonius
https://en.wikipedia.org/wiki/Circles_of_Apollonius
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Figure 2.6: Orthogonal circles

Theorem 2.8.1. Let a and b be two given points, C1 and Cy as defined
above. Then

(i) there is exactly one Cy and one Cy through each point in C except
at the limit point a and b in the z—plane;

(7i) the tangent of each Cy and that of each Cy are orthogonal to each
other at the points of intersections;

(7ii) reflection in Cy transforms every Cy into itself and every Cy into
another Cy;

(iv) reflection in a Cy transforms every Cy into itself and every Cy
into another Cy;

(v) the limit points are symmetric with respect to each Cs, but not
with respect to any other circle.

Proof. We consider the special case that a = 0 and b = 0 so that the
circles passing through 0 and oo become straightlines passing through
the origin in the z—plane. Then
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(i) it is clear since there is only one straightline passing through any
non-zero finite point and the origin, and only one circle intersect-
ing with the straightline and orthogonal to it at that point;

(ii) follows since the Cy are concentric circles;

(iii) also follows since it is clearly that any reflection of a concentric
circle 'y with respect to any straight line passing through the
origin remains unchange. Reflection of any C (straightline) with
respect to a C is obviously another Cf;

(iv) follows from Theorem [2.6.3] when considering symmetric points
lying on a straightline is reflected upon each other lying on the
same straightline with respect to a C5. So a (' is mapped onto
itself with respect to any C5. Let (5 relfect with respect to
another Cy. Then parts (i) and (ii) imply that each point of
the image of Cs upon reflection must be orthogonal to each Cf
and this implies the image must be a circle. The image circle C5
must be different from its preimage except itself because of the
symmetric principle Theorem [2.6.3}

(v) this is obvious because of the choice.

Having established the special case a = 0 and b = 0, the general case
(i-v) for arbitrary a and b follow since one can map a Cy by a Mobius
transformation to a straightline C] passing through the origin and then
each corresponding C5 becomes a circle C) centred at the origin so that
C5 must be orthogonal to C because any Mobius transformation is
conformal on C. ]

Fixed points

The general Mdébius transformation 7' that carries a to a’ and b to O/

can be written as ,
w— a kz—a
w—b z—>b
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which is an application of cross-ratios. Suppose we impose the require-
ment that a = a’ and b = b'. That is, we assume that

_az+b
x4+ d

z="T(z)

which will have two fixed points Ta = a and Tb = b since we have
a quadratic equation in z. In the exceptional circumstance, we have a
double root from the quadratic equation so that we are left with one
double root. The transformation T maps C; to C7, Cs to C) and a, b
tod, V.

Theorem 2.8.2. Let w = T(z) be a Mébius transformation that sat-

isfies,
w—a zZ—a

Then

(i) the whole circular net consists of C1 and Cy are mapped onto
itself. That is, the union of C] and C are the same as the union

of C1 and Cy;

(ii) when the images C] and C% are plotted on the same graph as Cy
and Cy, then

(a) the argk represents the difference of the angle made by the
tangents at the point of intersections between the circles C
and C7;

(b) the

_ |w—al/lw—1b|

|k = 5— —

|z —al/]z =]

measures the ratio of the above right-hand side concerning

the Apollonius circles Cy and CY,

(iii) Cy = CY if k > 0 (with orientation reversed if k < 0), where the
points on Tz on C flow toward b upon increasing the value of k,
and we call T' hyperbolic,
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(iv) Cy = CY if |k| =1, then as arg k increase, the Tz circulates along
Cs, and we call T elliptic.

Proof. Exercise. ]

Definition 2.8.3. If two fixed points of a Mobius transformation T'
coincide, then we call the transformation parabolic.

Rotations of the Riemann sphere

Let us consider a subgroup R of the set of all Mobius transformation
that represent the rotation of the Riemann sphere S about its centre.
Let us assume that the axis of rotation passes through the antipodal
points Zy and Z; whose images on C are z; and z;. Then we know
that they are zp and z; = —1/2Z since zpz; + 1 = 0.

Theorem 2.8.4. The Mdbius transformation

i R Z_,ZO, k =cosa+isina (2.13)
1+ zpw 1+ 22

(1) leaves the points zy and —1/Zy invariant;

(7i) leaves the points Zy and Zy corresponding to zy and —1/Zy re-
spectively, on the Riemann sphere S invariant,

(7ii) rotates the plane that intersects the S in a great circle passing
through Zy and Z1 by an angle of a.

Proof. The statements (i) and (ii) are clear. It remains to verify the
(iii). It is left as an exercise for the reader to check that if Tz = w,

p>0

_ZO‘_‘Z_ZO‘
1+ zpw 1+ 22
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then their chordal distance is

P
X(z, 20) = x(w, z) = Niwrs

Let Z and W be the images of z and w respectively. Then it follows
from that the T is a rotation of the Riemann sphere S through
the plane containing the great circle passing through the points 7y, Z
and Z; to the plane containing the great circle Zy, W and Z;. ]

2.9 Extended Maximum Modulus Theo-
rem

Let us recall some knowledge about metric spaces. Let (X, d) be a
metric space. Then F' C X is closed if X \ F is open. Let A C X be
a subset, the closure A of A is defined by

N{F : F is closed and A D F'}.

The boundary 0A of A is defined by 94 = AN (X \ A).
Let GG be a subset of C. We write

e oG if G is bounded;
710G U {oo} if G is unbounded.

to be the extended boundary of G in C. If @ = oo, then the B(a,r) is
understood in terms of chordal metric.

Example 2.9.1. Let G = {z : |argz| < §}. Then

0G ={z=z+iy:x =0}, O0G = 0G U {o0}.
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Figure 2.7: G = {z : |arg z| < ;T}

Definition 2.9.2. Let G C C and f : G — R be continuous. Suppose
a € OxG, then we define

limsup f(z) = 7141_r>r(1)<sgp{f(z) 1z € GﬂB(a,r)}) =L

zZ—a

and
lim inf f(2) = lim (igf{f(z) .2 € GN B(a, r)}) —1.

If a # oo, the above definition can be written as:
Given € > 0, there exists r > 0 such that

L—e<sgp{f(z):zEGﬂB(a,T)}<L+e.

In particular, f(z) < L + € for all z € GN B(a,r).
Similarly, given € > 0, there exists r > 0 such that

l—e<inf{f(2):z€ GNB(a,r)} <l+e
In particular, f(z) > — e for all z € GN B(a,r).
If a = 0o, we understand B(a,r) is with the chordal metric and the

lim sup, lim inf have similar interpretations.
Note also that, it follows easily lim, ,, f(z) exists if and only if

L=1(a€ dxG).

Theorem 2.9.3 (Maximum Modulus Theorem - Extended version).
Let G C C be a region and f : G — C is analytic. Suppose

limsup [f(2)] < M
zZ—a
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for some M >0 and all a € 05.G. Then |f(2)| < M for all z € G.

Proof. Let
H={ze€G:|f(2)| > M+ 6}

for a fixed 6 > 0. We aim to show that H = (). Since then |f| < M
because d > 0 is arbitrary. It follows from the elementary fact in
real analysis that H is open because |f| is continuous. We next show
that H has no intersection with a region near the oo and in particular
H N 0sxG = 0, and hence H is a bounded set.

By the hypothesis limsup,_,, |f(z)| < M for all a € 0,G, for the
above 0 > 0, there exists r > 0 such that

1f(2)| <M +6

for all 2 € GN B(a,r). Hence H C G. This argument works whether
G is bounded or unbounded, and a = oo. Thus H N 0,,G = () and
hence H is bounded. Therefore H is a compact set.

Note that |f(z)] = M + 6§ when 2z € 0H since H C {z € G :
|f(z)] > M + ¢}. Thus either f is constant on H by Theorem [1.7.2]
(hence f is constant on G by Identity theorem since H is open and
non-empty) or H = (). But if f is constant on G, where |f| = M + 4,
then it contradicts the hypothesis that |f| < M + 0 near 0,G. Thus
H = (). This completes the proof. [

We shall apply the maximum modulus theorem to characterize cer-
tain analytic map of unit disk. We first recall

Theorem 2.9.4 (Schwarz’s Lemma). Let A = {z : |z| < 1} be the
unit disk. Suppose f: A — C is analytic such that |f(z)| <1 for each
z€ A, and f(0) =0. Then |f(2)| < |z| for all z € A and |f(0)] < 1.

Moreover, f(2) = €z for a fived 6 whenever |f'(0)] =1 or |f(2)] =
|z| for some z # 0.

Proof. Define
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f&) 1

F is thus analytic on A.
Moreover, |F(z) = < B — 1 as |z| — 1. It follows from
2 z

Theorem that |F(2)| < 1.
If |[F(z)] =1 for some z € A (i.e. either |f(2)| = |z| for some 2z # 0

or |f(0)] = 1), then F is a constant e for some 6 € [0,27] by the
maximum modulus theorem since |F| <1 for all z € A. And so
f(z) =¢€"z. O

Exercise. Suppose ¢(z) is analytic on |z| < R, where |¢(2)| < 1 and
#(0) = 0. Show that |p(z)] < ; on |z| = r, where r < R.

Proposition 2.9.5. Suppose |a| < 1, then

z—a

#alz) = 1 —az

is a conformal map mapping A onto A, OA to OA. Moreover, ¢ 1 =
p—a; ¢4(0) =1 —|af* and py(a) = (1 — [al*)~".

Proof. Since |a| < 1, ¢, is clearly analytic. In fact, ¢, is conformal
(Exercise). We only show

10
o | € —a
eale”)] = |
_ |0 e’ —a
B |ei9_a| .
e —a

Hence ¢,(0A) = OA. The remaining conclusion is left as an exercise.

[
Proposition 2.9.6. Suppose f : A — A is analytic and f(a) = «.
Then
! 1 - |a|2 !
@l < T (mar. walue of /@)

Moreover, equality occurs if and only if f(2) = p_a(cpa(2)), || = 1.
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Remark. We may assume |a| < 1. Otherwise f is a constant.

Proof. Define g = p,0fop_q, Then g(A) C A, and g(0) = pu(f(a)) =

Pala) = 1a 704 = 0. Clearly g is analytic and thus |g(z)| < |z| and
— ao
14'(0)] <1 by Schwarz’s Lemma. But
L —laf?
(0) = (a).
Thus L Jap
, — |
< : 2.14
Fl< e (2.14)
Equality will occur if and only if there exists a ¢ such that |¢’'(0)| =
lc| =1 and g = cz. O

We can now prove the converse of Proposition [2.9.5|

Theorem 2.9.7. Let f : A — A be an one-to-one analytic function
onto A. Suppose f(a) = 0. Then there is a ¢ such that |c| =1 and

Z—a

f=cp, =c —.
1—az

Proof. Since f is bijective, we let g : A — A tobe f~1. So g(f(2)) = 2
for all z € A. We apply (2.14]) to both f and g to derive the inequalities:

1
[f'(a)] < = JaP and [¢g'(0)] <1 — al*.

On the other hand, 1 = ¢’(0)f'(a). Thus, |f'(a)| = (1—]al?)~! since

1 1
<|f'(a)| < :
Then, since py(z) = z, Proposition gives [ = ¢y, for some ¢ with
lc| = 1. O

Remark. A simple consequence of the maximum modulus of entire
functions is that the function M(r) = M(r, f) = max;—, | f(2)] is an
increasing function of r, i.e. M(r1) < M(r9) if r1 < ro.
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2.10 Phragmén-Lindelof principle

1
Example 2.10.1. Let f(z2) = exp(yz%), v > 0, a > 2 be defined on

C.
Note that |f(z)| = exp(r®y cos(af)), and cos(af) < 0 if

Sn:(Zn—1)27;<9<(2n+1)27;

for all odd integers n, cos(af) > 0 for § € S, and for all even integers;

and |f(z)|=1if 0 = ;(Qn + 1) for all integers n. Note that each S,
a

. m
has an opening —.

a

We conclude that | f| — 0 (so bounded) on each sector S,, (n odd);

and |f| — oo on S, (n even); and f is bounded on the boundary of
Sh.-

Clearly, log M (7, f) = r® and it is possible for an entire function

T
to be bounded on two rays making angle of — with each other without

a
being bounded inside the sectors S, (n even). Phragmén (1863-1937)
observed that this example is the best possible in 1904.

1
Theorem 2.10.2 (Phragmén). Let G = {z: |arg z| < 27T, a> 2}
a
and f : G — C is analytic. If f is bounded on OG and

log M (r, f) = o(r"),
then f is bounded on G.

So for each analytic function f on G and bounded on 0G, either f
is bounded on G or

log M
lim sup e\ J) (r, f)

r—00 ra

> 0.

We shall prove a more general result than that by Phragmén.
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Theorem 2.10.3 (Phragmén-Lindelof Theorem). Let G be a simply
connected region and f : G — C be analytic. Suppose there exists

a non-vanishing, bounded analytic function w(z) : G — C such that
lw(z)] <1 on G. Moreover, if 0,,G = AU B, then

(i) limsup,_, |f(2)]| < M, for every a € A;
(i) limsup, ., |w(2)||f(2)| < M, for every b € BR and € > 0,
then, |f(z)| < M for all z € G.

Proof. Set F(z) = w(z) f(z) for z € G. Since w # 0 on G and so we
can find an analytic branch for logw and thus w® = exp(elogw) is a
well-defined analytic function (a branch). It follows from the hypothe-
ses (i) and (ii) that

limsup |F(z)| < M.

2—20€0G

By the maximum modulus principle (extended version), we deduce
immediately that |F(z)| < M must hold for all z € G. Thus

f(2)| < |w(z)| M, forall z €.
Since € > 0 is arbitrary, we may let ¢ — 0 to obtain
fRI<M, z€G

as required. ]

Theorem 2.10.4 (Phragmén-Lindelof (1908)). Let a > 1/2 and

7r
G=1z: < —.
{z |arg z| Qa}

Suppose f : G — C is analytic and limsup,_,, |f(2)| < M for all
a € 0G, where M > 0 is a fired constant. Suppose further that there
exist constants K, b < a such that

1£(2)] € Kexp(r’) asz — oo, 2 €@,

Then |f(2)| < M for each z € G.
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Proof. We choose a constant ¢ such that b < ¢ < a, and define
F(z) = w(2) f(2)
in G, where € > 0, w(z) = exp(—2z°). Notice that

|w| = exp(—r°cosch) < 1.

Let z =re 0 = + " Then lw(z)| = exp(—rfcosch) < 1.
a
Hence for a € 0G,

limsup |F'(2)| = limsup |w(2)|°|f(2)]

zZ—a zZ—a

<limsup|f(z)| < M.
z—a
For z € G,

[F'(2)] = [w(2)[] f(2)]
< K exp[—er®cos(ch) + r']
—-0<M

when |z| — oo, since cosc > 0, 0 € (—%, %), c < a.

It follows from Theorem [2.10.3| that, |f(2)| < M forall z € G. O

We shall consider a generalization of Theorem below. It
follows from Example and the hypothesis of Theorem [2.10.4
that we cannot relax the size of the angle in GG or the constant b there.
But this is exactly what we try to do.

Theorem 2.10.5 (“Generalisation"). Assuming the hypothesis and no-

tation in Theorem|2.10.4], but f satisfies, instead, for each 6 > 0, there
exists K > 0 such that

[f(2)] < Kexp(dr) (K = K(9))

uniformly in G. Then |f(2)| < M for all z € G.
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Proof. Let

F(z) = exp(—ez”) f(2)
in G, where ¢ > 0 is a fixed constant choosing arbitrarily. We may
suppose 0 < § < € since § > 0 is arbitrary. Suppose z = r € R, then

|F(2)| = |exp(—e€z?)[| f(2)] = exp[—er cos O]| f(r)]
< Kexp[(d — e)r’]
— 0

as r — oo. Hence |F(2)| < M’ for all z > 0, where M’ = sup{|F(z)] :
z >0},
We now apply Theorem [2.10.4] to the sector

Si:0€(0.5-) and S:6e(—2.0).
By the hypothesis |F'| < M on the rays § = n/2a and § = —7/2a.
We conclude that |F| < max{M, M’} on S; and S;. We claim that
M' < M. For suppose M’ > M, then we can find a z = 29 € R
such that |f(z¢)| = M’. This is a contradiction to maximum modulus
principle unless F' reduces to a constant, and so M’ < M.
We completes the proof by letting e — 0 in |f| < exp(er®)M. [



Chapter 3

Riemann Mapping
Theorem

Let G be an open set in C. We consider families of analytic functions
{fn}, fn : G — C and ask for condition on {f,} so that we could
extract a convergent subsequence {f,, } which converges uniformly in
a certain sense. Such consideration is of fundamental importance in
complex function theory. As an application, we shall prove the cele-
brated Riemann mapping theorem at the end of this chapter. We shall
develop the theory step by step, first to continuous functions and then
to analytic and meromorphic functions. On the other hand, we shall
consider functions with values in a general complete metric space ()
although Q = C or Q = C is our primary considerations.

3.1 Metric Space

Definition 3.1.1. Let (2, d) to denote a complete metric space with
the metric d on 2. Suppose G is an open subset of C, then C(G, ()
denotes the set of all continuous functions from G to Q.

In order to develop C(G,2) to have a meaning of compactness, we
have to clarify several issues, such as how to turn C'(G, §2) into a metric
space, what are the topology on it etc.

94
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Let us first recall some basic facts about point-set topology.

Definition 3.1.2. (i) A metric space S is complete if every Cauchy
sequence converges;

(ii) A subset X of a metric space S is compact if and only if every
open covering of X contains a finite subcovering. (Heine-Borel
property) (See Ahlfors p.60)

Proposition 3.1.3. Let X be a compact subset of a metric space. Then
X is complete and bounded.

Proof. Let {x,} be a Cauchy sequence and suppose that =, 4 y for
any y € X as n — oo. Then there exists an € > 0 such that d(x,,y) >
2¢ for infinitely many n. With the same ¢, there exists ny such that
d(xy, ) < € for n,m > nyg. We choose a n > ng such that d(x,,y) >
2¢. Then 2¢ < d(xp,,y) < d(xp, ) + d(Tm,y) < €+ d(zy,,y) for all
m > ng. So d(zp,,y) > € for all m > ng, i.e. all open balls B(y,e€)
contains only finitely many x,,.

Let U be the union of open balls which contain only a finite number
of x,,. If we suppose {z,,} dose not converge, then U is an open covering
of X all open balls contains only finitely many z, by the preceding
paragraph, or considering if any one of the open balls contain an infinite
number of x,, then {x,} will converge by the preceding paragraph.

Then, since X is compact, we could find a finite subcovering of
the original covering. But this implies {z,,} is a finite sequence. A
contradiction. Hence x,, must converge.

Fix an 29 € X. Then U,-¢B(xy,r) is am open covering of X.
Thus X C B(zg,r1)U---UB(xg, 7). Let 7 = maxj<j<;, 1. So for any
z,y € X, d(z,y) < d(x,z9)+d(zo,y) < 27 and thus X is bounded. [

In fact, a compact set is not just bounded, but totally bounded.

Definition 3.1.4. A subset X of a metric space S is totally bounded
if for every € > 0, X can be covered by finitely many balls of radius e.

Theorem 3.1.5. A metric space is compact if and only if it is complete
and totally bounded.



CHAPTER 3. RIEMANN MAPPING THEOREM 96

Proof. It remains to prove a compact set is totally bounded in 7 = 7.
But this is easy, since U,ex B(, €) is an open cover of X. We extract
a finite subcover B(x1,€) U -+ U B(z,,€) of X by compactness.

7 <= "7 We now assume X to be complete and totally bounded.
Suppose X has an open covering U which does not contain any finite
subcovering. Let ¢, = 1/2". We know that X can be covered by
finitely many B(z, €1), hence there must exist a B(x1, €;) has no finite
subcovering otherwise X must have a finite subcovering. But B(x1, €1)
is itself totally bounded (why?), hence there exists a ball B(xs,€s)
which does not admit a finite subcovering. Continuing the process, we
obtain a sequence {x,} with the property that B(x,,¢,) has no finite
subcovering and x,11 € B(x,, €,). But then

Ad(Tn, Tpyp) < d(@Tn, Tnt1) + A(Tn1, Tav2) + -+ d(@pgp1, Trsp)
1
<€ teép1t+ o F ey < F

Thus {z,} is a Cauchy sequence and suppose x, — y. This y
must belong to a B(y, ) which belongs to an open set in the original
cover U. We choose n so large that d(x,,y) < 6/2 and ¢, < §/2. But
d(z,y) < d(z,xm)+d(x,,y) < 6/24+0/2 whenever d(x, z,) < €, < 0/2.
That is B(zp,€,) C B(y,d) C an open subset of U. A contradiction
since B(x, €,) has no finite subcovering by construction. O

We state the following results without proofs.

Corollary 3.1.5.1. A subset of R or C is compact is and only if it is
closed and bounded.

Theorem 3.1.6. A metric space is compact if and only if every infinite
sequence has a limit point.

Corollary 3.1.6.1. Any infinite sequence in a closed and bounded sub-
set of R and C has a convergent subsequence.
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Theorem [3.1.6| can be rephrased as a metric space is compact if
and only if every infinite sequence has a convergent subsequence. We
called such space to have the Bolzano-Weierstrass property.

We shall return to the question asked at the beginning of this chap-
ter namely how to make C(G, ) to have the Bolzano-Weierstrss prop-
erty. But for C(G, Q) we have another name.

Definition 3.1.7. A family F C C(G,Q) is normal if each infinite
sequence in F' contains a convergent subsequence converges to a func-
tion in C(G, Q). (Note that the precise definition is not given at this
stage.)

Note that this definition differs to a subset to be sequentially com-
pact (i.e. Theorem in a metric space, because we do not require
the limit of the infinite sequence to be in the subset.

Our first question is how to turn C(G, () into a metric space. The
problem being that G is an open set and even continuous functions
may not behave well on an open set. So compact sets are much more
suitable for our consideration especially for an infinite sequence. We
shall first investigate some fundamental point-set topology result to
see how one can approximate an open set by compact subsets.

Proposition 3.1.8. Suppose that G is an open set, then there exists
a sequence {K,} of compact subsets of G such that G = US| K,,.
Moreover, the sequence can be chosen so that

(ii) for each compact subset K of G, we can find an n such that
K C K,,;

(iii) every component of C\ K, contains a component of C \ G.

Proof. Let A C X and z € X, recall that the distance from x to A is
defined by
d(z,A) = inf{d(z,a) : a € A}

, where (X, d) is any metric space.
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One way to construct the compact subset K, is to let K,, consist of
all points in G at distance < n from the origin, and at distance > 1/n
from the boundary dG. That is, we define

K,={z€G: |zl <n}n{zeG:d(z,C\G) >1/n}

which is bounded; and being the intersection of two closed sets must
itself be closed. The interior int K,, is just {z € G : |z| < n}N{z €
G :d(z,C\ G) > 1/n}. Hence int K11 D K, and (i) is satisfied. It is
also easy to see from the definition of K,, that G = UK.

But since also K, 1 D int K,+1, we get G = U%int K,, as well.
Suppose now K is a compact subset of G. G = U®int K,, implies
that {int K,} forms an open cover of G and also of K. But K is
compact so we can find a finite subcovering UYint K,, of K. Since
U{th K, Cint Ky C Ky, there exists an N such that K C Ky.

To prove part (iii), we need to show every component of C \ K,
contains a component of C \ G. Since K,, C G for each n, we have
C\ G c C\ K,. It follows that the unbounded component of C \ G
must be a subset of the unbounded component of C\ K, for each n. It
also follows from the definition of K, that the unbounded component
of C \ K, must contain {z : |z| > n} as a subset. So for any bounded
component D (open) of C\ K, it must contain a point z such that
d(z,C\ G) < 1/n. By definition we can therefore find a w € C\ G
such that |w — z| < 1/n. But then z € B(w,1/n) C C\ K,,. Since disks
are connected and z is in the component D of C\ K,,, B(w,1/n) C D.
If Dy is the component of C \ G that contains w, then it follows that
D, CD. []

The sequence of compact sets K, such that UK,, = G, K,, C K, 1
is called an ezhaustion of G by compact sets.

Metric Space C(G, )
Suppose (5, d) is a metric space then it is easy to show that

d(s.1) = 50

“Trden 1Y)
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is also a metric on S, and hence (S, d’) is another metric space. (Verify
that d'(s,t) < d'(s,q) +d(q,t) and d'(s,t) =0 < s=1.)

It is also not difficult to check that d and d’ induce the same topol-
ogy on S i.e. a subset T is open in (5, d) if and only if it is open in
(S,d'); a sequence is a Cauchy sequence in (.5, d) if and only if it is a
Cauchy sequence in (S, d’), etc.

Let G be an open set in C and according to Proposition 3.1.8, there
is an exhaustion of G by the compact set {K,}, K, C int K11, G =
U K. Suppose f,g € C(G,1), and we recall that C(G,2) denotes
the set of all continuous functions f : G — 2. We define

pu(f,9) = sup{d(f(2),9(2)) : z € Kn}.

It is easy to see that p, is a metric on C'(K,, §2) for each n since (€2, d)
is a metric space. We further define

* 1 pulf,9)
P9 = 2 50 T plfeg)

since p,,(f,9)/(1+pn(f,g9)) < 1. By the above discussion p satisfies the
triangle inequality, p(f,g) = p(g, f). Finally suppose p(f,g) = 0. Then
pn(fyg) =0and f = g on K,,. But G = UK,,. So f = g identically
on G. So p is a metric on C(G, Q) and (C(G,Q), p) is a metric space.
(We shall see later that (C(G, 2), p) is in fact a complete metric space.)

If f,, = fin C(G,Q) with sequence to p, then f,, — f uniformly
on each compact subset K, of G. (See later if this is unclear to you at
this point.)

Since the construction of the metric space (C'(G,2), p) depends on
a particular exhaustion {K,}, we naturally ask will {K,} affects the
topology on (C(G,Q), p) i.e. if O is open with respect to { K, }, would
O be still open with respect to another exhaustion? To do so, we
require the following characterization of open sets in (C(G, (), p) in
terms of the metric d on (2.
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Proposition 3.1.9. Let p be the above metric defined on C' = C(G, Q).

(i) For every e > 0, there exist a § > 0 and a compact set K C G
such that for f,g € C, sup{d(f(2),g(z) : z € K} < § implies
p(f.9) <e

(i) Conversely, if we are given a § > 0 and a compact set K C G,
there exists an € > 0 such that for f,g € C, p(f,g) < € implies

sup{d(f(z),9(z) : z € K} <.

Proof. (i) Let € > 0 be given, we choose an integer p so large such
that %, 1/2" < ¢/2. Let § > 0 be chosen so small such that
for 0 < t < 4, we have t/(t + 1) < €/2. Recall that G =
UK,, now let K = K,, and consider those f and ¢ such that

sup{d(f(z),9(2));2 € K} < 6. But pp(f,9) < pp(f,g) for 1 <

k < p. Hence
_ 00 pk(ﬂg) _ (p OO) ;Ok‘(fag)
P9 =X 50 o)~ = X 5k £ (. 9))
- P 1 € x 1
- Zl: ? ‘ 5 +p—|—1 ?
<gH5=e

as required.

(ii) Suppose now a § > 0 and a compact set K C G is given. Suppose
UK, = (G is an exhaustion of G by compact set. Then there exists
an integer p such that K C K,. Choose € > 0 so small such that

2P¢
<9
1 — 2r¢
Suppose p(f, g) < €, then
pp(f,9) _.
2°(1+pp(f.g)
1.e. o
€
po(frg) < < 0.

1 — 2pr¢
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Thus sup{d(f(z),9(2)) : z € K} < p,(f,g) < as required.
[l

What is an open ball in (C, p)?
Ans: B(f,€) ={g:p(g,f) <e}.

What about an open set in (C, p)?
Ans: Since open set is an union of open balls, or for each f in the open
set, there exists an € > 0 such that B(f,¢) is a proper subset of the
open set.

We immediately obtain:

Proposition 3.1.10. A set U C (C, p) is open if and only if for each
f €U, there exist a compact set K C G and a 0 > 0 such that

UD{g:d(f(2),9(2)) <d:2z€ K}.

Proposition 3.1.10 clearly indicates that any open set U of (C, p) is
independent of the particular exhaustion {K,} used to define p, and
hence p. This answers the question raised before Proposition [3.1.9,

Here we again answer a claim made before Proposition [3.1.9]

Proposition 3.1.11. Let {f,} be an infinite sequence in (C(G,), p).
Then f, — f € (C(G,Q),p) if and only if {f.(2)} converges to f(z)

uniformly on every compact subset of G.

Proof. 7 = 7 Let K C G be an arbitrary compact set. By (ii) of
Proposition [3.1.8] there exists a compact set K in the exhaustion

UK, = G so that K C Ky C K, for all n > N. Thus py(fn, f) — 0
as m — oo since

pN(fm; f)
2N(1 + pN(fma f))

as m — oo. But

sup{d(fn(2), f(2)) : z € K} <sup{d(fn(z), f(2)):z€ Kn} — 0

pN(fmvf) =
N1+ pn(fin, £))

sij}z (fn, f) =0
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as m — oo by Proposition [3.1.9(ii). Hence f,, — f on any compact
set K C G.
The converse is left as an exercise. ]

So far we have not used the assumption at the beginning that 2 is
a complete metric space.

Theorem 3.1.12. (C(G, ), p) is a complete metric space.

Proof. Suppose {f,} is a Cauchy sequence in (C(G, ), p). That is ,
given € > 0, there exists a N > 0 such that p(f,, fim) < € whenever
n,m > N.

By Proposition [3.1.9ii), given any compact set X C G and ¢ > 0,
we have

sup{d(fn(2), fm(2) 12 € K} < ¢ (3.1)

whenever n,m > N. That is, {f,(z)} is a Cauchy sequence in C. Thus
fn(2) must converge to a complex number f(z), say. This is true for
every z € K. So we obtain a function by f: K — C,z — f(2).

We need to verify that f, — f with respect to p and that f €
C(G,Q). Let z be an arbitrary element of K, then there exists an
my = my(z) such that d(f,,(2), f(2)) < ¢ for m > ms,.

Let n > N and z € K, we have

d(fu(2), f(2)) < d(fu(2), fm(2)) + d(fm(2), f(2)) <0+ 0 =20 (3.2)

by choosing m > my sufficiently large. It follows from (3.1) that (3.2)
holds uniformly for all z € K and n > N. That is, f, — f uni-
formly on every compact subset K of . Proposition [3.1.10] implies
that p(f,, f) — 0 as n — oco. Moreover since f,, — f uniformly on K,
f must be continuous. Since K is arbitrary, f must be continuous on

G by Proposition 3.1.8, i.e. f € C(G,Q). O

Recall that a family F C C(G,{?) is normal if every infinite se-
quence has a subsequence which converges to a function in C(G, Q).
Note that the limit is not required to be a member of F. This and

Theorem imply that
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Proposition 3.1.13. A family F C C(G,Q) is normal if and only if
F is compact (or F is relatively compact in C(G,Q)).

We now relate the concepts of normality and total boundedness.
We recall, from Theorem that, a subset is compact if and only if
it is complete and totally bounded. Hence Proposition 3.1.13 can be
rephrased as: F C C(G, Q) is normal if and only if F is complete and
totally bounded. F being a subset of F is also totally bounded, i.e.
given € > 0, F C UNB(f;, €) for some {fi,..., fx} of F. So for every
€ > 0, there exist f1,..., fv € F such that for every f € F, there exist
an i such that p(f, f;) < e.

We now state this in terms of the original metric d.

Exercise.

Let S = {x = (21, 29,...) : &; € R, only finitely many x; # 0}. Then
(S,d) is a metric space, where d(z,y) = max{|x; — y;|}. Is (S, d) com-
plete? Show that the d—neighbourhoods are not totally bounded.

Theorem 3.1.14. A set F C C(G,Q) is normal if and only if for
every compact set K C G and 6 > 0, there exist f1,..., f, € F such
that for each f € F, there exists an i among {1, ..., n} with

sup{d(f(z), fi(z)) : z € K} <. (3.3)

Proof. Suppose F is normal; hence F is compact and thus totally
bounded. So for each € > 0, there exist fi,..., f, among F such that
F C U?B(fi,e).

Let K C G be compact and § > 0 be given. According to Proposi-

tion [3.1.9((ii), we may choose € > 0 such that for each f € B(f;,¢), we
have

sup{d(f(z), fi(z)) : z € K} <.
Conversely, suppose F has the property (3.3), then it is clear that
F also has this property (3.3). By Proposition 3.1.13, it is equivalent
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to show that F is a compact subset of (C, p) in order to show that F
is normal. But F is compact if and only if it is complete and totally
bounded. Since F satisfies (3.3)), F is totally bounded by Proposition
3.1.9(i). But F is a closed subset of the complete metric space (C, p),
so it must be complete also. This proves that F is normal. ]

We have essentially established the theory part of Normal family.
However, it is still too general to be applicable. For example, one
main result is by Montel: A family of analytic functions is normal
if and only if the family is locally bounded. We shall define the term
locally bounded precisely later. It essentially means each f in the family
is bounded on every ball. To make the connection, we still need to
establish several links, some of them are very important on their own.

3.2 Arzela-Ascoli Theorem

Definition 3.2.1. A set F C C(G,Q) is equicontinuous at a point
zp € G if for every € > 0, there is a 6 > 0 such that for |z — 2| < 9,
d(f(2), f(20)) < € for every f € F.

Similarly, F is equicontinuous over a set £ C G if for every € > 0,
there exists a § > 0 such that for |z — 2/| < 6, d(f(2), f(¢)) < €
whenever z, 2’ € E and for every f € F.

Remark. If 7 = {f}, then F is equicontinuous at z; means just f is
continous at zp. And F = {f} is equicontinous over a set £ C G if f
is uniformly continuous over F.

Lemma 3.2.2 (Lebesgue’s Covering Lemma). Let (X, d) be a compact
metric space. If G is an open covering of X, then there is an € > 0
such that for each x € X, there is a set G € G with B(x,¢) C G.

Proof. Since X is compact, Theorem implies that every infinite
sequence has a convergent subsequence. Let G be an open cover of
X, suppose on the contrary that there is no such € > 0 can be found.
In particular, for every integer n there is a point x,, € X such that
B(z,,1/n) is not contained in any member G of G. But {z,} must



CHAPTER 3. RIEMANN MAPPING THEOREM 105

have a subsequence {z,,} converging to o € X, say. There must be a
G € G such that zy € Gy. Choose € > 0 such that B(xg,€) C Gy. Let
N > 0 such that d(zg,z,,) < €/2 for all ny > N. We further choose
ni such that ny > max{N,2/e}, y € B(xy,,1/n;g). Then d(zy,y) <
d(zo, T, )+d(Tn,,y) < €/2+¢€/2 = €. That is B(x,,, 1/ng) C B(xg, €) C
Gy € G. A contradiction. ]

Remark. The € > 0 in the above lemma is known as Lebesgue’s num-
ber.

Proposition 3.2.3. Suppose F C C(G,Q) is equicontinuous at each
point of G. Then F is equicontinuous over each compact subset of G.

Proof. Let K C G be a compact set and fix e > 0. F is equicontinuous
at each point w of K means that there exists a d, > 0 such that
d(f(w), f(w") < €/2, for all f e F and |w— w'| < §y.

The set {B(w,d,) : w € K} forms an open cover of K. By
Lebesgue’s Covering Lemma, there exists a ¢ > 0 such that for each
z € K, B(z,9) is contained in one of these B(w, d,,). So if 2/ € B(z,0),
then d(f(2), f(=))) < d(f(), f(w)) + d(f(w), (=) < /2 + /2 = ¢

for all f € F whenever 2’ € B(z,0). Hence F is equicontinuous over
K. ]

Theorem 3.2.4 (Arzela-Ascoli Theorem). A set F C C(G,Q) is nor-
mal if and only if

(i) F is equicontinuous at each point of G

(ii) for each z € G, {f(z) : f € F} is compact in €.

We shall postpone the proof of Arzela-Ascoli Theorem and give an
application first. (Full detail will be given later.)

Theorem 3.2.5 (Montel’s Theorem). Let H(G) be a subset of C(G, §2)
of all analytic functions f : G — Q = C. (Note that H(G) is com-
plete.) Then F C H(G) is normal if and only if F is locally bounded.

In order to prove the Arzela-Ascoli Theorem, we need the following
lemma.
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Lemma 3.2.6 (Cantor Diagonalization Process). Let (X,,,d,) be a
metric space for each n € N, and let X = [13° X,, be their Cartesian
product. Let & = (x,), n = (y,) € X. Then

e A (T, Yn)
d&m) = Z:: 20(1 + dy (2, yn))

defines a metric on X ((X,d) is a metric space). Let
fk: (xk)zol (.Ilf,xé:,x?),.. ) EX

then & — € = (z,) say, in (X,d) if and only if 2¥ — xz, € X,, for
each n as k — oo.
Moreover (X, d) is compact if (X,,,d) is compact for each n.

Proof. 1t is left to the reader to verify that (X, d) is a metric space.
” = 7 Suppose first that ¥ — ¢ in (X, d), i.e. d(F,€) — 0 as
k — oo. Then, for each n € N, d, (2%, z,) — 0 as k — oo since

dp(2k, 2,)
BT () < RO

” <= " Suppose now that d,(z¥, z,) — 0 for each n € Nas k — oo.

Given € > 0, we choose [ so large that ¥0°,.,1/2" < €/2, and
t

T3 < 5 if t < 8. Since d, (2%, z,) — 0

as k — oo, there exists a K > 0 such that d, (2%, z,) < 0 if k > K for

1 <n <. Hence

choose a > 0 so small that

by the choice of [ and k above. Hence d(&*,¢) — 0 as k — oo. This
proves the first part of the lemma.
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Suppose now that (X, d,) is compact for each n € N. By Theorem
it suffices to prove that every infinite sequence contains a conver-
gent subsequence. We now come to describe the famous Cantor diag-
onalization process. Let & = () = (2% 28 25 ..), k=1,2,3,..., be
a sequence in (X, d) where each z¥ € (X, d,)

Since X is assumed to be compact, so (z})5° has a convergent
subsequence converges to a point x; say, in X; (by Theorem . So
there is a subset of N denoted by N; such that k£ € N;. Similarly since
X, is compact, we can find a subset of Ny denoted by Ny such that
:1:’5 — 19 € Xgas k — 00,k € Ny. It is to be noted that xlf — x7 and
x5 — x5 as k — 00,k € Ny. By the same method we may repeat the
above procedure for X3, X4,... and obtain No D N3 DNy, DNy D --- .

We now let k; be the j—th element in Nj, then

5 = (:Cljax2j7x3ja c e )

converges to £ = (z,) = (21, T2, T3,...) as k; — oo with j. To see this,
we note that limg, x,’fg = x,, for each n, since k; € N; C N,, when
j > n. This completes the proof. H

Now we are ready to prove the Arzela-Ascoli Theorem (Theorem
3.2.4).

Proof of Arzela-Ascoli Theorem. ” — 7 Let us first assume that F
is normal. We deal with (ii) first. So fix a z € G and define a map
F:C(G,Q) = Qby f— f(z). We aim to prove that F'is a continuous
mapping. Proposition [3.1.9(ii) implies that given f,g € C(G,Q) and
e > 0, we can find a 0 > 0 such that

d(f(2),9(z)) <e whenever p(f,g9) <0. (K ={z})

The statement is equivalent to
d(F(f),F(g)) <€ whenever p(f,g)<?9.

That is, F' is a continuous mapping from C(G, ) to €. Since F is
normal, and so F is compact, it follows F(F) is also compact in €.
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Since this argument works for each z € GG, it completes the argument.

We now show that F is equicontinuous at each point zy of G. Fix
2p € G, and let € > 0 be given. We choose R > 0 such that B(zy, R) C
G. Let K = B(z, R) which is a compact set. According to Theorem
B.1.14] there exist f1,..., f, € F such that for each f € F, there exists
ake{l,...,n} with

sup{d(f(z), fe(2)) : z € B(zp, R) = K} < ;

We now make use of the fact that fi is continuous at zy. That is,
there exists a 0 < 0 < R such that |z — zy| < ¢ implies

d(fr(2), fr(20)) < ;

for 1 < k < n. Therefore given € > 0, f € F, there exists a § > 0 (with
a suitable k) such that |z — zp| < § implies

d(f(2), f(20)) < d(f(2), fu(2)) + d(fi(2), fr(20)) + d(fr(20), [(20))

<€+€+€
a1 C — ¢
3 3 3

” <= " We now prove the converse. So suppose (i) and (ii) of the
theorem hold. Let {z,} be an rational enumeration of G (i.e. z, has
rational real and imaginary parts, z, € G). We define

X, ={JG): feFF O

for every n. By (ii) of the hypothesis (X, d) is a compact metric space.
Hence Lemma implies X = [1{° X,,, with the metric as defined in
Lemma |3.2.6| is again a compact metric space .

For each f € F we define a sequence

f=(f(=), f(z), flz3),...) € X.

Suppose {fr} is an infinite sequence in F, we shall prove f, — f €
C(G,Q) by proving that {f;} is a Cauchy sequence in the C(G, Q).
But C(G, Q) is complete and hence F must be normal.
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As for f, we define

fe = (fe(21), fr(22), .. .)

which is an infinite sequence in the compact metric space X. By
Theorem [3.1.6] { fr} has a convergent subsequence which we still de-
note by {fr}. Suppose limj_ fr(2,) = w,, Lemme [3.2.6 implies
limy o0 fk = € - (wn)

So our strategy is to show given € > 0, K is an arbitrary compact
subset, there exists a J > 0 such that

d(f(x(2), fi(2)) < e whenver k,j > J

and for z € K. Then by Proposition [3.1.9(i), {fx} will be a Cauchy
sequence in C'(G, ).
Since K is compact, let R = dist(K,0G) > 0, and

Klz{zeG:d(z,K)S};}.

So K7 is again compact and K C int K1 C K; C G.

We clearly have the values of fi at z, when k is large, fi(z,) ~ w,
(k sufficiently large). We use the hypothesis that F is equicontinuous
over K to gain control of f;(z) when z is close to one of z,. Since F is
equicontinuous at each point of G, it is equicontinuous over K. That

is, with the € > 0 given above, we can find a § > 0 such that § < 5
and

ONICIEE

for all f € F whenever |z—2'| < dand z, 2/ € K;. Let D = {z,}NK; =
{&}. Then the open sets {B(;,0) : & € D} is an open cover of K.
(See Figure 3.1)

But K is compact, so we can find a subcovering of disks with centres

517527"-7671 eD.
Note that limg_,, fx(&;) exists for each i, hence there exists a J > 0

such that for j,k > J, d(fi(&), f;(&)) < ; for each of i = 1,...,n.
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— —
e —
—

Figure 3.1: {B(&;,0) : & € D}
Now let z be an arbitrary point in K, z € B(&;,9) for some i, so

d(fe(2), f(2)) < d(f(2), fx(&)) + d(fr(&), f5(

&)+ d(f(&), fi(2))
€ € € .
< § + g + g =€
equico\n:c-i/nuous orge

N~
convergence  equicontinuous

provided 7,k > J. This completes the proof.
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3.3 Normal Family of Analytic Functions

Let G be an open subset of C and let H(G) be a subset of C(G,C)
consisting of analytic functions f : G — C. Thus almost all basic
properties of C(G, ) are carried over to H(G). However, it is not
clear that if H(G) is closed (and hence complete).

Theorem 3.3.1. Suppose { f,,} is a sequence in H(G) and f € C(G, )
such that f, — f. Then f € H(G), and f% — f® for each k > 1.

Proof. Let T be a triangle contained inside a disk D C G. Since T
is a compact set, {f,} converges to f uniformly over T. Hence f; f =
lim 7 f,, = 0 by Cauchy’s Theorem. But this is true for every T,
Morera’s Theorem implies that f must be analytic on every disk D C
G. That is, f is analytic on G.

To show f¥) — f*) this follows from Cauchy’s integral formula.
Let a € G. Then there exists R > r such that B(a,r) C B(a,R) C G.
Let v = dB(a, R) then Cauchy’s integral formula gives, for z € B(a,r),

f(k)(z) _ f(k)(z) _ K Afn(f)_‘ f(w) dw.

"  2mi z)k+l

Let M,, = max{|f.(w) — f(w)| : w € v}. Then M,, = 0 as n — o©
since f, — f in C(G, ). Thus

k! 2w 1
k k
£0E) = SO < o M ) R
MR
= 5 Niid as n Q.
(R — 1)kt

Hence fék) — f®) uniformly on B(a,r). Suppose K is an arbitrary com-
pact set of G. Then we can find a4, ..., a,, such that K C U"B(a;, ).
So fF) — f*) uniformly on K and thus p(f%*, f®) — 0 in H(G) by
Proposition [3.1.11]. O

Corollary 3.3.1.1. (i) H(G) is a complete metric space;
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(ii) If each f, : G — C is analytic and 22| fn(2) converges uniformly
on compact sets to f, then

) = 3 49,

Note that both Theorem [3.3.1] and Corollary 3.3.1.1 have no ana-
logues in real variable theory. Can you think of some examples?

Here is again an unusual theorem.

Theorem 3.3.2 (Hurwitz’s Theorem). Let G be a region and f, : G —
C are in H(G). Suppose f, — f # 0, B(a,R) C G and f(z) # 0 on
|z — a| = R, then there is an integer N such that forn > N, f and f,

have the same number of zeros in B(a, R).

Proof. Let us recall Rouché’s Theorem: (see Conway p.125) Suppose
f and g are analytic in a neighborhood of B(a, R) and have no zeros
on |z —a| = R. Suppose further that

[f(2) + 9(2)| < |f(2) +|g(2)]

for all |z —a| = R, then f and g have the same number of zeros with
due count of multiplicities of multiple zeros.
Since f(2) # 0 on |z — a|] = R, therefore

6 =inf{|f(2)|: |z —a] = R} > 0.

The hypothesis f, — f uniformly on |z — a| = R implies there is an
N such that f, # 0 for all n > N. But

\ﬂ@—h@ﬂ<;<ﬁ@ﬂﬁﬁ@ﬂﬂhwﬂ

for all n sufficiently large. We conclude the theorem by applying
Rouché’s theorem.

[]
Corollary 3.3.2.1. Suppose G is a region and {f,} C H(G), fo — f
in H(G). Suppose f,(z) # 0 for each z € G and n, then either f =0
or f(z) #0 forall z € G.
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Definition 3.3.3. A family F C H(G) is locally bounded if each a € G,
there is a M > 0 and an r > 0 such that for all f € F,

|f(2)| < M, forall z€ B(a,r).

We immediately deduce

Proposition 3.3.4. A family F C H(G) is locally bounded if and
only if for each compact set K C G there is a constant M such that

f()| <M, forall feF andz € K.

Theorem 3.3.5 (Montel’s Theorem). A family F C H(G) is normal
if and only if F is locally bounded.

Proof. 7 = 7 Suppose F is normal and not locally bounded. By
Proposition 3.3.4, there exists a compact set X C G and f € F such
that sup{|f(z)| : z € K} = oo. So we can find a sequence {f,} C F
such that sup{|f.(z)| : 2 € K} > n. But F is normal, so there exist
a subsequence f, — f uniformly on any compact subsets. That is
sup{|fn.(2) — f(2)| : z€ K} = 0 as k — oo.

Since f € H(G) and |f| < M, z € K for some M > 0. But

e < sup{[fo(2)] 2 € K}

<sup{|fu.(2) = f(2)| : 2 € K} +sup{[f(2)] : 2 € K}
—04+M as k— o

A contradiction.

7 <= " Suppose now that F is locally bounded. Then the set
{f(2) : f € F}isclearly compact, and it remains to show F is equicon-
tinuous at each point of G. Let a € G and € > 0 be given. Tt follows
from the hypothesis that there exists an M > 0 and r > 0 such that

forall f € F,|f(2)| < M for z € B(a,r). Now choose a z in |z —a| < ;

(z € B(a,r/2)). Put v(t) = a +re”, 0 < t < 2r. Then we have, for
wey jlw—z >|lw—al—|a—z > g An application of Cauchy’s

integral formula on v gives
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R

Figure 3.2: z € B(a,r/2)

1 _
1) = 101 < 51| | (T
< IZWW\W@“\ = 2]w|z —al < e (independent of f)
2T |r€zt|§ r

. . ro.r . .
provided we choose 6 < min { € r. Hence given € > 0, there exists

2’ 2M
a 6 > 0 such that |f(2) — f(a)| < € forall f € F and z € B(a,d). O

Corollary 3.3.5.1. F C H(G) is compact if and only if F is closed
and locally bounded.

Example 3.3.6. Let S be the normalized class of one-to-one conformal
mapping on the unit disk with Taylor’s expansion

f(Z):Z+a222+a323+"’-

It is well-known that

z y4
(1—||—]‘2D2 <|f(2)] < (1—‘||ZD2’ for all |z <1and f € S.

Montel’s theorem implies that S is a normal family.
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Theorem 3.3.7 (Another theorem of Montel). Let G be a region and
F C H(G). Suppose each f € F omits same two fized values a,b € C
in their range. Then F is normal.

The above theorem is called as Fundamental normality test.

Remark (Bieberbach conjecture). |a,| < n, for allm > 2 and f € S.
Proved by de Branges in 1984.

3.4 Riemann Mapping Theorem

Definition 3.4.1. Two regions GG; and G5 in C are said to be con-
formally equivalent if there exists an one-to-one analytic map f with

f(Gh) = Go.

We note that Louville’s theorem implies that C is not equivalent
to the unit disk A.

Theorem 3.4.2 (Riemann Mapping Theorem). Let G C C be a simply
connected region where its complement contains at least one point. Let
a € G. Then there is a unique one-to-one analytic mapping f : G — C

that satisfies f(G) = A ={z:|z| <1} and f(a) =0, f'(a) > 0.

Suppose f and g are Riemann mappings for GG; and G respectively
with f(G1) = A, g(G2) = A. Then g7t o f : G; — G5 is an one-to-one
analytic map such that (¢7! o f)(G1) = Go.

It is clear to see that conformally equivalent is an equivalence re-
lation mapping all simply connected regions where their complements
are non-empty.

Proof of Riemann Mapping Theorem. Let G be a region as assumed
in the theorem. We shall divide the proof into five stages. Let a € G,
we define the family

F ={f € H(G) : f one-to-one, f(G) C A, f(a) =0, f'(a) > 0}.

The theorem will be proved if we can find a f € F such that f(G) = A.
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(A) (F is non-empty). Let b € C\ G is non-empty by the hypothesis.
Since G is simply connected, Theorem [1.10.13]asserts that we can
find an analytic function g with

g(z) =Vz—b=-exp (; log(z — b)) , g(2)P=2z—b.

It is easily observed that g is one-to-one analytic function.

Then the open mapping theorem (Theorem asserts that
there is a real number » > 0 with B(g(a),r) C g(G). We next
show B(—g(a).r) N g(G) = (. For suppose there exists a z € G
with ¢g(z) € B(—g(a),r), then

9(2) = (=g(a))| <

This inequality can be written as

| —g(2) —g(a)| <.

In other words, —g(z) € B(g(a),r). Hence there exists a w €
G such that g(w) = —g(z), squaring both sides yields w — b =
g(w)? = g(2)> = 2 —b. Sow = z, and 2¢g(z) = 0. A contradiction.
Hence B(—g(a),r) Ng(G) = 0.

v

...................................

Figure 3.3: Tog: G — A
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(€)

For any three points fixed on dB(—g(a),r), we can always find

b
¥ 0. C = C) such that
T d

T(0B(—g(a),r)) = 0A and T(C\ B(—g(a),r)) = A. Hence Tog :

G — A. It remains to make T o g a member of F. But this is

easy. Suppose T o g(a) = «, then we define ¢, = 1Z _:y which
—az

is an automorphism with ¢, () = 0. Hence (¢, 0T 0 g)(G) C A

with (¢q 0T 0g)(a) =0.

a unique Mobius mapping T(z) =

Since each of v,, T and g is conformal, so is ¢, o T o g. That is,
(paoT og)(z) #0 for all z € G. We finally choose a suitable 0,
so that €?(p, o T o g) € F. Hence F is non-empty.

(F = FU{0}). Note that the zero function 0 is not conformal. Let
{f.} be a sequence in F. Suppose f, — f. We show either f € F
(not identically zero) or f = 0. We first deduce that f(a) = 0
and f’'(a) > 0 since the convergence is uniform on every compact
subsets of G.

Let z1,29 € G. We choose an r > 0 so small that z; & B(zs,7).

Then f,(2) — fu(z1) # 0 on B(z9,7) since f, € F and so one-to-
one. According to Corollary [3.3.2.1] we have

# 0, forall z € B(z,1);

fn(z)_fn(zl) —>f(Z)—f(2'1>: {:0 for aHZQW'

If f(2) = f(z) for all z € B(zy,7), then f(z) = 0 on G since
f(a) = 0. If, however, f(z) # f(z1) for all z € B(zs,r), this
means f(z9) # f(21) whenever z; # 25. So f is one-to-one on
GG. But this implies f'(z) # 0 for each z € G, and in particular
f'(a) > 0. Hence f € F as required.

(Ezistence of the largest f'(a) > 0). Note that (C) and (D) below
are related. Consider the mapping H(G) — C given by f — f(a)
(a is already fixed in G). By Theorem the mapping f —
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f'(a) is continuous. But F is locally bounded (since |f| < 1 for
each f € F) and so normal. That is, F is compact by Proposition
. The image of F under the above continuous mapping must
also be compact in C. Hence there exists a f € F such that

f'(a) > ¢'(a) > 0 for all g € F. But F # () by (A) so there exists
a non-constant f € F such that f'(a) > ¢'(a) > 0 for all g € F.

(D) (The f found in (C) has f(G) = A). We suppose that there exists
a w € A such that f(z) # w for all z € G. Then the function

f—w
1—wf

for all z € G. We may define an analytic branch h : G — C by

()P = S

£0

Let
_ |W(a)| h(2) — h(a)

k(z) = — :
) =W 1 — h(a)h(z)
It is not difficult to observe that h(G) C A and k(G) C A. We
also have k(a) = 0 and k'(2) # 0. In fact, k € F since

o) = O
- T >
On the other hand, |h(a)[? = % - H:f‘g‘ = Jul.
Notice that
o (e) = A (h(a)) = LEC L)

Thus
2h(a)h'(a) = f'(a)(1 — |w]?).
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Finally,
F(al(1 Ju)
0 = T~ TR
- (@) 12%‘%‘)
> f'(a).

A contradiction. This completes the proof of (D).

(E) (Uniqueness of f). Suppose g also satisfies (A)-(D), then f o
g ! : A — A is an one-to-one, onto analytic map. Notice that
fog}0) = f(a) = 0. So Theorem shows that there is a
constant ¢ = ¢ and f o g !(z) = cz for all z € A. That is
f(2) = cg(z) for all z € G which gives 0 < f'(a) = c¢'(a). But
g'(a) >0,s0 c=1and f(z) = g(2).

Remark. The simply connectedness implies the existence of analytic
square root function which is all we need to prove the conclusion.

]
Corollary 3.4.2.1. Among the simply connected regions, there are

only two equivalence classes; one consisting of C alone and the other
containing proper simply connected regions.
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3.5 Boundary Correspondence of Confor-
mal Mappings

Suppose f is a conformal mapping from the unit disc A to a simply
connected domain D. We are concerned with under what circumstance
that we could extend the f to the boundary |z| = 1.

Lemma 3.5.1. Let f : A — C be continuous, f(A) = D. Suppose
lim, ¢ f(2) ewxists for every & with |§| = 1. Then the function f: A —

C defined by
2 ) f(2), 2] <1,
fe= {limz%f(z), =1,

is the unique continuous extension of f to |z| < 1. Moreover, f(A) =
D.

The lemma provides a way to define a possible meaning of a con-
tinuous extension of f to |z| = 1. Interested reader can consult Palka’s
book [8, Chap. XI] or Ahlfors’ [I].

Definition 3.5.2. A plane domain/region G is finitely connected along
its boundary if corresponding to each point z of G and each r > 0,
there exists an s € (0,7) such that GNB(z, s) intersects at most finitely
many components of the open set G N B(z,r).

Theorem 3.5.3 (Vaisild & Nékki). Let f : A — C be conformal. The

f can be extended to a continuous mapping f of A onto f(A) if and
only if f(A) is finitely connected along its boundary.

Definition 3.5.4. A plane domain/region G is locally connected along
its boundary if corresponding to each point z of G and each r > 0,
there exists an s € (0,r) such that G N B(z, s) intersects exactly one
component of G N B(z,r).

Theorem 3.5.5. Let f : A — C be conformal. Then f can be extended
to a homeomorphism f of f(A) if and only if f(A) is locally connected
along its boundary.
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Figure 3.4: Finitely connectedness along different boundaries

Definition 3.5.6. A set J of points in C is called a Jordan curve if J
is the boundary of some simple closed path. (J is compact and hence
bounded.)

Theorem 3.5.7 (Jordan Curve Theorem, Jordan 1887). The comple-
ment of a Jordan curve J has exactly two components, each having J

as its boundary. One of these components is a bounded set (the inside
of J), while the other is unbounded (the outside of J).

Definition 3.5.8. A domain/region G C C with the property that 0G
is a Jordan curve is called a Jordan domain.

Theorem 3.5.9 (Caratheodory-Osgood Theorem). A conformal map-
ping [ of A onto a domain D can be extended to a homeomorphism of
A onto D if and only if D is a Jordan domain.

3.6 Space of Meromorphic Functions

Definition 3.6.1. Let M(G) C C(G,C) denote the space of meromor-
phic functions on the region G.

Theorem 3.6.2. Let {f,} € M(G), f, — f in C(G,C). Then either
f is meromorphic or f = oco. If each {f,} is analytic or f = co.
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Corollary 3.6.2.1. M(G) U {oo} is a complete metric space. (w.r.t.
spherical metric)

Corollary 3.6.2.2. H(G) U {co} is closed in C(G,C).

Example 3.6.3. f,(z) = n(z* — n) is analytic on C for each n. The
fn — oo uniformly on each compact subset of C. While {f/(z)} =
{2nz} is not a normal family, since f/(0) = 0 and f/(z) — oo for
z #0. So F is normal = [’ is normal.

2 /
Definition 3.6.4. p(f)(z) = AL is called the spherical deriva-

CLHIf(R)P
tive of f. It is defined even at the poles of f.

Recall that the chordal distance under the stereographic projection
is given by

2|f(z1) — f(2)]
VA+FE)P A+ f(2)P)
Al

L+ [f(z1)]?

d(f(21), f(22) =

as 29 — 21.

Let v be the curve in C. The length of f() under the stereographic
projection on the Riemann sphere is given by

| o)) 1dz.

Theorem 3.6.5. F C M(G) is normal in C(G,C) if and only if
p(f)(2) is locally bounded on F.
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3.7 Schwarz’s reflection principle

Let G C C be a region, and G = {Z : z € G}. Clearly if a region G is
symmetrical with respect to R, then G = G.

Theorem 3.7.1. Suppose G = G. We denote G4 = {z € G : Iz > 0},
G_={2€G:32<0} and Gy = GNR. Suppose f: G UGy — C
is continuous, analytic on G4 such that f is real on Gy. Then

_)fe) zeGy
9(2) = {f(z) e GyUG. (34)

s analytic on G.

Figure 3.5: Schwarz’s relfection along the R

Remark. We note that if f is only defined on G and continuous and
real on Gy, then we can use the above g to extend f across to G_
by reflection. By the identity theorem applied to R, so that such an
extension is unique.
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Proof. It is clear that ¢ is analytic on G, and G_. It remains to con-
sider if ¢ is analytic on Go. That is, if g is analytic in a neighbourhood
B(xg,,r), where xy real and for every xy € Gy and a corresponding
r > 0. We could achieve this by proving for each triangle T" within
B(xg, r) the integral frgdz = 0. Then g is analytic in B(xg, r) by
Morera’s theorem. Thus, if the triangle T' lies entirely in Gy with no
intersection with Gy, then [ f = 0 since f is analytic there. Similarly
if T' lies entirely in G_. So we assume that TN G # ().

R

b

Figure 3.6: One triangle and one quadrilaterial

In general, either T'NGy is a single point or it is a line segment. The
former consideration obviously gives [r f = Jr g = 0. The latter means
that the Gy deivdes the T into two pieces. Without loss of generality,
we may assume that G UG, contains the triangle 7" = [a, b, ¢, a] part
of T and [a, 0] lies on G, leaving the quadrilateral part in G_ U G.

Notice that g = f is uniformly continues on 1" since 1" is a compact
set. That is, given € > 0, there is a 6 > 0 such that if z, 2/ € T”, and
|z — 2/| <9, then

[f(z) = f(Z)] <e.

We construct a sub-triangle 7" = [a, 3, ¢, a] of T" such that one of
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/X

a b

Figure 3.7: Integration along the quadrilaterial

the sides [a, 3] is parallel and close to [a, b] and hence to the R. We
may parametrise the horizontal line segments [a, b] and [, a| by

(1—ta+th, (1—ta+ts,  (0<t<1).
So now with the given £ > 0, we choose ¢ > 0 so that
la—al <, |B—0bl<§ (0<t<1),
hence

(1—ta+t8— (1 —t)a+th)| < (1 —t)|a — a| +t|8 — b

(
S(1—t+1)
-y

<
<

This implies

lfl(1=t)a+tB8] — f[(1 —t)a+th)]| <e, (0<t<1).
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Thus

/[a,m f_/[a,m f‘

=|b—a) [ Fl(1~t)a+1b) — (8—a) [ F(1-t)a+15]di
<fo—al [ £1(1—tha+tb) — [ F1(1 )+ 18] df

1
b= a) = (B=a)l| [ F1(1 = )+ 18] dt
<[b—ale+|(b—a)=(8-a)|M
<el(T) +|(b—a) = (B—a)| M
<el(T") +20 M
where ((T") stands for the length of the parameter of 77, and M =

max{|f(z)| : z € T"}. The estimates of the remaining integrals are
easy:

Joud S la—ald<Ms | [ f]<|8—blM < Mo

We finally deduce

o= 1T+ ]
fornea

foir? = o+

0T’y + 45M
e(U(T") +4 M)

foe 1+ o7

<e
<
since we may choose § < . This shows that fr» f = 0. We conclude
that f is analytic in B(xg, r). Hence g is analytic on G. O

The above is called Schwarz’{| reflection principle. We can map the
above upper half-plane onto a circle and the real-axis R to |z —a| = r-.

1'H. A. Schwarz| (1843-1921): advisor Karl Weierstrass


https://en.wikipedia.org/wiki/Hermann_Schwarz
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Theorem 3.7.2 (Schwarz reflection principle: second version). Let
G1 denote a simply-connected domain interior to C, :={z: |z —a| =
r} with an arc v on C, such that every point of int(vy) has a semi-
circular neighbourhood in B(a, ) N~vy. Let f : Gi — C be analytic
and continuous on Gy U~y. Suppose f(v) =T consists of an arc of the
circle Cy :== {w : |w —b| = R}. Then we can extend f to the region
(o, obtained by reflecting G with respect to C,, mapping every z € G4

to )
r

2 =a+

Z—a

being the symmetric (inverse) point of z in Gy, and

f(z)_b+][(z)_57

in G9 so that the new function is analytic in G = Gy U~y U Gj.

Proof. Let z € G;. Then we recall that the symmetric point z* with
respect to the circle C, is given by

2 =a+

Z—a

Let Mc, be the Moébius transformation that maps the circle onto R
with the notaton z — Z. We also denote the inverse point of w = f(2)
with respect to the circlelw — b| = R to be

w*=b+L
fe)-b

We also denote the M6bius transformation that maps the circle
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|w — b] = R onto R by M¢, with the notaton w — W. Then we have

1) = f o Mc,(7)
= F(7') = F(7)

where F' = f o M¢, . O]

Figure 3.8: Schwarz reflection with respect to circles

One can achieve a more general reflection below.

Theorem 3.7.3. Let G1 and G5 be two simply-connected domains such
that

1. Glﬂng@;
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2. G1 N Gy =~ where v is a smooth curve such that every interior
point int(y) of v has a neighbourhood lying entirely inside G :=
G1 U int(”y) U GQ.

Let fi(2) be analytic in G;, continuous in G; Uy, j =1, 2 such that
for every point & € ~
lim fi(z) =h(§) = lim fo(2)

D1 92—>€ DQBZ—)f

for some complex-valued function h : v — C. Then there exists an
analytic function f in G such that f(z) = fi(2) for each z € G,
j=1,2.

3.8 Schwarz-Christoffel formulae

The Riemann mapping theorem that we discussed is an existence re-
sult. It is rather difficult to construct explicit formulae that actually
realise the theorem for even reasonable shape simple-connected regions.
But a given simply connected can be approximated by polygons, so it
becomes of interest to find explicit formulae for conformal of polygons.

Theorem 3.8.1 (Schwarz (1869), Christoftel (1867)). Let f be a one-
one conformal mapping that maps the upper half-plane H* onto the
interior of the a polygon D = [wq, wa, - - - wy,| with the interior angles

0 < apm:=(1—uvp)m < 2m,

at each of the vertices wy, k =1,---n. Suppose —00 < a1 < ag < -+ <
a, < oo are real numbers on R such that f(ay) = wg, k = 1,---n.
Then f is given by

z dz
f(z) = 04/0 (2 — a1) 1 (2 — ag) 02 - (2 — @)L +0 -
_a/() (z—a/l),ul(z—a2)M2...(2_an)Nn+5
where a, B are two integration constants, where the vy, k=1,---,n

are the corresponding exterior angles.


https://en.wikipedia.org/wiki/Elwin_Bruno_Christoffel
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We recall that from elementary geometry that if the above polygon
D is convex, that is, 0 < v, < 1, then

n

> vy = 2.
k=1

Proof. Since the boundary of the proposed polygon D is certainly a
Jordan curve, we immediately deduce from Theorem that there is
a conformal mapping f from the upper half-plane H* onto the D such
that f can be extended continuously to the real-axis R and f(R) = dD.
Let us label

f(ak‘):wkn kzlv"'7n

w,11 = wp that are the vertices of the polygon D. Let us denote
f(ak, ags1) = L, k=1, ---n. Then we can apply Schwarz’s reflection
principle (Theorem to a chosen H™ U (ay, agy1) for some k €
{1, --- ,n} and reflect along (ax, ax4+1) to continue f to the lower half-
plane H~. But this corresponds to a reflection image D’ obtained from
D after a reflection of D along its side Ly. In fact, the D' = f(H™).
where we have reused the notation for the extension of f onto the
domain H*U(ag, axr1)UH ™. But the Riemann mapping theorem again
asserts that there is a one-one conformal mapping f that maps H™ onto
D'. So we may apply the Schwarz reflection principle (Theorem (3.7.2)
again to reflect H™ along one of the other intervals (ag.1, axio) say,
to the upper half-plane H*. This again corresponds to the reflection
of D' along its side Ly, 1 to a symmetrical region. The resulting image,
which we denote by D” is of identical shape as D where we started off,
but located in a different position. The Riemann mapping theorem
again implies that there is a f that maps the upper half-plane H* onto
the D”. Since we can superimpose theD to D" by a translation and a
rotation, so we have

F(z) = Af(z) + B (3.6)

in H* for some constants A, B

2Any other side will do.
31n fact, A = e'f*.
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Figure 3.9: Even number of reflections

We deduce 3

f'(z) = Af'(z) #0

throughout the H™ since f is conformal there. Moreover,

_ ") )
- im0 f'(R)
in H*. This shows that the function ¢ is analytic in H". A similar

consideration leads to a similar conclusion that ¢ is analytic in H™,
and hence on

9(2) (3.7)

H* Uy (ak, @) UHT

by the Schwarz reflection principle. Hence g is analytic on C except
perhaps at a;, £ =1, ---n. Let us investigate what happens at these
aj. Let us consider the behaviour of f when z changing from the line
segment (ap_1, ai) to (ax, ary1). We have

f(z) = flag) + (2 — ar)*h(2)

where h is analytic in a neighbourhood at z = a; and h(a;) # 0
(imagine that z lies on a line segment slight above the R. Thus f(z) —
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f(ax) changes an angle agm from L1 to Ly when z “passes through'
ag.

Figure 3.10: “Opening" an angle

Hence
F(2) = an(z = a)™ h(z) + (2 — ax)™ W (2)
= (= @)™ awh(2) + (= — @)l (2) (3.8)
= (2 — ar)™ 0 (2),
where ¢(z) is analytic at a; and ¢(ax) # 0. Thus,
') =1 ()
fl(z)  z—ar  ¢(2)
This shows that the function g defined above is analytic in C except

at the ax, £ =1, --- ,n where it has a residue a; — 1 at each simple
pole a;. Thus the function
f'(z) &oap—1
-2

f'(z) Sz —a
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is an entire function, and in fact including z = co. To see this we note
that f and its analytic continuation are bounded at oo, that is, we
have the Laurent expansion at oco:

f(z) = f(o0) —I—O(Zlm>, Z — 00

for some integer m > 1. We deduce that g has a simple pole at oc.
This shows that
f'(z)  Eap—1_

=0

f'(2) N k=1 % — Qg

by Liouville’s theorem. The above formula implies that

F(2)=a I (2 — g™
k=1

integrating the above formula from 0 to z yields the desired formula.
H

Remark. We can continue the above reflection along one (ay, axi1)
from H* to H™ and then from H™ to H* via another interval (a;, a;:1)
any number of times for different £ and j in the above construction.
The upshoot is that evey time we complete a cycle we end up with
a different function valued at the same point in the upper half-plane
and similarly in the lower half-plane. This suggests that we should
consider that these different values from different "reflected values' to
be different branches of an analytic function w = F(z) defined on
C\ Ur_; (ak, ar+1). The above proof shows that the g = f”/f'(z) so
constructed is independent of the branches chosen. In fact, we have
shown that it is globally defined in C.

Remark. The reader may have noticed that we did not discuss the
actual locations of the real numbers —co < a1 < as < -+ < a, < 0©
and the constants «, § in the Schwarz-Christoffel formula above. This
turns out to be a difficult unsolved problems. However, we can still pre-
scribe a1, a9, a, to wq, wy, w, say after a suitably chosen Mobius trans-
formation. However, given a polygon with more than three vertices, it
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becomes a non-trivial problem to determine the other points ay4, - - - , a,
on the real axis. This is partly due to the fact that the Schwarz-
Christoffel formula only precribes the angles aj, but not the length
of (ay, agy+1) (recall that conformal map does not preserve lenghts in
general). The remaining unknowns are ay, --- , a, real numbers and
two complex numbers a and 3. We deduce from the formula that

when z =z > a,, then
arg f'(r) = arg o,

and the line segment (a,, a1) (via C) corresponds to the side L, =
[w,,, wq] of the polygon D. But arg f'(z) = arga corresponds to the
angle that L, makes with the real-axis R. This shows that arga is
known. On the other hand, putting z = a; in yields f(a1) = B.
This implies § = w; is therefore also known. We are left with n — 2
real unknown constants

gy« 5 Ap, |Oé‘
to be determined. On the other hand, we have a further n—2 equations

(([ewes wen]) = o] | kﬁl(z )

Gk41

ag

k =4,--- ,n (with a,,1 = a,) that can be used to compute the
ag, -+ ,a,, |a|. But the determination is generally difficult if not im-
possible.

Example 3.8.2. Find a conformal mapping from the upper half-plane
onto an equilateral triangle of side lenght /.

That is the three angles of the triangle are all equal to apm =
/3, k=1, 2, 3. According to the last remark, the Schwarz-Christoffel
formula completely determine the a;, w; = f(a;), k = 1,2, 3. So let
us choose

a1:—1, CLQZO, a3:1.

Then the SC-formula (3.5)) yields

2 dt
w=f(2) = 04/0 (t — (—1))1—13¢-1/3(¢ — 1)1-1/3 + 8,
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Without loss of generality, we may choose f(as) = f(0) = 0. Hence
£ = 0. Moreover, we have

1 dt
g:‘a/o m’
¢

- dt '
b =y

implying that

Hence

/ y—
f(z) =
-

is the desired mapping.

. , .| A B

Figure 3.11: Schwarz equaliterial triangle

Exercise 3.8.1. Replace the above equﬂateral triangle with an isosce-
les right trangle with a, = %, ap = ag = 4, with the length of the
hypotenuse /.
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Example 3.8.3. Construct a one-one conformal map from the upper
half-plane H" to a rectangle with coordinates [— K, K, K +iK', — K+
iK'] for some K > 0.

-KiiK iK' K+iK'

-1k -1 1 1k K K

Figure 3.12: Elliptic function of the 1st kind

We recall that a slight variation of Riemann mapping theorem al-
lows us to assert tht there is a one-one conformal mapping from the
first quadrant of the z—plane to the rectangle with vertices [0, K, K +
iK', iK'] such that the points 0, 1 and oo in the z—plane are mapped
onto the points 0, K, i K respectively. So we have the following corre-
spondences:

0, 1]+ [0, K], [1, 00) = [K, K +iK'|U[K + iK', iK').

So there is a 0 < k < 1 so that the point z = 1/k > 1 is mapped onto
the point K + ¢K’. This also implies that the positive imaginary axis
{#z =iy : y > 0} is being mapped onto the line segment [0, iK"].

So we obtain the desired mapping H™ — [-K, K, K +iK', —K +
iK'] after reflecting the Riemann mapping obtained above with re-
spect to the imaginary axis, so that the real-axis R is mapped onto
—K, K, K + iK', —K + 1K'], and the points —1/k,—1, 1, 1/k are
mapped onto the points —K +iK', —K, K, K + iK' respectively. The
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explicit formula is therefore given by
. z 1 %_1 %_1 %_1 1 %_1
fle)=a <z+k> (z— 1)+ 1) <z—k> +8
+ 5

, (7 dz
=o'}, JA— 21— k22)

Let z = 0 in the variable above. Then clearly 5 = 0. We choose the
branch of square root above in accord to positive value when z lies in

(0, 1). But f(1) = K. So

;1 dz
K=o | JO— 21— k22)

This allows us to determine the constant o > 0 provided we know the
value of k. Moreover, since f(3) = K + iK', so

1/k dz
\/(1 — 22)(1 — k22?)

, [l dz
=o'}, JI = 2)(1 - k222)
/1/k dz
L F DR

since there is a change of arg(1l — z), amongst all the factors of (1 —
22)(1 — k%2?), by —n. It follows that

K+z’K’:o//O

+ai

1/k dz
/1 V(2= 1)(1 — k222

K =d

Let
1

RV

in the above integration, where &> = 1 — k% and 0 < ¥ < 1. It is
routine to check that the above substitution yields

! a/ 1 dt
S )
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We therefore deduce the relationship:

K’ / \/ 1— z2 k’222)
QK '

(3.9)

/ \/ 1_22 k2z2)

We see that both the numerator and denominator have similar inte-
grands. As k increases from 0 to 1, the integral

/ \/ 1 — 22 k222>
increases from
/1 dz _ T to /1 dz = +00
0 /1—22 2 0 1—22 '

That is the interval (0, 1) is being mapped onto [J, +0c). While k
increases from 0 to 1, its complementary value &’ decreases from 1 to
0. So the numerator

/\/1—2 — k?22)

behaves in a similar behaviour but in the opposite direction, namely,

it decreases monotonically from +oo to m. We deduce that the ratio
K'/2K, decreases monotonically, as a function of &, from +oco to 0. So
there is a unique 0 < k < 1 such that holds for a given K and
K'. This allows us to compute an approximate (and hopefully to know
exactly) value of k, and hence /.

Definition 3.8.4. The above integral where o/ =1,

z dz
)=, JA = 2)(1 = k222)

is called the (Legendre form) of complete elliptic integral of the
first kind.
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K (k) —

g ar a2 a3 o Q5 oF Q7 o0F8 09 10
k? —

Figure 3.13: Modulus of an elliptic integral: Byrd and Friedman, p.
17

Theorem 3.8.5 (Schwarz-Christoffel: second version). Let f be a one-
one conformal mapping that maps the upper half-plane H™ onto the
interior of the a polygon D = [wy, wa, - - - wy| with the interior angles

0 < agm:=(1—y)m < 2m,

at each of the given vertex wy, k =1,---n. Suppose the corresponding
points —o00 < a1 < A9 < -+ < a1 < 00 are real numbers on R such
that f(ax) =wr, k=1,---n—1, and a,, = oo, f(c0) = wy,. Then f is
given by

z dz
A ey e L e F L

+8 (3.10)

where a, B are two integration constants.

Proof. The transformation

z:a—é e, (=—1/(:—a)), a<a

transforms the upper half-plane H* onto itself such that the a; < -+ <
a,_1 are mapped onto b; < --- < b,_1 and a,, = oo to b, = 0. Hence
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we may apply (3.5 to

and this yields

[ d¢
F(C) = /0 (C . 61)170‘1 L. (C _ bn_l)lfan_lcanfl

SN

+

Cnl -1 -1 /
)i+

P =FO=a [T (54— )" () e

0o \Z—a  ap—a z—a

Cenlap—z el —1 el dr
—a H(( & )> (—) + 8

202 Mz —a)(ap —a z—a (z —a)?
1
_n . ak 1 !
=« ZOkﬂlz ar) (z_a)zak_n+2dz+ﬁ
Z’I’) 1
—a . ak 1dz—|—5”
0 k;1
since Yp_j a =n — 2. []

Example 3.8.6. Let us apply the above formula to obtain an equilat-
eral triangle of side length ¢. That is, we may assume the three points
on the real axis to be

a1207a2:17a3:

Then o = /3, k =1, 2, 3. The formula (3.10)) yields

f(z):oz/OZ(dZ—l—ﬁ.

z — 1)§z§
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The side length ¢ can be expressed as integration of arc-lenght:

0= ol [ 1f'(2)] |dz]
= la| [ 2571z = 1)37"|dz]
ya\/t (t—1)5"'dt
~ o BT o TG
G+ ' T@)

where I'(z) denotes the Euler-Gamma function (see later) and it is
known that

a— 1 5 1 ['(a)T(B)
/t dt = Tat 5’

provided that Ra > —1 and RF > —1.

Example 3.8.7. In general, if we consider the image of 0, 1, co to
be the general triangle ABC with angles aw, g, ym with side lengths
a, b, c respectively, then we have the Schwarz-Christoffel map to be

f(z) = /: 271 =2 dz

where we have chosen C; = 1 and Cy so that f(0) = 0. Then we can
compute the side length of, say,

iy _ D(@)r(s)
c=f W@l = 55
But since I'(x)['(1 — z) = sinﬂmc’ SO
o= 1) = Lainom) M) D) T ()

since a + 8 + v = 1. Similarly, the side lengths of the other two sides

are given by
1

a=— sin(am) I'(a) I'(8) I'()
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and
1

b= —sin(fm) () T(B) (7).

™

Example 3.8.8. Apply a SC-formula to show that the conformal map-
ping f that maps H' onto the half vertical strip:

-5 < Rw=f(z)) < 5 S(w) > 0.

such that —1 — —;T, 1 ;T, 00— 00 is given by

—sin"! 2.

= dz
f(Z):/O ﬁ

Exercise 3.8.2. Show that the formula

Z dz
0= h =

maps the upper half-plane H' onto the interior of a square of side
length

1 " 12

sva )
Exercise 3.8.3. Given a polygon D with vertices wq, --- ,w, and in-
terior angles a k = 1, --- ,n, has one of its angles, ay = 0, say. See
the figure below. Derive a Schwarz-Christoffel formula mapping the
upper half-plane to this polygon. (Hint: Consider the polygon with
n + 1 sides constructed from that of the original polygon with a line
segment drawn from new vertices wo; and wsyy each on the parallel
sides of D with ay = 0 and perpendicular to the parallel sides. Use the
Schwarz-Christoffel formula of this polygon to approximate the desired

mapping).
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W, Wiz

Figure 3.14: The second angle is 0
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Chapter 4

Entire Functions

4.1 Infinite Products

Definition 4.1.1. Let {z,} be a sequence of complex numbers, and we
write p, = II} z; to denote the nth-partial product of {z,}. If p, — p
as n — 00. We say the infinite product exists and denote the limit by
p = limp, =I1{° #;. If p, does not tend to a finite number or p,, — 0,
then we say [17{° 2; diverges.

Example 4.1.2. Determine the convergence of (1+1)(1—;)(1+;) e
Solution. Define
a4+ D)@ =5 043 - (1=1), neven;
p”_{(1+1)(1;)(1+§) - (14+1), nodd
1 1léé " n—1:1 n even,
) Elili%ié "'nn__llnn_anL,l —1+1 nodd7
234 n—-2n—-1 n n’ '

Hence p, — 1 as n — oo, and we conclude that

(1+1>(1—;)<1+§)---:1.

144
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Note that we also have

(1+1)(1—;)(1+;)---: il (1-“””).

n=1 n

[]

1)
(=1) in the
n
partial product p, tends to one as n — oo. This is true in general.
N
Z.
For suppose p, — p, then zy = l_IHNl_ll — b_ las N — oo. In
1 i p
view of this observation, it will be more convenient for us to consider
infinite product of the form 113°(1 4 a,,) where a,, — 0 as n — oo if the
infinite product converges. We now prove a fundamental convergence

criterion.

From Example [4.1.2, we see that the last number 1 —

Theorem 4.1.3. The infinite product 113°(1 + ay,) is convergent if and
only if given € > 0, there exists an N > 0 such that

(14 ) o (L @) — 1] < €
for allm >n > N.

Proof. Suppose II5°(1 + a;) = p. Let p, be the nth-partial product of
[13°(1 4+ a;), then {p,} is a Cauchy sequence in C. That is, given € > 0,

there exists an N such that |p,| > ‘g‘ and

Ipl

for all m > n > N. Thus

(T4 anga) - (Tt am) = 1[ = [p n\

Do ‘\pn
1
- ‘pm_pn‘l

nl
9
Sz _
2 [p|
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for all m > n > N, as required.
Conversely, suppose given 1 > € > 0, there exists an N such that
for m > n > N we have

P _ 1| < e.
Pn
Let p). = Pr for all k > N and N fixed, then

PN

l—e<|ppl<1l+e<2.
Notice that the assumption is equivalent to

Dra

F < €.
Pn

That is

[ — Pl < €lpi| < 2e
for all m > n > N. Hence {p],} is a Cauchy sequence. So {p,} is also
a Cauchy sequence and thus converges in C. ]

If all the a,, are positive. Then we have

Proposition 4.1.4. Suppose all the a,, > 0. Then I1(1+a,) converges
if and only if 3 a, converges.

Proof. Suppose I1(1 + a,,) converges. By
ar+-ta, <(1+ay) (14 a,)

we conclude immediately that > a, < oco.
Conversely, since 1+a < e for all a > 0, hence (1+a4) - - (14a,) <
et e Thus [1(1 4 a;) converges. O

Definition 4.1.5. The infinite product [1(1+a,) is said to be absolutely
convergent if the product I1(1 + |a,|) converges.
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We recall from Example that the infinite product

(1+1)(1—;)(1+;)---

is not absolutely convergent. The converse, however, is definitely true.

Theorem 4.1.6. If (1 + |a,|) converges, then [1(1 + a,) converges.

Proof. Method I: The result follows immediately from the observation
that

(T +ang) - (T4 am) =1 < (1 +fana]) - (T4 fam]) = 1,
and by Theorem [4.1.3]|
Method II: Let p, = I1I{(1 + a;) and P, = I1}(1 + |a;|). Then

Pn—Dn1=14a1) - (1+ap_1)ay,
Py —Po1= 1+ ar]) - (1 + [an-1|)|an],

and
|pn - pn—l‘ S Pn - Pn—l-

Since P, — II5°(1 + |a;]), we have >5(P;, — P,_1) = P, — P, converges.
But then >3°(p; — pi—1) converges absolutely by the above inequality.
Hence the limit I1(1 + a,,) exists. O

Theorem 4.1.7. A product TI(1 + a,) is absolutely convergent if and
only if 3 a, converges absolutely.

Proof. T T13°(1 4 |a,|) converges then Y |a,| must converges by Propo-
sition 4.1.4, The converse also follows from Proposition [4.1.4] ]

We deduce immediately that

Proposition 4.1.8. [13°(1 + a,,) converges if >3°a, converges abso-
lutely.



CHAPTER 4. ENTIRE FUNCTIONS 148

We next turn to the study whether the statement "if [1(1+4a,,) = p,
then 3" log(1+a,) = logp" holds? Here log p is the principal logarithm.

Proposition 4.1.9. If >log(1 + a,) converges, then T1(1 + a,) con-
verges. If TI(1+ay,) converges, then 3 log(1+4a,) converges to a branch
of log(TT (1 + ay,)) .

Proof. Let s, = X1 1og(1 + a;) then the hypothesis implies that s, —
Y log(l + a;) = s, say, as n — oco. That is,

n
[[(1+a)=¢"—¢€*, n—oo
I

i.e.
o

[I(1+a;) =€
1
Suppose now p = [I°(1 + a;) converges. Let p, = II7(1 + a;).
1 1

Then we must have log& — 0 as n — oo. We decompose it as

log@ =S, —logp+ hy,(2mi). Then
p

Pn+1
p

log " 1og P = log(1 4 anin) + (hui1 — hy)27i.

p
But the left side tends to zero as n — oo. Also log(1 + a,41) — 0 as
n — oo. Thus h,11 — h, = 0 for all n sufficiently large. Let it be h.

Then D
s, — logp + h(2mi) = log = — 0.
p

That is s, — S = logp — h(27i) answering the question raised before
the proposition. O

Finally, we give a criterion for the absolutely convergent product
[1(1 + a;) in terms of > log(1 + a;).

Theorem 4.1.10. [15°(1+4a;) converges absolutely if and only if >3° log(1+
a;) converges absolutely.



CHAPTER 4. ENTIRE FUNCTIONS 149

Proof. The result follows immediately from Theorem [4.1.7] and the
limit los(1
lim 708;( +2)
z—0 z

= 1.

It suffices to show 3 |log(1 + a;)| and X |a;| converges and diverges
together. The details is left to the reader. ]

o0 1
Example 4.1.11. 1. J] (1 + a) converges whenever o > 1.
1 n

0 2 1
2-13(1‘n<n+1>):3'

N ﬁ<1+x>:{+oo, >0

1 n 0, x < 0.

4. TI(1 4 2") is absolutely convergent for every |z| < 1.

5. If 3 a,, converges absolutely, then [1(14a,z) converges absolutely

z
for every z. For example [T |1 + 2) converges absolutely.
n

6. If > a, and 3 |a,|* are convergent, then [I(1 + a,,) is convergent
(Hint: log(1 + a,) = a, + O(|a,|?)).

—1 1 1 1

Jir1l T \/n+1+n+1+(n+1)vn I

Then T1(1 + a,,) converges, but 3 a, and 3 a2 both diverge.

7. Suppose ag,_1 =

8. If a, is real and Y a, is convergent, then the product IT(1 +
a,) converges or diverges to zero according to 3 a? converges or
diverges respectively.

4.2 Infinite Product of Functions

It is not difficult to see that the main results from the previous section
can be generalized to infinite product of functions.
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Let G be a region in C, and { f,,} be a sequence of analytic functions
defined on G.

Theorem 4.2.1. Let {f,} C H(G) and X5°|fa| converges uniformly
on every compact subsets of G. Then the infinite product TI(1 + f,(2))
converges uniformly to an analytic function f on G , i.e. TI°(1+4 f,) =

f e H(G).

Moreover, f has a zero at those, and only those points of G at which
at least one of the factors is equal to zero. The order of such a zero
is finite and is equal to the sum of the orders to which those factors
vanish there.

Proof. Let K be any compact subset of G. Since Y |f,| converges
uniformly on K, there exists a M > 0 such that ¥5°|f.(z)| < M for
all z € K. Thus, for any n € N, we have

L+ A (L4 [fal2)]) < en@IHRE] M

for all z € K. Set P,(z) =17(1 + |fi(2)]). Then

Fu(z) = Poa(2) = (L4 [AGE)]D) - (U + | faa ()] fu(2)]

< eV fa(2)]

for all n > 2 and all z € K. Hence

n n

[+ fi(2)) = (1 + f1(2)| < >_(Pilz) = Pia(2))

1 1=2

n
<3 |fi(z) < M
=2

for all z € K. So we deduce that [15°(1+ f;(2)) — (14 f1(2)) converges
uniformly on K. But H(G) is complete, so [13°(1+ fi(2)) — (1+ f1(2)) is
analytic and hence [13°(1+ f;(2)) is analytic on K. But K is arbitrary,
so [17°(1 + fi(2)) is analytic on G.

Since Y |fn(z)| < oo for each z € K, there exists an N € N such

that 00| fi(2)| < 5 for all n > N. Suppose now that z € K and



CHAPTER 4. ENTIRE FUNCTIONS 151

f(z) = 0. It follows that I13%,,(1 + fi(z)) # 0 on K and hence the
order of the zero is equal to the sum of orders of those factors (i.e.
1Y (1 + fi(z)) vanishes there). ]

Remark. It is clear from the proof of Theorem[4.1.10that ¥ | fi(z)| and
Y [log(1+ fi(2))| converge and diverge together. So we could rephrase
Theorem such that the hypothesis 3 |f;| < oo is replaced by
Y [log(1 + f;)| < oo. It turns out that both conditions are useful in
applications.

4.3 Weierstrass Factorization Theorem

Suppose f is entire and non-vanishing. Then we can write f as €9
where ¢ is an entire function (see Theorem [1.10.13)). If f has only
a finite number of zeros (can be repeated) 21, z29,...,2,, say, then

f
(z—z1)--- (2= 2n)
" (z — z)e?. A natural question is for an representation for f as
above when f has an infinite number of zeros. We can also view the

is entire and non-vanishing. Thus we have f(z) =

above question as an interpolation problem: Given zq,29,...,2,,...
and wy, wa, . .., Wy, ..., find an entire function f such that f(z;) = w;
fori=1,2,3,.... If w; =0 for¢s=1,2,..., then our question become

a special case of the interpolation problem.
Thus a natural guess of an answer of the interpolation is the func-
tion

f(z) = 2meI?) lo_o[ (1 — Z) :

1 Zi

But it is unclear of whether such a function exists since the infinite
oo

product may diverge. According to Proposition [4.1.8) T (1 — Z) con-

1 Zq
= 2| 2

1
= —; < oo and so f has the above factorized form.
n

is convergent for every z. Thus if z, = n?,

z
2

1
verges if > —
2

7

then )

1
<n
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Weierstrass was able to construct a convergent-producing factor
called primary factor so that a factorization of f always exist regardless
of the given sequence {z,}.

Definition 4.3.1. Let p > 0 be an integer. We define the Weierstrass
primary factor by

L 2P

1— T > 1
( z)exp(2+2+3+ +p), p=>1;

11—z, p = 0.

Ep(z) = E(Z7p> =

Theorem 4.3.2 (Weierstrass Factorization Theorem). Let {a,} be a
sequence of complex numbers with lima,, = oco. Then there exists an
entire function f with f(a,) =0 for alln and f has a zero at z = 0 of
order m > 0. In fact, [ is given by

flz) = M e9(2) nﬁlE (Z>

a,
1 Pn
1(1—;>exp{;+'--+m<;> }7

where g(z) is an entire function and {p,} is any non-negative integer
sequence for which

> ( ) < 00

1

|an|

—8

— ,Med(2)

n

for each r > 0.

Remark. (i) p, = n — 1 always satisfy the hypothesis. The idea is
to choose {p,} as simple as possible.

(ii) The above factorization has already taken care of the multiplicity
of {a,}.

Lemma 4.3.3. Let p be a non-negative integer. Then

(i) |Ep(z) = 1| < [2P*if 2] < 1;
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(ii) [log Ey(z)| <

1
p+1 - .
k_1|z\ zf|z]<kandk>1,

1
(iii) |E,(z) — 1| < 6|z|PT, if |2] < 5

Proof. (i) We expand E, into a power series:
E,(z) =1+ il%akzk
where all the a; are real. Differentiating both sides yields
E(z) = ilo:kakzkl. (4.1)

But the left side is equal to

EZI)(Z):[(1_2)(1+Z+Z2+"'+Zp_1—1]eXp(z+222_|__,,+jj)
:[(1—zp)_1]exp<z+2—|—---—}—p>. (4.2)

By comparing the coefficients of (4.1) and (4.2), we deduce a; =
.-+ =a, =0 and a; <0 for the rest of k. Thus for |z| <1,

xXO xXO
‘Ep(z) - 1| = Z akzk = ‘Zp+1| Zap+k+1zk
p+1 0
1 > 1 > 1
<Y laprin] = ~ |2 Dty = |2

since 0 = E,(1) =1+ 279 ax and so T |ag| = =X ap = 1.
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(ii) Since
22 2P
|long(z)|:10g(1—z)+z+2+---+p
- R
2 2 D
— | 1 Zp+1_1zp+2_...’
p+1 p+2
1 1 1
< sz( + z| + 22—|-~->
< I p+1 p-I-Q‘ | p-|-3‘ |
<P+ Lo+ e )
1 1
p+1 1 - _ e | = — p+1
< 4| <+k+k2+ ) e
(iii) By the definition of E,(2),
22 2P
|Ey(2) — 1] = (1—z)exp(z+2—|—---+p)—1
‘le—H ‘u‘p+2
< e —+ .. —
=P p+1 p+2
2
(byl—z:exp<—z—2—---)>

< expl|z[PTHIL + |2 + |2]* + -
1
_ R
P (‘Z' i |z\>
< exp(2|z[FT!) — 1
< 202"+ exp(2]z]P1)

< 2[z|Ptte! < 6z|PT.

R
e -

Now we can prove Theorem [4.3.2]

-1

1<ze* forz >0
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Proof of Theorem [4.3.3. Let {a,} be the given sequence of complex
numbers such that a,, — 0o as n — +oo. Thus given any |z| = r, we

can find an N > 0 such that |a,| > 2r, or
Lemma [4.3.3(iii) gives

E, <Z> _ 1| <6
an

for n > N and |z| < r. It follows from the hypothesis that the sum
>(E,, (z/an) — 1) converges uniformly and absolutely on any compact
subset of B(0,7). Theorem implies that the infinite product
I15° E,, (2/a,) converges to an analytic functions in B(0,7). But r
is arbitrary, so it is actually an entire function.

Suppose f is an entire function with zeros given by {a,}, then

f/ T E, (z/ay) is zero-free. Hence we can find an entire function g
such that

<3 for |z| < r. Thus

n

5 [Patl ( r )pnﬂ
< -
‘an|

an

o z
f2) = O L, ()
1 Qp
where m > 0 is an integer.
[t is easy to see that we can always find the sequence {p,} by choos-

a
completes the proof of the theorem.

pntl 1\"
ing p, = n — 1. Since X <X <2> < +oo for each r. This

Alternatively, we can prove the theorem by applying Lemmal[4.3.3[(ii).
We choose k£ > 1 and N so large that |a,| > kr for n > N and |z| <.

Thus
z
log £, (a)

n

k

z

an

< <— =
k—1 k—1\k

Choose p, = n — 1 again implies ¥ |log E,, (2/a,)| converges uni-

formly. The discussion in the remark after Theorem shows that

[15° E, (z/a,) converges to an entire function. You may fill in the de-

tails as an exercise. ]

pntl k < 1 )Pn+1
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Remark. Note that some authors will phrase Theorem 4.3.2| as: Let
{a,} be a sequence of complex numbers with lima, = oo, then there
exists {pn} such that the following f is an entire function

f(z) = 2med) ]O_:[E ; <Z>

Qn

where g is an entire function.
This is because we can always obtain the estimate, as in the proof,

1 Prt1
E, (;) _ 1‘ <6 <2> .

Hence any increasing non-negative integer sequence {p,} will make
> |E,, (z/a,) — 1] converges uniformly.

Proposition 4.3.4. Suppose G is an open set and {f,} C H(G) such
that f =11 f,, converges in H(G). Then

() f =5 (flg Il fn>

k=1 n#k
&
p) L — Jk
YT B

on any compact subset K C G provided f # 0 on K. (See Conway
p.174)

Proof. (Sketch) For (a), Consider F| = ¥ (f/Tlozi fn) = (I £).
By Theorem 3.3.1], since we have Fj — f, then ‘f’ — Sk (f] T fn)‘
converges in H(G) and f' = ¥, (f/ [lnzi fn) as required.

For (b), let K be an arbitrary compact set. Hence |f| > a > 0 for
all z € K. Then

" | 'R

[ Fy fEx
since F| — f' and Fy — f in H(G). O

—0 ask —
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4.4 Factorization of Sine Function

We define

23 25 ZZn—l

sing=z— "+ — —--- 4 (=1)"

TR T

(2n —1)

Since this series is convergent uniformly and absolutely on any
closed disk centred at the origin, we could rearrange the terns so that

: _ 1 1z —iz
sin z = 2@,(6 e "?).

It follows that each zero of sin(7z) is simple. In fact, the zeros are

real and equal to 0,+1,42,...,4+n,.... Let a; be the non-zero zeros.
Then
00 r 2 00 r\2 y X 1
S(o)-S () -2 4
k=1 |ak‘ —oo \M —oo N
(n0) (n£0)

always converge for each r > 0 by choosing {p,,} = {1}. It follows from
the Weierstrass factorization theorem (Theorem {4.3.2)) that

sinz = ze??) 11 <1 _ Z) e?/m

et n
00 2
= Zeg(z) H (1 _ 2)
1 n
for some entire function g(z). We deduce from Proposition that
cosmz 1 X 2z
cot Tz = =—+40)+>Y ———
e Tennz 2 9(2) 21222—712

converges uniformly on compact subsets of C \ Z.
We now need a standard contour integration result which can be
found p.122 in Conway :
x 2z

1
meotmz = — +
z Z1:,22—712

for z € Z.
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sin 7wz

Hence g is identically a constant. In fact g(z) = log ™ because —

Tz
1 as z — 0. We finally obtain

00 22
sinmz = 7wz [] (1 — ) :
1

n2

4.5 Introduction to Gamma Function

We shall only introduce the definition of Gamma function and leave
its more difficult asymptotic expansion to a later chapter when time

allows. To begin with, let us consider the following entire function
defined by

o z
G2) =] (1 + ) eIn.
1 n
The infinite product G converges to an entire function in H(C) with
only negative zeros —1,—2, —1,.... Similarly the function G(—z) has
similar properties except the zeros are 1,2, 3, .... It is readily seen that
712G (2)G(—z) = sinTz.

Consider now G(z — 1) which has the same zeros as G(z) plus a
new zero at the origin. Hence there exists an entire function y(z) such
that

G(z—1) = 2e¥G(2).

We shall determine y(z). To do so, we take the logarithmic deriva-
tive on both sides:
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Rewrite
00 1 1 1 s 1 1
?(Z_lm‘n):z‘”%(z_un‘n)
1 0 1 1
:z_1+21:<z—i—n_n+1>
1 0 1 1 x (1 1
:z_l_'_zl:(z—kn_n)_'_%:(n_n—l-l)
1 o0 1 1 1 X 1 1
R R E)

This implies that 7/(z) = 0 and ~y(z) = v is a constant. Putting z = 1
into G(z — 1) = €72G(2) gives 1 = G(0) = €?’G(1). That is

e 7T=G(1)= 10_0[ <1 + 1) e l/m

1 n
The nth-partial product is
(n + 1)6—(1+1/2+1/2+~~+1/n)
and this implies
1
-l-'-'—i-n—log(n—l—l))
1 1
+°-°+—logn—log<1—|—>>
n n
1 . 1
—|—---—|——logn> —hmlog(l—l—)
n n
1
:1im<1—i——|—~--—i——logn>.
2 n

The number (=~ 0.57722) is called Euler’s constant whose numer-
ical value is still unknown. In fact, it is still undecided whether ~ is
rational or irrational.

Using H(z) = €*G(z) on G(z — 1) = e'2G(z) gives us a new
relation:

H(z—1)=zH(2).
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1
A further change of notation I'(z) = H) gives us the right order:
zH(z

r
I'(z—1)= (2) or

z—1

I(z+1)=2I(z) forz#—1,-2,....
Of course

['(z) = ¢ IO_O[ (1 + Z>_1 e/

zZ 1 n

is now an infinite product of meromorphic functions. The conver-
gence can easily be justified by considering compact sets K in C \
{—=1,-2,...}. I'(2) is call (Euler’s) gamma function. Clearly I'(1) =1
and we deduce from the functional equation above that I'(2) = I'(1) =
LIEB)=2I'2) =2-1=2,....,I'(n) = (n — 1)!. Thus the gamma
function can be considered as a generalization of the factorial. Also

/0

(Il —z) =
(Z) ( Z) sinmz
which gives I'(1/2) = /7.

One can show that

['(z) = /OOO e 't*1dt. (Mellin transform)

We shall extend Weierstrass factorization theorem to an arbitrary
region.

Theorem 4.5.1. Let G be a region and {a;} C G is a sequence of
points without a limit point in G. Then there exists an analytic function
f G — C such that f(a;) =0 and f has no other zeros in G.

Proof. We first show that it is possible to simplify the problem by
considering G unbounded and lim, . f(z) = 1. More precisely, we
consider G such that {z: |2| > R} C G and |q;| < R for all j.
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For suppose this is true, then given any region G; and an arbitrary
sequence {«;} such that {a;} does not have a limit point in G;. We
choose a € Gy, r > 0 such that B(a,r) C Gy and «; ¢ B(a,r) for all

1
j. Let T(z) = ——, then G := T(G1) \ {oo} is such that {z : |z| >
z—a
R} C G and |a;| = |1/(ej — a)| < R for all j and some R > 0.

G :=T(Gy)\ {oo}

Figure 4.1: C\ G

Since lim, o f = 1, f(T(2)) has a removable singularity at a and

/ has zeros at precisely a; = for all j. Then according to

a;—a
the definition, there exists an arjlalytic function g on (G; such that
g = f(T'(2)) on Gy \ {a}. Clearly g has the zeros precisely on {a;}. It
remains to prove the special case mentioned above.

Since G is open, so for each a,, we can find w,, € C\ G such that

lw, — a,| = d(a,,C\ G)

and
Jig [, = ] = 0

Ay —

We aim to show that the infinite product [T £, (
w

n) converges in
< — Wnp
H(G). Solet K be any compact subset of G, and hence d(K, C\G) > 0.
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Then, for z € K,

| — wy| |an — wy|

= d(wn, K) = d(K,C\ G’

ap — Wy

Z—wy
Hence given 6, 0 < 0 < 1, there exists an N such that

ap — Wy

<0

Z_wn

for all n > N and all z € K. Thus Lemma [4.3.3(i) implies that

ZEn< )-1‘<25H+.

N+1 2 — Wp N+1

That is, X{°|E, (an — w”) — 1| converges uniformly, and Theorem
2 — wy,

ap — Wy

4.2.1/implies that f :=TI° E, ( ) converges to an analytic func-

z_wn

tion in H(G).
The only remaining fact to verify is that lim, ., f(z) = 1. Given
e >0, let Ry > R so that if |z| > Ry, |a,| < R, we have

a, — Wy, 2R
< .
z—w, | R —R
: . 2R
In particular, we can choose R; sufficiently large such that 7R <0
L —

for any 0 < § < 1. Thus by Lemma [£.3.3(i) again,

a, — W 2R \"T!
E,[-2—")—-1|< gl
( ) ‘ <R1 - R) =

log(1+ 2)

for all |z| > R; > R. Recall that lim,_,g = 1. Thus we may
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choose R; so large that when |z| > Ry, there exists C' > 0 such that

() 2 e (2 50)
Z — Wy 1 2 — Wy
ofa (222
1 < — Wp
Scién—kl
1
52
=C

1—06
Thus by choose ¢ sufficiently small and hence R; sufficiently large that,

[f(z) = 1| = |exp (Zlog E, (a” — w“)) - 1’
Z — wy,
<€
for all |z| > R;. This completes the proof. O

4.6 Jensen’s Formula

We shall derive a useful formula called Jensen’s formula. It is a special
case of the more general Poisson-Jensen formula. Jensen’s formula will
be used again in later sections.

Theorem 4.6.1. Let f be analytic on a region containing B(0,7) and
that ay,...,a, are the zeros of f in B(0,r). Suppose in addition that

f(2) #0 on |z| =r and f(0) # 0, then

log | £(0)] = —ZlogH+/ log | f(re™)| db.

Alternatively, Jensen’s formula can be written as

SO = exp (52 [ og|7(re”) d6).

1|k‘ 27'('
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Proof. We first prove Jensen’s formula when f is non-vanishing on
B(0,7). Hence we may find an analytic branch of log f(z). We then
have, by Cauchy’s integral formula

log (¢
log /(= ~ omi / (—=z

where v = 0B(0,r) and ¢ = re?’. Thus

log £(0) =5 /%logf re )

and we obtain the Jensen formula by taking the real parts on both
sides.
We next consider f to have a finite number of zeros in B(0,r). Let

be A ={z:|z] <1}, then it is known that the map

automorphism of A with |z| = 1 being mapped to |z| = 1. Based on
this automorphism, it is not difficult to check that

r(z — a)

r? —apz

maps B(0,7) onto B(0, 1) in an one-to-one manner with |z| = » mapped
to |z| = 1 and a — 0. So the function defined by

f(2) nort — apz
F(Z) nT(Z—ak) f(Z)IIIT(Z—CLk)
L
is non-vanishing on B(0,7), and |F(z)| = |f(2)| on |z| = r.

We now apply the result in the first part to F(z) to obtain
L2 i0
log |F(0)| = 2W/O wlog |F(re)| do
1 2w i0
:%/0 log | f(re™)| do.

But log |F(0)] = log | f(0)| + X1 log \c;|' This completes the proof. [
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Remark. (i) If f has a finite number of poles by, ..., b, except at
the origin, then the Jensen formula becomes

r

n m 1 2r .
lo 0))=—-> —+ + — lo re')| d.
BIFO)] == pe > o |, loglfre”)

(ii) The Jensen formula in Theorem still holds even if there are
finite number of zeros on |z| = r. It suffices to show that f has

only a simple zero a = re’¥ on |z| = r. Let us recall that the
function F'(z) defined in the proof of Theorem {4.6.1. Now the

function is zero-free on B(0,r) and hence
z—a
F(0) 1 yor F(re?)
1 = — log |[———| df
Blo—al " 2 Bt —q
— = [Trog |F(re)  db — —— [ log(r]1 — ¢¥-]) do
orJo 0% orJo 08 '
Hence

1 2 ; 1 2 o
log | F(0)] = o [ log [F(re”)| df — o [ log |1 — €0~ do.

The above equation will become the Jensen formula if the second
integral on the right hand side vanishes. This will be done in the
next lemma.

Lemma 4.6.2. |

LT b _

27r/0 log |1 — €] df = 0.
Proof. Consider the simply connected region Q = {z : R(z) < +1}.
Hence we may define an analytic branch log(1—z) in Q since 1 —z # 0
. In particular, the branch is unique if we choose log(1—0) = 0. Notice

that R(1 — z) > 0, so we have

R(log(l —2)) =log|l — 2| and |arg(l—2)| < 72T
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We then consider two paths:
T(t)=e", 6 <t<2r—¢6 and ~(t) =1+ pe, joining e to e

We apply Cauchy’s integral formula to log(1 — z) to obtain

1 276 0 B 1 dz B 1 dz
But on (),
log(1 — 2) (pe')?

_ it it
= log(—pe")(1 + O(p))

= —log 2(1 + O(p)) + i(imaginary part)(1 + O(p)).

R (271m L, log(lz_ : d’z)

as 0 — 0; thus proving the lemma. [

Hence

1

We shall study Weierstrass factorization type problem for the unit
disc in this section (briefly).

Definition 4.6.3. Let A = {z : |z] < 1}. Then we define a subset of
H(A) as

H>* = H*(A)
where sup{|f(2)| : z € A} < +oo forall f € H*®, i.e. the set of all
bounded analytic functions on A.

Definition 4.6.4. We also define

B(z) = 2F 11 O — 2 ||

=1 1 —apz ay,

(4.3)

on A, which is called Blaschke product provided the infinite product
converges. Here the sequence {«,} consisting of complex numbers in
the unit disc.
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Thus the natural questions is under what condition on {a,} will
(4.3) converges. We shall give an answer to this question in the follow-
ing theorem. In fact we shall give a characterization to the existence
of Blaschke product.

Theorem 4.6.5. Let {a,} be a sequence in A without limit points.
Then (4.3) converges uniformly to an analytic function if and only if
Y1 — |ay|) < 4oc.

Lemma 4.6.6. Suppose 0 < a, < 1. Then [15°(1 — a,) > 0 exists if
and only if >3° a, < oo.

Proof. Since ¥ a,, < 00, there exists NV such that X%, a, < 1/2. Note
that

(1—ant1)(1 —any2) > 1 —ani1 — anyo
(I—any1) (I —ansx) > 1 —anyy — - —ayyx forall k
> 1/2.

Hence p, = (1 —ay)--- (1 — a,) is monotonic decresing and bounded
below by a positive number. Thus [13°(1 — a,) > 0 exists.
Conversely, suppose [15°(1 — a,) = p > 0. Then

0<p<p,=]I1-ar) <exp (-Z%)
1 1

and if we assume >3° ay = 400 then exp (— X a;) — 0. A contradic-
tion. [

Proof of Theorem [[.6.5. Suppose >3°(1 — |a,|) < oo. According to
Theorem |4.2.1], it is sufficient to show

o0 ap — 2 oy
1— < 00.
zl: 1_0477%75 Oy >
Notice that
= LACE )

1 -,z (1 —@,2)a,
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For each |z| <r < 1, we have

n ), 1—7r
since |1 — ayz| > 1 — |a,|r > 1 —r. Hence (4.3)) converges if >3°(1 —
|, |) < o0.

Suppose now the Blaschke product converges. Then |B(z)| < 1 for
all z € A. We may assume B(0) # 0, since the factor 2* does not
affect the convergence of (1 — |«,|). By Jensen’s formula we have for
r < 1and n zeros in |z| < r,

1

r 2 i0
2W/g log | B(re™)| df| .

= exp

|B<o>|rf1

[e™y

But |B(z)| < 1 for all z € A. Hence the right hand side of the Jensen’s
formula is bounded by a constant C' > 0 for all 0 < r < 1. Thus

o0

IIlaw| = C7YB(0)] > 0
1

as 7 — 1. Lemma 4.6.6 implies >(1 — |,|) must converges. O

4.7 Hadamard’s Factorization Theorem

We have applied Weierstrass factorization theorem to obtain an infinite
product representation of sin wz:

sinmz = ze9® ] (1 _ Z) o2/n
n

—00

00 2
= 1——].
WZ];[( n2)

It is perhaps difficult to see at the beginning that g(z) reduces
2

2 . :
to a constant logm and thus 2z I{° (1 — 2) behaves as €™ — e ""*
n
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(which is the original definition) in the above representation for sin 7z.
A question comes into our minds immediately is that how will the
growth of e/ and II3° E,, (2/a,) relate to the growth of the function
f. We shall study this question when g is taken as a polynomial and
pn, = p for all n in this section. This line of research has dominated the
development of function theory of one complex variable for the past
seventy years. This area of research is related to subharmonic functions
(log |f(2)| is harmonic away from the zeros of f; see next chapter for
harmonic functions) and potential theory. Most easier problems have
been solved, with the remaining open problems exceedingly difficult.
Let {a,} be a sequence of numbers in C such that a, — co asn —

oo and that there exists a non-negative integer p such that > <

o0o. Then according to Weierstrass factorization theorem that

()

converges to an entire function on C.

Definition 4.7.1. If the integer p described above is chosen so that
> 1/la,|P = +oo and > 1/|a,[P™ < +4oo, then the integer is called
the genus of {a,}, and the infinite product is said to be canonical
(standard). We also call p the genus of the canonical product.

Example 4.7.2. The infinite product

i — 12 12
sin 7z ﬂz_];[0< n) ( nQ)

. 1 1
has genus one, since ¥7° — = +00 and ¥° — < +o0.
n n

H.':l

So if a function has a representation

f(z) = 2meI) I[1E, <Z> , P = genus
1 Qp
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where ¢ is a polynomial, then the growth is determined by that of
[15° Ey(2/a,) and e9. Note that the above infinite product represen-
tation of f is unique if p is chosen to be the genus. We now define
the genus of f to be p = max{degg,p}. We next show the genus of f
determines its growth.

Theorem 4.7.3. Let f be an entire function of genus j (refered to its
Weierstrass factorization). Then given o > 0, there exists R > 0 such
that

[f(2)] < exp(alz[*)
for |z| > R.

We first obtain a result for canonical product.

Theorem 4.7.4. Let P(z) be a canonical product with genus p. Then
given o > 0, there exists R > 0 such that

[P(2)] < exp(alz["*)
for|z| > R.

Proof. We need some elementary estimates for the primary factors.
Since

|2]° 21"
By < (L [el) exp 2]+ -+ o+ 2 )
thus
2"
log |Ep(z)| < log(1+ |2]) + [z 4+ -+ + e
Thus given any A > 0, there exists R > 0 such that
log |E,(2)| < Alz|P™ for |z| > R. (4.4)

We also recall from Lemma [4.3.3[(ii) that for k > 1,

log |Ey(2)] < |log Ep(2)] < 2P, for k<1, |z| < 1/k.

k—1
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1 1
Without loss of generality, we may assume z < R. For z < |z| <R,

the function
log | Ey(2)|

‘z|p+1

is easily seen to be continuous there except when z = 1 where log |E,(2)| =

—oo. In any case an absolute upper bound exists. Thus there exists
B > 0 such that

log |E,(2)| < Blz|""
k

T } we have

log |E,(2)| < M|z|"

1
for z = < |z| £ R. Let M = max{A, B,

for all z € C.
Since >-7° W < 00, we choose N so large that
an,
> 1 Q
< .
J\%—:l ‘an‘p—H 4M
Thus
e 1
Zlog ( ><sz+1z
N+1 an o N1 |anPt?
&‘Z|p+1
Sy (4.5)

To estimate > log |E,(2/a,)|, we note that |z/a,| are large for
1 < n < N, hence we may assume the constant A > 0 in (4.4) is

«
chosen such that A = v minj<;<y |a;|P™ for 2| > Ry > R, say. Thus

Nl E o p+1 N p+1
Xliog\ p(z/an)| < 4N‘Z| 21:| |p—|—1 1<1<I}V‘al|

1
p+1
192}]{\[ ]ai|P+1) 1<Z<N nail

< — |zt (4.6)
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for |z| > Ry > R. Combining (4.5) and (4.6) yields
log |P(2)] = Y- log | Ep(2/an)| < a2
1

for all |z| > R;. This completes the proof. O

Proof of Theorem [{.7.5. 1t is now easy to complete the proof of Theo-
rem [4.7.3] For degg < p+1, so |z|™ell Jexp(a|z|t1) — 0 as |z]| — oo.
But p+ 1 < u+ 1. The required estimate follows from Theorem
A4 ]

Example 4.7.5. If >1/|a,|* < co and > 1/|a,| = +o00, then

i)

an

has genus 1. So |f| < exp(c|z]?). It also follows that sin 7z has genus
1.

Suppose >7°1/]a,| < oco. Then [T (1 — z) has genus zero. Hence

Qn
z
— T (1= =
reemf )
also has genus 1.
The above theorems show that we can know the growth of f pro-
vided we know the function g and the growth (genus) of the zeros of f.

We shall study the converse problem in what follows. Namely, what
can we say about g and the zeros of f if we know the growth of f.

Definition 4.7.6. Let S(r) be a positive and monotonic increasing
function of r > 0. The order X of S(r) is defined to be

, log S(r)
lim sup :
r——400 log T

We say S(r) has infinite order if no finite A can be found.
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Remark. The above definition is equivalent to: given any € > 0, there
exists a ry > 0 such that
(i) S(r) < r*€ for r > ry, and

(i) S(r) > r*~¢ holds for infinitely many r > rq.

Example 4.7.7. The order r and r(log)? where s # 0 are both equal
to 1. The order of €" is infinite.

Definition 4.7.8. Let f be an entire function and M(r) = M (r, f) =
max|.— | f(z)|. Then the order of f is defined to be the real number:

log log M
A = limsup og log M(r, f)
r—00 log r

Example 4.7.9. (i) A\(e*) = 1.
(ii) A(e”®*)) = n, where p(z) is a polynomial of degree n.
(iii) A(exp(e?)) = oo.

Definition 4.7.10. Let n(r) be the number of zeros of f in |z| < r
(counted according to multiplicities).

Proposition 4.7.11. The order of n(r) does not exceed that of f, i.e.
A(n(r)) < A(f).

Proof. We may assume f(0) # 0. Given € > 0, there exists 1y > 0 such
that
log M(r, f) < e for r > ry.

Putting 2r into Jensen’s formula yields

n(r) o ni2r) oy 1 jon ‘
n(r) — ex 20
2" F(0)] < [£(0)] l:[ o < [£(0)| 1;[ T O <27T/0 log [ f(2re )|d9>

< M(2r, f).
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Hence

log [ f(0)| +n(r)log2 < log M(2r, f)

< MMt for > g,

Thus, proving the proposition. ]

Proposition 4.7.12. Suppose A\(f) = A < 400 and {r;} are the mod-
uli of the zeros of f. Then the series Y r,“ < +00 whenever o > \.

Proof. Let A < 8 < a. It follows from Proposition that n(r) <
Arf for r > 1y, say. Suppose r = 7,, then n = n(r,) < Ar?. Hence
r < An7', and so r;® < An~P. Thus ©r;* < Axn % < +o00
since a/f8 > 1. O

Definition 4.7.13. The real number
< 1
v:inf{a:2<+oo}
T T
is called the exponent of convergence of the sequence {r,}.

If {a,} is a sequence of the zeros of P(z) and |a,| = r,, then
p<uv<p+1

where p is the genus of {a,}. Also, it was proved in Theorem that
|P(2)] < exp(a|zP™). We can prove a more precise result.

Theorem 4.7.14. The order of a canonical product is equal to the
exponent of convergence of its zeros.

Proof. See exercise/homework. ]

It follows that if v is the exponent of convergence of P(z), then
IP(2)] < exp(al2]")
for all |z| sufficiently large. It also follows that
genus p < order of a canonical product < p + 1.

Note also that p = [v], p < v < A (for an entire function).
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Lemma 4.7.15. Let f be an entire function of order A\ < +oo and
f(0) = 1. Suppose {a;} are the zeros of f and an integer p > X\ — 1.

Then () |
dzr (f(Z)) =2

for z # ay,as, .. ..

The proof of this lemma will be given after the Poisson-Jensen
formula.

Theorem 4.7.16 (Hadamard’s Factorization Theorem). Let f be an
entire function of order A < +oo, and suppose {a;} are the zeros of f
where f(0) = 1. Then

f(z) = ¢"¥P(z)

where g is a polynomial of degree < X, and P(z) is the canonical prod-
uct form from the zeros of f.

Proof. Let p be an integer such that p < A < p 4+ 1. Since the order
of f, AM(f) < oo, Proposition |4.7.12] implies that the zeros aq, as, ... of
f satisfy > T < +oo since p+ 1 > A. Let P(z) be the canonical
Qn

product forms from the zeros of f, and v be its exponent of convergence
of zeros.

Weierstrass factorization theorem implies that there exists an entire
function g(z) such that f(z) = efP(z).

It remains to show that ¢ is a polynomial. But it is easy to check

that o / .
z z
— | |E, | — E,\—]]|=-p———.
dzp (l P (anﬂ /B <an>) Pla, = zpp+
Combining this and by using Lemma [4.7.15] we obtain

T (a, — 2)PtL dzp \ f(2) (a, — z)Ptl

Hence g must be a polynomial of degree at most p. ]
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4.8 Poisson-Jensen Formula

Theorem 4.8.1. Let f be analytic on B(0,7) and let ay, ..., a, be the
zeros of f(z) in B(0,r). Suppose f(z) # 0 for z € B(0,r), then

" 2 —a,z 1 ,on ret? + 2 ;
log |f(2)] = = X log =5+ o | éR( _) log | ()] db

r(z—ax)| 27 ret

2

o T — apz 1 2 72 o p2 )
=T E %) Tor 1 )| df
kzz:l Og T(Z—ak) + 271_‘/0 ,',,2 _ZTIOCOS(d)—Q) +p2 Og‘f('r'e )|

where z = pe'?.

Proof. We need to quote the quote following result from Chapter 6:
Suppose g is analytic on B(0,r) and that R(g(z) = U(z). Then for
z = pe?, p < r, we have

ei9+z

i L r i
U(pe‘b):%/o %<rei9—z> Ul(re) df

L2 r? —p’ 0
= U(re®) do.
s /0 r2 —2rpcos(¢ — 6) + p? (re”)

r? —apz

Let g(z) = n G2
€ g(Z) f(Z)HlT(Z—CLk)
log g(z) is analytic on B(0,7). We thus obtain

then it is zero-free on B(0, ). Hence

Tez@—l—z

) log |g(7“ew)| db

re — z

1 21
osla(2) = 51 %
104z

_ Lo re i0
_277/0 %(T€i9—2> log | f(re™)| do.

But )
re — apz

r(z — a)

and the required formula now follows. ]

log|g(2)| = log |£(2)] + kz log
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Remark. The Poisson-Jensen formula recovers the Jensen’s formula
after putting z = 0.

Now we can give a proof of Lemma 4.7.15|

Proof of Lemma[4.7.15. The easiest way to obtain (f’/f
ferentiate the Poisson-Jensen formula. Suppose f(z) # 0,

)P) is to dif-
then log f(z)
d

exists and Cauchy-Riemann equations gives f'/f = P log f(2) =

0

0 0 0
5y Rllog £(2) = i Rlox (2)) = 5 log| /()] — i logf(2)]. We

apply this formula and differentiation under the integral (see Conway
p.69),

L r? —apz i 2m re” + z
s 72) = — 1o 7T L (5 g e
We obtain
fliz) & - ay, 1 ror 2ret? ”
_ 1t — e | N de.
f(2) ;z—ak ;7“2—@7& 27T/0 (rei? — z)? og |f(re")

Differentiating this formula p time yields:

p ! n n a1
d(f(z)) :—plzlpﬂer!Z i

dzr \ f(2) T (ar — 2) T (r2 —apz)pt!

16

1 sor 2re
|
+ (p+ 1)! /0 e

el — ) log | f(re)| df.

It remains to show the last two terms tend to zero as r — oo
(n — o0). We consider the integral of the last expression first, and
note that the integral
2m rew
/0 (reif — z)p+2 do = 0.

Hence

2 19 ) 2m Tew (7" f)
10 _
_/ mw )2 log | f(re™) do = /0 (rei® — 2)pe2 log f(reid)] do.
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Suppose r > 2|z|, then

2 ret? ; 2r 2r  M(r, f)
/O (/r'ew — Z)p+2 log |f(’]"6 9)‘ de‘ S (7’ — ’]"/2)p+2 /0 log W d@
— 9p+3,.—p—1 M( f)
— 9PT3y / log’f( ew)ld@

— gpt3ppl /O (log M (r, f) — log | f(re®)|) d6

Lo 2m log M(r, f)
= 2 /O rp+l

(by [ og £ (re™)| 8 > o)

do

by Jensen’s formula. But log M (r, f)/r’*™' — 0 as r — oo since \ <
p + 1 and this proves the integral tends to zero as r — oo.

We now consider an individual term in the second summand: we
assume again r > 2|z|,

ar p+1 |ak‘p+1 (27“)p+1 2\ Pl
2 _ Gz = (r2 — r2/2)p1 = 20 <r> '
Hence - ) )
" ay " n(r
<ortiy —_<optl 2 4
21: 2 —apz| 21: rptl — rp+l
as r — 00, n(r) > n(r,) by Proposition [4.7.11, Thus
ar [ f' 0 1
AT\ N S
dzr \ f(2) T (z — ap)pt!
as r — 0o and this completes the proof. ]

We can rewrite the above lemma as p < A < p+ 1. We also note
the following:

Theorem 4.8.2. Let f be an entire function of finite order, then f
assumes each complexr number with at most one exception.
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Proof. Suppose f(z) # a, for all z € C. Since f — « has the same
order of growth of f and never vanish. By Theorem [4.7.16] there exists
a polynomial g such that f — a = exp(g). Thus exp(g) never assume
f — a and so g(z) never assume log(5 — «), a contradiction to the
Fundamental theorem of algebra. ]

Theorem 4.8.3. Suppose the order of an entire function is finite and
not equal to an integer. Then the function must have an infinite num-
ber of zeros.

Theorem 4.8.4. Let o be a real number. Then the function

fz) =2 (nl)o

has order 1/c.

Proof. Suppose z is real and positive. By considering
z oz z z
1o 2o (n—1)® no’

we clearly deduce z"/(n!)® is increasing when |z| > n® and it starts to
decrease when |z] < n®. Hence the maximum of 2"/(n!)* occurs when
z =n“. Thus

n an no no

(nl)® - (nl)o - (n+(1/2e=1/27(1 + o(1)))® - n®/2(2m)*/2(1 4 o(1))
eazl/a

T 212(21)02(1 + o(1))

by Stirling formula (Titchmarsh, p.58).

But the order of growth of f(z) must be greater than its individual
term when z > 0. Hence A\ > 1/a.

On the other hand, |f(2)| < f(|z|) when z is real,

zZ" 00
+ >
n=o (n)* ;71 (nh)e

_ % 2" N § 2
a0 () N7 [(N 4 DIV =ted

Zn

M=

fz) =

n
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Suppose N > z, then

00 P (NN+1)a oo P
SN T DIV = [N+ DI 2
NN—H) N+2
N_|_1)l ( NN+1)a NN+2) +)
[(N+1).] <1+Na+ )

TN+ D1 - (z/Ne))

Thus we have

ZN—i—l

(N + D1 = (2/N))

f(z) < AZN +

whenever N > z. Hence, by taking N = [(22’)1/0‘],

1/«

f(2) = 0(z") = O(*I") = O(exp(x1 V1)),
and we deduce the order of f does not exceed 1/a. Hence A = 1/a. [
Remark. Stirling formula:

[(z) = 22~ M2e /27 (1 + o(1))

where I'(n 4+ 1) = nl.

n

2
Exercise. What is the order of ¥77; — for o > 07
n



Chapter 5

Periodic functions

An (analytic) function f(z) is said to be periodic if there is a non-zero
constant w such that

f(z+w)=f(2), zeC.
We call the number w a period of the function f(z).

Definition 5.0.5. We call w a fundamental (primitive) period of
f if |w| is the smallest amongst all periods.

5.1 Simply periodic functions

The simplest periodic function of period w is €2™/“. Suppose ) is a
region such that if z € Q then z + kw € Q) for all k € Z.

Theorem 5.1.1. Given a meromorphic function f defined on a re-
gion § (as discussed above). Then there exists a unique meromorphic
function F in ' which is the image of Q under e*™*/* such that

f(Z) _ F(GQTM'Z/W).
Proof. Suppose f is meromorphic in €2 in the z—plane with period w.
Let ¢ = €2™/“  Then we define F by
f(z) = f(log () = F(().
181
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Then clearly F' is meromorphic in the (—plane whenever f(z) is mero-
morphic in the z—plane. ]

Example 5.1.2. Let 0 < |¢| < 1. Consider the function

f2)= 3 (—1)kg/2ehi

k=—o00

which represents a 2r—periodic entire function in C. In fact, this is a
complex form of a Fourier series. Let ( = e'*.

FQ)= 3 (—1)kg2¢h

k=—00

which can be shown to converge in the punctured plane 0 < || < 4o0.
Thus we have

f(z) = F(¢)
as asserted by the last theorem. Here we have w = 27. Thus, the
function F' is analytic in 0 < || < 400.

More generally, if the series

F(Q)= X el
k=—o00
converges in an annulus m < |(| < 79, then
FE) = FQO = 3 cad?™ole, ¢ = il
k=—00

is a w—periodic analytic function in the infinite horizontal strip { :
e < ¥(¢) < e2}. We can represent the coefficient

| F(¢
/| (<)

F T i D= (R

L ratw —2rkiz/
— Thiz/w g
~ e 2,

dCa ry < |C| < T2

where a is an arbitrary in the infinite strip {¢ : e < () < €'} and
the integration is taken along any path lying in the strip.
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5.2 Period module

Let M denote that set of all periods of a meromorphic function f in
C. If w # 0 is a period, then nw, for any integer n, obviously belongs
to M. If, however, there are two distinct periods w; and ws, then
mwi + nwsy is also a period for any integral multiples m, n. That is,
mwi + nwe € M. This shows that M is a module over the ring of
integers.

We also note that the set of periods must be discrete since if there
is a sequence of periods with a limit point, then this would contradicts
the identity theorem for analytic functions. We are ready to answer
Jacobi’s first question.

Theorem 5.2.1. A discrete module M consists of either nw for an
arbitrary integer n and w # 0, or mwy + nwsy for arbitrary integers
n, m and non-zero wy, we with (ws/wy) # 0.

Proof. Without loss of generality, we may assume M # (). Let w =
w; € M and there are at most a finite number of nw; belong to M
in a fixed |z| < r. Amongst all these wy, we choose the one with the
smallest |w|.

If however, there is a period w € M that is not of the form nw; for
n € Z. Then again we call wy with |ws| the smallest (but not less than
jwi|). We claim that $(ws/wq) # 0. For if it were, then there is an
integer n such that

%)
n<—<n+l1,
w1

or Wy
0<|—— n’ <1
w1
or [nwy — ws| < |wi|. But nwy; — wsy is a period which is smaller than
|wi|. This contradicts the assumption that w; is the “smallest” period.
It remains to show that any period w must be of the form mw; +nws
for some integers n, m. Without loss of generality, we may assume

I(we/wi) > 0. Hence any complex number w can be written as w =
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Aw1+Aswo for constants Ay, Ao. We claim that \;, A9 are real. Suppose
w = A\w1 + Agws,

W = \wi + Aaws.

Then one can can find unique solutions A, A since wiwy — waty £ 0.
But then A\{, A9 are also solutions. So they are real.
Clearly we find integers m; and ms such that

1 1
A —my| < X | Ay —mg| < 5

If w e M, then so does
W= w — miw; — maws.
But then
W < JA = mylwi] + [A2 — ma||ws]
< | + )
—|w —|w
< glwil + S lws
< |ws|

where the first inequality is strict since wy is not a real multiple of
wy. That is, the |w'| < |ws| while w" € M. We conclude that w’ is an
integral multiple of w;. This gives w the desired form. []

5.3 Unimodular transformations

We consider the case that M is generated by two distinct w; and wo
such that $(ws/wy) > 0. We recall that M consists of discrete points
nw; + mwe where m, ,n are integers. Suppose w] and wj is another
pair of distinct points that also generate M. Then we must have

wi = awi + bws,
wy = cwy + dwy
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for some integers a, b, ¢, d. We can rewrite this in a matrix form:

(52) N (CCL Z) (5;) - (5.1)

There is a similar matrix equation for complex conjugates:

(Zj;) N (i Z) (Zj;) - (5.2)

We can combine the above two matrix equations into one:

wy w1y fa b) (w1 @
(wé @é) - (c d) (wg wy) (5.3)

Similarly, we can find integers o, V', ¢, d’

wi w1\ (d b [w @
((Ug @2> o (c’ d’) (wé b (5-4)

The determinant wyws — waty # 0 since ws/wy would have real ratio.

Hence
a b\ (ad V) (10
c d)\d d) \0 1/
Hence the determinants equal

a b
c d

a b

o d = =1

Definition 5.3.1. The set of all such 2 x 2 linear transformations with
determinant 41 is called unimodular. When we restrict to determi-

nant begin 1, it is also recognised as a subgroup of the projective
special linear group PSL(2, C) which we label as I' = PSL(2, Z)
or just modular group.

It turns out that the modular group has generators

)
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We label the lattice generated by wi, wy by Q(wi, we). Thus if
w1, we by Q(wy, wy) is another lattice, then two latices are connected

by a unimodular transformation.
We can make the basis wq, ws by a suitable restriction.

Theorem 5.3.2. Let 7 = wy/wy. If
1. S(wa/wy) >0,
2. —1 <R(r) <3,
3. || > 1,
4. R(1) > 0 when |7| =1,

then the T is uniquely determined.

-1 -1/2 0 172 1

Figure 5.1: Fundamental region of modular function

[t is clear that the region defined by the criteria (1-4) in the theorem
is not an open. But it still call it a fundamental region. If it hap-
pens that $(ws/wy) < 0, then we could replace (w1, we) by (—wi, wo)
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5 % The assumption
(2) is also arbitrary in the sense if —3 < R(7) < 3, then we could
use (w1, wi + wq). Finally, if the last assumption (4) is replaced by

R(7) < 0 when |7| = 1, then we consider (—ws, wy) instead.

Proof. Let 7’ be

without changing the assumption —3 < R(7) <

, ar+b
cr+d’
where a, b, ¢, d are integers and such that ad—bc = 1. We recall that
the above Mobius transformation that maps the upper half 7—plane
onto itself if the determinant is +1 and onto the lower half 7—plane if
he determinant is —1. A simple calculation gives

%(7_/) _ ﬂ:%(T)

= lertd? (5.5)

where the £ accords to that of ad — bc.
Suppose both the 7/, 7 situate inside the fundamental region. We

want to show that 7/ = 7. Without loss of generality, we may assume
that ad — bc = 1, and (7') > (7). This means that

ler +d| < 1.

Since ¢, d are integers, so there are not too many cases to check.
If c =0, then d = +1. The condition ad — bc = 1 implies ad = 1.
So either a = d =1 or a = d = —1, so that the equation (5.5) becomes

=740,
But both 7/, 7 satisfy the assumption (2) which implies that
o] = [R(7') = R(7)| < L.

Thus b=0and 7" = 7.
Suppose now that ¢ # 0. We have

T+ d/c| < 1/]|¢|.



CHAPTER 5. PERIODIC FUNCTIONS 188

We claim that |c| = 1. For suppose |c| > 2, then |7 +d/c| < 5 meaning
that 7 is closer to the d/c (real axis) than 1/2. This contradicts the
assumption (3) that |7| > 1. Thus ¢ = +1 and

IT+d <1

But since 7 situates in the fundamental region, so either d = 0 or
d = £1. In the latter, the |7 + 1| < 1 has no solution there (the
only point being e?™/3 is outside the fundamental region). The other
inequality |7 — 1| < 1 has the only one solution ¢/ and it becomes an
equality and |cT+d| = 1. We deduce from that 3(7') = S(7) and
hence 7" = 7. Suppose d = 0 and |¢| = 1. So |r| < 1. This together
with the assumption (3) |7| > 1 imply that |7| = 1. Hence

, ar+b a b a -1
T = = —

cT c ¢t cC T
since bc = —1. Hence
1
/ —_
T =4a— — = *+a—T.
T

But then R(7") = +a — R(7) = £a — R(7) so that

R(T'+7) =+a
which is an integer. This is possible only if @ = 0. Thus 7" = —1/7
and the only solution for this equation in the fundamental region is
when 7/ = 7 =i (since |7]| = 1). O

5.4 Doubly periodic functions

Definition 5.4.1. Let w; and wy be two distinct non-zero complex
numbers such that Swy/ws > 0. An elliptic function f is a mero-
morphic function on C such that

flz+w) = f(2), flz+w)=f(2)

for any two distinct periods w; and ws.
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That is, f(z +w) = f(2) whenever w = nw; + mwsy for any inte-
gers n, m. Thus we may shift the vertex z = 0 of the parallelogram
to any point a and the above statement still hold. We denote such
parallelogram by P, with vertices a, a + w1, a + w9, a + wy + wo.

We note that the 7 = wy/w; when restricted to the fundamental
region described in the Theorem [5.3.2] is unique.

Theorem 5.4.2. An elliptic function without poles must be a constant.

Proof. Being without poles, so an elliptic function f is bounded on
the period spanned by {0, wy, we, w; + we} which is a compact set.
Hence f is a bounded entire function. Thus f is constant by Liouville’s
theorem. ]

Theorem 5.4.3. The sum of the residues of an elliptic function is
Zero.

Proof. Without loss of generality, we may choose a so that none of the
poles falls on the boundary of P,. Hence

> Res f(poles) = —/ f(z

since the integral along the opposite sides of the parallelogram have
equal magnitudes but with opposite signs. ]

Definition 5.4.4. The sum of orders of the poles of an elliptic function
in its period parallelogram is called the order of the function.

We deduce that the order of an elliptic function in a period par-
allelogram is at least two. That is, an elliptic function cannot have a
single simple pole in a period parallelogram.

Theorem 5.4.5. A non-constant elliptic function has an equal number
of poles and zeros in its period parallelogram.



CHAPTER 5. PERIODIC FUNCTIONS 190

Proof. Note that the quotient f’(z)/f(z) is an elliptic of function of
the same periods as f. But then the last theorem asserts that

1o f(2)
0= 50 I 7 &

= (no. of zeros) — (no. of poles)

in the period parallelogram P,. [

By considering the function

we deduce immediately that

Theorem 5.4.6. An elliptic function of order m > 2 assumes every
value m times in the period parallelogram (counted according to multi-
plicities).

Theorem 5.4.7. Let ay, --- ,a, and by, --- , b, be the zeros and poles
of an elliptic function f in a period parallelogram respectively. Then

Z (ak — bk) = N + mwo
k=1

for some integers n, m.

. We so%netime write the above conclusion in the abbreviated form
Y ap =Y b ( mod M).
k=1 k=1

Proof. By choosing a suitable a we assume that there is no zeros and
poles of f that lie on the boundary of the period parallelogram P,. It
follows from the residue theorem that

n

L / Zf/(z) dz = Z (ak — bk)

2mi Jor. f(2) k=1
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However, the integral has another interpretation: consider the inte-
grations of the integrand from a to a + w; and then from a + wsy to
a+ wy + wy. So

1 a+wq a+wi+wsz Zf,(Z)
271'@(/a n a+wo ) f(z) dz
- 1 a+wq zf’(z) 1 a+wq (C + w2)f/
“amih 7o) T amih r
_ wy qaten f'(2)
= ok J0 "

where the last integral is the winding number of f along the path from
a to a + wi. Hence the integral is an integral multiple of wy. Simi-
lar calculation over the second and the fourth sides gives an integral
multiple of wy. This completes the proof. [

5.5 Wdeierstrass elliptic functions

We start to construct doubly periodic functions. Since there is no
non-constant doubly periodic function with a single pole. Otherwise,
such an elliptic function would contradict the sum of residues in a
period parallelogram is zero. Thus a simplest elliptic function f has
a double pole or at least two simple poles with opposite residues in a
period parallelogram. Without loss of generality, we may assume in
the former that this double pole locates at the origin z = 0 (so that
the function has zero residue at z = 0). Moreover, we see that the

function
f(z) = f(==2)

has no pole in a period parallelogram. So it must be a constant. But
since f(w1/2) — f(—w1/2) = 0 so that f(—z) = f(z) implying that f
must be an even function. We denote such an elliptic function by p(z).
Hence we have the following expansion

1
p(z):?+a122+azz4+---
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around the origin. To actually construct such an elliptic function, we
could resort to Mittag-Leffler theorem. But in this special case we
could construct such functions directly. That is, we have

Theorem 5.5.1. Let wy, we be such that S(wy/wi) # 0. Then the
function

o) =5+ T (oo o) (5.6

2
z w#0

where w = nwy + nwe for all integers n, m with (n, m) # (0, 0), is an
elliptic function with fundamental periods wy, wo.

Proof. We first show that the infinite sum

> (- )

o0 Mz —w)? o w?

does converges away from the poles. So let |w| > 2|z|. Then

’ 1 1’ _ ‘ 2(2w — z) ‘ 10]z]
(z —w)?  w? W2z —w)2l — Jw|?

It remains to consider the sum

> > !

oo |wl? B (n,m)2(0,0) |Pw1 + mwa?

(5.7)

converges.
We let 57 to denote the part of the infinite sum that runs through
the points
:|:w1, :I:(wl + wg), :|:w2, :I:(wl — w2)

over the lattice that are closest to the origin (0, 0). There are exactly
eight points. Let D and d be the longest and shortest distances of the
eight points to the origin (0, 0). Then we have

8 8
ﬁé&ﬁ@-
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The sum S5 over the second layer has 2 x 8 = 16 lattice points. But

th
e 16 16

S, .
2Dy == (2d)
Similarly, the sum S5 is over 3 x 8 = 24 lattice points. Hence

24 24

(3D == Bap

IA
IA

For 5, we have 8n lattice points so that

8 8n 8n 8

— <5, < — .
D3n?2  (nD)? = 7 7 (nd)?  d3n?

The above analysis is sufficient to guarantee that the @ converges uni-
formly in any compact subset of C with the lattice points w and 0
removed.

Then

) =—5- L e = 2T oo

B A CE A~
This shows that the ¢’ is doubly periodic. We deduce that

p(z+wi) —p(2),  p(z+w) —p(z)
are both constants. We further note that the p(z) as defined above

is an even function. Substitute z = —w; and z = —wy into the above
formulae shows that the two constants can only be zero. We deduce
that ©(2) is doubly periodic. O

5.6 Weierstrass’s Sigma and Zeta func-
tions

Since the sum (/5.7

70 [wl?
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converges, so we can form a Hadamard product

2

0(z) =o0(z|wi, wo) := 2z [] (1 — Z) exp (Z + Z) (5.8)

w0 w 2w 2

Thus the infinite product converges uniformly in any compact subset
of C, so it represents an entire function (of order 2). It is not an elliptic
function, for it would reduce to a constant otherwise. The function is
called Weiestrass’s Sigma function.

We further note that

where the m’, n/ in the second infinite product indicate the —m, —n,
for a corresponding pair m, n in the first infinite product. But the
signs interchanged when z is replaced by —z. Hence

o(—z)=—0(2)

(because of the factor z) showing that the Sigma function o(z) is an
odd function.

We now take logarithmic derivative on both sides of the Sigma
function. This gives

0,(2):1+Z(

o(2) 2z L\ w W

1 1 :2)

We define the Weliestrass’s Zeta function to be

d

() = - logo(2).

Notice that

1 1
z+w w+z)’
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hence

)=+ T (= o+ )

z sz ritw  wo W
1

:+§:(

Z o gZ0 VR WwW W w?
= —((2).

So ((z) is an odd function. Although the Zeta function is meromorphic,
it is not an elliptic function. For it has a residue 1 at the only pole in
each period parallelogram.

We now connect the Weierstrass’s Sigma function and the elliptic
function p(z). It should be self-evident that

1 1 z>

o) =~ = 5+ T (oo a)
Pseudo-periodicity of Zeta function
Since —('(z) = p(2) = p(z +w1) = = (2 + w1). So
C(z+wi) =¢(2) +2m, (5.9)
for a suitable n;. Let z = —w;/2 in the above relation. We deduce

2m = ((w1/2) — ((—w1/2) = 2¢(w1/2)
because ((z) is odd. Hence 1, = ((w;/2). Similarly, if

C(z +wq) = ((2) + 219, (5.10)

then 7, = ((w2/2). We also observe that (n;, n72) # (0, 0) for if it
were, then ((z) being doubly periodic would be an elliptic function,
contradicting to our earlier conclusion.

The above relations and are called pseudo-periodicity
of (.



CHAPTER 5. PERIODIC FUNCTIONS 196

Theorem 5.6.1. Let n1, 12 be defined by n; = ((w;) (j =1, 2). Then

Mwa — Nawy = Ti.

Proof. We consider a contour following the parallelogram defined by

Wi _wp Wi wp Wi Wy Wy Wy Wi W
2 27 2 27 2 2’ 2 2’ 2 2

Because the ((z) has a residue 1 at the only simple pole z = 0 inside
the contour P, so Residue’s theorem implies

271 :/PC(Z) dz

)
T /[wurwz — e C(2) dz + Ly e e ((z)dz
)

“1
) 2

- /[_wl_w w1 ) q¢ dz—{—/[w;_w;’ %+%2]C(z) dz
a /[—w“rwf’ 2] ((2) dz = /[_“’1 wp ey e ((z)dz
)

2 20

5

= (w)(—2m) + (w2)(2m)

as required. [
The above relationship

MW — MW = .

is known as Legendre’s relation.
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Pseudo-periodicity of Sigma function

It follows from integrating

C(z+wr) =C((2) + 2m,

that
o(z +wy) = Ao (2).

%

5 in the above equation yields

for some non-zero A. Putting z =

A = eMw1 C(wl/Q) = —e'hw1

((=wi/2)
since o(z) is an odd function. Hence
o(z +w) = —eM¥1e?Mig(z) = —eM@F2) (1),
Similarly, we have

0(z 4 wy) = —e™@2 25 (2),

Exercise 5.6.1. Let w3 be the period of p(z) defined by wy +ws+ws =
0. Show that

L.m+mn+n =0,

2_ O-(Z _|_ w3) — _6773(w3+22)0.(z),

3. Tl = ToWws — NaWa = N3wW1 — NW3 = MWy — oW .
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5.7 The differential equation satisfied by

p(2)
We recall the following expansion
()_i+§ k_l+ 2 aut -
p(z2) = 2" = 5+ 422"+ a2

k=0

around the origin since g is an even function, so there are no odd
coefficients in the Laurent expansion. Notice that for z sufficiently
small,

1 1 1 1
(z—w)? w? W (l—-z/w)? w2
1 X /21 1

:oﬂ,;k<w> -5 (5.11)

2 3 4
< z VA VA
=2 5 +3 A S5+

This implies that
1 1
as =3 —, a4 =29 —,
i a;o w ! a;o w"
and so on. So
1 2 4 6
@(Z) = ; + agz2” + agz” + O(Z )
where the O(2%) represents a function analytic at z = 0 with a zero of

order 6. Hence

2
o (2) = —— +2a2 + 4asz’ + O(2°).
z

Notice that,

1 a
3 _ 2 2
© (z)—26+3—22+3a4+0(z)
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so that
O (2)* — 4p°(2) = —202; — 28a4 + O(2?)
= —20asp(2) — 28ay + O(2?).
This shows that the function
®(2) == ¢/ (2)* — 4p°(2) + 20asp(2) + 28ay

has a double zero around the origin z = 0 and hence analytic there.
Moreover, the construction of the function ® asserts that it is also an
elliptic function with periods w; and wy. That is, the ®(z) is analytic
at every w which are the only potential singularities. So the ®(z) is
an entire function in C. So it must reduce to a constant which mush
equals to 0 (because the function has a double zero at z = 0.).

Let us summarise the above discussion into a theorem.

Theorem 5.7.1. The elliptic function ©(z) with periods wi and wo
satisfies the differential equation

y'(2) = 49°(2) — gay(2) — g3 (5.12)

where

1
g2 := 20as = 60 Z o 93 =28a, =140 ) —.
w#0 W w#0 W

We actually can have

Theorem 5.7.2. p(z) has Laurent expansion of the form

1 %}
p(z) = 7 + > (2k 4 1)Gopga2™,
k=1
where .
Gk- - Z 7, k Z 3
w##0 w

s called the Eisenstein series of order n.
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Proof. Exercise. H
That iS, go = 60G4 and g3 = 140G6

Exercise 5.7.1. Show that

1.
1
@H(Z> = 6@2 - 592-
2.
o =120/
3.

oW = 1200 — 18¢sp — 12¢s.

Exercise 5.7.2. Recall the Taylor expansion

1 )
p(z)—;: o et
k=1

Show that
(n—2)(2n+ 3)c, = 3(c1¢p—2 + c2Cpg + -+ - Ch2c1), n > 3.

Hence prove that each ¢, is a polynomial in ¢o and g3 with positive
rational coefficients.

Exercise 5.7.3. Show that
L. 0(Az | Aw1, Aws) = Ao (z |wr, wa),
2. C(Az | dwi, dwg) = A7H(2 |wr, wa),
3. p(A2 dwi, dwa) = A20(2 |wi, wo).
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Three roots of ¢'(z)

We shall revisit the differential equation

0'(2)? = 49°(2) — gap(2) — g3
obtained above.
We also recall that
1
/
— 92y~
P 2) Zw: (2 —w)3’

and it is therefore clear that the ' is an odd elliptic function. Hence

9 (w1/2) = ¢'(—w1/2) = —¢'(w1/2)

and this immediately implies that ¢'(w;/2) = 0. Similarly,

¢ (wa/2) = 0.
Notice that
P (w1/2+w2/2) = ' (—w1/2 — wy/2) = —p'(w1/2 + w2/2).
Hence ¢'(w1/2 + w2/2) = 0. Recall that wy + ws + w3 = 0. Then

— ' (w3/2) = p'(—w3/2) = o' (w1/2 + w2/2) = 0.

Since the ws/2 are incongruent module to w;/2 and wy/2 within a
period parallelogram, so we have shown that all the three simple roots
of ¢'(2) there (since g’ has order 3 there).

Let

plwi/2) =e1, p(w2/2) =€, p(ws/2) = es.

Since ©'(w1/2) = 0, so the elliptic function @(z) — ey, which is of
order 2, has a double root at w;/2. So it cannot vanish at any other
point in the period parallelogram. This implies that e; # ey, and

e1 # e3. Similarly, es # e3 so that all three numbers eq, ey, e3 are
distinct. It follows that

0'(2)/[(p(2) — e1)(p(2) — e2)(p(2) — €3)]
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has no zero in any period parallelogram and hence in C. Thus the
quotient is a constant C', say. Hence

¢'(2)" = Clp(z) — e1)(p(2) — e2)(p(2) — e3).

Comparing with the lowest term above with that in (5.12) implies that
C' = 4 which gives the desired

p'(2)" = 4(p(2) — er)(p(2) — e2)(p(2) — e3).

Moreover, the ey, es, ez are three roots of the algebraic equation
y? = 4a® — gox — gs.

Exercise 5.7.4. Verify
1. €169 + €2e3 + €31 = —igz,
2. erese3 = 103,

2 2 2 _ 1

5.8 Elliptic integrals
The differential equation

¢/(2)" = 49°(2) — g29(2) — g5
gives the solution w = p(z). We can invert the z by

Z—/w dw
VAw? — gow — g3’

More precisely,

U /@(2) dw
"7 Jotz0) /AP — gow — g3

where the path of integration is the path of o on a path from zy to z
avoiding the zeros and poles of ©'(z).
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There is already a similar elliptic integral we encountered earlier
under the conformal mapping of the upper half-plane H onto a rect-
angle:

z dz
f@)=al A—aa-way "

The Jacobian sine elliptic function is w = sn(z) is the function behind.



Chapter 6

Modular functions

This chapter is a brief introduction to modular functions.
We recall that the modular group consists of the set of all Mobius
transformations of the from
, _at+b
et +d

where a, b, ¢, d are integers such that (WLOG) ad—bc = 1. This group
is denoted by I'. Such a Mobius transformation can be represented in

a matrix form:
a b
(c d)’ ad — bc = 1.

Definition 6.0.1. An analytic function A which satisfies

) =),

where the Mobius transformation belongs to the modular group is
called an automorphic function.

az +b
A
(cz+d

Recall that for a given Weierstrass elliptic function p(z), we have

e1 = p(wi/2), ex=p(wa/2), e3= p(ws/2),

where w; + w9y + w3 = 0.

204
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6.1 The function \(7)

We observe that scaling of the periods wy (k = 1, 2, 3) by twy, results
in
Wi . 1 Wi . 1 .
p(t) = p() = t—zek, k=1, 2, 3.

2
Thus the function
€3 — €9

A7) = (6.1)

€1 — 62’
is a function of 7 := wy/w;. Since the e; # e, whenever j # k, so
the A(7) is an analytic function in the upper half-plane J(7) > 0.
Moreover,

A7) #0, 1
since es # ez and ey # e3 respectively.
Applying knowledge from theta function, one can actually write

€3 — €2

A7) =

+q2k 1)’

6H<

€1 — €2

where ¢ = '™

Congruent subgroup of mod 2
Suppose our initial wy, wy is replaced by

wh = awsy + bwy,
2 (6.2)
Wy = cwy + dwy.

But since the o(z) is invariant with respect to any modular transfor-
mation, so it follows from the differential equation

0'(2)° = 49°(2) — gap(2) — g3
= (p(2) —e1)(p(2) — e2)(p(z) — e3).

the corresponding e (k = 1, 2, 3) are permuted (and so changing the
value of \) under a unimodular transformation.
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The identity map for the e, (kK = 1, 2, 3) from the following uni-
modular transformation. If we choose the a, b, ¢, d such that a =1 =
d mod 2and b=0=c¢ mod 2, then this imply
Wi wr W)y W

—= =, M
2 =9 g - g med
So the e (k =1, 2, 3) remain fixed. We may rephrase the above by
writing

at + b a by (10
A(CT—i—d) = \(7), when (c d) = (O 1) mod 2. (6.3)

The collection of unimodular transformations can easily be seen
to form a group, called the congruence subgroup mod 2 of the
modular group. In general a function f that satisfies the equation
f(MT) = f(7) is called automorphic. An automorphic function with
respect to a subgroup of the full modular group is called a (elliptic)
modular function.

Incongruent subgroup of mod 2

It is sufficient to consider

E0Y w (Y war

since the other ones can be composed from these two. The equation
(6.3) would therefore be violated. Indeed, in the first case above

wp _wituwn W w
2 2 72

mod M

we have, so that es <> e3 (they are interchanged), e; remains fixed. We
have the \(7) becomes

)\(T)_eg—@. . A7) ea—es
_61—62I /A(T)—l_el—eg'
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But the corresponding unimodular transformation is 7 — 7+ 1. Hence

A7)

AMT+1) = W

This is called Jacobi’s imaginary transformation. The second
transformation corresponds to

mod M (6.5)

so that e; <> eo and e3 remains unchanged. We see that

A =272 o1 =279
€1 — €9 €2 — €1

the corresponding unimodular transformation is 7 — —1/7. Hence

A - i) =1 —A(T).

Remark. We note that the choice of the matrices representations ([6.4])
are far from unique. For example, if we rewrite (6.5 with

N~

w 1wy Woy
'] 1o 22 d M 6.6
2= 2 2 g0 MO (6:6)

then we would have matrix representation
0 —1
(1 0 ) mod 2

01
(1 O) mod 2.

!This formula is called Jacobi’s imaginary transformation formula (1828).

instead of
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6.2 Growth properties of \(7)

We normalise the choice w; = 1 and wy = 7 for ease of later discussion.
We observe that

Theorem 6.2.1. The elliptic modular function (6.1)) A(7) is real when
T 18 purely imaginary.

Proof. This essentially follows from the definition of the ej, namely

00 1 1
ama= Y (o 1veopr mra-ho)
and
00 1 1
a-a= L (@ Trmr  mrao o)

where the double series are absolutely convergent. If 7 =it (¢t > 0),
then clearly, the above sums remain unchanged with 7 is replaced by
—7 = 7. This establishes the theorem. []

Theorem 6.2.2. The elliptic modular function (6.1) \(7) satisfies
1. XN1) = 0 as (1) — +oo uniformly with respect to the R(7),
2. more precisely,

A7) /™ — 16, (1) — +oo, (6.7)

3. M) = 1 as 7 — 0 along the imaginary axis.
Proof. Let us quote the elementary Mittag-Leffler expansion formula:

2 S 1

sin? 7z e (2 —m)?
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Applying this expansion in the definition of e; summing first over m
yields

s o0 ( 1 B 1 )
GTesT n:z_:oo cos? m(n — %)T sin?w(n — L7

and

, X 1 1
€1 — €y =T Z < D) — 3 1 >
ne—oo \COS?TNT  sin“w(n — )7

(Inlrs ()

Notice that the terms | sin n77| and | cos nw7| are comparable to
so that the above sums are uniformly convergent as n — +o0o when
(1) > 6 > 0 (for some § > 0). This also means that we could take
limit on individual terms of the above sum as (7) — +oo. This yields

e3—ey3 — 0, e — ey — T, (1) — 400,

and hence A\(7) — 0 as $(7) — +oo as asserted. If we let 7 — 0
along the imaginary axis, then we easily deduce from the equation
AM—=1/7) =1—= A(7) that \(1) — 1.

We note that the leading terms (i.e., n = 0, 1) of the above sum
for e3 — ey are given by

This concludes the part (2). O

6.3 Covering property of \(7)
Let
Q:={z: 0<R(z) <1, S(2) >0\{z: |2 =1 >1/2} (6.8)

We are ready to deal with
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Theorem 6.3.1. The modular function

€3 — €2

A =
R

is a one-one conformal mapping X\ : @ — H. Moreover, the mapping
extends continuously to the boundary of €} so that

1. the image of 0S) is real-valued; and
2. the boundary points T = 0, 1, oo correspond to A = 1, 0o, 0;

3. the X\(7) is monotone on 9§ so that A\(02) = (—oo, 00) in such
a way that

e \:—00 710 over[l, 1+i00);
e \:0711=X\O0) over (ico, 0];

e \: 11T +00 0ver%+%ew where 0 : —m 1 7.

Proof. We first investigate the behaviour of A(7) on the boundary of €.
We recall from Theorem that A(z) is real on imaginary axis. So
the transformation 7 + 1 maps the imaginary axis onto the $(7) = 1.

S0 Ait)
i
Ait+1) = —F—
G+ D) =13
is therefore real for all t > 0. Moreover, the map 1/7 maps the (1) =
1,ie., 7=1+it (t > 0) onto the circle |7 — | = % Let 7/ = § + L€',
Let

1 ]
T = T=1-—
1—7" T’
and "
sin
a —Hl—l—cos@’ (7)
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Then the image of A on |7 — 3| = § can “pull-back” by the transfor-
mation:
1 A(—1/7) 1 — (1)
MY =A1-=)= =
() =( T) L—A—1/7) 1-(1-Xn)
1
- 1
Ar)

hence showing that A (where 7 lies on the $(7) = 1) is again real on
|7 — 3| = % by the first case. Hence we have established that A(7) is
real-valued on the whole boundary of 2.

Since our aim is to prove A :  — H is a one-one conformal map,
so we choose an arbitrary point wy in H. Then Theorem [6.2.2] (1)
guarantees that there exists a number ¢35 > 0 so that

wo # A1) = A(s + it)

for t > t.
Let us consider the images of the horizontal line segment

Ly:={s+ity: 0<s<1}
under the modular transformations A:

1. —1/7: Ly is mapped onto a circle Cy tangent to the point 7 =0
in the upper half-plane. Clearly, the “smaller” the circle is when
the larger the ¢y > 0 is chosen;

2. 1—1/7: Ly is mapped onto a circle C tangent to the point 7 = 1
in the upper half-plane. Clearly, the “smaller” the circle is when
the larger the ¢y > 0 is chosen again.

We recall that the region of €2 is a “triangle” with all three angles
zero (one at 0o0). Let us “cut off the three angles” by removing the
portions

o (1) > to;
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e the whole disc filled from () tangent at 7 = 0 constructed above;
e the whole disc filled from C} tangent at 7 = 1 constructed above.

We write €y to denote the remaining region of Q. Since A(7) — 1
as 7 — 0 (Theorem (1)), so A(—=1/7) ~ 1 uniformly on Cj as
tyg — +00.

£ 0

0 172 1

Figure 6.1: Non-Euclidean triangle with three angles 0

On the other hand, Theorem [6.2.2] (2) asserts that when 7' is close
to C1 when 7/ =~ 1,

A7) =X1-1/7)=1-1/\(7)

1 ) .
~1— — —im(s+ity)
16°
1 )
— 14— mto+im(l—s)
T 16° ’

for 0 < s <1, so that this is approximately a semi-circle in the upper
half-plane. This together with earlier analysis shows that in the limit
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as €y — Q as tg — +oo that

1 dA
n(A(09Q); wy) = /A(aQ)

B 271 A — wy
1 N(T)
= dT
270 /39 AT — wy
= 1.

Hence each wy in H has been “taken” once and once only by A(7) inside
(2, and none of those points with &(wp) < 0 are taken by A in . It is
clear that A(0) = 1, A(1) = oo and A(oc0) = 0.

The above analysis shows that A : 2 — H is a one-one conformal
map also implies that A(7) is monotone on 0. For suppose not, then
there would be a boundary point a on 02 at which X (a) = 0. But
then, in a neighbourhood of a in €2, we have

M) (a)

Az) = Ma) + o

(z—a)*[1 +O(z — a)],

where k > 2, so it is evident that the image of such neighbourhood
could not lie entirely within H. A contradiction. ]

Corollary 6.3.1.1. Let Q) denote the region that is the mirror image of
Q reflected along the imaginary axis in H. Then the modular function
maps the Q' onto the lower half-plane, and A\(2U Q') = C\{0, 1}.

Remark. We call the modular function A a universal cover of C\{0, 1}.

Exercise 6.3.1. Show that if 7/ = % + %ew, T=1- %, then

i sin 0
T = —.
1 —cosf
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-1 -1/2 0 1/2 1

Figure 6.2: D is the “Right-half” of FR, D’ its mirror-image. The
figure shows regions that are reflections of D and D’

It is routine to check that the six shaded regions in the above
figure are images of the Fundamental Region D under the following
transformations:

1 1 T—1 T
—— —1 : 6.9
7_7 T Y T Y 1 — T Y T Y 1 — T ( )
which we denote by 57, Ss,---,Ss. They form a complete set of incon-

gruent unimodular transformations (i.e., members of modular group)
mod 2, in the sense that each unimodular transformation is congruent
mod 2 to one of the S;. Let we denote S;' (k =1, ---,6) to denote
the corresponding inverses. Then it can be checked that they map the
region D’ (the “left-half” of the FD) onto the unshaded regions of the
above figure. One see immediately that the union of 12 images of D
and D' covers Q U Q' (here the closure refers to the H only).

Let ' be the mirror image of 2 reflected along the imaginary axis.
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Theorem 6.3.2. Every point 7 in the upper half-plane H is equivalent
under the congruence subgroup mod 2 to exactly one point in QU Q.

Proof. Let 7 be an arbitrary point in H. Then according to Theorem
that there is a unimodular transformation .S such that S7 in D,
say. But there is a S} such that S =S, mod 2,ie., T =SS =1
mod 2. But then 7't = S;.(S7) belongs to one of 12 regions and hence
in QUCY. A similar reasoning also applies if ST € D’. Hence T't € QU
in either cases. Hence Tt € QU (Y.

The uniqueness follows from the fact that the Si, - -+, S¢ as well as
Syt .. Sgtare incongruent  mod 2. O]

R T Y
8 -
. L L L LT F T e T e

Figure 6.3: Taken from page 426 of E. T. Copson
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Picard’s theorem

7.1 Monodromy

The terminologies below are used to handle multi-valued functions.

An analytic function f defined on a region 2 that constitute (f, )
is called a function element. A global analytic function is a
collection of function elements (f, ). Two function elements (f, ),
(f2, £22) are direct analytic continuations of each other if ;N #
0 and fi(z) = fo(2) over €3 N Q. There need not be any direct
analytic continuation of f; from €2 to €25. But the continuation must
be unique if there is such a continuation (by the identity theorem since
Q1 NQy #0).

Suppose the chain (f1, 1), (f2, Q2), -+ (fn, n) are analytic con-
tinuations of each other so that Q;,_1 N # 0 for each k. Then we say
(fn, ©2,) is an analytic continuation of (f1, ;). This is an equiv-
alence relation. The equivalence classes are called global analytic
functions. We label the global analytic determined by the function
element by f. However, a global analytic function f can have many
function element (f, €2) on Q. In fact, we call each function element
(f, ) a branch of f.

We now replace a region 2 by a single pont (, and we say that two
function elements (f1, (1) and (f2, (2) are equivalent if and only if
¢t = (o and f; = fy in a neighbourhood of ¢; (= (»). This is again

216
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an equivalence relation. In this case, the equivalence classes are called
germs or germs of analytic functions. Each germ determines a
unique ¢, called the projection of the germ, which we denote by f.
Thus a function element (f, Q) gives raise to a germ f; for each z € 2.

Theorem 7.1.1 (Monodromy theorem). If the two arcs 1, Vo are
homotopic in a region §2, and if a given germ f at the initial point can
be continued along all arcs in €, then the continuations of this germ
along v1 and 7 lead to the same germ at the end point.

We refer the reader to Ahlfors for its proof.

7.2 Picard’s theorem

A value a € C is called a lacunary value of an analytic function f if
f(2) # a for all z in the region 2 where f is defined. The exponential
function e® has z = 0 as the only lacunary value.

Theorem 7.2.1 (Picard (1879)). An entire function that has at least
two finite lacunary values reduces to a constant.

Proof. WLOG, we may assume that f has two lacunary values a, b
and that a = 0 and b = 1. For we could consider the function

f(z) —a

Fe) =120

otherwise. The main idea is to construct a global analytic function h
such that its function elements (h, €2) satisfies

S(h() >0, Ah(=) = f(z), z€Q

where A(z) is the elliptic modular function constructed in the last
chapter. Then we want to show that h can be continued to along all
paths. Since the C is simply connected, so the monodromy theorem
asserts that h defines an entire function.
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Theorem [6.3.1| asserts that there is a 79 € €2 such that

A(To) = f(()).

Since the A(7) is conformal, so X (7y) # 0. Therefore we can find a
local inverse Ay of A over a neighbourhood Ag of f(0) where

A w)) =w, we N

and

Ao H(f(0) = 0.
By continuity there is a neighbourhood €y of z = 0 where f(z) € Ay.
Hence we can define

hz) =X (f(2), 2 € Q.

Hence we have a function element (h, £2y). We next show that the
germ h that the function element determines can be continued in all
possible ways to become an entire function and that the continuation
of (h, ) has
S(h(z)) >0

throughout the continuation. If this continuation is not possible, then
we can find a path [0, t;] such that h can be continued and J(h)
remains positive up the t < ¢y, where

e cither the h cannot be continued to ¢; (which is not possible),

® Or
S(h(z2)) = 0, t— t.

Let us take a closer look at t = t;. Then there is a , € H and
A1) = f(7(t1)). There is a local inverse A7! over a neighbourhood
Ay of f(v(t1)) such that

A (f(r(t) = 7.

Let €21 be a neighbourhood of v(¢1) (in the z—plane) so that f(z) € Ay
when z € ;.

Let to < t; be so chosen that v(t3) € Q for t € [to, t1]. But
A(12) = f(7(t2)) can simultaneously be computed by
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T = h(7(t2))

e and

=X "f(7(t2))

indicating that the 7 is “pull-back” from two different branches of h. So
Theorem [6.3.2] asserts that there is an elliptic modular transformation
S that belongs to congruence subgroup mod 2 such that

S (1(t2))] = h((t2)).
Thus we could define a continuation function element (hq, 21) by
hi(z) = SPLUf(2))), z€
so that hy and hence h can be continued to y(t1) with
Ahi(2)) = f(z),  S(h)(z) > 0.

As we have anticipated that we have constructed a global analytic
function h so that
A(h(z)) = f(2)

for all function element (h, 2). Now consider the funcion

eih(z)’

which is an entire function with || < 1 bounded since J(h) > 0.
Liouville’s theorem implies that the A in

is a constant. Hence f must also reduce to a constant. ]
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