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Abstract. We give an alternative and simpler method for getting
pointwise estimate of meromorphic solutions of homogeneous linear
differential equations with coefficients meromorphic in a finite disk
or in the open plane originally obtained by Hayman and the au-
thor. In particular, our estimates generally give better upper bounds
for higher order derivatives of the meromorphic solutions under con-
sideration, are valid, however, outside an exceptional set of finite
logarithmic density. The estimates again show that the growth of
meromorphic solutions with a positive deficiency at oo can be esti-
mated in terms of initial conditions of the solution at or near the
origin and the characteristic functions of the coefficients.
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1. INTRODUCTION AND MAIN RESULTS

We consider meromorphic solutions of the differential equation

n—1
v M)+ f(2) 9 (2) =0, (1.1)
v=0
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where the coefficients f,(z2) 0 < v < n — 1 are meromorphic in C.
We apply freely the classical Nevanlinna Theory notation throughout
this paper [6], [10]. We mention that Heittokangas, Korhonen and
Réattya obtained sharper estimates for analytic solutions when the
coefficients are analytic functions in [8]. They also considered non-
homogeneous equations in [9]. For an up-to-date account on the
growth of meromorphic solutions of algebraic differential equations
with meromorphic coefficients, we refer the reader to Hayman [7].

Bank asked, if as in the case when the (1.1) admits an entire solu-
tion [1], an meromorphic solution of (1.1) can be estimated in terms of
growth of Nevanlinna characteristics of the meromorphic coefficients
alone. In general, he showed that this statement is not true in [2] by
constructing an example for any given real-valued increasing function
®(r) T +o00 on (0,400), then one can construct a first order linear
differential equation with entire coefficient of zero Nevanlinna order
such that the differential equation admits a meromorphic function f
with T'(r, f) > ®(r) as r — +00. One would need some extra terms
to bound the growth of meromorphic solutions. An example of such
a result is given by Bank and Laine.

Theorem 1.1 ([3]). Suppose that the coefficients of (1.1) are arbi-
trary meromorphic functions and that y(z) is a meromorphic solution

of (1.1). If
®(r) = max <logr,T(r, fz)>,

0<i<n

then for any o > 1, there exist positive constants c¢,c1 and rg, such
that for r > ro,

T(r,y) < c{rN(ar, y) + 2 exp (clJ(ar) log(rJ(ar)) }, (1.2)

where

J(r) = N(r,1/y) + ®(r).

We note that one needs counting function N(r, 1/y) of distinct
zeros in the J(r) above as part of the upper bound in (1.2).

Since the equation (1.1) is linear, so one can deduce from the
expression

Ly ool )
il Z AL e -
=1
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that - -
N(r, f) <Y N(r, f,) <> T(r, 1)
v=0 v=0

indicating that the coefficients can only bound the distinct poles of
f. Indeed, the example constructed by Bank [2] mentioned above
has poles of rapidly increasing multiplicities, that is N (r, f)/N(r, f)
is unbounded. Hayman and the author [5] showed that one can still
bound the growth of a meromorphic solution f of (1.1) in terms of
the characteristic functions of coefficients alone if the solution f has
relatively few poles. In particular, this means that §(oco, f) > 0. This
follows from the following result.

Theorem 1.2 ([5]). Suppose that 0 < p < r < R and suppose that
the coefficients f,, 0 < v < n—1 of (1.1) are analytic on the path
' =T(6y, p, t) defined by the segment

Iy :z:TewO, p<T1<H,
followed by the circle
I‘g:z:teig, Oy <60 <6y+ 2.

We suppose that y(z) is a solution of the equation (1.1) and define

K:2max{1, sup |y<”><20>|},

0<v<n
where zy = pe'®. We also define

C=C(fy, p, 7, R)

= (n+2) exp{ ZTR fo)+ (Zm) log< >}

where py, is the multiplicity of the order of pole of f, at z =0. Then
we have for |z| = t, where t is some number such that r < t <
(3r+ R)/4,

Iy (2)] < KCYeP™DCR o <y <.

Y

One can easily deduce when R = +00, and for a transcendental

Reports and Studies in Forestry and Natural Sciences No 1/ 47



Y.-M. Chiang

meromorphic f with §(oco, f) > 0, then for 0 < € < §, we have

T(ryy) < <5i£

) 27+ 1) RC.

The main purpose of this paper is to use a different method to
give a shorter proof of a slightly different statement to Theorem 1.2
that is valid outside some exceptional sets. On the other hand, the
original Theorem 1.2 can deal with non-homogeneous (1.1), while our

alternative can only deal with the (1.1). We prove

Theorem 1.3. Let y be a meromorphic solution to the differential
equation (1.1) with meromorphic coefficients f,, v =0,--- ,n—1 in
|z| =r < R < +00 such that f, has a pole of order ¢, >0 (0 <v <
n —1). Given a constant C > 1 and 0 < n < 3e/2 and r = |z| is
outside a union of discs centred at the poles of y such that the sum
of radii is not greater than 4nR, then there is a B = B(C) > 1 and
a path Q = Q(0, p, r) consists of the line segment

lez:TeiGO, 0<p<7t<r
followed by the circle
Qy:z=re?, 6, <6 <0+ 2n,

on which the coefficients f, are analytic and we have, for z on 2,

n—1
Z \y(])(zr)l < Ky 6(27T+1)DT < Ky 6(27r+1)DR,
=0

where )
K=Y "1y ()], 20 = pe® (1.3)
=0
and
D . :D(fua P, T, R7 m, B7 C)

R+2er

RH(H)( yom e AN/
=n<l+ <>
r (1.4)

. exp [B (1+ H(n)) (%) T(CR)] }
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and where

3e
T(r) = max T(r f), q¢= max q, HM)—2+ng]

For any 7/, we choose r outside a union of discs centred at the
zeros of y such that the sum of radii is not greater than 4nR such
that 7 < r < R as described in the Theorem 1.3, we have

T(r', y) < N(r, y) +m(r, y)
<N(r,y)+@2r+1)RD(f, p, 7, Ry, B, C).

This improves upon Bank and Laine’s estimate mentioned above.
Suppose that §(oo, y) > 0, we choose r outside a union of discs
centred at the zeros of y such that the sum of radii is not greater than
4nR and sufficiently large such that N(r, y) < (1 —0 +¢/2)T(r, y).
Without loss of generality, we may also assume that r is so chosen
such that |log K1| < 3eT'(r, y) so that T(r, y) < (1—0+¢)T(r, y) +
(2m + 1)R D. We can easily deduce

T, y) < )QW+DRD.

(5(00,13/) —€

Theorem 1.4. Lety(z) be a meromorphic solution to equation (1.1),
and we choose 0 < n < (1 +1log?2)/(16€%/?) < 1. Then there is a
constant B > 1 such that for every e > 0 be given, there is ar(e) > 0
we have

logm(r, y¥)) <5B(1+ H(n)) T(3¢*r)

+ [(SH(n) — g+ 1+ E] logr (1.5)

j=0,1,...,n—1 holds for all v > r(e) except perhaps for a set of
positive logarithmic density 16ne®/? /(1 + log2).

We should compare this result with the following density-type
result also obtained previously in [5]:

Theorem 1.5. Let y(z) be a meromorphic solution of (1.1) such that
the f, are not all constant. Then we have

ot < (5100 10) oo (S 10 10)]
v=0
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where o > 1 is a constant, to hold outside an exceptional set of finite
logarithmic measure.

2. PRELIMINARIES

Let us write y(2) = (yo, -+ , Yn—1)? wherey;(z), 7 =0, --- ,n—1 are
complex functions of z. We define ||y|| = Z;:& lyj|. Suppose further
that A = (a;j(2)) is a square matrix then we define [|A[| = 3, . [a;;|.

We note that
| [aa < [1an

(see e.g., [4, pp. 1-4]).

Lemma 2.1 ([11, pp. 21-22]). Let R > 0 and f(z) be analytic in
|z| <2eR with f(0) =1, and let n be an arbitrary positive constant
not exceeding 3e/2. Then we have

log|f(z)| > —H(n)log M(2¢ R, f) (2.1)

for all z in |z| < R but outside a union of disks centred at the zeros
of f such that the sum of radii is not greater than 4n R, where

H(n) =2+ 1log —.
(n) =2+log 20
We also need the following quotient representation of meromor-
phic functions due to Miles [12] and Rubel [13, Chapter 14].

Lemma 2.2 ([12]). Let f be a meromorphic function in the plane,
and let C > 1 be a given constant, then there exist entire functions
f1 and fa, and a constant B = B(C') > 0 such that

f(2) = hG) T(r, f;) < BT(Cr, f),
fa(2)

j=1,2 and r > 0. Here both the constants B and C are absolute
constants, i.e., they are independent of the function f.

3. PROOF OF THEOREM 1.3

We state and prove our main lemma that leads to the proof of the
Theorem 1.3.
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Lemma 3.1. Let y be a meromorphic solution to the differential
equation (1.1) with meromorphic coefficients f,, v =0,--- ,n—1 in
|z| = r < R < +o00. Suppose that the coefficients f,, v =0,--- ,n—1
are analytic on the path Q = Q(0, p, r) as defined in the Theorem
1.3. Suppose zo = pe'®, then for all z on R,

:;:w(j)(z)] < K exp [(maxz £ (2)] + 1) ) (27 + 1)7«],

where K1 is given in (1.3).

Proof. Tt is well-known that equation (1.1) can be written in the
matrix form

F/() = A(:) F(2), (3.1)
where F = (y, ¢/, --- , 4" )T and

0 1 0 0
0 0 1 0
A(z) = : : : .. :
0 0 .- .- 1
—fo —fi o o —faa

A solution to the above matrix equation (3.1) is given by

F(z) = F(z0) + / CA()F() dt. (3.2)

We now apply Gronwall’s inequality [4, pp. 35-36] to (3.1) to
obtain

PG < IFGol+ [ IA@IIEW@]

20

< IFGollleso( [ 1A )
< ||F(20)]| exp KmaXZm )|+ n—1)> 2m + 1)r
|

< |IF(z0)] exp <maxz Ifu(2)]+1) ) (27T+1)r],
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where we have parameterized the path €2 with respect to arc length.
Clearly the length of 2 is (2 +1) r at most. This proves Lemma 3.1.
O

We are ready to prove the Theorem 1.3, which is a direct appli-
cation of the Lemma 3.1 and the two lemmas stated in §2 .

Proof of the Theorem 1.3. Let C' > 1 be given. Then Miles’ result
in Lemma 2.2 asserts that we can choose a B > 0 such that we can
write the coefficients in f, = f,1/f,2 from (1.1) with

T(’I”, fl/,])SBT(Cr7 fV)7 .7:17 27 Ogygn_l

for » > 0. We first assume that f, 2(0) # 0 for 0 < v <n —1, then it
is easy to see that we may assume that f,2(0) = 1 after dividing the
numerator and the denominator by a suitable constant. Lemmas 2.1
and 2.2 imply that

log | fy| = log | fu,1] + log ‘fu,2‘_1
< lOgM(Tv fl/,l) + H(Tl) 10gM(2€7’, fu,2>
< 10g+ M(T7 fl/,l) + H(ﬁ) 10g+ M(2€Ta fl/,2)

(R J_r r) T(R, fu1) + H(n) (%) T(R, fu,2)

<B (g* "YT(CR, £) (3.4)
<R+2er>

<

+ BH(n T(CR, f,)

< B+ H) (o) T(OR £)
—i—2er)

R—2er

< B(1+ H(n)) (

where
T(r)= T .
(r) 0<ven—1 (r, fv)
If, however, f, 2 has a zero of order ¢, at z = 0, we consider
fu,l/zq”
fl/,?/zq”

in 0 < p < |z| in which the f,2/29 is clearly still analytic and not
zero at the origin. We deduce from Lemmas 2.1 and 2.2 again that

fl/:
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for0<v<n-1

’—1

log | fu| = log|fy1| — qvlogr + log | fy2/2%
<log M(r, fu1) — qvlogr+ H(n)log M(2 er, f,,72/zq")
< log™ M(r, fu1) — g logr + H(n)log™® M(2 er, f,,72/zq”)

<Z+ ) T(R, fu,1) —qulogr

+H() (R—l—Qer

R—2er
R+1r
< (R—r)T(R’ fv,1) —avlogr

R+2er
+ A0 (F5er
R+r

< B(— ) T(CR. J,) ~ alogr
R+2er
R—2er
R+42er
R—2er

Applying (2.1) to (3.4) or (3.5) (0 < v < n — 1) and substituting
them into (3.3) completes the proof. O

<

)T(R, o)z

) (T(R, fu2) + 4 log F) (3.5)

+ H(n) ( ) (BT(CR, f,)+ q,1og R)

RH (L)

< B(1+Hm)( )T(CR, f,)+a,log

4. PROOF OF THEOREM 1.4

We are now ready to prove Theorem 1.4. We choose C = e in Theo-
rem 1.3. Let a = 2e. We define annuli by

Aj:{z:aj§|z|§ozj+3/2}, j=1,2 ---.

We take R = 3er in (1.4) in Theorem 1.3 and suppose z belongs
to QN A; where Q is defined in Theorem 1.3. That is, we have, for
each 0 <j<n-—1,

m(r, y9)) <log Ky + (2m + 1) rn{l + (3e)?HMa,GHM—1)q

- exp [53(1 +H(n))T(3 €2T):| }
= logKl + (27T+ 1)TD(fV7 P, T, 3€T, mn, B7 6)7

where D is given in (1.4). Taking logarithm on both sides of the
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inequality once more yield the required estimate (1.5).
It remains to verify the size of the exceptional set of r, which
follows from

Lemma 4.1. Let n and H(n) be defined in Lemma 2.1 and Theorem
1.3 respectively. Then the estimate (1.5) for a meromorphic solution
y(z) is wvalid for all r sufficiently large except on a set of positive
logarithmic density at most 161e°/2/(1 + log2).

Proof. Let E; be the union of exceptional circles lying in A; and

E(r)y=1[1,r)nN (U?‘;lEj).

Let ¢ = [(logr)/(log )], then Lemma 2.1 gives

s

E; j=1 j=1
1 16 7e5/2
< o™ (8nea3/2) < ( ne ) log r
log 1+ log2
Thus
, 1 / dt _ 16ned/?
lim sup — < —
—00 log T JE(r) t 1+ log 2
This completes the proof of the Lemma. O

This completes the proof of the theorem.
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