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Outline

Motivation and Statistical Model

Prior Works: (much) Estimation and (few) Inference

Methodology: Double Sample-Splitting and Projection

Theory: Data-driven Asymptotical Normality

Numerical Experiments

Statistical Inference of Linear Forms 
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Examples of Matrix Completion

Dong Xia, HKUST
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Motivation
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Quantum State Tomography

Examples of Matrix Completion

Each measurement is a Pauli matrix.

There are                 Pauli matrices 
forming an orthonormal basis.

m = 4b
<latexit sha1_base64="Rvdy+SGZK0wNvLzfUfkSdeAihco=">AAAB7HicbVDLSsNAFJ3UV62vqks3g0VwVZKmUrsQim5cVjCt0MYymU7aoTOTMDMRSug3uHGhiFs/yJ1/4zQNxdeBC4dz7uXee4KYUaVt+9MqrKyurW8UN0tb2zu7e+X9g46KEomJhyMWybsAKcKoIJ6mmpG7WBLEA0a6weRq7ncfiFQ0Erd6GhOfo5GgIcVIG8njF/X7YFCu2FU7A/xLnJxUQI72oPzRH0Y44URozJBSPceOtZ8iqSlmZFbqJ4rECE/QiPQMFYgT5afZsTN4YpQhDCNpSmiYqd8nUsSVmvLAdHKkx+q3Nxf/83qJDs/9lIo40UTgxaIwYVBHcP45HFJJsGZTQxCW1NwK8RhJhLXJp5SF0HTrrttcvmxCaDp246yxVDq1quNWazf1Susyj6MIjsAxOAUOaIAWuAZt4AEMKHgEz+DFEtaT9Wq9LVoLVj5zCH7Aev8CVO2OiA==</latexit>

How to use a few Pauli measurements 
to learn the unknown density matrix ?

A generalization 
of matrix completion.

Goal

Measurements

(Gross, 2011)

Motivation
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Statistical Model

Model

An unknown low-rank matrix                    with rank                      . M 2 Rd1⇥d2
<latexit sha1_base64="Cle8e8L6FuoKILEWUd3qU1zghq8=">AAACB3icbVDLSsNAFJ3UV62vqktBBovgqiRNpXZXdONGqGJboalhMpm2QyeTMDMRSujOjb/ixoUibv0Fd/6Nk7QUXwcuHM65l3vv8SJGpTLNTyO3sLi0vJJfLaytb2xuFbd32jKMBSYtHLJQ3HhIEkY5aSmqGLmJBEGBx0jHG52lfueOCElDfq3GEekFaMBpn2KktOQW9y8cyp0AqaHnJVeT28R3LUfRgEjou5WJWyyZZTMD/EusGSmBGZpu8cPxQxwHhCvMkJRdy4xUL0FCUczIpODEkkQIj9CAdDXlSG/qJdkfE3ioFR/2Q6GLK5ip3ycSFEg5DjzdmV4sf3up+J/XjVX/pJdQHsWKcDxd1I8ZVCFMQ4E+FQQrNtYEYUH1rRAPkUBY6egKWQh1u2rb9fnLOoS6ZdaOa3OlXSlbdrlyWS01Tmdx5MEeOABHwAI10ADnoAlaAIN78AiewYvxYDwZr8bbtDVnzGZ2wQ8Y71/235mG</latexit>

r ⌧ d2  d1
<latexit sha1_base64="M3kU8a5MLmyluDtVQcri0hxQU/Q=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuStJWandFNy4r2Ac0IUwmk3boZBJnJoUS+iduXCji1j9x5984TUPxdeByD+fcy9w5fsKoVJb1aaytb2xubZd2yrt7+weH5tFxT8apwKSLYxaLgY8kYZSTrqKKkUEiCIp8Rvr+5Gbh96dESBrzezVLiBuhEachxUhpyTNN4TAGA6/mMPKgu+2ZFatq5YB/iV2QCijQ8cwPJ4hxGhGuMENSDm0rUW6GhKKYkXnZSSVJEJ6gERlqylFEpJvll8/huVYCGMZCF1cwV79vZCiSchb5ejJCaix/ewvxP2+YqvDKzShPUkU4Xj4UpgyqGC5igAEVBCs20wRhQfWtEI+RQFjpsMp5CK16o15vrb6sQ2jZVvOyuVJ6tapdr9buGpX2dRFHCZyCM3ABbNAEbXALOqALMJiCR/AMXozMeDJejbfl6JpR7JyAHzDevwBRF5L2</latexit>

A random pair            satisfying (!, Y )
<latexit sha1_base64="cnx4N5VEHUWwVZdkpWieiNK5baM=">AAAB8nicbVDLSgMxFM34rPVVdekmWIQKUmY6ldpd0Y3LCvYh06Fk0rQNzSRDkhHK0M9w40IRt36NO//GdDoUXwcuHM65l3vvCSJGlbbtT2tldW19YzO3ld/e2d3bLxwctpWIJSYtLJiQ3QApwignLU01I91IEhQGjHSCyfXc7zwQqajgd3oaET9EI06HFCNtJK/UEyEZoXN4f9YvFO2ynQL+JU5GiiBDs1/46A0EjkPCNWZIKc+xI+0nSGqKGZnle7EiEcITNCKeoRyFRPlJevIMnhplAIdCmuIapur3iQSFSk3DwHSGSI/Vb28u/ud5sR5e+gnlUawJx4tFw5hBLeD8fzigkmDNpoYgLKm5FeIxkghrk1I+DaHuVl23vnzZhFB37NpFbam0K2XHLVduq8XGVRZHDhyDE1ACDqiBBrgBTdACGAjwCJ7Bi6WtJ+vVelu0rljZzBH4Aev9C+REkIE=</latexit>

Y = M(!) + ⇠
<latexit sha1_base64="XMdTRc5C7fC+nIi+nbJ8/67jp/g=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCRShJU6ldCEU3boQK9iFNKJPptB06eTAzEWvol7hxoYhbP8Wdf+M0DcXXgQuHc+7l3nvckFEhDeNTyywtr6yuZddzG5tb23l9Z7clgohj0sQBC3jHRYIw6pOmpJKRTsgJ8lxG2u74Yua37wgXNPBv5CQkjoeGPh1QjKSSenr+9uyqaAceGaKjY/ue9vSCUTISwL/ETEkBpGj09A+7H+DII77EDAnRNY1QOjHikmJGpjk7EiREeIyGpKuojzwinDg5fAoPldKHg4Cr8iVM1O8TMfKEmHiu6vSQHInf3kz8z+tGcnDqxNQPI0l8PF80iBiUAZylAPuUEyzZRBGEOVW3QjxCHGGpssolIdSsimXVFi+rEGqmUT2pLpRWuWRapfJ1pVA/T+PIgn1wAIrABFVQB5egAZoAgwg8gmfwoj1oT9qr9jZvzWjpzB74Ae39C38RkoA=</latexit>

     is sampled uniformly from !
<latexit sha1_base64="rK9YM/4h8uRlqPcQXf5daLqlNZg=">AAAB7XicbVDJSgNBEO2JW4xb1KOXxiB4CjNJJOYW9OIxglkgGUJPpydp08vQ3SOEIf/gxYMiXv0fb/6NnckQ3B4UPN6roqpeEDGqjet+Orm19Y3Nrfx2YWd3b/+geHjU0TJWmLSxZFL1AqQJo4K0DTWM9CJFEA8Y6QbT64XffSBKUynuzCwiPkdjQUOKkbFSZyA5GaNhseSW3RTwL/EyUgIZWsPix2AkccyJMJghrfueGxk/QcpQzMi8MIg1iRCeojHpWyoQJ9pP0mvn8MwqIxhKZUsYmKrfJxLEtZ7xwHZyZCb6t7cQ//P6sQkv/YSKKDZE4OWiMGbQSLh4HY6oItiwmSUIK2pvhXiCFMLGBlRIQ2hUa9VqY/WyDaHhufWL+krpVMpetVy5rZWaV1kceXACTsE58EAdNMENaIE2wOAePIJn8OJI58l5dd6WrTknmzkGP+C8fwGqU49Z</latexit> [d1]⇥ [d2]

<latexit sha1_base64="yt6cb9SNn64tRQTYtOTclrEGkTw=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZK2UrsrunFZwT4gDWEymbRDJ5MwMymU0D9x40IRt/6JO//GaRqKrwMXDufcy733+AmjUlnWp1Ha2Nza3invVvb2Dw6PzOOTvoxTgUkPxywWQx9JwignPUUVI8NEEBT5jAz86e3SH8yIkDTmD2qeEDdCY05DipHSkmeaTuDZ7kjRiEhN665nVq2alQP+JXZBqqBA1zM/RkGM04hwhRmS0rGtRLkZEopiRhaVUSpJgvAUjYmjKUd6k5vlly/ghVYCGMZCF1cwV79PZCiSch75ujNCaiJ/e0vxP89JVXjtZpQnqSIcrxaFKYMqhssYYEAFwYrNNUFYUH0rxBMkEFY6rEoeQrvRbDTa65d1CG3bal211kq/XrMbtfp9s9q5KeIogzNwDi6BDVqgA+5AF/QABjPwCJ7Bi5EZT8ar8bZqLRnFzCn4AeP9C/L9k2A=</latexit>

     is centered sub-Gaussian with variance       and independent with     . ⇠
<latexit sha1_base64="Vh+4RZhpI2IJ0red/Uv7ObGB9rQ=">AAAB6nicbVBNT8JAEJ3iF+IX6tHLRmLiibSAQW5ELx4xipBAQ7bLFjZst83u1kgafoIXDxrj1V/kzX/jUhri10smeXlvJjPzvIgzpW3708qtrK6tb+Q3C1vbO7t7xf2DOxXGktA2CXkoux5WlDNB25ppTruRpDjwOO14k8u537mnUrFQ3OppRN0AjwTzGcHaSDf9BzYoluyynQL9JU5GSpChNSh+9IchiQMqNOFYqZ5jR9pNsNSMcDor9GNFI0wmeER7hgocUOUm6akzdGKUIfJDaUpolKrfJxIcKDUNPNMZYD1Wv725+J/Xi7V/7iZMRLGmgiwW+TFHOkTzv9GQSUo0nxqCiWTmVkTGWGKiTTqFNIRGtVatNpYvmxAajl0/qy+Vu0rZqZYr17VS8yKLIw9HcAyn4EAdmnAFLWgDgRE8wjO8WNx6sl6tt0VrzspmDuEHrPcvdgeOEw==</latexit>

�2
⇠

<latexit sha1_base64="kwuReYbEsnbJaEIcbH3HlXxZAoE=">AAAB9XicbVDLSgMxFM34rPVVdekmWARXZaZTqd0V3bisYB/QTksmzbShSWZIMmoZ+h9uXCji1n9x59+YTofi68CFwzn3cu89fsSo0rb9aa2srq1vbOa28ts7u3v7hYPDlgpjiUkThyyUHR8pwqggTU01I51IEsR9Rtr+5Grut++IVDQUt3oaEY+jkaABxUgbqd9TdMTRIOk90Fm/PCgU7ZKdAv4lTkaKIENjUPjoDUMccyI0ZkiprmNH2kuQ1BQzMsv3YkUihCdoRLqGCsSJ8pL06hk8NcoQBqE0JTRM1e8TCeJKTblvOjnSY/Xbm4v/ed1YBxdeQkUUayLwYlEQM6hDOI8ADqkkWLOpIQhLam6FeIwkwtoElU9DqLkV160tXzYh1By7el5dKq1yyXFL5ZtKsX6ZxZEDx+AEnAEHVEEdXIMGaAIMJHgEz+DFureerFfrbdG6YmUzR+AHrPcvwDWS1Q==</latexit>

!
<latexit sha1_base64="rK9YM/4h8uRlqPcQXf5daLqlNZg=">AAAB7XicbVDJSgNBEO2JW4xb1KOXxiB4CjNJJOYW9OIxglkgGUJPpydp08vQ3SOEIf/gxYMiXv0fb/6NnckQ3B4UPN6roqpeEDGqjet+Orm19Y3Nrfx2YWd3b/+geHjU0TJWmLSxZFL1AqQJo4K0DTWM9CJFEA8Y6QbT64XffSBKUynuzCwiPkdjQUOKkbFSZyA5GaNhseSW3RTwL/EyUgIZWsPix2AkccyJMJghrfueGxk/QcpQzMi8MIg1iRCeojHpWyoQJ9pP0mvn8MwqIxhKZUsYmKrfJxLEtZ7xwHZyZCb6t7cQ//P6sQkv/YSKKDZE4OWiMGbQSLh4HY6oItiwmSUIK2pvhXiCFMLGBlRIQ2hUa9VqY/WyDaHhufWL+krpVMpetVy5rZWaV1kceXACTsE58EAdNMENaIE2wOAePIJn8OJI58l5dd6WrTknmzkGP+C8fwGqU49Z</latexit>

(i)
(ii)

The data       consists of      i.i.d. copies of             .(!, Y )
<latexit sha1_base64="cnx4N5VEHUWwVZdkpWieiNK5baM=">AAAB8nicbVDLSgMxFM34rPVVdekmWIQKUmY6ldpd0Y3LCvYh06Fk0rQNzSRDkhHK0M9w40IRt36NO//GdDoUXwcuHM65l3vvCSJGlbbtT2tldW19YzO3ld/e2d3bLxwctpWIJSYtLJiQ3QApwignLU01I91IEhQGjHSCyfXc7zwQqajgd3oaET9EI06HFCNtJK/UEyEZoXN4f9YvFO2ynQL+JU5GiiBDs1/46A0EjkPCNWZIKc+xI+0nSGqKGZnle7EiEcITNCKeoRyFRPlJevIMnhplAIdCmuIapur3iQSFSk3DwHSGSI/Vb28u/ud5sR5e+gnlUawJx4tFw5hBLeD8fzigkmDNpoYgLKm5FeIxkghrk1I+DaHuVl23vnzZhFB37NpFbam0K2XHLVduq8XGVRZHDhyDE1ACDqiBBrgBTdACGAjwCJ7Bi6WtJ+vVelu0rljZzBH4Aev9C+REkIE=</latexit>

n
<latexit sha1_base64="Fibd+mEquQxP5KxN44nMbIkAfjk=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRtpXZXdOOyBfuANpTJdNKOTiZhZiKU0C9w40IRt36SO//GaRqKrwMXDufcy733eBFnStv2p5VbW9/Y3MpvF3Z29/YPiodHXRXGktAOCXko+x5WlDNBO5ppTvuRpDjwOO1599cLv/dApWKhuNWziLoBngjmM4K1kdpiVCzZZTsF+kucjJQgQ2tU/BiOQxIHVGjCsVIDx460m2CpGeF0XhjGikaY3OMJHRgqcECVm6SHztGZUcbID6UpoVGqfp9IcKDULPBMZ4D1VP32FuJ/3iDW/qWbMBHFmgqyXOTHHOkQLb5GYyYp0XxmCCaSmVsRmWKJiTbZFNIQGtVatdpYvWxCaDh2/aK+UrqVslMtV9q1UvMqiyMPJ3AK5+BAHZpwAy3oAAEKj/AML9ad9WS9Wm/L1pyVzRzDD1jvX/EzjTA=</latexit>

Dn
<latexit sha1_base64="AfLaD07r9aeC14SmiTevqFLS4HQ=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVZK2Ursr6sJlBfuANpTJdNIOnUzizKRQQr/DjQtF3Pox7vwbJ2kovg4MHM65l3vmuCGjUlnWp5FbW9/Y3MpvF3Z29/YPiodHHRlEApM2Dlggei6ShFFO2ooqRnqhIMh3Gem60+vE786IkDTg92oeEsdHY049ipHSkjPwkZpgxOKbxZAPiyWrbKUw/xI7IyXI0BoWPwajAEc+4QozJGXftkLlxEgoihlZFAaRJCHCUzQmfU058ol04jT0wjzTysj0AqEfV2aqft+IkS/l3Hf1ZBJS/vYS8T+vHynv0okpDyNFOF4e8iJmqsBMGjBHVBCs2FwThAXVWU08QQJhpXsqpCU0qrVqtbH6si6hYVv1i/pK6VTKdrVcuauVmldZHXk4gVM4Bxvq0IRbaEEbMDzAIzzDizEznoxX4205mjOynWP4AeP9CxkGknk=</latexit>

Dn =
�
(!i, Yi) : i = 1, · · · , n

 
<latexit sha1_base64="GBu/W6vZdglcolGVp7aBD8dKokA="></latexit>

The goal is to recover      from        .M
<latexit sha1_base64="JDTgy+agkx+TjVSdE5BBzIUmLfc=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjOZSMwt6MWLkIBZIBlCT6cnadOz0N0jhCFf4MWDIl79JG/+jZ3JENweFDzeq6KqnhtxJpVpfhq5tfWNza38dmFnd2//oHh41JFhLAhtk5CHoudiSTkLaFsxxWkvEhT7Lqddd3q98LsPVEgWBndqFlHHx+OAeYxgpaXW7bBYMstmCvSXWBkpQYbmsPgxGIUk9mmgCMdS9i0zUk6ChWKE03lhEEsaYTLFY9rXNMA+lU6SHjpHZ1oZIS8UugKFUvX7RIJ9KWe+qzt9rCbyt7cQ//P6sfIunYQFUaxoQJaLvJgjFaLF12jEBCWKzzTBRDB9KyITLDBROptCGkLdrtp2ffWyDqFumbWL2krpVMqWXa60qqXGVRZHHk7gFM7Bgho04Aaa0AYCFB7hGV6Me+PJeDXelq05I5s5hh8w3r8Avy+NDw==</latexit>

Dn
<latexit sha1_base64="AfLaD07r9aeC14SmiTevqFLS4HQ=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVZK2Ursr6sJlBfuANpTJdNIOnUzizKRQQr/DjQtF3Pox7vwbJ2kovg4MHM65l3vmuCGjUlnWp5FbW9/Y3MpvF3Z29/YPiodHHRlEApM2Dlggei6ShFFO2ooqRnqhIMh3Gem60+vE786IkDTg92oeEsdHY049ipHSkjPwkZpgxOKbxZAPiyWrbKUw/xI7IyXI0BoWPwajAEc+4QozJGXftkLlxEgoihlZFAaRJCHCUzQmfU058ol04jT0wjzTysj0AqEfV2aqft+IkS/l3Hf1ZBJS/vYS8T+vHynv0okpDyNFOF4e8iJmqsBMGjBHVBCs2FwThAXVWU08QQJhpXsqpCU0qrVqtbH6si6hYVv1i/pK6VTKdrVcuauVmldZHXk4gVM4Bxvq0IRbaEEbMDzAIzzDizEznoxX4205mjOynWP4AeP9CxkGknk=</latexit>
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Incoherent Conditions

Singular Value Decomposition
M = U⇤V >

<latexit sha1_base64="oAlm9xiIiZQNlnCw/nCuk9Ej4hI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRtpXYhFN24UKhgWqGJZTKZtEMnD2YmQgj1V9y4UMStH+LOv3GaluLrwMDhnHO5d44bMyqkYXxqhaXlldW14nppY3Nre0ff3euKKOGYWDhiEb91kSCMhsSSVDJyG3OCApeRnjs+n/q9e8IFjcIbmcbECdAwpD7FSCppoJevTi37UuU9BLt3mS2jeDLQK0bVyAH/EnNOKmCOzkD/sL0IJwEJJWZIiL5pxNLJEJcUMzIp2YkgMcJjNCR9RUMUEOFk+fETeKgUD/oRVy+UMFe/T2QoECINXJUMkByJ395U/M/rJ9I/cTIaxokkIZ4t8hMGZQSnTUCPcoIlSxVBmFN1K8QjxBGWqq9SXkKr3qjXW4svqxJaptE8bi6Ubq1q1qu160alfTavowj2wQE4AiZogja4AB1gAQxS8AiewYv2oD1pr9rbLFrQ5jNl8APa+xclBpSe</latexit>

⇤ = diag(�1, · · · ,�r)
<latexit sha1_base64="1tzY+aGHT4/6j9HQEOjM2ZN2kUY="></latexit>

U>U = V >V = Ir
<latexit sha1_base64="tNLDH2Wt4wWKeS7ZP+dtIAD2YhQ=">AAACAHicbVDLSsNAFJ34rPUVdeHCTbAIrkrSVGoXhaIb3VUwaaGNYTKdtEMnD2YmQgnZ+CtuXCji1s9w5984TUPxdeDC4Zx7ufceL6aEC13/VJaWV1bX1ksb5c2t7Z1ddW/f5lHCELZQRCPW8yDHlITYEkRQ3IsZhoFHcdebXM787j1mnEThrZjG2AngKCQ+QVBIyVUPrbt0IKI4s1p2wezWtctctaJX9RzaX2IUpAIKdFz1YzCMUBLgUCAKOe8beiycFDJBEMVZeZBwHEM0gSPclzSEAeZOmj+QaSdSGWp+xGSFQsvV7xMpDDifBp7sDKAY89/eTPzP6yfCP3dSEsaJwCGaL/ITqolIm6WhDQnDSNCpJBAxIm/V0BgyiITMrJyH0DTrptlcvCxDaBp646yxUOxa1TCrtZt6pX1RxFECR+AYnAIDNEAbXIEOsAACGXgEz+BFeVCelFflbd66pBQzB+AHlPcv50CWww==</latexit>

Incoherence Assumption

max
j2[d1]

ke>j Uk  µmax

r
r

d1
and max

j2[d2]
ke>j V k  µmax

r
r

d2
<latexit sha1_base64="HHHSglsr2rYdaDr2uvDFZwqFIMI="></latexit>

9 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0

0

0

0

Irregular settings
(impossible to reconstruct)

Model

or
p
d1d2kMkmax/kMkF  µmax

<latexit sha1_base64="/WuZVJBu4YfjJZruqbytI1tS7So="></latexit>
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Outline

Prior Works: (much) Estimation and (few) Inference

Methodology: Double Sample-Splitting and Projection

Theory: Data-driven Asymptotical Normality

Numerical Experiments

Statistical Inference of Linear Forms 

Motivation and Statistical Model
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Overview

Two Pillars for High Dimensional Statistics:
Estimation and Inference

Noisy MC

Estimation Inference

Convex and Non-convex Estimators

Computational and Statistical Efficiency
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Rank Constrained or Penalized  LSE

Rank-constrained Least Squares Estimator

Minimize
1

n

nX

i=1

�
Yi �M(!i)

�2

<latexit sha1_base64="HQuP8kZPkTIEIvTz1W9yABztXjg="></latexit>

Subject to: rank(M)  r
<latexit sha1_base64="KggZi48YVBZddFNGPhw8GEJ/SM4="></latexit> Generally intractable.

Rank-penalized Least Squares Estimator

Minimize
1

n

nX

i=1

�
Yi �M(!i)

�2

<latexit sha1_base64="HQuP8kZPkTIEIvTz1W9yABztXjg="></latexit>

Generally intractable.

+rank(M)
<latexit sha1_base64="NB/BR0vNfSZ67zqwvTblxLQr55M=">AAAB+nicbVDLSsNAFJ34rPXV6tJNsAgVoSRtpXZXdONGqGAf0IYymU7aoZNJmLlRS+ynuHGhiFu/xJ1/4zQtxdeBC4dz7uXee9yQMwWW9WksLa+srq2nNtKbW9s7u5nsXlMFkSS0QQIeyLaLFeVM0AYw4LQdSop9l9OWO7qY+q1bKhULxA2MQ+r4eCCYxwgGLfUy2ZMu0HuQfiyxGE3yV8e9TM4qWAnMv8Sekxyao97LfHT7AYl8KoBwrFTHtkJwYiyBEU4n6W6kaIjJCA9oR1OBfaqcODl9Yh5ppW96gdQlwEzU7xMx9pUa+67u9DEM1W9vKv7ndSLwzpyYiTACKshskRdxEwJzmoPZZ5IS4GNNMJFM32qSIZaYgE4rnYRQLZVLperiZR1C1bYqp5WF0iwW7FKheF3O1c7ncaTQATpEeWSjCqqhS1RHDUTQHXpEz+jFeDCejFfjbda6ZMxn9tEPGO9fBSmUAA==</latexit>

Prior Works on Estimation
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Convex Relaxation

Minimize matrix nuclear norm

Minimize kAk⇤
<latexit sha1_base64="ynVXEGJR8ztmgxFY+Vtd5XcICfs=">AAACCHicbVDLSgNBEJz1bXxFPXpwMAiewq5RYm4+Ll4EBaNCNoTZSUeHzMwuM71iXHP04q948aCIVz/Bm3/jJAbxVdBQVHXT3RUlUlj0/XdvaHhkdGx8YjI3NT0zO5efXzixcWo4VHksY3MWMQtSaKiiQAlniQGmIgmnUXuv559egrEi1sfYSaCu2LkWLcEZOqmRXw4RrtCo7EBoocQ10C4Nb3bCm0YWMovdRr7gF/0+6F8SDEiBDHDYyL+FzZinCjRyyaytBX6C9YwZFFxCNxemFhLG2+wcao5qpsDWs/4jXbrqlCZtxcaVRtpXv09kTFnbUZHrVAwv7G+vJ/7n1VJsbdUzoZMUQfPPRa1UUoxpLxXaFAY4yo4jjBvhbqX8ghnG0WWX64dQKW2USpWvl10IlcAvb5a/lJP1YlAqrh9tFLZ3B3FMkCWyQtZIQMpkm+yTQ1IlnNySe/JInrw778F79l4+W4e8wcwi+QHv9QOhWZqF</latexit>

(Candes and Plan, 2010)

Subject to
���

nX

i=1

�
Yi �A(!i)

�
e!i

���
F
 �n

<latexit sha1_base64="RrCn/Zcvy8XBv8MVFvefoN/JnPc="></latexit>

Theorem (Candes and Plan, 2010)

If                       and incoherence conditions hold, then n � rd1 log d1
<latexit sha1_base64="Hoqc/xsA1rdvwIdGSquyt5ofDQA=">AAAB+nicbVDLSgMxFM3UV62vVpdugkVwVWbaSu2u6MZlBfuAdhgymcw0NJMMSUYptZ/ixoUibv0Sd/6N6bQUXwcu93DOveTm+AmjStv2p5VbW9/Y3MpvF3Z29/YPiqXDrhKpxKSDBROy7yNFGOWko6lmpJ9IgmKfkZ4/vpr7vTsiFRX8Vk8S4sYo4jSkGGkjecUSH0YRlIHnDJmIoOlesWxX7AzwL3GWpAyWaHvFj2EgcBoTrjFDSg0cO9HuFElNMSOzwjBVJEF4jCIyMJSjmCh3mp0+g6dGCWAopCmuYaZ+35iiWKlJ7JvJGOmR+u3Nxf+8QarDC3dKeZJqwvHioTBlUAs4zwEGVBKs2cQQhCU1t0I8QhJhbdIqZCE0a/Varbn6sgmh6diN88ZK6VYrTq1SvamXW5fLOPLgGJyAM+CABmiBa9AGHYDBPXgEz+DFerCerFfrbTGas5Y7R+AHrPcvEjqTYw==</latexit>

kM̂ �MkF = OP

✓
�n ·

r
d1d

2
2

n

◆

<latexit sha1_base64="diREj8OLpPPQlnvM41ivRF074LM="></latexit>

Statistically sub-optimal in general

Prior Works on Estimation
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Convex Relaxation

Matrix nuclear norm penalized (modified) LSE

Theorem

If                     , then without incoherent conditionsn � rd1 log d1
<latexit sha1_base64="Hoqc/xsA1rdvwIdGSquyt5ofDQA=">AAAB+nicbVDLSgMxFM3UV62vVpdugkVwVWbaSu2u6MZlBfuAdhgymcw0NJMMSUYptZ/ixoUibv0Sd/6N6bQUXwcu93DOveTm+AmjStv2p5VbW9/Y3MpvF3Z29/YPiqXDrhKpxKSDBROy7yNFGOWko6lmpJ9IgmKfkZ4/vpr7vTsiFRX8Vk8S4sYo4jSkGGkjecUSH0YRlIHnDJmIoOlesWxX7AzwL3GWpAyWaHvFj2EgcBoTrjFDSg0cO9HuFElNMSOzwjBVJEF4jCIyMJSjmCh3mp0+g6dGCWAopCmuYaZ+35iiWKlJ7JvJGOmR+u3Nxf+8QarDC3dKeZJqwvHioTBlUAs4zwEGVBKs2cQQhCU1t0I8QhJhbdIqZCE0a/Varbn6sgmh6diN88ZK6VYrTq1SvamXW5fLOPLgGJyAM+CABmiBa9AGHYDBPXgEz+DFerCerFfrbTGas5Y7R+AHrPcvEjqTYw==</latexit>

Rate is minimax optimal
(but not proportional to noise)

(Koltchinskii, Lounici and Tsybakov, 2011)

kM̂KLT �MkF = OP

✓
(�⇠ _ a)

r
rd1d2(d1 + d2) log d1

n

◆

<latexit sha1_base64="JKYrqNF5Yx2ULuRfbeZ1VpG634A="></latexit>

M̂KLT := arg min
kMkmaxa

kMk2L2(⇧) �
2

n

nX

i=1

YiM(!i) + "kMk⇤
<latexit sha1_base64="L/lYUb06I6pjBNGol2Ef/7RX/1A="></latexit>

Prior Works on Estimation

(Koltchinskii, Lounici and Tsybakov, 2011)
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Non-convex Approaches

Gradient Descent on Grassmannian

(Keshavan, Montanari and Oh, 2010)

Minimize f(U, V ) = min
G2Rr⇥r

1

n

nX

i=1

�
Yi � (UGV >)(!i)

�2

<latexit sha1_base64="D5V7t1p7TiiSUmOnc85iQEQTyQc="></latexit>

Subject to U>U = V >V = Ir
<latexit sha1_base64="YfrFvvD6ocfVcTPTx+MWrHlzeXw="></latexit>

Theorem (Keshavan, Montanari and Oh, 2010)

If                       and incoherent conditions hold and signal-to-noise ratio (SNR)  
satisfy
n � rd1 log d1

<latexit sha1_base64="Hoqc/xsA1rdvwIdGSquyt5ofDQA=">AAAB+nicbVDLSgMxFM3UV62vVpdugkVwVWbaSu2u6MZlBfuAdhgymcw0NJMMSUYptZ/ixoUibv0Sd/6N6bQUXwcu93DOveTm+AmjStv2p5VbW9/Y3MpvF3Z29/YPiqXDrhKpxKSDBROy7yNFGOWko6lmpJ9IgmKfkZ4/vpr7vTsiFRX8Vk8S4sYo4jSkGGkjecUSH0YRlIHnDJmIoOlesWxX7AzwL3GWpAyWaHvFj2EgcBoTrjFDSg0cO9HuFElNMSOzwjBVJEF4jCIyMJSjmCh3mp0+g6dGCWAopCmuYaZ+35iiWKlJ7JvJGOmR+u3Nxf+8QarDC3dKeZJqwvHioTBlUAs4zwEGVBKs2cQQhCU1t0I8QhJhbdIqZCE0a/Varbn6sgmh6diN88ZK6VYrTq1SvamXW5fLOPLgGJyAM+CABmiBa9AGHYDBPXgEz+DFerCerFfrbTGas5Y7R+AHrPcvEjqTYw==</latexit>

�r � �⇠

q
d21d2 log(d1)/n

<latexit sha1_base64="7cOD6zhhLbjfaG+FJWEtcxCxWgk="></latexit>

, then              behaves like a parabola around
the truth. Initialized by spectral methods, gradient descent yields an estimator

f(U, V )
<latexit sha1_base64="B+pbJdKfEQKr8lxew65i6ndd4hY=">AAAB7XicbVDLSsNAFJ34rPVVdelmsAgVpORVandFNy4rmLTQhjKZTtqxkwczE6GE/oMbF4q49X/c+TdO0lJUPHDhcM693HuPnzAqpK5/aWvrG5tb26Wd8u7e/sFh5ejYFXHKMXFwzGLe85EgjEbEkVQy0ks4QaHPSNef3uR+95FwQePoXs4S4oVoHNGAYiSV5AY159K9GFaqel03TMs2oSK62dAbBTHslgENRXJUwRKdYeVzMIpxGpJIYoaE6Bt6Ir0McUkxI/PyIBUkQXiKxqSvaIRCIrysuHYOz5UygkHMVUUSFurPiQyFQsxCX3WGSE7EXy8X//P6qQyuvIxGSSpJhBeLgpRBGcP8dTiinGDJZoogzKm6FeIJ4ghLFVC5CKFl2ZbVWr2sQmgZerPRXCmuWTesunlnV9vXyzhK4BScgRowQBO0wS3oAAdg8ACewAt41WLtWXvT3heta9py5gT8gvbxDZrgjqk=</latexit>

kM̂KMO �MkF = OP

✓
�⇠

r
rd1d2(d1 + d2) log d1

n

◆

<latexit sha1_base64="cTQFAtG3OZkO6tcJ1tFIIkKUT5s="></latexit>

Rate is minimax optimal
(and proportional to noise)

Prior Works on Estimation
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Non-convex Approaches

Gradient Descent for symmetric matrix factorization

(Ma, Wang, Chi and Chen, 2019)

Theorem (Ma, Wang, Chi and Chen, 2017)

If                       and incoherent conditions hold and signal-to-noise ratio (SNR)  
satisfy
n � rd1 log d1

<latexit sha1_base64="Hoqc/xsA1rdvwIdGSquyt5ofDQA=">AAAB+nicbVDLSgMxFM3UV62vVpdugkVwVWbaSu2u6MZlBfuAdhgymcw0NJMMSUYptZ/ixoUibv0Sd/6N6bQUXwcu93DOveTm+AmjStv2p5VbW9/Y3MpvF3Z29/YPiqXDrhKpxKSDBROy7yNFGOWko6lmpJ9IgmKfkZ4/vpr7vTsiFRX8Vk8S4sYo4jSkGGkjecUSH0YRlIHnDJmIoOlesWxX7AzwL3GWpAyWaHvFj2EgcBoTrjFDSg0cO9HuFElNMSOzwjBVJEF4jCIyMJSjmCh3mp0+g6dGCWAopCmuYaZ+35iiWKlJ7JvJGOmR+u3Nxf+8QarDC3dKeZJqwvHioTBlUAs4zwEGVBKs2cQQhCU1t0I8QhJhbdIqZCE0a/Varbn6sgmh6diN88ZK6VYrTq1SvamXW5fLOPLgGJyAM+CABmiBa9AGHYDBPXgEz+DFerCerFfrbTGas5Y7R+AHrPcvEjqTYw==</latexit>

�r � �⇠

q
d21d2 log(d1)/n

<latexit sha1_base64="7cOD6zhhLbjfaG+FJWEtcxCxWgk="></latexit>

, then  gradient descent converges geometrically if
initialized by spectral methods. The output estimator achieves rate

Rate is minimax optimal

Minimize f(X) :=
1

n

nX

i=1

�
Yi � (XX>)(!i)

�2

<latexit sha1_base64="14mY7AuLiUDcu/jBp1w6jUO8g8k="></latexit>

Xt+1 = Xt � ⌘trf(Xt)
<latexit sha1_base64="R0Dj38HQfz7h1elWSfAOpIXUzIk="></latexit>

(M = M>)
<latexit sha1_base64="+AyOyPpRMvHSb9yxIM/aGn765HY=">AAAB83icbZBLS8NAFIUn9VXrq+rSzWAR6iYkTSV2IRTduClUsLXQxDKZTtqhk0yYmQgl9G+4caGIW/+MO/+N04dYxQMDh3PuZS5fkDAqlWV9GrmV1bX1jfxmYWt7Z3evuH/QljwVmLQwZ1x0AiQJozFpKaoY6SSCoChg5C4YXU37uwciJOXxrRonxI/QIKYhxUjpyCs3Lhr3mad4MjntFUu2ac0ErSXjuG7Vhd9VCSzU7BU/vD7HaURihRmSsmtbifIzJBTFjEwKXipJgvAIDUhX2xhFRPrZ7OYJPNFJH4Zc6BcrOEuXNzIUSTmOAj0ZITWUf7tp+F/XTVV47mc0TlJFYjz/KEwZVBxOAcA+FQQrNtYGYUH1rRAPkUBYaUwFDcEya07VcWpwiUbNttyzHwjtimk7ZuWmWqpfLnDkwRE4BmVgAxfUwTVoghbAIAGP4Bm8GKnxZLwab/PRnLHYOQS/ZLx/AXNZkXo=</latexit>

kM̂MWC �Mkmax = OP

✓
�⇠

r
rd1 log d1

n

◆

<latexit sha1_base64="mWHwKrW29s9wVY3I+J9QHKguLE0="></latexit>

Prior Works on Estimation
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Statistical Inferences

Overview

Noisy MC

Estimation Inference

Convex and Non-convex Estimators

Computational and Statistical Efficiency

Uncertainty quantification
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Statistical Inferences 

De-biasing by sample splitting and confidence region w.r.t. Frobenius norm

(Carpentier, Klopp, Loffler and Nickl, 2019)

Theorem

If                       and definen � rd1 log d1
<latexit sha1_base64="Hoqc/xsA1rdvwIdGSquyt5ofDQA=">AAAB+nicbVDLSgMxFM3UV62vVpdugkVwVWbaSu2u6MZlBfuAdhgymcw0NJMMSUYptZ/ixoUibv0Sd/6N6bQUXwcu93DOveTm+AmjStv2p5VbW9/Y3MpvF3Z29/YPiqXDrhKpxKSDBROy7yNFGOWko6lmpJ9IgmKfkZ4/vpr7vTsiFRX8Vk8S4sYo4jSkGGkjecUSH0YRlIHnDJmIoOlesWxX7AzwL3GWpAyWaHvFj2EgcBoTrjFDSg0cO9HuFElNMSOzwjBVJEF4jCIyMJSjmCh3mp0+g6dGCWAopCmuYaZ+35iiWKlJ7JvJGOmR+u3Nxf+8QarDC3dKeZJqwvHioTBlUAs4zwEGVBKs2cQQhCU1t0I8QhJhbdIqZCE0a/Varbn6sgmh6diN88ZK6VYrTq1SvamXW5fLOPLgGJyAM+CABmiBa9AGHYDBPXgEz+DFerCerFfrbTGas5Y7R+AHrPcvEjqTYw==</latexit>

R̂n =
2

n

X

in/2

�
Yi � M̂KLT(!i)

�2 � �2
⇠

<latexit sha1_base64="eDP64hyf0A4KxN914nBkGI476R8="></latexit>

      is computed from another half sample.M̂KLT
<latexit sha1_base64="ZN6/EhlQRY78VWTgeOWhSBS+6fI=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZK2UrsruhFUqNDWQhPLZDpph04mYWZSKKF/4saFIm79E3f+jdM0FF8HLhzOuZd77/EiRqWyrE8jt7K6tr6R3yxsbe/s7pn7Bx0ZxgKTNg5ZKLoekoRRTtqKKka6kSAo8Bi598aXc/9+QoSkIW+paUTcAA059SlGSkt903RGSMHbh8QRAby+ac36ZtEqWSngX2JnpAgyNPvmhzMIcRwQrjBDUvZsK1JugoSimJFZwYkliRAeoyHpacpRQKSbpJfP4IlWBtAPhS6uYKp+n0hQIOU08HRngNRI/vbm4n9eL1b+uZtQHsWKcLxY5McMqhDOY4ADKghWbKoJwoLqWyEeIYGw0mEV0hDqlWqlUl++rEOo21btrLZUOuWSXSmV76rFxkUWRx4cgWNwCmxQAw1wBZqgDTCYgEfwDF6MxHgyXo23RWvOyGYOwQ8Y71+hQZMr</latexit>

(Carpentier, Klopp, Loffler and Nickl, 2019)

Cn :=

⇢
A 2 Rd1⇥d2 :

kA� M̂KLTk2F
d1d2

 2
⇣
R̂n + z

d

n
+

z̄ + ⇠↵,�⇠,ap
n

⌘�

<latexit sha1_base64="T7+2NccDe2qJ/LlsmwaA/bhaRLE="></latexit>

Then,
P
�
M 2 Cn

�
� 1� 2↵

3
� 2e�zd/(11a2)

<latexit sha1_base64="dZhWFVFpBFahV0L7w2tAz9cdf3A="></latexit>

not exact confidence interval

Prior Works on Inference
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Statistical Inferences 

De-biasing by linear regression technique and entry-wise confidence interval

(Cai, Liang and Rakhlin, 2016)

Theorem

If                      , then

sample size requirement is too strong

Prior Works on Inference

(Cai, Liang and Rakhlin, 2016)

n � d1d2
<latexit sha1_base64="I2W+yoAgfyg+GVaAcVWpNtqqnu4=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFZKmUrsrunFZwT4gDWEymaRDJ5MwMxFK6Ge4caGIW7/GnX/j9KHUx4ELh3Pu5d57goxRqSzrwyitrW9sbpW3Kzu7e/sH1cOjnkxzgUkXpywVgwBJwignXUUVI4NMEJQEjPSD8fXM798TIWnK79QkI16CYk4jipHSksuHcQxD3w79ul+t2aY1B7T+kC+rBpbo+NX3YZjiPCFcYYakdG0rU16BhKKYkWllmEuSITxGMXE15Sgh0ivmJ0/hmVZCGKVCF1dwrq5OFCiRcpIEujNBaiR/ezPxP8/NVXTpFZRnuSIcLxZFOYMqhbP/YUgFwYpNNEFYUH0rxCMkEFY6pYoOwTJbTsNxWnAljZZtNS+a30qvbtqOWb9t1NpXyzjK4AScgnNggyZogxvQAV2AQQoewBN4NpTxaLwYr4vWkrGcOQY/YLx9AlElkMg=</latexit>

M̃ij �Mij
<latexit sha1_base64="cTa2iRbl1UJfZoyLHQh1hbrnS7o=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgxpI0ldpd0Y2bQgX7gDaEyWTSjp08mJkIJRT8FTcuFHHrd7jzb5ymofg6cLmHc+5l7hw3ZlRIw/jUlpZXVtfWCxvFza3tnV19b78jooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu74auZ37wkXNApv5SQmdoCGIfUpRlJJjn44kJR5JG1OnZTeTc+aWXP0klE2MsC/xMxJCeRoOfrHwItwEpBQYoaE6JtGLO0UcUkxI9PiIBEkRniMhqSvaIgCIuw0O38KT5TiQT/iqkIJM/X7RooCISaBqyYDJEfitzcT//P6ifQv7JSGcSJJiOcP+QmDMoKzLKBHOcGSTRRBmFN1K8QjxBGWKrFiFkLdqlpWffFlFULdNGrntYXSqZRNq1y5qZYal3kcBXAEjsEpMEENNMA1aIE2wCAFj+AZvGgP2pP2qr3NR5e0fOcA/ID2/gXftZY8</latexit>

follows approximately a centered normal distribution.



 17Dong Xia, HKUST

Outline

Methodology: Double Sample-Splitting and Projection

Theory: Data-driven Asymptotical Normality

Numerical Experiments

Prior Works: (much) Estimation and (few) Inference

Motivation and Statistical Model

Statistical Inference of Linear Forms
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Statistical Inferences 

Unanswered Questions 

Unsolved Fundamental Issues 

Task 1 H0 : Mij = 3 v.s. H1 : Mij > 3
<latexit sha1_base64="oVLoxh3wWOCl50kNylf03NMfuIc="></latexit>

whether it worths to recommend item j to user i ?

Task 2

should recommend item j or item k to user i ?

H0 : Mij = Mik v.s. H1 : Mij > Mik
<latexit sha1_base64="tUREfr5giKXu/ERiTYtWl/IZ8YY="></latexit>
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Statistical Inferences 

Unanswered Questions 

Unsolved Fundamental Issues 

Task 3

If recommending item j costs 2 times of recommending item k, 
is it worth to recommend item j?

Task 4

should recommend item j or item k to a group of users                ?

H0 : Mij = 2Mik v.s. H1 : Mij > 2Mik
<latexit sha1_base64="nYTaqPXn0xgMQQAoVBl47DCCpic="></latexit>

H0 : Mi1j +Mi2j +Mi3j = Mi1k +Mi2k +Mi3k
<latexit sha1_base64="/vLsVmDasNgJ40TMQo2b6FJEnQ0="></latexit>

H1 : Mi1j +Mi2j +Mi3j > Mi1k +Mi2k +Mi3k
<latexit sha1_base64="BXgjXbPP+xHBBozJiAoRwHf5YEQ="></latexit>

{i1, i2, i3}
<latexit sha1_base64="CFcd01cUgcuzf/abRXLt2Psl9js=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFcSEialtpd0Y3LCvYBTQiT6aQdOnkwM1FK7Ke4caGIW7/EnX/jpK1axQP3cjjnXu7l+AmjQprmh7ayura+sVnYKm7v7O7t66WDjohTjkkbxyzmPR8JwmhE2pJKRnoJJyj0Gen648vc794SLmgc3chJQtwQDSMaUIykkjy95GTUs84g9Sp5s52pp5ctw5wBmj/EMu2aZcMvqwwWaHn6uzOIcRqSSGKGhOhbZiLdDHFJMSPTopMKkiA8RkPSVzRCIRFuNnt9Ck+UMoBBzFVFEs7U5Y0MhUJMQl9NhkiOxF8vF//z+qkMzt2MRkkqSYTnh4KUQRnDPAc4oJxgySaKIMyp+hXiEeIIS5VWUYVgGg27atsNuJRGwzLrtfq30qkYlm1Urqvl5sUijgI4AsfgFFigDprgCrRAG2BwBx7AE3jW7rVH7UV7nY+uaIudQ/AL2tsnNheS1w==</latexit>
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Why difficult ?

Unanswered Questions 

Statistical Bias Variance and bias trade-off on entries

EcMij=Mij but large var(cMij)
<latexit sha1_base64="hsp2D2e4p6U9xiwL+UMyv9+fX3M="></latexit>

EcMij 6=Mij but small var(cMij)
<latexit sha1_base64="yaW3NXVwhZl5z8hw/UVo/D/9rR4="></latexit>

V.S.

Dependence across entries
cMi1j1 and cMi2j2 are dependent with non-linear relationship.

<latexit sha1_base64="IOWvoqd4NYWPoKf0Lwe0C+eJKUU="></latexit>

Technically difficult
Lack of explicit representation formulas for cMij

<latexit sha1_base64="+vR5Uv0RgLdDv3ECNscsd1hYXtQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5I0ldpd0Y0boYJ9QBvCZDJpx04ezEyUGvolblwo4tZPceffOE1D8XXgwuGce7n3HjdmVEjD+NQKK6tr6xvFzdLW9s5uWd/b74oo4Zh0cMQi3neRIIyGpCOpZKQfc4ICl5GeO7mY+707wgWNwhs5jYkdoFFIfYqRVJKjl4f31CNjJOGVk9LbmaNXjKqRAf4lZk4qIEfb0T+GXoSTgIQSMyTEwDRiaaeIS4oZmZWGiSAxwhM0IgNFQxQQYafZ4TN4rBQP+hFXFUqYqd8nUhQIMQ1c1RkgORa/vbn4nzdIpH9mpzSME0lCvFjkJwzKCM5TgB7lBEs2VQRhTtWtEI8RR1iqrEpZCE2rblnN5csqhKZpNE4bS6Vbq5pWtXZdr7TO8ziK4BAcgRNgggZogUvQBh2AQQIewTN40R60J+1Ve1u0FrR85gD8gPb+Bc1qk1g=</latexit>



 21Dong Xia, HKUST

Our Contributions

A general framework for testing hypothesis of linear forms

H0 : hM,T i = a v.s. H1 : hM,T i > a
<latexit sha1_base64="QGWoOV7Kb9iibJ+ay3ClnDCromU="></latexit>

Task 1 T = eie
>
j , a = 3

<latexit sha1_base64="XxuZ87zbJbXBVOf+RDtdADeoRFQ=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyCBwkzmUjMIRD04jFCNkji0NOpJG16Frt7hDAEL/6KFw+KePUrvPk3dmIIbg8KHu9VUVXPDTmTyjQ/jMTC4tLySnI1tba+sbmV3t6pyyASFGo04IFoukQCZz7UFFMcmqEA4rkcGu7wfOI3bkFIFvhVNQqh45G+z3qMEqUlJ71XLYHDwLm+itsqCMfH7ZuIdDEp2U46Y2bNKfBfYs1IBs1QcdLv7W5AIw98RTmRsmWZoerERChGOYxT7UhCSOiQ9KGlqU88kJ14+sIYH2qli3uB0OUrPFW/T8TEk3LkubrTI2ogf3sT8T+vFaneaSdmfhgp8OnXol7EsQrwJA/cZQKo4iNNCBVM34rpgAhClU4tNQ2haOdtuzh/WYdQtMzCSWGu1HNZy87mLvOZ8tksjiTaRwfoCFmogMroAlVQDVF0hx7QE3o27o1H48V4/WpNGLOZXfQDxtsncQuW+A==</latexit>

Task 2 T = eie
>
j � eie

>
k , a = 0

<latexit sha1_base64="K/wzHSr3SMoxI2c/Ri4XljxuBag="></latexit>

Task 3 T = eie
>
j � 2eie

>
k , a = 0

<latexit sha1_base64="yE5kWhgGsEHX9n3rv6pKQuWkJy4="></latexit>

Task 4 T = ei1e
>
j + ei2e

>
j + ei3e

>
j � ei1e

>
k � ei2e

>
k � ei3e

>
k

, a = 0
<latexit sha1_base64="/lhTqJjyvJbYq9z+9ACZjVl5+RY="></latexit>

Overview
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Outline

Statistical Inference of Linear Forms

Theory: Data-driven Asymptotical Normality

Numerical Experiments

Prior Works: (much) Estimation and (few) Inference

Motivation and Statistical Model

Methodology: Double Sample-Splitting and Projection
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Estimating Procedure

Step 1

Methodology

Double-sample-splitting n = 2n0
<latexit sha1_base64="1Wc6wYxFC/NnXCMM6lvlS1rlywM=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaSt1C6EohuXFewD2lAm00k7djIJMxOhhP6DGxeKuPV/3Pk3TtNQfB24cDjnXu69x4s4U9q2P62V1bX1jc3cVn57Z3dvv3Bw2FZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7me+50HKhULxZ2eRtQN8EgwnxGsjdQWl2UxsAeFol2yU6C/xMlIETI0B4WP/jAkcUCFJhwr1XPsSLsJlpoRTmf5fqxohMkEj2jPUIEDqtwkvXaGTo0yRH4oTQmNUvX7RIIDpaaBZzoDrMfqtzcX//N6sfYv3ISJKNZUkMUiP+ZIh2j+OhoySYnmU0MwkczcisgYS0y0CSifhlCvVCuV+vJlE0LdsWvntaXSLpecSql8Wy02rrI4cnAMJ3AGDtSgATfQhBYQuIdHeIYXK7SerFfrbdG6YmUzR/AD1vsX1oOOzg==</latexit>

D1 = {(Xi, Yi)}n0
i=1 and D2 = {(Xi, Yi)}ni=n0+1

<latexit sha1_base64="xjx5XZcAAAfw1OKTnGa/n5DhPjk="></latexit>

(Chernozhukov et al. 2018)

(Initialization)
Apply an initial estimating procedure on         and            
separately to yield           and           . 

D1
<latexit sha1_base64="RmGBlnJN7Zj1gjhE7uWMS4el/wU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsy0ldpdURcuK9gHtEPJpJk2NPMwyRTK0O9w40IRt36MO//GzHQovg4EDufcyz05TsiZVKb5aeTW1jc2t/LbhZ3dvf2D4uFRRwaRILRNAh6InoMl5cynbcUUp71QUOw5nHad6XXid2dUSBb492oeUtvDY5+5jGClJXvgYTUhmMc3i6E1LJbMspkC/SVWRkqQoTUsfgxGAYk86ivCsZR9ywyVHWOhGOF0URhEkoaYTPGY9jX1sUelHaehF+hMKyPkBkI/X6FU/b4RY0/KuefoySSk/O0l4n9eP1LupR0zP4wU9cnykBtxpAKUNIBGTFCi+FwTTATTWRGZYIGJ0j0V0hIa1Vq12lh9WZfQsMz6RX2ldCplq1qu3NVKzausjjycwCmcgwV1aMIttKANBB7gEZ7hxZgZT8ar8bYczRnZzjH8gPH+BbyDkjw=</latexit>

D2
<latexit sha1_base64="8CAuXO6mhbYLBzweFjzAjd/7Bu4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsy0ldpdURcuK9gHtEPJpJk2NPMwyRTK0O9w40IRt36MO//GzHQovg4EDufcyz05TsiZVKb5aeTW1jc2t/LbhZ3dvf2D4uFRRwaRILRNAh6InoMl5cynbcUUp71QUOw5nHad6XXid2dUSBb492oeUtvDY5+5jGClJXvgYTUhmMc3i2FlWCyZZTMF+kusjJQgQ2tY/BiMAhJ51FeEYyn7lhkqO8ZCMcLpojCIJA0xmeIx7WvqY49KO05DL9CZVkbIDYR+vkKp+n0jxp6Uc8/Rk0lI+dtLxP+8fqTcSztmfhgp6pPlITfiSAUoaQCNmKBE8bkmmAimsyIywQITpXsqpCU0qrVqtbH6si6hYZn1i/pK6VTKVrVcuauVmldZHXk4gVM4Bwvq0IRbaEEbCDzAIzzDizEznoxX4205mjOynWP4AeP9C74Hkj0=</latexit>

cM init
1

<latexit sha1_base64="GZKxiByauOel5HItIB3sFh/sM04=">AAACAXicbVDJSgNBEO1xjXGLehG8NAbBU5hJIjG3oBcvQgSzQGYMPZ1O0qSnZ+iuUcIQL/6KFw+KePUvvPk3dhaC24OCx3tVVNXzI8E12PantbC4tLyymlpLr29sbm1ndnbrOowVZTUailA1faKZ4JLVgINgzUgxEviCNfzB+dhv3DKleSivYRgxLyA9ybucEjBSO7Pv3vEO6xNILkdt5yZxVYC55DBqZ7J2zp4A/yXOjGTRDNV25sPthDQOmAQqiNYtx47AS4gCTgUbpd1Ys4jQAemxlqGSBEx7yeSDET4ySgd3Q2VKAp6o3ycSEmg9DHzTGRDo69/eWPzPa8XQPfUSLqMYmKTTRd1YYAjxOA7c4YpREENDCFXc3IppnyhCwYSWnoRQLhQLhfL8ZRNC2bFLJ6W5Us/nnEIuf1XMVs5mcaTQATpEx8hBJVRBF6iKaoiie/SIntGL9WA9Wa/W27R1wZrN7KEfsN6/AOPYl1U=</latexit>

cM init
2

<latexit sha1_base64="3NlLhMIa1GUgiACI83RZNyist48=">AAACAXicbVDJSgNBEO1xjXGLehG8NAbBU5jJRGJuQS9ehAhmgSSGnk4nadLTM3TXKGEYL/6KFw+KePUvvPk3dhaC24OCx3tVVNXzQsE12PantbC4tLyymlpLr29sbm1ndnZrOogUZVUaiEA1PKKZ4JJVgYNgjVAx4nuC1b3h+div3zKleSCvYRSytk/6kvc4JWCkTma/dce7bEAgvkw6+Zu4pXzMJYekk8naOXsC/Jc4M5JFM1Q6mY9WN6CRzyRQQbRuOnYI7Zgo4FSwJN2KNAsJHZI+axoqic90O558kOAjo3RxL1CmJOCJ+n0iJr7WI98znT6Bgf7tjcX/vGYEvdN2zGUYAZN0uqgXCQwBHseBu1wxCmJkCKGKm1sxHRBFKJjQ0pMQSm7BdUvzl00IJccunhTnSi2fc9xc/qqQLZ/N4kihA3SIjpGDiqiMLlAFVRFF9+gRPaMX68F6sl6tt2nrgjWb2UM/YL1/AeVnl1Y=</latexit>

Step 2
(Debiasing)

Use the second data sample         to debias         D2
<latexit sha1_base64="8CAuXO6mhbYLBzweFjzAjd/7Bu4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsy0ldpdURcuK9gHtEPJpJk2NPMwyRTK0O9w40IRt36MO//GzHQovg4EDufcyz05TsiZVKb5aeTW1jc2t/LbhZ3dvf2D4uFRRwaRILRNAh6InoMl5cynbcUUp71QUOw5nHad6XXid2dUSBb492oeUtvDY5+5jGClJXvgYTUhmMc3i2FlWCyZZTMF+kusjJQgQ2tY/BiMAhJ51FeEYyn7lhkqO8ZCMcLpojCIJA0xmeIx7WvqY49KO05DL9CZVkbIDYR+vkKp+n0jxp6Uc8/Rk0lI+dtLxP+8fqTcSztmfhgp6pPlITfiSAUoaQCNmKBE8bkmmAimsyIywQITpXsqpCU0qrVqtbH6si6hYZn1i/pK6VTKVrVcuauVmldZHXk4gVM4Bwvq0IRbaEEbCDzAIzzDizEznoxX4205mjOynWP4AeP9C74Hkj0=</latexit>

cM init
1

<latexit sha1_base64="GZKxiByauOel5HItIB3sFh/sM04=">AAACAXicbVDJSgNBEO1xjXGLehG8NAbBU5hJIjG3oBcvQgSzQGYMPZ1O0qSnZ+iuUcIQL/6KFw+KePUvvPk3dhaC24OCx3tVVNXzI8E12PantbC4tLyymlpLr29sbm1ndnbrOowVZTUailA1faKZ4JLVgINgzUgxEviCNfzB+dhv3DKleSivYRgxLyA9ybucEjBSO7Pv3vEO6xNILkdt5yZxVYC55DBqZ7J2zp4A/yXOjGTRDNV25sPthDQOmAQqiNYtx47AS4gCTgUbpd1Ys4jQAemxlqGSBEx7yeSDET4ySgd3Q2VKAp6o3ycSEmg9DHzTGRDo69/eWPzPa8XQPfUSLqMYmKTTRd1YYAjxOA7c4YpREENDCFXc3IppnyhCwYSWnoRQLhQLhfL8ZRNC2bFLJ6W5Us/nnEIuf1XMVs5mcaTQATpEx8hBJVRBF6iKaoiie/SIntGL9WA9Wa/W27R1wZrN7KEfsN6/AOPYl1U=</latexit>

cMunbs
1 = cM init

1 +
d1d2
n0

nX

i=n0+1

�
Yi � cM init(!i)

�
e!i

<latexit sha1_base64="8uRDnT8XgGQYxwe87BM++Q0e03Q="></latexit>

cM init
1

<latexit sha1_base64="GZKxiByauOel5HItIB3sFh/sM04=">AAACAXicbVDJSgNBEO1xjXGLehG8NAbBU5hJIjG3oBcvQgSzQGYMPZ1O0qSnZ+iuUcIQL/6KFw+KePUvvPk3dhaC24OCx3tVVNXzI8E12PantbC4tLyymlpLr29sbm1ndnbrOowVZTUailA1faKZ4JLVgINgzUgxEviCNfzB+dhv3DKleSivYRgxLyA9ybucEjBSO7Pv3vEO6xNILkdt5yZxVYC55DBqZ7J2zp4A/yXOjGTRDNV25sPthDQOmAQqiNYtx47AS4gCTgUbpd1Ys4jQAemxlqGSBEx7yeSDET4ySgd3Q2VKAp6o3ycSEmg9DHzTGRDo69/eWPzPa8XQPfUSLqMYmKTTRd1YYAjxOA7c4YpREENDCFXc3IppnyhCwYSWnoRQLhQLhfL8ZRNC2bFLJ6W5Us/nnEIuf1XMVs5mcaTQATpEx8hBJVRBF6iKaoiie/SIntGL9WA9Wa/W27R1wZrN7KEfsN6/AOPYl1U=</latexit>

cMunbs
2 = cM init

2 +
d1d2
n0

n0X

i=1

�
Yi � cM init

2 (!i)
�
e!i

<latexit sha1_base64="ZK7A4BDNtO4w5feBiL0i/YgmDOo="></latexit>

Similarly,

Step 3
(Projection)

cM =
1

2
bU1

bU>
1
cMunbs

1
bV1

bV >
1 +

1

2
bU2

bU>
2
cMunbs

2
bV2

bV >
2

<latexit sha1_base64="AhEdqbukMAP+e/XhUx40UxjlQc8="></latexit>

and        are             ’s top-r left and right singular vectors.bUk
<latexit sha1_base64="iK+dqZ/XpN9wpOvUdbHrFW8jqpU=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVZKmUrsrunFZwbSFJpTJZNIOnUzCzEQpob/hxoUibv0Zd/6N0zQUXwcuHM65l3vv8RNGpTLNT6O0tr6xuVXeruzs7u0fVA+PejJOBSYOjlksBj6ShFFOHEUVI4NEEBT5jPT96fXC798TIWnM79QsIV6ExpyGFCOlJdd9oAGZIAWd0XRUrZl1Mwf8S6yC1ECB7qj64QYxTiPCFWZIyqFlJsrLkFAUMzKvuKkkCcJTNCZDTTmKiPSy/OY5PNNKAMNY6OIK5ur3iQxFUs4iX3dGSE3kb28h/ucNUxVeehnlSaoIx8tFYcqgiuEiABhQQbBiM00QFlTfCvEECYSVjqmSh9C2m7bdXr2sQ2hbZuuitVJ6jbpl1xu3zVrnqoijDE7AKTgHFmiBDrgBXeAADBLwCJ7Bi5EaT8ar8bZsLRnFzDH4AeP9C85tkbE=</latexit>

bVk
<latexit sha1_base64="fwUJS1vspeuEOWUN1UO15qN+IkQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRtpXZXdOOygn1AE8pkMmmHTh7MTJQS+htuXCji1p9x5984TUPxdeDC4Zx7ufceN+ZMKtP8NApr6xubW8Xt0s7u3v5B+fCoJ6NEENolEY/EwMWSchbSrmKK00EsKA5cTvvu9Hrh9++pkCwK79Qspk6AxyHzGcFKS7b9wDw6wQr1RtNRuWJWzQzoL7FyUoEcnVH5w/YikgQ0VIRjKYeWGSsnxUIxwum8ZCeSxphM8ZgONQ1xQKWTZjfP0ZlWPORHQleoUKZ+n0hxIOUscHVngNVE/vYW4n/eMFH+pZOyME4UDclykZ9wpCK0CAB5TFCi+EwTTATTtyIywQITpWMqZSG06o16vbV6WYfQsszmRXOl9GpVq16t3TYq7as8jiKcwCmcgwVNaMMNdKALBGJ4hGd4MRLjyXg13patBSOfOYYfMN6/AM/zkbI=</latexit>

cMunbs
k

<latexit sha1_base64="AFPBYQWQalMzpgYzM2e4LA41n9s=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokbaV2V3TjRqhgH9DEMJlO26GTSZiZKCVk46+4caGIWz/DnX/jtA3F14ELh3Pu5d57/IhRqSzr08gtLa+sruXXCxubW9s75u5eW4axwKSFQxaKro8kYZSTlqKKkW4kCAp8Rjr++GLqd+6IkDTkN2oSETdAQ04HFCOlJc88cO5pn4yQgle3iSMCGHNfpt7YM4tWyZoB/iV2RoogQ9MzP5x+iOOAcIUZkrJnW5FyEyQUxYykBSeWJEJ4jIakpylHAZFuMnsghcda6cNBKHRxBWfq94kEBVJOAl93BkiN5G9vKv7n9WI1OHMTyqNYEY7niwYxgyqE0zRgnwqCFZtogrCg+laIR0ggrHRmhVkI9Uq1UqkvXtYh1G2rdlpbKO1yya6UytfVYuM8iyMPDsEROAE2qIEGuARN0AIYpOARPIMX48F4Ml6Nt3lrzshm9sEPGO9fyJiWsQ==</latexit>

Step 4 (Plug-in) Estimate                            by         mT = hM,T i
<latexit sha1_base64="WnrNAqXEUCOESfNXfqztCdXH8+Y=">AAAB/3icbVDLSgMxFM3UV62vquDGTbAILqTMdCq1C6Hoxo1QoS/olJJJ0zY0yQxJRii1C3/FjQtF3Pob7vwb0+lQfB24cDjnXu69xw8ZVdq2P63U0vLK6lp6PbOxubW9k93da6ggkpjUccAC2fKRIowKUtdUM9IKJUHcZ6Tpj65mfvOOSEUDUdPjkHQ4GgjapxhpI3WzB7xbu/AYEgNG4M1pzZMx7WZzdt6OAf8SJyE5kKDazX54vQBHnAiNGVKq7dih7kyQ1BQzMs14kSIhwiM0IG1DBeJEdSbx/VN4bJQe7AfSlNAwVr9PTBBXasx908mRHqrf3kz8z2tHun/emVARRpoIPF/UjxjUAZyFAXtUEqzZ2BCEJTW3QjxEEmFtIsvEIZTdouuWFy+bEMqOXTorLZRGIe+4+cJtMVe5TOJIg0NwBE6AA0qgAq5BFdQBBvfgETyDF+vBerJerbd5a8pKZvbBD1jvXyMolbM=</latexit>

m̂T = hcM,T i
<latexit sha1_base64="b+JkuuT/YNw1m1RB8kgXzfG+4Os="></latexit>
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Estimating Procedure
Methodology

D1
<latexit sha1_base64="RmGBlnJN7Zj1gjhE7uWMS4el/wU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsy0ldpdURcuK9gHtEPJpJk2NPMwyRTK0O9w40IRt36MO//GzHQovg4EDufcyz05TsiZVKb5aeTW1jc2t/LbhZ3dvf2D4uFRRwaRILRNAh6InoMl5cynbcUUp71QUOw5nHad6XXid2dUSBb492oeUtvDY5+5jGClJXvgYTUhmMc3i6E1LJbMspkC/SVWRkqQoTUsfgxGAYk86ivCsZR9ywyVHWOhGOF0URhEkoaYTPGY9jX1sUelHaehF+hMKyPkBkI/X6FU/b4RY0/KuefoySSk/O0l4n9eP1LupR0zP4wU9cnykBtxpAKUNIBGTFCi+FwTTATTWRGZYIGJ0j0V0hIa1Vq12lh9WZfQsMz6RX2ldCplq1qu3NVKzausjjycwCmcgwV1aMIttKANBB7gEZ7hxZgZT8ar8bYczRnZzjH8gPH+BbyDkjw=</latexit>

D2
<latexit sha1_base64="8CAuXO6mhbYLBzweFjzAjd/7Bu4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsy0ldpdURcuK9gHtEPJpJk2NPMwyRTK0O9w40IRt36MO//GzHQovg4EDufcyz05TsiZVKb5aeTW1jc2t/LbhZ3dvf2D4uFRRwaRILRNAh6InoMl5cynbcUUp71QUOw5nHad6XXid2dUSBb492oeUtvDY5+5jGClJXvgYTUhmMc3i2FlWCyZZTMF+kusjJQgQ2tY/BiMAhJ51FeEYyn7lhkqO8ZCMcLpojCIJA0xmeIx7WvqY49KO05DL9CZVkbIDYR+vkKp+n0jxp6Uc8/Rk0lI+dtLxP+8fqTcSztmfhgp6pPlITfiSAUoaQCNmKBE8bkmmAimsyIywQITpXsqpCU0qrVqtbH6si6hYZn1i/pK6VTKVrVcuauVmldZHXk4gVM4Bwvq0IRbaEEbCDzAIzzDizEznoxX4205mjOynWP4AeP9C74Hkj0=</latexit>

cM init
1

<latexit sha1_base64="kZYrGMgdlThNJlUoUocXsaY4Iu8=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BRmkkjMLejFixDBLJAZQ0+nkzTp6Rm6a5Qw5OKvePGgiFc/w5t/Y2chuD0oeLxXRVU9PxJcg21/Wqml5ZXVtfR6ZmNza3snu7vX0GGsKKvTUISq5RPNBJesDhwEa0WKkcAXrOkPLyZ+844pzUN5A6OIeQHpS97jlICROtkD95532YAAvuo4t4mrAswlh3Enm7Pz9hT4L3HmJIfmqHWyH243pHHAJFBBtG47dgReQhRwKtg448aaRYQOSZ+1DZUkYNpLpg+M8bFRurgXKlMS8FT9PpGQQOtR4JvOgMBA//Ym4n9eO4bemZdwGcXAJJ0t6sUCQ4gnaeAuV4yCGBlCqOLmVkwHRBEKJrPMNIRKsVQsVhYvmxAqjl0+LS+URiHvFPOF61Kuej6PI40O0RE6QQ4qoyq6RDVURxSN0SN6Ri/Wg/VkvVpvs9aUNZ/ZRz9gvX8BZ92Wcw==</latexit>

cM init
2

<latexit sha1_base64="XZJZuEgaCXI0N2JiB8vEy/10Jcg=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BRmkkjMLejFixDBLJAZQ0+nkzTp6Rm6a5Qw5OKvePGgiFc/w5t/Y2chuD0oeLxXRVU9PxJcg21/Wqml5ZXVtfR6ZmNza3snu7vX0GGsKKvTUISq5RPNBJesDhwEa0WKkcAXrOkPLyZ+844pzUN5A6OIeQHpS97jlICROtkD95532YAAvuoUbhNXBZhLDuNONmfn7SnwX+LMSQ7NUetkP9xuSOOASaCCaN127Ai8hCjgVLBxxo01iwgdkj5rGypJwLSXTB8Y42OjdHEvVKYk4Kn6fSIhgdajwDedAYGB/u1NxP+8dgy9My/hMoqBSTpb1IsFhhBP0sBdrhgFMTKEUMXNrZgOiCIUTGaZaQiVYqlYrCxeNiFUHLt8Wl4ojULeKeYL16Vc9XweRxodoiN0ghxURlV0iWqojigao0f0jF6sB+vJerXeZq0paz6zj37Aev8CaWyWdA==</latexit>

D2
<latexit sha1_base64="8CAuXO6mhbYLBzweFjzAjd/7Bu4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsy0ldpdURcuK9gHtEPJpJk2NPMwyRTK0O9w40IRt36MO//GzHQovg4EDufcyz05TsiZVKb5aeTW1jc2t/LbhZ3dvf2D4uFRRwaRILRNAh6InoMl5cynbcUUp71QUOw5nHad6XXid2dUSBb492oeUtvDY5+5jGClJXvgYTUhmMc3i2FlWCyZZTMF+kusjJQgQ2tY/BiMAhJ51FeEYyn7lhkqO8ZCMcLpojCIJA0xmeIx7WvqY49KO05DL9CZVkbIDYR+vkKp+n0jxp6Uc8/Rk0lI+dtLxP+8fqTcSztmfhgp6pPlITfiSAUoaQCNmKBE8bkmmAimsyIywQITpXsqpCU0qrVqtbH6si6hYZn1i/pK6VTKVrVcuauVmldZHXk4gVM4Bwvq0IRbaEEbCDzAIzzDizEznoxX4205mjOynWP4AeP9C74Hkj0=</latexit>

D1
<latexit sha1_base64="RmGBlnJN7Zj1gjhE7uWMS4el/wU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsy0ldpdURcuK9gHtEPJpJk2NPMwyRTK0O9w40IRt36MO//GzHQovg4EDufcyz05TsiZVKb5aeTW1jc2t/LbhZ3dvf2D4uFRRwaRILRNAh6InoMl5cynbcUUp71QUOw5nHad6XXid2dUSBb492oeUtvDY5+5jGClJXvgYTUhmMc3i6E1LJbMspkC/SVWRkqQoTUsfgxGAYk86ivCsZR9ywyVHWOhGOF0URhEkoaYTPGY9jX1sUelHaehF+hMKyPkBkI/X6FU/b4RY0/KuefoySSk/O0l4n9eP1LupR0zP4wU9cnykBtxpAKUNIBGTFCi+FwTTATTWRGZYIGJ0j0V0hIa1Vq12lh9WZfQsMz6RX2ldCplq1qu3NVKzausjjycwCmcgwV1aMIttKANBB7gEZ7hxZgZT8ar8bYczRnZzjH8gPH+BbyDkjw=</latexit>

debias

debias

initial

initial cMunbs
2

<latexit sha1_base64="jqWoL+37zbssUb3jXAitMyTtUrU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokbaV2V3TjRqhgH9DEMplM2qGTSZiZKCVk46+4caGIWz/DnX/j9EHxdeDC4Zx7ufceL2ZUKsv6NHJLyyura/n1wsbm1vaOubvXllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43upj4nTsiJI34jRrHxA3RgNOAYqS01DcPnHvqkyFS8Kpfvk0dEcKEezLrm0WrZE0B/xJ7Topgjmbf/HD8CCch4QozJGXPtmLlpkgoihnJCk4iSYzwCA1IT1OOQiLddPpABo+14sMgErq4glP1+0SKQinHoac7Q6SG8rc3Ef/zeokKztyU8jhRhOPZoiBhUEVwkgb0qSBYsbEmCAuqb4V4iATCSmdWmIZQr1QrlfriZR1C3bZqp7WF0i6X7EqpfF0tNs7nceTBITgCJ8AGNdAAl6AJWgCDDDyCZ/BiPBhPxqvxNmvNGfOZffADxvsXb52WeA==</latexit>

cMunbs
1

<latexit sha1_base64="VwUChzfTQgHCiYo9iXduy7Q1e0g=">AAACAHicbVDLSsNAFJ3UV62vqgsXbgaL4KokTaV2V3TjRqhgH9DEMJlO26GTSZiZKCV046+4caGIWz/DnX/jNA3F14ELh3Pu5d57/IhRqUzz08gtLa+sruXXCxubW9s7xd29tgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT88cXM79wRIWnIb9QkIm6AhpwOKEZKS17xwLmnfTJCCl551m3iiADG3JdTr1gyy2YK+JdYGSmBDE2v+OH0QxwHhCvMkJQ9y4yUmyChKGZkWnBiSSKEx2hIeppyFBDpJukDU3islT4chEIXVzBVv08kKJByEvi6M0BqJH97M/E/rxerwZmbUB7FinA8XzSIGVQhnKUB+1QQrNhEE4QF1bdCPEICYaUzK6Qh1O2qbdcXL+sQ6pZZO60tlHalbNnlynW11DjP4siDQ3AEToAFaqABLkETtAAGU/AInsGL8WA8Ga/G27w1Z2Qz++AHjPcvbg6Wdw==</latexit>

rank-r approx

rank-r approx

bU1
bU>
1
cMunbs

1
bV1

bV >
1

<latexit sha1_base64="7P57vL0h1VDZg4qctvkmDWhOfBg="></latexit>

bU2
bU>
2
cMunbs

2
bV2

bV >
2

<latexit sha1_base64="BvDw6wZb8kHKGnxN03eorNG1MBQ="></latexit>

averaging cM
<latexit sha1_base64="dCem414zZtmiZOWw9e7SKsL2els=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewmkZhb0IsXIYJ5YLKE2dlJMmR2dpmZVULIX3jxoIhX/8abf+NkswRfBQ1FVTfdXV7EmdK2/WllVlbX1jeym7mt7Z3dvfz+QUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vhy7rfvqVQsFLd6ElE3wEPBBoxgbaS73gPz6QhrdN3PF+yinQD9JU5KCpCi0c9/9PyQxAEVmnCsVNexI+1OsdSMcDrL9WJFI0zGeEi7hgocUOVOk4tn6MQoPhqE0pTQKFG/T0xxoNQk8ExngPVI/fbm4n9eN9aDc3fKRBRrKshi0SDmSIdo/j7ymaRE84khmEhmbkVkhCUm2oSUS0KolSvlcm35sgmh5tjVs+pSaZWKTrlYuqkU6hdpHFk4gmM4BQeqUIcraEATCAh4hGd4sZT1ZL1ab4vWjJXOHMIPWO9fPluQyw==</latexit>

Dong Xia, HKUST

Double-sample-splitting avoids loss of statistical efficiency 
from sample splitting

EcMunbs
1 = EcMunbs

2 = M
<latexit sha1_base64="hH5GY9AZCIzzoI41ZykKxbBQd8Y="></latexit>

EcM 6= M
<latexit sha1_base64="4TkPHKCG5uwfCdXIusiBrTp1ELE=">AAACBHicbVDJSgNBEO1xjXGLesylMQiewkwSibkFRfASiGAWyITQ06kkTXp6xu4eJQw5ePFXvHhQxKsf4c2/sbMQ3B4UPN6roqqeF3KmtG1/WkvLK6tr64mN5ObW9s5uam+/roJIUqjRgAey6REFnAmoaaY5NEMJxPc4NLzh+cRv3IJULBDXehRC2yd9wXqMEm2kTirt+kQPPC++GLt3rAsDonEFuwJucKWTythZewr8lzhzkkFzVDupD7cb0MgHoSknSrUcO9TtmEjNKIdx0o0UhIQOSR9ahgrig2rH0yfG+MgoXdwLpCmh8VT9PhETX6mR75nOycnqtzcR//Nake6dtmMmwkiDoLNFvYhjHeBJIrjLJFDNR4YQKpm5FdMBkYRqk1tyGkIpX8jnS4uXTQglxy6eFBdKPZd18tncVSFTPpvHkUBpdIiOkYOKqIwuURXVEEX36BE9oxfrwXqyXq23WeuSNZ85QD9gvX8BCyaX2g==</latexit>
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Estimating Procedure
Methodology

Dong Xia, HKUST

Remarks

rank(cM) > r?
<latexit sha1_base64="LkkAhgGR5uUJAoe3goLXu0Rvwlg="></latexit>

Compute the best rank-r approximation

EcMunbs
1 = EcMunbs

2 = M
<latexit sha1_base64="hH5GY9AZCIzzoI41ZykKxbBQd8Y="></latexit>

Unbiased but has large variance

sd
⇣
(cMunbs

1 )ij
⌘
⇣ �⇠ ·

d1d2
n

<latexit sha1_base64="jGsZW5m8QCPqub9GBwivIC1icfo="></latexit>

EcM 6= M
<latexit sha1_base64="4TkPHKCG5uwfCdXIusiBrTp1ELE=">AAACBHicbVDJSgNBEO1xjXGLesylMQiewkwSibkFRfASiGAWyITQ06kkTXp6xu4eJQw5ePFXvHhQxKsf4c2/sbMQ3B4UPN6roqqeF3KmtG1/WkvLK6tr64mN5ObW9s5uam+/roJIUqjRgAey6REFnAmoaaY5NEMJxPc4NLzh+cRv3IJULBDXehRC2yd9wXqMEm2kTirt+kQPPC++GLt3rAsDonEFuwJucKWTythZewr8lzhzkkFzVDupD7cb0MgHoSknSrUcO9TtmEjNKIdx0o0UhIQOSR9ahgrig2rH0yfG+MgoXdwLpCmh8VT9PhETX6mR75nOycnqtzcR//Nake6dtmMmwkiDoLNFvYhjHeBJIrjLJFDNR4YQKpm5FdMBkYRqk1tyGkIpX8jnS4uXTQglxy6eFBdKPZd18tncVSFTPpvHkUBpdIiOkYOKqIwuURXVEEX36BE9oxfrwXqyXq23WeuSNZ85QD9gvX8BCyaX2g==</latexit>

Negligible bias with small variance 

bias
⇣
cMij

⌘
= o

⇣
�⇠ ·

r
rd1
n

⌘

<latexit sha1_base64="dxs2XB6+aHcKKCn22SkG21mbzEo="></latexit>

sd
⇣
cMij

⌘
⇣ �⇠ ·

r
rd1
n

<latexit sha1_base64="pFkCWHcDwpIzk4C3ZoGcf8AyDW4="></latexit>
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Outline

Statistical Inference of Linear Forms

Methodology: Double Sample-Splitting and Projection

Numerical Experiments

Prior Works: (much) Estimation and (few) Inference

Motivation and Statistical Model

Theory: Data-driven Asymptotical Normality
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tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

Assumption on initialization

kcM init
1 �Mkmax + kcM init

2 �Mkmax  C�n,d1,d2 · �⇠
<latexit sha1_base64="LeOTd+Ao5vHiLmH1tAq5kf2k6KE="></latexit>

There exists a sequence                     as                      so that with probability at least                   �n,d1,d2 ! 0
<latexit sha1_base64="IlmhGcKMpC9yLDC5+8OgUXsX0Hg=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFcCElaSq1u6IblxXsA9oSJpNJO3RmEmYmQgnd+CtuXCji1s9w5984TUPxdeDC4Zx7mTnHjymRyrY/jcLK6tr6RnGztLW9s7tn7h90ZJQIhNsoopHo+VBiSjhuK6Io7sUCQ+ZT3PUn13O/e4+FJBG/U9MYDxkccRISBJWWPPNoMIKMQS/l54Hn6KnOBiqybM8s2xU7g/WXODkpgxwtz/wYBBFKGOYKUShl37FjNUyhUARRPCsNEoljiCZwhPuacsiwHKZZgJl1qpXACiOhhysrU79fpJBJOWW+3mRQjeVvby7+5/UTFV4OU8LjRGGOFg+FCbV0xHkbVkAERopONYFIEP1XC42hgEjpzkpZCQ235rqNZWRdQsOx6xf1pdKpVhy3Ur2tlZtXeR1FcAxOwBlwQB00wQ1ogTZAYAYewTN4MR6MJ+PVeFusFoz85hD8gPH+BVwvlcM=</latexit>

n, d1, d2 ! 1
<latexit sha1_base64="jj4HeHTUEo7QahedkxxuatLolJg=">AAAB+3icbVDLSsNAFJ3UV62vWpdugkVwISVpKrW7ohuXFewD2hAmk0k7dDIJMzdiCf0VNy4UceuPuPNvnD4ovg5cOJxzL/fe4yecKbCsTyO3tr6xuZXfLuzs7u0fFA9LHRWnktA2iXksez5WlDNB28CA014iKY58Trv++Hrmd++pVCwWdzBJqBvhoWAhIxi05BVL4jzwbF3VAcQDJkKYeMWyVbHmMP8Se0nKaImWV/wYBDFJIyqAcKxU37YScDMsgRFOp4VBqmiCyRgPaV9TgSOq3Gx++9Q81UpghrHUJcCcq98nMhwpNYl83RlhGKnf3kz8z+unEF66GRNJClSQxaIw5SbE5iwIM2CSEuATTTCRTN9qkhGWmICOqzAPoeHUHKexelmH0LCt+kV9pXSqFdupVG9r5ebVMo48OkYn6AzZqI6a6Aa1UBsR9IAe0TN6MabGk/FqvC1ac8Zy5gj9gPH+BTFhlBE=</latexit>

1� d�2
1

<latexit sha1_base64="K6jM2FMzTqVGuNrUnsb3P6YY0Q0=">AAAB8XicbVDLSsNAFL3xWeur6tJNsAhuWpKmUrsrunFZwT6wjWUymbZDJ5MwMxFK6F+4caGIW//GnX/jNA3F14ELh3Pu5d57vIhRqSzr01hZXVvf2Mxt5bd3dvf2CweHbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4k6u533kgQtKQ36ppRNwAjTgdUoyUlu7skj+w75NSZTYoFK2ylcL8S+yMFCFDc1D46PshjgPCFWZIyp5tRcpNkFAUMzLL92NJIoQnaER6mnIUEOkm6cUz81QrvjkMhS6uzFT9PpGgQMpp4OnOAKmx/O3Nxf+8XqyGF25CeRQrwvFi0TBmpgrN+fumTwXBik01QVhQfauJx0ggrHRI+TSEulN1nPryZR1C3bZq57Wl0q6UbadcuakWG5dZHDk4hhM4Axtq0IBraEILMHB4hGd4MaTxZLwab4vWFSObOYIfMN6/ADo+kCM=</latexit>

The dependence on initialization is fairly weak. 

The rate             needs not to be optimal.�n,d1,d2
<latexit sha1_base64="lElkvMD2SEf80CXpiMKyifqf5NE=">AAAB+3icbVDLSsNAFJ3UV62vWpdugkVwISVpK7W7ohuXFewD2hAmk0k7dGYSZiZiCfkVNy4UceuPuPNvnKah+Dpw4XDOvdx7jxdRIpVlfRqFtfWNza3idmlnd2//oHxY6cswFgj3UEhDMfSgxJRw3FNEUTyMBIbMo3jgza4X/uAeC0lCfqfmEXYYnHASEASVltxyZTyBjEE34ee+a+uqp265atWsDOZfYuekCnJ03fLH2A9RzDBXiEIpR7YVKSeBQhFEcVoaxxJHEM3gBI805ZBh6STZ7al5qhXfDEKhiyszU79PJJBJOWee7mRQTeVvbyH+541iFVw6CeFRrDBHy0VBTE0VmosgTJ8IjBSdawKRIPpWE02hgEjpuEpZCO1Gs9For17WIbRtq3XRWin9es1u1Oq3zWrnKo+jCI7BCTgDNmiBDrgBXdADCDyAR/AMXozUeDJejbdla8HIZ47ADxjvXyG2lAI=</latexit>

The resulting estimates                 are asymptotically equivalent 
as long as                     .

tr(cM>T )
<latexit sha1_base64="rn4glUfTVILOfU7Ty8iGrYXzwzc="></latexit>

�n,d1,d2 = o(1)
<latexit sha1_base64="xknTQV3nMxOLtKQUvuYul29DmsY=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFqCBlHi21C6HoxmUF+4C2DJk0bUOTzJBkhDJ046+4caGIWz/DnX9j+lCqeODC4Zx7ufeeIGJUadv+tFIrq2vrG+nNzNb2zu5edv+gocJYYlLHIQtlK0CKMCpIXVPNSCuSBPGAkWYwup76zXsiFQ3FnR5HpMvRQNA+xUgbyc8edQaIc+Qn4rznO6bcyWWYd878bM4p2DNAe4mUKm7Rhd9WDixQ87MfnV6IY06Exgwp1XbsSHcTJDXFjEwynViRCOERGpC2oQJxorrJ7IEJPDVKD/ZDaUpoOFOXJxLElRrzwHRypIfqrzcV//Pase5fdBMqolgTgeeL+jGDOoTTNGCPSoI1GxuCsKTmVoiHSCKsTWYZE4JdqHhFz6vApTQqjl0ulX+UhltwvIJ7W8xVrxZxpMExOAF54IAyqIIbUAN1gMEEPIJn8GI9WE/Wq/U2b01Zi5lD8AvW+xfopZV5</latexit>

Theory: initialization condition



Asymptotic Normality of  

 28

Theory: regularity condition

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

Goal Establish distribution of tr(cM>T )� tr(M>T )
<latexit sha1_base64="0p6bx5kse4MXYfWR9hUCPRtNf+Y="></latexit>

T = eie
>
j

<latexit sha1_base64="qXI9QJFxTRcXCFGWocm3rmrXe2Q=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSK4KklbqV0IRTcuK/QFbQyT6U07dvJgZiLU0C9x40IRt36KO//GaRqKrwMXDufcy733uBGjQprmp7ayura+sZnbym/v7O4V9P2DjghjTqBNQhbynosFMBpAW1LJoBdxwL7LoOtOruZ+9x64oGHQktMIbB+PAupRgqWSHL3QugCHgnN3mwxkGM0cvWiWzBTGX2JlpIgyNB39YzAMSexDIAnDQvQtM5J2grmkhMEsP4gFRJhM8Aj6igbYB2En6eEz40QpQ8MLuapAGqn6fSLBvhBT31WdPpZj8dubi/95/Vh653ZCgyiWEJDFIi9mhgyNeQrGkHIgkk0VwYRTdatBxphjIlVW+TSEeqVaqdSXL6sQ6pZZO6stlU65ZFVK5ZtqsXGZxZFDR+gYnSIL1VADXaMmaiOCYvSIntGL9qA9aa/a26J1RctmDtEPaO9f8AOTcA==</latexit>

tr(M>T ) = Mij
<latexit sha1_base64="nt88kIeSkR+yyIWr8EnKO+cXHTE=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMQL2EmicQchKAXL4EI2SCJoafTSdr0LHTXCGEY8OKvePGgiFd/wpt/Y2chuD0oeLxXRVU92xdcgWl+GrGl5ZXVtfh6YmNza3snubtXV14gKatRT3iyaRPFBHdZDTgI1vQlI44tWMMeXU78xh2TintuFcY+6zhk4PI+pwS01E0ehG3pYJBRunwTtsHzo+rJebkb8tuom0yZGXMK/JdYc5JCc1S6yY92z6OBw1yggijVskwfOiGRwKlgUaIdKOYTOiID1tLUJQ5TnXD6Q4SPtdLDfU/qcgFP1e8TIXGUGju27nQIDNVvbyL+57UC6J91Qu76ATCXzhb1A4HBw5NAcI9LRkGMNSFUcn0rpkMiCQUdW2IaQjGXz+WKi5d1CEXLLJwWFko9m7Fymex1PlW6mMcRR4foCKWRhQqohK5QBdUQRffoET2jF+PBeDJejbdZa8yYz+yjHzDevwDaLpfR</latexit>

Consider and

Irregular case e>i U = e>j V = 0
<latexit sha1_base64="9oUhbm7Bc96RGO7bl2H+wAI44bU="></latexit>

✓

<latexit sha1_base64="ukgsRYt/ZUTswK0rfwcIeIqGkw4=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0XoqiRNpXZXdOOygn1AG8pkOklHJzNhZiKU0H9w40IRt/6PO//GaRqKrwMXDufcy733+DGjStv2p1VYW9/Y3Cpul3Z29/YPyodHPSUSiUkXCybkwEeKMMpJV1PNyCCWBEU+I33//mrh9x+IVFTwWz2LiRehkNOAYqSN1Bv5NAyr43LFrtkZ4F/i5KQCcnTG5Y/RROAkIlxjhpQaOnasvRRJTTEj89IoUSRG+B6FZGgoRxFRXppdO4dnRpnAQEhTXMNM/T6RokipWeSbzgjpqfrtLcT/vGGigwsvpTxONOF4uShIGNQCLl6HEyoJ1mxmCMKSmlshniKJsDYBlbIQWm7DdVurl00ILcdunjdXSq9ec9xa/aZRaV/mcRTBCTgFVeCAJmiDa9ABXYDBHXgEz+DFEtaT9Wq9LVsLVj5zDH7Aev8CPPePEQ==</latexit>

◆

<latexit sha1_base64="+CMKR1QJ1lgZZR9YHBiz2MdLIgk=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0XQTUmaSu2u6MZlBfuANpTJdJKOncyEmYlQQv/BjQtF3Po/7vwbp2kQXwcuHM65l3vv8WNGlbbtD6uwsrq2vlHcLG1t7+zulfcPukokEpMOFkzIvo8UYZSTjqaakX4sCYp8Rnr+9Grh9+6JVFTwWz2LiRehkNOAYqSN1B36NAzPRuWKXbUzwL/EyUkF5GiPyu/DscBJRLjGDCk1cOxYeymSmmJG5qVhokiM8BSFZGAoRxFRXppdO4cnRhnDQEhTXMNM/T6RokipWeSbzgjpifrtLcT/vEGigwsvpTxONOF4uShIGNQCLl6HYyoJ1mxmCMKSmlshniCJsDYBlbIQmm7ddZtfL5sQmo7dOG98Kd1a1XGrtZt6pXWZx1EER+AYnAIHNEALXIM26AAM7sADeALPlrAerRfrddlasPKZQ/AD1tsnPnuPEg==</latexit>

M
<latexit sha1_base64="JDTgy+agkx+TjVSdE5BBzIUmLfc=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjOZSMwt6MWLkIBZIBlCT6cnadOz0N0jhCFf4MWDIl79JG/+jZ3JENweFDzeq6KqnhtxJpVpfhq5tfWNza38dmFnd2//oHh41JFhLAhtk5CHoudiSTkLaFsxxWkvEhT7Lqddd3q98LsPVEgWBndqFlHHx+OAeYxgpaXW7bBYMstmCvSXWBkpQYbmsPgxGIUk9mmgCMdS9i0zUk6ChWKE03lhEEsaYTLFY9rXNMA+lU6SHjpHZ1oZIS8UugKFUvX7RIJ9KWe+qzt9rCbyt7cQ//P6sfIunYQFUaxoQJaLvJgjFaLF12jEBCWKzzTBRDB9KyITLDBROptCGkLdrtp2ffWyDqFumbWL2krpVMqWXa60qqXGVRZHHk7gFM7Bgho04Aaa0AYCFB7hGV6Me+PJeDXelq05I5s5hh8w3r8Avy+NDw==</latexit>

0 0 0 0 0 0 0 0 0
0
0

0
0

0

i-th row

j-th col

All observed entries contributing 
information to       are pure noiseMij

<latexit sha1_base64="tN8gh9g34RbgQDiLVy76H78BKfk=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIrspMp6XtrujGjVDBXqAdSibNtGkzyZBkhDL0Hdy4UMSt7+POtzGdFi/FHwI/3zmHnPP7EaNK2/anldnY3Nreye7m9vYPDo/yxydtJWKJSQsLJmTXR4owyklLU81IN5IEhT4jHX96vah3HohUVPB7PYuIF6IRpwHFSBvUvh0kdDIf5At20a64tYoNjUkFnXVTACs1B/mP/lDgOCRcY4aU6jl2pL0ESU0xI/NcP1YkQniKRqRnLEchUV6SbjuHF4YMYSCkeVzDlP6eSFCo1Cz0TWeI9Fit1xbwv1ov1kHNSyiPYk04Xn4UxAxqARenwyGVBGs2MwZhSc2uEI+RRFibgHJpCHW37Lr1n9sNcexqpfpN2qWi4xZLd+VC42oVRxacgXNwCRxQBQ1wA5qgBTCYgEfwDF4sYT1Zr9bbsjVjrWZOwR9Z71/l0o+B</latexit>

Therefore, a natural requirement is ke>i Uk+ ke>j V k � 0
<latexit sha1_base64="auqxwzQ/OXaAgc4txFZhXVLN/8M=">AAACDXicbVDLSsNAFJ34rPVVdelmsAqCUJKmUrsrunFZwT6gqWEynaRjJw9mJkJJ+wNu/BU3LhRx696df+M0DcXXgYFzz7mXO/c4EaNC6vqntrC4tLyymlvLr29sbm0XdnZbIow5Jk0cspB3HCQIowFpSioZ6UScIN9hpO0ML6Z++45wQcPgWo4i0vORF1CXYiSVZBcOrTGx6U1iyTCaNK3xybS+zeqWNbY8D+p2oaiX9BTwLzEyUgQZGnbhw+qHOPZJIDFDQnQNPZK9BHFJMSOTvBULEiE8RB7pKhogn4hekl4zgUdK6UM35OoFEqbq94kE+UKMfEd1+kgOxG9vKv7ndWPpnvUSGkSxJAGeLXJjBmUIp9HAPuUESzZSBGFO1V8hHiCOsFQB5tMQambFNGvzk1UINUOvnlbnSqtcMsxS+apSrJ9nceTAPjgAx8AAVVAHl6ABmgCDe/AInsGL9qA9aa/a26x1Qctm9sAPaO9fLLKcZg==</latexit>
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Theory: regularity condition

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

General regularity assumption
There exists  a constant              such that 

kU>TkF � ↵T kTkF ·
r

r

d1
<latexit sha1_base64="ZJmfCzUCMFarYrbcW2PuZzeHWUI="></latexit>

or kTV kF � ↵T kTkF ·
r

r

d2
<latexit sha1_base64="RRBlS1Ifq6AKCRJMMkWkZ2pL0E4="></latexit>

↵T > 0
<latexit sha1_base64="yHOGSyNdqK0Z0D4hV9YJAqxcz4g=">AAAB8XicbVDLSsNAFL2pr1pfVZdugkVwVZKmUruRohuXFfrCNpTJdNIOnUzCzEQooX/hxoUibv0bd/6N0zQUXwcuHM65l3vv8SJGpbKsTyO3tr6xuZXfLuzs7u0fFA+POjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1pjcLv/tAhKQhb6lZRNwAjTn1KUZKS/cDxKIJGraurGGxZJWtFOZfYmekBBmaw+LHYBTiOCBcYYak7NtWpNwECUUxI/PCIJYkQniKxqSvKUcBkW6SXjw3z7QyMv1Q6OLKTNXvEwkKpJwFnu4MkJrI395C/M/rx8q/dBPKo1gRjpeL/JiZKjQX75sjKghWbKYJwoLqW008QQJhpUMqpCHUnarj1Fcv6xDqtlW7qK2UTqVsO+XKXbXUuM7iyMMJnMI52FCDBtxCE9qAgcMjPMOLIY0n49V4W7bmjGzmGH7AeP8C+xSQnw==</latexit>

The alignment parameter         is allowed to vanish as                       .   
In fact, the asymptotical theory requires 

↵T
<latexit sha1_base64="Jm1VOHMzDLwb0OAmKCsR0TEnE2E=">AAAB73icbVDLSsNAFJ34rPVVdelmsAiuStJWandFNy4r9AVtKDfTSTt0MokzE6GE/oQbF4q49Xfc+TdO01B8HbhwOOde7r3HizhT2rY/rbX1jc2t7dxOfndv/+CwcHTcUWEsCW2TkIey54GinAna1kxz2oskhcDjtOtNbxZ+94FKxULR0rOIugGMBfMZAW2k3gB4NIFha1go2iU7Bf5LnIwUUYbmsPAxGIUkDqjQhINSfceOtJuA1IxwOs8PYkUjIFMY076hAgKq3CS9d47PjTLCfihNCY1T9ftEAoFSs8AznQHoifrtLcT/vH6s/Ss3YSKKNRVkuciPOdYhXjyPR0xSovnMECCSmVsxmYAEok1E+TSEeqVaqdRXL5sQ6o5du6ytlE655FRK5btqsXGdxZFDp+gMXSAH1VAD3aImaiOCOHpEz+jFureerFfrbdm6ZmUzJ+gHrPcvBA6QHQ==</latexit>

n, d1, d2 ! 1
<latexit sha1_base64="jj4HeHTUEo7QahedkxxuatLolJg=">AAAB+3icbVDLSsNAFJ3UV62vWpdugkVwISVpKrW7ohuXFewD2hAmk0k7dDIJMzdiCf0VNy4UceuPuPNvnD4ovg5cOJxzL/fe4yecKbCsTyO3tr6xuZXfLuzs7u0fFA9LHRWnktA2iXksez5WlDNB28CA014iKY58Trv++Hrmd++pVCwWdzBJqBvhoWAhIxi05BVL4jzwbF3VAcQDJkKYeMWyVbHmMP8Se0nKaImWV/wYBDFJIyqAcKxU37YScDMsgRFOp4VBqmiCyRgPaV9TgSOq3Gx++9Q81UpghrHUJcCcq98nMhwpNYl83RlhGKnf3kz8z+unEF66GRNJClSQxaIw5SbE5iwIM2CSEuATTTCRTN9qkhGWmICOqzAPoeHUHKexelmH0LCt+kV9pXSqFdupVG9r5ebVMo48OkYn6AzZqI6a6Aa1UBsR9IAe0TN6MabGk/FqvC1ac8Zy5gj9gPH+BTFhlBE=</latexit>

↵T � kTk`1
kTkF

·max

⇢r
r log d1

d2
,

�⇠

�r

s
rd21d2 log

2 d1
n

�

<latexit sha1_base64="Rdje42ixiq5j3jyRxHiI/z3EQ8E="></latexit>
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Theory: sample size and SNR conditions

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

n � Crd1 log d1
<latexit sha1_base64="9rCz61QFZZ0hU9m9lbnPoKoXauc=">AAAB/HicbVDLTgIxFO3gC/GFsnTTSExckRnAIDsiG5eYCJIAIZ1yZ2jodMa2YzKZ4K+4caExbv0Qd/6N5RHi6yQ39+Sce9Pb40acKW3bn1ZmbX1jcyu7ndvZ3ds/yB8edVQYSwptGvJQdl2igDMBbc00h24kgQQuh1t30pz5t/cgFQvFjU4iGATEF8xjlGgjDfMF0ffhDjflaOj0eehj04f5ol2y58B/ibMkRbREa5j/6I9CGgcgNOVEqZ5jR3qQEqkZ5TDN9WMFEaET4kPPUEECUIN0fvwUnxplhL1QmhIaz9XvGykJlEoC10wGRI/Vb28m/uf1Yu1dDFImoliDoIuHvJhjHeJZEnjEJFDNE0MIlczciumYSEK1ySs3D6FeqVYq9dWXTQh1x66d11ZKp1xyKqXydbXYuFzGkUXH6ASdIQfVUANdoRZqI4oS9Iie0Yv1YD1Zr9bbYjRjLXcK6Aes9y923ZQp</latexit>

Sample size requirements

Sub-Gaussian noise E⇠ = 0, E⇠2 = �2
⇠ and Ees⇠  es

2�2
⇠ , 8s 2 R

<latexit sha1_base64="+YCphn3RliPqLrjbwUD423Q4dUc="></latexit>

Signal-to-noise ratio (SNR)

�r � C�⇠

r
rd21d2 log d1

n
<latexit sha1_base64="denORPBfHL6TtJcyeow+qxmbRKg="></latexit>

The sample size and SNR conditions are almost optimal.
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Theory: normal approximation

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

Under the aforesaid sample size and SNR conditions, and alignment condition, 
and initialization condition, then 

Theorem (X and Yuan, 2019)

sup
x

����P
✓

tr(cM>T )� tr(M>T )

�⇠(kU>Tk2F + kTV k2F)1/2 ·
p

d1d2/n
 x

◆
� �(x)

����
<latexit sha1_base64="szud+mZ9l6twiKkclCUbAIJW/no="></latexit>

. kTk`1
↵T kTkF

·max

⇢r
r log d1

d2
,
�⇠

�r

s
rd21d2 log

2 d1
n

�

<latexit sha1_base64="7Ita/nn7GwvucoYK6kGkmFOApzU="></latexit>

+
log d1
d21

+ �n,d1,d2

p
log d1 +

r
rd1
n

<latexit sha1_base64="/RjnYjjTf9At3UHC4eMWiSHILNs="></latexit>

�(x)
<latexit sha1_base64="tEta78leLJy5/sIkqC5FqmpKSUU=">AAAB7nicbVDJSgNBEK1xjXGLevTSGIR4GWYykZhb0IvHCGaBZAg9nU7SpKdn6O4Rw5CP8OJBEa9+jzf/xs6ixOVBweO9KqrqBTFnSjvOh7Wyura+sZnZym7v7O7t5w4OGypKJKF1EvFItgKsKGeC1jXTnLZiSXEYcNoMRldTv3lHpWKRuNXjmPohHgjWZwRrIzU7tSEr3J91c3nXdmZAzh/yZeVhgVo3997pRSQJqdCEY6XarhNrP8VSM8LpJNtJFI0xGeEBbRsqcEiVn87OnaBTo/RQP5KmhEYzdXkixaFS4zAwnSHWQ/Xbm4r/ee1E9y/8lIk40VSQ+aJ+wpGO0PR31GOSEs3HhmAimbkVkSGWmGiTUNaE4NgVr+R5FbSURsV1yuflb6VRtF3PLt6U8tXLRRwZOIYTKIALZajCNdSgDgRG8ABP8GzF1qP1Yr3OW1esxcwR/ID19gmjII9F</latexit>

denotes the c.d.f. of standard normal distribution.
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Theory: normal approximation

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

tr(cM>
T )� tr(M>

T )

d
= �⇠(kU>

Tk2F + kTV k2F)1/2
r

d1d2

n
·
�
Z +OP (�n,d1,d2

p
log d1)

�
<latexit sha1_base64="Zem/lxaENBHbSyzq6emcvkSpdx0="></latexit>

Z ⇠ N (0, 1)
<latexit sha1_base64="6EjtVTEI7leaUIem2Z4aQbbGZXw=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClKSplqzK7pxJRXsA5tQJtNpO3TyYGYilFDwV9y4UMSt3+HOv3GSFl94YOBwzr3cM8eLGBXSMD603MLi0vJKfrWwtr6xuaVv77REGHNMmjhkIe94SBBGA9KUVDLSiThBvsdI2xtfpH77jnBBw+BGTiLi+mgY0AHFSCqpp+/dOoL6jo/kCCOWXE1LxrF51NOLRtmwLfu0AhXJAM2/pAjmaPT0d6cf4tgngcQMCdE1jUi6CeKSYkamBScWJEJ4jIakq2iAfCLcJIs/hYdK6cNByNULJMzUnxsJ8oWY+J6aTHOKv14q/ud1Yzk4cxMaRLEkAZ4dGsQMyhCmXcA+5QRLNlEEYU5VVohHiCMsVWOFrATbqlqW/f13pZhG7aT2pbQqZdMqV66rxfr5vI482AcHoARMUAN1cAkaoAkwSMADeALP2r32qL1or7PRnDbf2QW/oL19AkhPlTI=</latexit>

where

Dependence on Initialization �n,d1,d2

p
log d1 = o(1)

<latexit sha1_base64="hU9o9RIkqqXADnPB1+j6k12H+bY="></latexit>

For instance, if �n,d1,d2 =

r
rd1 log d1

n
<latexit sha1_base64="bzx0gegSdpD2NcN796wQgg7lfuk="></latexit>

, then it suffices to require

n � rd1 log
2 d1

<latexit sha1_base64="Jiow7W7hHB+mH3EASKjreGL+25c=">AAAB/HicbZDLSgMxFIYz9VbrbbRLN8EiuCpz07G7ohuXFewF2loyaWYamskMSUYYSn0VNy4UceuDuPNtTC94wx8CH/85h3PyBymjUlnWh1FYWV1b3yhulra2d3b3zP2DlkwygUkTJywRnQBJwignTUUVI51UEBQHjLSD8eWs3r4jQtKE36g8Jf0YRZyGFCOlrYFZ5r0ogmI4sHssiW4dqGlgVqyq5Xq2dwY1WL7n2XPwPKcGbQ0zVcBSjYH53hsmOIsJV5ghKbu2lar+BAlFMSPTUi+TJEV4jCLS1chRTGR/Mj9+Co+1M4RhIvTjCs7dnxMTFEuZx4HujJEayb+1mflfrZup8Lw/oTzNFOF4sSjMGFQJnCUBh1QQrFiuAWFB9a0Qj5BAWOm8SvMQaq7nut9f1iHUbMs/9b+cllO13apz7VXqF8s4iuAQHIETYAMf1MEVaIAmwCAHD+AJPBv3xqPxYrwuWgvGcqYMfsl4+wSPY5Q8</latexit>
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Theory: specific examples

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

Example 1: T = eie
>
j

<latexit sha1_base64="/h8mz4DHE2sdfc09SdNggSH2rgk=">AAAB+HicbZDLSsNAFIYn9VbrpVGXboJFcFWStlK7EIpuXFboDdoYJtOTduzkwsxEqKFP4saFIm59FHe+jdO0VC3+MPDznXM4Z343YlRI0/zSMmvrG5tb2e3czu7efl4/OGyLMOYEWiRkIe+6WACjAbQklQy6EQfsuww67vh6Vu88ABc0DJpyEoHt42FAPUqwVMjR881LcCg493dJX4bR1NELZtFMZSyNtWoKaKGGo3/2ByGJfQgkYViInmVG0k4wl5QwmOb6sYAIkzEeQk/ZAPsg7CQ9fGqcKjIwvJCrF0gjpb8nEuwLMfFd1eljORKrtRn8r9aLpXdhJzSIYgkBmS/yYmbI0JilYAwoByLZRBlMOFW3GmSEOSZSZZVLQ6iVK+Vy7efvilhm9by6JO1S0SoXS7eVQv1qEUcWHaMTdIYsVEV1dIMaqIUIitETekGv2qP2rL1p7/PWjLaYOUJ/pH18A/Fxk3E=</latexit>

cMij �Mij

�⇠(kU>eik2 + kV >ejk2)1/2
p

d1d2/n

d�! N (0, 1)
<latexit sha1_base64="mAA/tpSCEQvopwP0RTLIdQn5QE0="></latexit>

If n � rd1 log d1
<latexit sha1_base64="lUa6FYxgHxUS5q+myNex+qtHcpY=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchaSt1O6KblxWsA9oQ5hMJunQySTMTJQS+yluXCji1i9x5984fSj1ceByD+fcy70cP2VUKtv+MFZW19Y3Ngtbxe2d3b19s3TQkUkmMGnjhCWi5yNJGOWkrahipJcKgmKfka4/upz63VsiJE34jRqnxI1RxGlIMVJa8swSH0QRFIHnDFgSQd09s+xY9gzQ/kO+rDJYoOWZ74MgwVlMuMIMSdl37FS5ORKKYkYmxUEmSYrwCEWkrylHMZFuPnt9Ak+0EsAwEbq4gjN1eSNHsZTj2NeTMVJD+dubiv95/UyF525OeZopwvH8UJgxqBI4zQEGVBCs2FgThAXVv0I8RAJhpdMq6hBsq1GtVasNuJRGw7HrZ/VvpVOxnKpVua6VmxeLOArgCByDU+CAOmiCK9ACbYDBHXgAT+DZuDcejRfjdT66Yix2DsEPGG+fE7qTZA==</latexit>

and kU>eik+ kV >ejk � ↵T

r
r

d1
<latexit sha1_base64="5gAe8l/ElC0mRIpJSaLIi9TnhFk="></latexit>

1

↵T
·max

⇢r
r log d1

d2
,
�⇠

�r

r
rd21d2 log d1

n

�
+ �n,d1,d2

p
log d1 �! 0

<latexit sha1_base64="VPVdgAM+JWaLHxNvQtf215y9yh8="></latexit>

Theorem (X and Yuan, 2019)

It implies that
EkcM �Mk2F =

�
1 + o(1)

�
·
�2
⇠rd1d2(d1 + d2)

n
<latexit sha1_base64="HuL83+fBJKMYQabrzJIx8NXJgGM="></latexit>
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Theory: specific examples

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

Example 2:

under similar sample size, SNR, alignment conditions

Theorem (X and Yuan, 2019)

T = eie
>
j � eie

>
k

<latexit sha1_base64="wpM9l9uI/pQVkJJb+ng8hHYoZ3M=">AAACBnicbVDLSgMxFM34rPVVdSlCsAhuLDOdStuFUHTjskJbhXYcMukdjc08SDJCGbpy46+4caGIW7/BnX9jOi2+8EDg3HPu5eYeL+ZMKtP8MGZm5+YXFnNL+eWV1bX1wsZmR0aJoNCmEY/EhUckcBZCWzHF4SIWQAKPw7k3OBn757cgJIvClhrG4ATkKmQ+o0RpyS3stI7AZeDeXKY9FcWjg6waTCu3UDRLpl2uWVWsSQZs/SVFNEXTLbz3+hFNAggV5UTKrmXGykmJUIxyGOV7iYSY0AG5gq6mIQlAOml2xgjvaaWP/UjoFyqcqT8nUhJIOQw83RkQdS3/emPxP6+bKL/mpCyMEwUhnSzyE45VhMeZ4D4TQBUfakKoYPqvmF4TQajSyeWzEOp2xbbr37drxTKrh9UvpVMuWXapfFYpNo6nceTQNtpF+8hCVdRAp6iJ2oiiO/SAntCzcW88Gi/G66R1xpjObKFfMN4+AflPmaA=</latexit>

(cMij � cMik)� (Mij �Mik)

(2kU>eik2 + kV >(ej � ek)k2)1/2 · �⇠

p
d1d2/n

d�! N (0, 1)
<latexit sha1_base64="HFB0Owc0LQi25wDcVgW947kFfDY="></latexit>
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Theory: specific examples

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

Example 3:

under similar sample size, SNR, alignment conditions

Theorem (X and Yuan, 2019)

(cMij � 2cMik)� (Mij � 2Mik)

(5kU>eik2 + kV >(ej � 2ek)k2)1/2 · �⇠

p
d1d2/n

d�! N (0, 1)
<latexit sha1_base64="tsXovlxa5bou+mwXnvnYYKMRFD0="></latexit>

T = eie
>
j � 2eie

>
k

<latexit sha1_base64="RmKlvG7LVswFwTo+nJKSLz33JD0=">AAACB3icbVDLSsNAFJ3UV62vqktBgkVwY0naSu1CKLpxWaEvaGOYTG/bsZMHMxOhhO7c+CtuXCji1l9w5984TUPV4oGBc8+5lzv3OAGjQhrGl5ZaWl5ZXUuvZzY2t7Z3srt7TeGHnECD+MznbQcLYNSDhqSSQTvggF2HQcsZXU391j1wQX2vLscBWC4eeLRPCZZKsrOH9QuwKdh3t1FX+sHktBCXo6S0szkjb8TQ58RcJDmUoGZnP7s9n4QueJIwLETHNAJpRZhLShhMMt1QQIDJCA+go6iHXRBWFN8x0Y+V0tP7PlfPk3qs/p6IsCvE2HVUp4vlUCx6U/E/rxPK/rkVUS8IJXhktqgfMl36+jQUvUc5EMnGimDCqfqrToaYYyJVdJk4hEqxVCxWfm5XimmUz8pzpVnIm8V84aaUq14mcaTRATpCJ8hEZVRF16iGGoigB/SEXtCr9qg9a2/a+6w1pSUz++gPtI9vU/mZxw==</latexit>



If n � rd1 log d1
<latexit sha1_base64="lUa6FYxgHxUS5q+myNex+qtHcpY=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFchaSt1O6KblxWsA9oQ5hMJunQySTMTJQS+yluXCji1i9x5984fSj1ceByD+fcy70cP2VUKtv+MFZW19Y3Ngtbxe2d3b19s3TQkUkmMGnjhCWi5yNJGOWkrahipJcKgmKfka4/upz63VsiJE34jRqnxI1RxGlIMVJa8swSH0QRFIHnDFgSQd09s+xY9gzQ/kO+rDJYoOWZ74MgwVlMuMIMSdl37FS5ORKKYkYmxUEmSYrwCEWkrylHMZFuPnt9Ak+0EsAwEbq4gjN1eSNHsZTj2NeTMVJD+dubiv95/UyF525OeZopwvH8UJgxqBI4zQEGVBCs2FgThAXVv0I8RAJhpdMq6hBsq1GtVasNuJRGw7HrZ/VvpVOxnKpVua6VmxeLOArgCByDU+CAOmiCK9ACbYDBHXgAT+DZuDcejRfjdT66Yix2DsEPGG+fE7qTZA==</latexit>

and

1

↵T
·max

⇢r
r log d1

d2
,
�⇠

�r

r
rd21d2 log d1

n

�
+ �n,d1,d2

p
log d1 �! 0

<latexit sha1_base64="VPVdgAM+JWaLHxNvQtf215y9yh8="></latexit>

kU>TkF + kTV kF � ↵T

r
r

d1
<latexit sha1_base64="HBPJiA69Enju3S2hdo/akhYGeTg="></latexit>p

s0
<latexit sha1_base64="VAlARk+nSv53yOzb1MOjSVgdSoc=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4GmaSSMwt6MVjBLNgMoSeTk/SpKdn7O4RwpC/8OJBEa/+jTf/xs6ixOVBweO9Kqrq+TFnSjvOh5VZWV1b38hu5ra2d3b38vsHTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o8up37qnUrFI3OhxTL0QDwQLGMHaSLdddSd1qnrOpJcvuLYzA3L+kC+rAAvUe/n3bj8iSUiFJhwr1XGdWHsplpoRTie5bqJojMkID2jHUIFDqrx0dvEEnRilj4JImhIazdTliRSHSo1D33SGWA/Vb28q/ud1Eh2ceykTcaKpIPNFQcKRjtD0fdRnkhLNx4ZgIpm5FZEhlphoE1LOhODY1VK5VKqipTSqrlM5q3wrzaLtluzidblQu1jEkYUjOIZTcKECNbiCOjSAgIAHeIJnS1mP1ov1Om/NWIuZQ/gB6+0T7D6RPQ==</latexit>

Asymptotic Normality of  
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Theory: specific examples

Dong Xia, HKUST

tr(cM>T )
<latexit sha1_base64="pGTEnPkeWYbnrmNptLZkKy5JZwI="></latexit>

Example 4:

Theorem (X and Yuan, 2019)

kTk`1/kTkF  s0
<latexit sha1_base64="2Jzh3t8dn8wopSid0JdM2zMFLZw=">AAACDXicbZDLSgMxFIYz9VbrrerSTbAKrupMR6nuREFcVugNOmXIpKdtaOZikhHK2Bdw46u4caGIW/fufBvTi1WLPwT+fOcckvN7EWdSmeankZqbX1hcSi9nVlbX1jeym1tVGcaCQoWGPBR1j0jgLICKYopDPRJAfI9DzetdDOu1WxCShUFZ9SNo+qQTsDajRGnkZvecu7Jz5yYOcO5ag8Pvq/Dx5cDhcIOla7rZnJk3R8JTY82aHJqo5GY/nFZIYx8CRTmRsmGZkWomRChGOQwyTiwhIrRHOtDQNiA+yGYy2maA9zVp4XYo9AkUHtHfEwnxpez7nu70ierK2doQ/ldrxKp90kxYEMUKAjp+qB1zrEI8jAa3mACqeF8bQgXTf8W0SwShSgeYGYVwah/Z9unP7ppYZvG4OCXVQt6y84Xro9zZ+SSONNpBu+gAWaiIztAVKqEKougePaJn9GI8GE/Gq/E2bk0Zk5lt9EfG+xcmlpvB</latexit>

d�! N (0, 1)
<latexit sha1_base64="28RCr4vlKlofhCYzDm5HBxOXwPI="></latexit>

kTkF
<latexit sha1_base64="Pt3VCkcUm2xenDc9gN27GBSH5dU=">AAAB9HicbZBLSwMxFIUz9VXrq+rSTbAIroaZTqV2VxTEZYW+oDOUTJppQzOZMckUyrS/w40LRdz6Y9z5b0wfSn0cCBzOuZdcPj9mVCrL+jAya+sbm1vZ7dzO7t7+Qf7wqCmjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g961sjIiSNeF2NY+KFqM9pQDFSOvLcSd2ddFNXhPBm2s0XbNOaC1p/zFdVAEvVuvl3txfhJCRcYYak7NhWrLwUCUUxI9Ocm0gSIzxEfdLRlqOQSC+dHz2FZzrpwSAS+nEF5+nqRopCKcehrydDpAbydzcL/+s6iQouvZTyOFGE48VHQcKgiuCMAOxRQbBiY20QFlTfCvEACYSV5pTTECyz4pQcpwJXaFRsq3xR/k6aRdN2zOJdqVC9WuLIghNwCs6BDcqgCm5BDTQABvfgATyBZ2NkPBovxutiNGMsd47BDxlvn7SKkjc=</latexit>

In the case that T is well aligned with M in that            ↵T ⇣
p

d1/r
<latexit sha1_base64="a84THSFtBuy8cT5OhDV5VLTwD1E=">AAACBHicbVDJSgNBEO2JW4xb1GMujUHwFGcykZhb0IvHCNkgE4aaTidp0rPY3SOEIQcv/ooXD4p49SO8+Td2FiUuDwoe71VRVc+LOJPKND+M1Mrq2vpGejOztb2zu5fdP2jKMBaENkjIQ9H2QFLOAtpQTHHajgQF3+O05Y0up37rlgrJwqCuxhHt+jAIWJ8RUFpyszkHeDQEt+6AHPsRduSNUEnPtU7FxM3mrYI5Azb/kC8rjxaoudl3pxeS2KeBIhyk7FhmpLoJCMUIp5OME0saARnBgHY0DcCnspvMnpjgY630cD8UugKFZ+ryRAK+1Cd6utMHNZS/van4n9eJVf+8m7AgihUNyHxRP+ZYhXiaCO4xQYniY02ACKZvxWQIAojSuWV0CGahYpdsu4KX0qhYZvms/K00iwXLLhSvS/nqxSKONMqhI3SCLFRGVXSFaqiBCLpDD+gJPRv3xqPxYrzOW1PGYuYQ/YDx9gnfephm</latexit>

then
our theory allows sparsity    s0 = O(d2)

<latexit sha1_base64="2zasaAo9K/sLcc5PUjttSw19E0w=">AAAB8XicbVDLSsNAFJ3UV62vqks3g0Wom5A0ldqFUHTjzgq2FdsQJpNJO3QyCTMToYT+hRsXirj1b9z5N04fSn0cuHA4517uvcdPGJXKsj6M3NLyyupafr2wsbm1vVPc3WvLOBWYtHDMYnHrI0kY5aSlqGLkNhEERT4jHX94MfE790RIGvMbNUqIG6E+pyHFSGnpTnrW2VU58CrHXrFkm9YU0PpDvqwSmKPpFd97QYzTiHCFGZKya1uJcjMkFMWMjAu9VJIE4SHqk66mHEVEutn04jE80koAw1jo4gpO1cWJDEVSjiJfd0ZIDeRvbyL+53VTFZ66GeVJqgjHs0VhyqCK4eR9GFBBsGIjTRAWVN8K8QAJhJUOqaBDsMy6U3WcOlxIo25btZPat9KumLZjVq6rpcb5PI48OACHoAxsUAMNcAmaoAUw4OABPIFnQxqPxovxOmvNGfOZffADxtsn7+qP8Q==</latexit>



Inference about  
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Data-driven Inference

Dong Xia, HKUST

tr(M>T )
<latexit sha1_base64="aWu95VcOdy1O0lv4/D4jMn8NDaQ=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUGIlzCjYzS3oBcvQoRskBlDT6eTNOlZ6K4RwhB/xYsHRbz6Id78GzvJgOuDgsd7VVTV8yLBFZjmh5FZWl5ZXcuu5zY2t7Z38rt7LRXGkrImDUUoOx5RTPCANYGDYJ1IMuJ7grW98eXMb98xqXgYNGASMdcnw4APOCWgpV6+kDjSxyCnpevbxIEwmjaOevmiWa5Wbcuu4AWpVFNyWsFW2ZyjiFLUe/l3px/S2GcBUEGU6lpmBG5CJHAq2DTnxIpFhI7JkHU1DYjPlJvMj5/iQ6308SCUugLAc/X7REJ8pSa+pzt9AiP125uJ/3ndGAbnbsKDKAYW0MWiQSwwhHiWBO5zySiIiSaESq5vxXREJKGg88qlIWh8vfyXtI7L1knZvrGLtYs0jizaRweohCx0hmroCtVRE1E0QQ/oCT0b98aj8WK8LlozRjpTQD9gvH0CGoqVOg==</latexit>

Data-driven Estimates

�̂2
⇠ =

1

2n0

nX

i=n0+1

�
Yi � cM init

1 (!i)
�2

+
1

2n0

n0X

i=1

�
Yi � cM init

2 (!i)
�2

<latexit sha1_base64="A6hICZ2zwOiVTRnGx7bZ/FZONSA="></latexit>

ŝ2T =
1

2

�
kbU>

1 Tk2F + kbU>
2 Tk2F + kT bV1k2F + kT bV2k2F

�
<latexit sha1_base64="WxumdBaFPWL+2hXB6AuYbx6fY/0="></latexit>

Theorem (X and Yuan, 2019)

tr(cM>T )� tr(M>T )

�̂⇠ ŝT ·
p

d1d2/n

d�! N (0, 1)
<latexit sha1_base64="w8weSuLWYaOpRYTHXAFVpXtnfj4="></latexit>

under similar sample size, SNR, alignment conditions



tr(M>T )
<latexit sha1_base64="aWu95VcOdy1O0lv4/D4jMn8NDaQ=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUGIlzCjYzS3oBcvQoRskBlDT6eTNOlZ6K4RwhB/xYsHRbz6Id78GzvJgOuDgsd7VVTV8yLBFZjmh5FZWl5ZXcuu5zY2t7Z38rt7LRXGkrImDUUoOx5RTPCANYGDYJ1IMuJ7grW98eXMb98xqXgYNGASMdcnw4APOCWgpV6+kDjSxyCnpevbxIEwmjaOevmiWa5Wbcuu4AWpVFNyWsFW2ZyjiFLUe/l3px/S2GcBUEGU6lpmBG5CJHAq2DTnxIpFhI7JkHU1DYjPlJvMj5/iQ6308SCUugLAc/X7REJ8pSa+pzt9AiP125uJ/3ndGAbnbsKDKAYW0MWiQSwwhHiWBO5zySiIiSaESq5vxXREJKGg88qlIWh8vfyXtI7L1knZvrGLtYs0jizaRweohCx0hmroCtVRE1E0QQ/oCT0b98aj8WK8LlozRjpTQD9gvH0CGoqVOg==</latexit>

Confidence interval of 
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Data-driven Inference

Dong Xia, HKUST

under optimal sample size condition

100(1� ✓)%
<latexit sha1_base64="947N2mrS/BIqsjMWPCtjvY0h8VE=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wVKoC0vSVGp3RTcuK9gHNKFMppN26OTBzI1QQ7/EjQtF3Pop7vwbp20ovg5cOJxzL/fe48WcSTDNT21tfWNzazu3k9/d2z8o6IdHHRklgtA2iXgkeh6WlLOQtoEBp71YUBx4nHa9yfXc795TIVkU3sE0pm6ARyHzGcGgpIFesEyzbJ07MKaAz5zSQC+aFXMB4y+xMlJEGVoD/cMZRiQJaAiEYyn7lhmDm2IBjHA6yzuJpDEmEzyifUVDHFDppovDZ0ZJKUPDj4SqEIyF+n0ixYGU08BTnQGGsfztzcX/vH4C/qWbsjBOgIZkuchPuAGRMU/BGDJBCfCpIpgIpm41yBgLTEBllV+E0LBrtt1YvaxCaFhm/aK+UjrVimVXqre1YvMqiyOHTtApKiML1VET3aAWaiOCEvSIntGL9qA9aa/a27J1TctmjtEPaO9fP9yRsg==</latexit>

The confidence interval of               can be defined by tr(M>T )
<latexit sha1_base64="k/cdU8es/0x6nsIQCtvrGyi4EQs=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUGIlzCTRGJuQS9ehAjZIImhp9NJmvQsdNcIwxB/xYsHRbz6Id78GzuTIbg9KHi8V0VVPdsXXIFpfhqptfWNza30dmZnd2//IHt41FZeIClrUU94smsTxQR3WQs4CNb1JSOOLVjHnl0t/M49k4p7bhNCnw0cMnH5mFMCWhpmc1FfOhjkvHBzF/XB8+fNs2E2bxbNGPgvsRKSRwkaw+xHf+TRwGEuUEGU6lmmD4OISOBUsHmmHyjmEzojE9bT1CUOU4MoPn6OT7UywmNP6nIBx+r3iYg4SoWOrTsdAlP121uI/3m9AMYXg4i7fgDMpctF40Bg8PAiCTziklEQoSaESq5vxXRKJKGg88rEIdTKlXK5tnpZh1CzzOp5daW0S0WrXCzdVvL1yySONDpGJ6iALFRFdXSNGqiFKArRI3pGL8aD8WS8Gm/L1pSRzOTQDxjvX4NwlNc=</latexit>

cCI✓,T =


tr(cM>T )� z✓/2 · �̂⇠ ŝT

r
d1d2
n

, tr(cM>T ) + z✓/2 · �̂⇠ ŝT

r
d1d2
n

�

<latexit sha1_base64="F7lBq2dngwHIkak5a2XRlOYFN1o="></latexit>

lim
n,d1,d2!1

P
�
tr(M>T ) 2 cCI✓,T

�
= 1� ✓

<latexit sha1_base64="/IhHVbKvOMY33ADKlkrn1aMflqk="></latexit>

Then,



tr(M>T )
<latexit sha1_base64="aWu95VcOdy1O0lv4/D4jMn8NDaQ=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUGIlzCjYzS3oBcvQoRskBlDT6eTNOlZ6K4RwhB/xYsHRbz6Id78GzvJgOuDgsd7VVTV8yLBFZjmh5FZWl5ZXcuu5zY2t7Z38rt7LRXGkrImDUUoOx5RTPCANYGDYJ1IMuJ7grW98eXMb98xqXgYNGASMdcnw4APOCWgpV6+kDjSxyCnpevbxIEwmjaOevmiWa5Wbcuu4AWpVFNyWsFW2ZyjiFLUe/l3px/S2GcBUEGU6lpmBG5CJHAq2DTnxIpFhI7JkHU1DYjPlJvMj5/iQ6308SCUugLAc/X7REJ8pSa+pzt9AiP125uJ/3ndGAbnbsKDKAYW0MWiQSwwhHiWBO5zySiIiSaESq5vxXREJKGg88qlIWh8vfyXtI7L1knZvrGLtYs0jizaRweohCx0hmroCtVRE1E0QQ/oCT0b98aj8WK8LlozRjpTQD9gvH0CGoqVOg==</latexit>

Hypothesis testing for
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Data-driven Inference

Dong Xia, HKUST

H0 : tr(M>
T ) = 0 v.s. H1 : tr(M>

T ) 6= 0
<latexit sha1_base64="olJ6HJuA/9P4nwvL2WMGBLaJiM4="></latexit>

A two-sided test with significance level      is✓
<latexit sha1_base64="KJdlLaxhRbPgPax0o1TfKwQKxaQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZKmUrsrunFZwT6gDWUynbSjk0mYuRFK6D+4caGIW//HnX/j9KHUx4ELh3Pu5d57gkRwDY7zYeVWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHZwdzn12/dMaR7LGxgnzI/IUPKQUwJGavVgxID0iyXXdmbAzh/yZZXQAo1+8b03iGkaMQlUEK27rpOAnxEFnAo2KfRSzRJC78iQdQ2VJGLaz2bXTvCJUQY4jJUpCXimLk9kJNJ6HAWmMyIw0r+9qfif100hPPczLpMUmKTzRWEqMMR4+joecMUoiLEhhCpubsV0RBShYAIqmBAcu+ZVPK+Gl9KouU71rPqttMq269nl60qpfrGII4+O0DE6RS6qojq6Qg3URBTdogf0hJ6t2Hq0XqzXeWvOWswcoh+w3j4Bv5mPZw==</latexit>

Reject        ifH0
<latexit sha1_base64="Rswys9KmIXWVN9Drn79cvm/6XcY=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4GmaSSMwt6CXHiGaBZAg9nZ6kSU/P0N0jhCGf4MWDIl79Im/+jZ1FicuDgsd7VVTV82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x9czv31PpWKRuNOTmHohHgoWMIK1kW7rfaefL7i2Mwdy/pAvqwBLNPr5994gIklIhSYcK9V1nVh7KZaaEU6nuV6iaIzJGA9p11CBQ6q8dH7qFJ0ZZYCCSJoSGs3V1YkUh0pNQt90hliP1G9vJv7ndRMdXHopE3GiqSCLRUHCkY7Q7G80YJISzSeGYCKZuRWREZaYaJNOzoTg2NVSuVSqopU0qq5Tuah8K62i7Zbs4k25ULtaxpGFEziFc3ChAjWoQwOaQGAID/AEzxa3Hq0X63XRmrGWM8fwA9bbJ9yfja4=</latexit>

|ẑ| > z✓/2
<latexit sha1_base64="alMfLd8uMHgmo6O9wsDS+vtvIJI=">AAAB/nicbZBLSwMxFIUz9VXrqyqu3ASL4KrOtJXajRTduKxgH9AZSiZN29DMg+SO0E4L/hU3LhRx6+9w578xfSj1cSBwOOdecvncUHAFpvlhJJaWV1bXkuupjc2t7Z307l5NBZGkrEoDEciGSxQT3GdV4CBYI5SMeK5gdbd/Nenrd0wqHvi3MAiZ45GuzzucEtBRK30wsnsE8HB0MWzFNvQYkNPcuJXOWFlzKmz+MV9VBs1VaaXf7XZAI4/5QAVRqmmZITgxkcCpYOOUHSkWEtonXdbU1iceU048PX+Mj3XSxp1A6ucDnqaLGzHxlBp4rp70CPTU724S/tc1I+icOzH3wwiYT2cfdSKBIcATFrjNJaMgBtoQKrm+FdMekYSCJpbSEMxsKV/I50t4gUbJMotnxe+klsta+WzuppApX85xJNEhOkInyEJFVEbXqIKqiKIYPaAn9GzcG4/Gi/E6G00Y85199EPG2ycu3pXJ</latexit>

where
ẑ =

tr(cM>T )

�̂⇠ ŝT ·
p

d1d2/n
<latexit sha1_base64="Vwvl2tta+/CvO7uwQ/oBcf8Y5DM="></latexit>



tr(M>T )
<latexit sha1_base64="aWu95VcOdy1O0lv4/D4jMn8NDaQ=">AAAB/HicbVDJSgNBEO2JW4xbNEcvjUGIlzCjYzS3oBcvQoRskBlDT6eTNOlZ6K4RwhB/xYsHRbz6Id78GzvJgOuDgsd7VVTV8yLBFZjmh5FZWl5ZXcuu5zY2t7Z38rt7LRXGkrImDUUoOx5RTPCANYGDYJ1IMuJ7grW98eXMb98xqXgYNGASMdcnw4APOCWgpV6+kDjSxyCnpevbxIEwmjaOevmiWa5Wbcuu4AWpVFNyWsFW2ZyjiFLUe/l3px/S2GcBUEGU6lpmBG5CJHAq2DTnxIpFhI7JkHU1DYjPlJvMj5/iQ6308SCUugLAc/X7REJ8pSa+pzt9AiP125uJ/3ndGAbnbsKDKAYW0MWiQSwwhHiWBO5zySiIiSaESq5vxXREJKGg88qlIWh8vfyXtI7L1knZvrGLtYs0jizaRweohCx0hmroCtVRE1E0QQ/oCT0b98aj8WK8LlozRjpTQD9gvH0CGoqVOg==</latexit>

Hypothesis testing for
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Data-driven Inference

Dong Xia, HKUST

A one-sided test with significance level      is✓
<latexit sha1_base64="KJdlLaxhRbPgPax0o1TfKwQKxaQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZKmUrsrunFZwT6gDWUynbSjk0mYuRFK6D+4caGIW//HnX/j9KHUx4ELh3Pu5d57gkRwDY7zYeVWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHZwdzn12/dMaR7LGxgnzI/IUPKQUwJGavVgxID0iyXXdmbAzh/yZZXQAo1+8b03iGkaMQlUEK27rpOAnxEFnAo2KfRSzRJC78iQdQ2VJGLaz2bXTvCJUQY4jJUpCXimLk9kJNJ6HAWmMyIw0r+9qfif100hPPczLpMUmKTzRWEqMMR4+joecMUoiLEhhCpubsV0RBShYAIqmBAcu+ZVPK+Gl9KouU71rPqttMq269nl60qpfrGII4+O0DE6RS6qojq6Qg3URBTdogf0hJ6t2Hq0XqzXeWvOWswcoh+w3j4Bv5mPZw==</latexit>

Reject        ifH0
<latexit sha1_base64="Rswys9KmIXWVN9Drn79cvm/6XcY=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4GmaSSMwt6CXHiGaBZAg9nZ6kSU/P0N0jhCGf4MWDIl79Im/+jZ1FicuDgsd7VVTV82POlHacDyuztr6xuZXdzu3s7u0f5A+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2x9czv31PpWKRuNOTmHohHgoWMIK1kW7rfaefL7i2Mwdy/pAvqwBLNPr5994gIklIhSYcK9V1nVh7KZaaEU6nuV6iaIzJGA9p11CBQ6q8dH7qFJ0ZZYCCSJoSGs3V1YkUh0pNQt90hliP1G9vJv7ndRMdXHopE3GiqSCLRUHCkY7Q7G80YJISzSeGYCKZuRWREZaYaJNOzoTg2NVSuVSqopU0qq5Tuah8K62i7Zbs4k25ULtaxpGFEziFc3ChAjWoQwOaQGAID/AEzxa3Hq0X63XRmrGWM8fwA9bbJ9yfja4=</latexit>

where

H0 : Mij = Mik v.s. H1 : Mij > Mik
<latexit sha1_base64="yEvpjgIwyYvrD9/fju/1tyGtLaE="></latexit>

ẑ > z✓
<latexit sha1_base64="ZUc/mi0Z7Ig89rAUWldQ4BquTxQ=">AAAB+3icbZBLSwMxFIUz9VXra6xLN8EiuCozbaV2I0U3LivYWugMJZOmbWjmQXJHbIf5K25cKOLWP+LOf2P6UOrjQOBwzr3k8nmR4Aos68PIrKyurW9kN3Nb2zu7e+Z+vqXCWFLWpKEIZdsjigkesCZwEKwdSUZ8T7Bbb3Q57W/vmFQ8DG5gHDHXJ4OA9zkloKOumXeGBJJJej7pJg4MGZC0axbsojUTtv6Yr6qAFmp0zXenF9LYZwFQQZTq2FYEbkIkcCpYmnNixSJCR2TAOtoGxGfKTWa3p/hYJz3cD6V+AeBZuryREF+pse/pSZ/AUP3upuF/XSeG/pmb8CCKgQV0/lE/FhhCPAWBe1wyCmKsDaGS61sxHRJJKGhcOQ3BKtbKlXK5hpdo1Gyrelr9Tlqlol0ulq4rhfrFAkcWHaIjdIJsVEV1dIUaqIkoukcP6Ak9G6nxaLwYr/PRjLHYOUA/ZLx9AujLlSo=</latexit>

ẑ =

p
2(cMij � cMik)

�̂⇠(kbV >
1 (ej � ek)k2 + kbV >

2 (ej � ek)k2 + 2kbU>
1 eik2 + 2kbU>

2 eik2)1/2
p
d1d2/n

<latexit sha1_base64="n9GXxCDWff42k0jTp/THFgbbFGw="></latexit>
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Initial Estimate

Dong Xia, HKUST

Initialization

Assumption on initialization

kcM init
1 �Mkmax + kcM init

2 �Mkmax  C�n,d1,d2 · �⇠
<latexit sha1_base64="LeOTd+Ao5vHiLmH1tAq5kf2k6KE="></latexit>

�n,d1,d2

p
log d1 ! 0

<latexit sha1_base64="u2HrIJl/9eo5UlXq4hTU+5+TrKA="></latexit>

Theorem (Ma, Wang, Chi and Chen, 2017)

kM̂MWC �Mkmax = OP

✓
�⇠

r
rd1 log d1

n

◆

<latexit sha1_base64="mWHwKrW29s9wVY3I+J9QHKguLE0="></latexit>

for symmetric case, 
sampling without replacement 

�n,d1,d2

p
log d1 ! 0

<latexit sha1_base64="u2HrIJl/9eo5UlXq4hTU+5+TrKA="></latexit>

The only requirement
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Initial Estimate

Dong Xia, HKUST

Gradient Descent on Grassmann

Partition         into                                 subsetsD
<latexit sha1_base64="07QFuDKkcyf4AZMWtv16ugiE2+0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4GmY6ldpdURcuK9gHTIeSSTNtaCYZkoxQhn6GGxeKuPVr3Pk3Ztoqvg4EDufcyz05YcKo0o7zbhVWVtfWN4qbpa3tnd298v5BR4lUYtLGggnZC5EijHLS1lQz0kskQXHISDecXOZ+945IRQW/1dOEBDEacRpRjLSR/H6M9Bgjll3NBuWKaztzQOcP+bQqYInWoPzWHwqcxoRrzJBSvuskOsiQ1BQzMiv1U0UShCdoRHxDOYqJCrJ55Bk8McoQRkKaxzWcq983MhQrNY1DM5lHVL+9XPzP81MdnQcZ5UmqCceLQ1HKoBYw/z8cUkmwZlNDEJbUZIV4jCTC2rRUMiU4dsOreV4Dfmuj4Tr1s/qX0qnarmdXb2qV5sWyjiI4AsfgFLigDprgGrRAG2AgwD14BE+Wth6sZ+tlMVqwljuH4Aes1w+Qf5GZ</latexit>

2m = 2C1dlog d1e
<latexit sha1_base64="GoUGS0MK1sEj7KL5b8w9nDV8A7Q=">AAACBHicbVBLS0JBGJ1rL7PXrZZuhiRoJfdhmItActPSIE1QkbnjqIPzuMzMDURctOmvtGlRRNt+RLv+TeOjsMeBD853zvcx850oZlQbz/twUiura+sb6c3M1vbO7p67f1DXMlGY1LBkUjUipAmjgtQMNYw0YkUQjxi5iYaVqX9zS5SmUlybUUzaHPUF7VGMjJU6bjbg50Gl47cYJpS1mOzDru3UtOu4OT/vzQC9P+TLyoEFqh33vdWVOOFEGMyQ1k3fi017jJShmJFJppVoEiM8RH3StFQgTnR7PDtiAo+t0oU9qWwJA2fq8sYYca1HPLKTHJmB/u1Nxf+8ZmJ6Z+0xFXFiiMDzh3oJg0bCaSKwSxXBho0sQVhR+1eIB0ghbGxuGRuCly+FhTAswaU0Sr5XPC1+K/Ug74f54KqQK18s4kiDLDgCJ8AHRVAGl6AKagCDO/AAnsCzc+88Oi/O63w05Sx2DsEPOG+fNSOXWw==</latexit>



 43

Initial Estimate

Dong Xia, HKUST

Gradient Descent on Grassmann

Theorem (X and Yuan, 2019)
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Then, the initialization condition holds with 
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Conclusions

Any entry-wise consistent estimator can be used as initial estimate.

Double-sample-splitting + Spectral projection yields asymptotically 
normal estimators of linear forms.

Sample size requirement only depends on matrix rank and dimension.

Signal-to-noise ratio condition depends on 
(i) sparsity of linear forms 
(ii) Alignments of linear forms w.r.t. underlying singular spaces
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