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Spectral Methods for Matrix Data Analysis 

• Dimension Reduction

• Network Analysis

• Principal Component Analysis

• Classification and Clustering

• Matrix and Tensor Completion

• Low Rank Matrix Denoising

HiC Gene Interactions of Chromosome
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Matrix Completion

Noisy Brain MRI Brain MRI

Image Denoising
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Dimension Reduction

Spectral Methods for Matrix Data Analysis 



Data Matrix

known
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Data Matrix = + Noise Matrix
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<latexit sha1_base64="ULElV1RIfmbyJf9o95PnH31FVHw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kWIYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN1O/+cSNFVo94CjlYUL7SsSCUXRSozOgSO66pbJf8WcgyyTISRly1Lqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO6powm04nl07IadO6ZFYG1cKyUz9PTGmibWjJHKdCcWBXfSm4n9eO8P4KhwLlWbIFZsvijNJUJPp66QnDGcoR45QZoS7lbABNZShC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5mnvxXv3PuatK14+cwR/4H3+AP+9jrw=</latexit><latexit sha1_base64="ULElV1RIfmbyJf9o95PnH31FVHw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kWIYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN1O/+cSNFVo94CjlYUL7SsSCUXRSozOgSO66pbJf8WcgyyTISRly1Lqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO6powm04nl07IadO6ZFYG1cKyUz9PTGmibWjJHKdCcWBXfSm4n9eO8P4KhwLlWbIFZsvijNJUJPp66QnDGcoR45QZoS7lbABNZShC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5mnvxXv3PuatK14+cwR/4H3+AP+9jrw=</latexit><latexit sha1_base64="ULElV1RIfmbyJf9o95PnH31FVHw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kWIYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN1O/+cSNFVo94CjlYUL7SsSCUXRSozOgSO66pbJf8WcgyyTISRly1Lqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO6powm04nl07IadO6ZFYG1cKyUz9PTGmibWjJHKdCcWBXfSm4n9eO8P4KhwLlWbIFZsvijNJUJPp66QnDGcoR45QZoS7lbABNZShC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5mnvxXv3PuatK14+cwR/4H3+AP+9jrw=</latexit><latexit sha1_base64="ULElV1RIfmbyJf9o95PnH31FVHw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kWIYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN1O/+cSNFVo94CjlYUL7SsSCUXRSozOgSO66pbJf8WcgyyTISRly1Lqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO6powm04nl07IadO6ZFYG1cKyUz9PTGmibWjJHKdCcWBXfSm4n9eO8P4KhwLlWbIFZsvijNJUJPp66QnDGcoR45QZoS7lbABNZShC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5mnvxXv3PuatK14+cwR/4H3+AP+9jrw=</latexit>

U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>

⇤
<latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit>

V >
<latexit sha1_base64="k8BxW92BCkAjeKYvh1taNts2njA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJJBkyO7PO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTP3mEzdWaHWP44SHMR0o0ReMopNajYesgzqZdEtlv+LPQJZJkJMy5Kh1S1+dnmZpzBUySa1tB36CYUYNCib5pNhJLU8oG9EBbzuqaMxtmM3unZBTp/RIXxtXCslM/T2R0djacRy5zpji0C56U/E/r51i/yrMhEpS5IrNF/VTSVCT6fOkJwxnKMeOUGaEu5WwITWUoYuo6EIIFl9eJo3zSuBXgruLcvU6j6MAx3ACZxDAJVThFmpQBwYSnuEV3rxH78V79z7mrStePnMEf+B9/gBUFJAl</latexit><latexit sha1_base64="k8BxW92BCkAjeKYvh1taNts2njA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJJBkyO7PO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTP3mEzdWaHWP44SHMR0o0ReMopNajYesgzqZdEtlv+LPQJZJkJMy5Kh1S1+dnmZpzBUySa1tB36CYUYNCib5pNhJLU8oG9EBbzuqaMxtmM3unZBTp/RIXxtXCslM/T2R0djacRy5zpji0C56U/E/r51i/yrMhEpS5IrNF/VTSVCT6fOkJwxnKMeOUGaEu5WwITWUoYuo6EIIFl9eJo3zSuBXgruLcvU6j6MAx3ACZxDAJVThFmpQBwYSnuEV3rxH78V79z7mrStePnMEf+B9/gBUFJAl</latexit><latexit sha1_base64="k8BxW92BCkAjeKYvh1taNts2njA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJJBkyO7PO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTP3mEzdWaHWP44SHMR0o0ReMopNajYesgzqZdEtlv+LPQJZJkJMy5Kh1S1+dnmZpzBUySa1tB36CYUYNCib5pNhJLU8oG9EBbzuqaMxtmM3unZBTp/RIXxtXCslM/T2R0djacRy5zpji0C56U/E/r51i/yrMhEpS5IrNF/VTSVCT6fOkJwxnKMeOUGaEu5WwITWUoYuo6EIIFl9eJo3zSuBXgruLcvU6j6MAx3ACZxDAJVThFmpQBwYSnuEV3rxH78V79z7mrStePnMEf+B9/gBUFJAl</latexit><latexit sha1_base64="k8BxW92BCkAjeKYvh1taNts2njA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJJBkyO7PO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTP3mEzdWaHWP44SHMR0o0ReMopNajYesgzqZdEtlv+LPQJZJkJMy5Kh1S1+dnmZpzBUySa1tB36CYUYNCib5pNhJLU8oG9EBbzuqaMxtmM3unZBTp/RIXxtXCslM/T2R0djacRy5zpji0C56U/E/r51i/yrMhEpS5IrNF/VTSVCT6fOkJwxnKMeOUGaEu5WwITWUoYuo6EIIFl9eJo3zSuBXgruLcvU6j6MAx3ACZxDAJVThFmpQBwYSnuEV3rxH78V79z7mrStePnMEf+B9/gBUFJAl</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

M = U⇤V >
<latexit sha1_base64="WwxRBbmc9PUl05XqqYpZAEyqYx4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoBdh6MWDwgS7DdY60jTdwtKkJKlQyvwqXjwo4tUP4s1vY7b1oNMHgcd778fvlxemjCrtOF9WZWl5ZXWtul7b2Nza3rF39zpKZBITDwsmZC9EijDKiaepZqSXSoKSkJFuOL6c+t0HIhUV/E7nKQkSNOQ0phhpIw3s+s2551+bfIRg577wtUgnA7vhNJ0Z4F/ilqQBSrQH9qcfCZwlhGvMkFJ910l1UCCpKWZkUvMzRVKEx2hI+oZylBAVFLPjJ/DQKBGMhTSPazhTf04UKFEqT0KTTJAeqUVvKv7n9TMdnwUF5WmmCcfzRXHGoBZw2gSMqCRYs9wQhCU1t0I8QhJhbfqqmRLcxS//JZ3jpus03duTRuuirKMK9sEBOAIuOAUtcAXawAMY5OAJvIBX69F6tt6s93m0YpUzdfAL1sc3CuSUYA==</latexit><latexit sha1_base64="WwxRBbmc9PUl05XqqYpZAEyqYx4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoBdh6MWDwgS7DdY60jTdwtKkJKlQyvwqXjwo4tUP4s1vY7b1oNMHgcd778fvlxemjCrtOF9WZWl5ZXWtul7b2Nza3rF39zpKZBITDwsmZC9EijDKiaepZqSXSoKSkJFuOL6c+t0HIhUV/E7nKQkSNOQ0phhpIw3s+s2551+bfIRg577wtUgnA7vhNJ0Z4F/ilqQBSrQH9qcfCZwlhGvMkFJ910l1UCCpKWZkUvMzRVKEx2hI+oZylBAVFLPjJ/DQKBGMhTSPazhTf04UKFEqT0KTTJAeqUVvKv7n9TMdnwUF5WmmCcfzRXHGoBZw2gSMqCRYs9wQhCU1t0I8QhJhbfqqmRLcxS//JZ3jpus03duTRuuirKMK9sEBOAIuOAUtcAXawAMY5OAJvIBX69F6tt6s93m0YpUzdfAL1sc3CuSUYA==</latexit><latexit sha1_base64="WwxRBbmc9PUl05XqqYpZAEyqYx4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoBdh6MWDwgS7DdY60jTdwtKkJKlQyvwqXjwo4tUP4s1vY7b1oNMHgcd778fvlxemjCrtOF9WZWl5ZXWtul7b2Nza3rF39zpKZBITDwsmZC9EijDKiaepZqSXSoKSkJFuOL6c+t0HIhUV/E7nKQkSNOQ0phhpIw3s+s2551+bfIRg577wtUgnA7vhNJ0Z4F/ilqQBSrQH9qcfCZwlhGvMkFJ910l1UCCpKWZkUvMzRVKEx2hI+oZylBAVFLPjJ/DQKBGMhTSPazhTf04UKFEqT0KTTJAeqUVvKv7n9TMdnwUF5WmmCcfzRXHGoBZw2gSMqCRYs9wQhCU1t0I8QhJhbfqqmRLcxS//JZ3jpus03duTRuuirKMK9sEBOAIuOAUtcAXawAMY5OAJvIBX69F6tt6s93m0YpUzdfAL1sc3CuSUYA==</latexit><latexit sha1_base64="WwxRBbmc9PUl05XqqYpZAEyqYx4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoBdh6MWDwgS7DdY60jTdwtKkJKlQyvwqXjwo4tUP4s1vY7b1oNMHgcd778fvlxemjCrtOF9WZWl5ZXWtul7b2Nza3rF39zpKZBITDwsmZC9EijDKiaepZqSXSoKSkJFuOL6c+t0HIhUV/E7nKQkSNOQ0phhpIw3s+s2551+bfIRg577wtUgnA7vhNJ0Z4F/ilqQBSrQH9qcfCZwlhGvMkFJ910l1UCCpKWZkUvMzRVKEx2hI+oZylBAVFLPjJ/DQKBGMhTSPazhTf04UKFEqT0KTTJAeqUVvKv7n9TMdnwUF5WmmCcfzRXHGoBZw2gSMqCRYs9wQhCU1t0I8QhJhbfqqmRLcxS//JZ3jpus03duTRuuirKMK9sEBOAIuOAUtcAXawAMY5OAJvIBX69F6tt6s93m0YpUzdfAL1sc3CuSUYA==</latexit>

Matrix Perturbation with Noise

Dong Xia, HKUST Preliminary



Data Matrix = + Noise Matrix

unknownknown

unknown

Signal Matrix

andSingular Vectors:
Singular Values:

d1
<latexit sha1_base64="Drhj6lE2qenVqrsOzi9XNVF17JE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDabTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94iTlfkyHSkSCUbTSQzjwBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+enTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UYXfu5UGmGXLHFoiiTBBMy+5uEQnOGcmIJZVrYWwkbUU0Z2nQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+0pjYw=</latexit><latexit sha1_base64="Drhj6lE2qenVqrsOzi9XNVF17JE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDabTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94iTlfkyHSkSCUbTSQzjwBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+enTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UYXfu5UGmGXLHFoiiTBBMy+5uEQnOGcmIJZVrYWwkbUU0Z2nQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+0pjYw=</latexit><latexit sha1_base64="Drhj6lE2qenVqrsOzi9XNVF17JE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDabTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94iTlfkyHSkSCUbTSQzjwBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+enTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UYXfu5UGmGXLHFoiiTBBMy+5uEQnOGcmIJZVrYWwkbUU0Z2nQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+0pjYw=</latexit><latexit sha1_base64="Drhj6lE2qenVqrsOzi9XNVF17JE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDabTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94iTlfkyHSkSCUbTSQzjwBtWaW3fnIKvEK0gNCjQH1a9+mLAs5gqZpMb0PDdFP6caBZN8WulnhqeUjemQ9yxVNObGz+enTsmZVUISJdqWQjJXf0/kNDZmEge2M6Y4MsveTPzP62UYXfu5UGmGXLHFoiiTBBMy+5uEQnOGcmIJZVrYWwkbUU0Z2nQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A+0pjYw=</latexit>

d2
<latexit sha1_base64="M3fMICEIr744ZYUy2Um/W3Z16sU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIP6oFJ1a+4cZJV4BalCgeag8tUPE5bFKA0TVOue56bGz6kynAmclvuZxpSyMR1iz1JJY9R+Pj91Ss6tEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZ/U1CrpAZMbGEMsXtrYSNqKLM2HTKNgRv+eVV0q7XPLfm3V9WGzdFHCU4hTO4AA+uoAF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+6tjY0=</latexit><latexit sha1_base64="M3fMICEIr744ZYUy2Um/W3Z16sU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIP6oFJ1a+4cZJV4BalCgeag8tUPE5bFKA0TVOue56bGz6kynAmclvuZxpSyMR1iz1JJY9R+Pj91Ss6tEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZ/U1CrpAZMbGEMsXtrYSNqKLM2HTKNgRv+eVV0q7XPLfm3V9WGzdFHCU4hTO4AA+uoAF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+6tjY0=</latexit><latexit sha1_base64="M3fMICEIr744ZYUy2Um/W3Z16sU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIP6oFJ1a+4cZJV4BalCgeag8tUPE5bFKA0TVOue56bGz6kynAmclvuZxpSyMR1iz1JJY9R+Pj91Ss6tEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZ/U1CrpAZMbGEMsXtrYSNqKLM2HTKNgRv+eVV0q7XPLfm3V9WGzdFHCU4hTO4AA+uoAF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+6tjY0=</latexit><latexit sha1_base64="M3fMICEIr744ZYUy2Um/W3Z16sU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2lM1m0i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9hIP6oFJ1a+4cZJV4BalCgeag8tUPE5bFKA0TVOue56bGz6kynAmclvuZxpSyMR1iz1JJY9R+Pj91Ss6tEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZ/U1CrpAZMbGEMsXtrYSNqKLM2HTKNgRv+eVV0q7XPLfm3V9WGzdFHCU4hTO4AA+uoAF30IQWMBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A+6tjY0=</latexit>

U = (u1, · · · , ur) 2 Rd1⇥r
<latexit sha1_base64="tB+5Kd5wVAWJK556ChGYWQ5K9X4=">AAACFnicbVBNS8NAEN34WetX1aOXxSJUqCURQS9C0YvHKqYtNDVsNtt26WYTdidCCf0VXvwrXjwo4lW8+W/cfhy09cHA470ZZuYFieAabPvbWlhcWl5Zza3l1zc2t7YLO7t1HaeKMpfGIlbNgGgmuGQucBCsmShGokCwRtC/GvmNB6Y0j+UdDBLWjkhX8g6nBIzkF47di1LqO2WPhjHocuqrI49LLyLQC4Lsdnifhb7jAY+YxmroF4p2xR4DzxNnSopoippf+PLCmKYRk0AF0brl2Am0M6KAU8GGeS/VLCG0T7qsZagkZk87G781xIdGCXEnVqYk4LH6eyIjkdaDKDCdo3v1rDcS//NaKXTO2xmXSQpM0smiTiowxHiUEQ65YhTEwBBCFTe3YtojilAwSeZNCM7sy/OkflJx7Ipzc1qsXk7jyKF9dIBKyEFnqIquUQ25iKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AnMmfDQ==</latexit><latexit sha1_base64="tB+5Kd5wVAWJK556ChGYWQ5K9X4=">AAACFnicbVBNS8NAEN34WetX1aOXxSJUqCURQS9C0YvHKqYtNDVsNtt26WYTdidCCf0VXvwrXjwo4lW8+W/cfhy09cHA470ZZuYFieAabPvbWlhcWl5Zza3l1zc2t7YLO7t1HaeKMpfGIlbNgGgmuGQucBCsmShGokCwRtC/GvmNB6Y0j+UdDBLWjkhX8g6nBIzkF47di1LqO2WPhjHocuqrI49LLyLQC4Lsdnifhb7jAY+YxmroF4p2xR4DzxNnSopoippf+PLCmKYRk0AF0brl2Am0M6KAU8GGeS/VLCG0T7qsZagkZk87G781xIdGCXEnVqYk4LH6eyIjkdaDKDCdo3v1rDcS//NaKXTO2xmXSQpM0smiTiowxHiUEQ65YhTEwBBCFTe3YtojilAwSeZNCM7sy/OkflJx7Ipzc1qsXk7jyKF9dIBKyEFnqIquUQ25iKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AnMmfDQ==</latexit><latexit sha1_base64="tB+5Kd5wVAWJK556ChGYWQ5K9X4=">AAACFnicbVBNS8NAEN34WetX1aOXxSJUqCURQS9C0YvHKqYtNDVsNtt26WYTdidCCf0VXvwrXjwo4lW8+W/cfhy09cHA470ZZuYFieAabPvbWlhcWl5Zza3l1zc2t7YLO7t1HaeKMpfGIlbNgGgmuGQucBCsmShGokCwRtC/GvmNB6Y0j+UdDBLWjkhX8g6nBIzkF47di1LqO2WPhjHocuqrI49LLyLQC4Lsdnifhb7jAY+YxmroF4p2xR4DzxNnSopoippf+PLCmKYRk0AF0brl2Am0M6KAU8GGeS/VLCG0T7qsZagkZk87G781xIdGCXEnVqYk4LH6eyIjkdaDKDCdo3v1rDcS//NaKXTO2xmXSQpM0smiTiowxHiUEQ65YhTEwBBCFTe3YtojilAwSeZNCM7sy/OkflJx7Ipzc1qsXk7jyKF9dIBKyEFnqIquUQ25iKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AnMmfDQ==</latexit><latexit sha1_base64="tB+5Kd5wVAWJK556ChGYWQ5K9X4=">AAACFnicbVBNS8NAEN34WetX1aOXxSJUqCURQS9C0YvHKqYtNDVsNtt26WYTdidCCf0VXvwrXjwo4lW8+W/cfhy09cHA470ZZuYFieAabPvbWlhcWl5Zza3l1zc2t7YLO7t1HaeKMpfGIlbNgGgmuGQucBCsmShGokCwRtC/GvmNB6Y0j+UdDBLWjkhX8g6nBIzkF47di1LqO2WPhjHocuqrI49LLyLQC4Lsdnifhb7jAY+YxmroF4p2xR4DzxNnSopoippf+PLCmKYRk0AF0brl2Am0M6KAU8GGeS/VLCG0T7qsZagkZk87G781xIdGCXEnVqYk4LH6eyIjkdaDKDCdo3v1rDcS//NaKXTO2xmXSQpM0smiTiowxHiUEQ65YhTEwBBCFTe3YtojilAwSeZNCM7sy/OkflJx7Ipzc1qsXk7jyKF9dIBKyEFnqIquUQ25iKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AnMmfDQ==</latexit>

V = (v1, · · · , vr) 2 Rd2⇥r
<latexit sha1_base64="g7kSwE4PiSTlG4dKr8XXK67ZilA=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBAixLAbBL0IQS8eo5gHZOMyOztJhszOLjO9gbDkK7z4K148KOJVvPk3Th4HTSxoKKq66e7yY8E12Pa3tbS8srq2ntnIbm5t7+zm9vbrOkoUZTUaiUg1faKZ4JLVgINgzVgxEvqCNfz+9dhvDJjSPJL3MIxZOyRdyTucEjCSlzutXxYGnlN0aRCBLg48deJy6YYEer6f3o0e0sAru8BDprEaebm8XbInwIvEmZE8mqHq5b7cIKJJyCRQQbRuOXYM7ZQo4FSwUdZNNIsJ7ZMuaxkqidnTTidvjfCxUQLciZQpCXii/p5ISaj1MPRN5/hePe+Nxf+8VgKdi3bKZZwAk3S6qJMIDBEeZ4QDrhgFMTSEUMXNrZj2iCIUTJJZE4Iz//IiqZdLjl1ybs/ylatZHBl0iI5QATnoHFXQDaqiGqLoET2jV/RmPVkv1rv1MW1dsmYzB+gPrM8fo1WfEQ==</latexit><latexit sha1_base64="g7kSwE4PiSTlG4dKr8XXK67ZilA=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBAixLAbBL0IQS8eo5gHZOMyOztJhszOLjO9gbDkK7z4K148KOJVvPk3Th4HTSxoKKq66e7yY8E12Pa3tbS8srq2ntnIbm5t7+zm9vbrOkoUZTUaiUg1faKZ4JLVgINgzVgxEvqCNfz+9dhvDJjSPJL3MIxZOyRdyTucEjCSlzutXxYGnlN0aRCBLg48deJy6YYEer6f3o0e0sAru8BDprEaebm8XbInwIvEmZE8mqHq5b7cIKJJyCRQQbRuOXYM7ZQo4FSwUdZNNIsJ7ZMuaxkqidnTTidvjfCxUQLciZQpCXii/p5ISaj1MPRN5/hePe+Nxf+8VgKdi3bKZZwAk3S6qJMIDBEeZ4QDrhgFMTSEUMXNrZj2iCIUTJJZE4Iz//IiqZdLjl1ybs/ylatZHBl0iI5QATnoHFXQDaqiGqLoET2jV/RmPVkv1rv1MW1dsmYzB+gPrM8fo1WfEQ==</latexit><latexit sha1_base64="g7kSwE4PiSTlG4dKr8XXK67ZilA=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBAixLAbBL0IQS8eo5gHZOMyOztJhszOLjO9gbDkK7z4K148KOJVvPk3Th4HTSxoKKq66e7yY8E12Pa3tbS8srq2ntnIbm5t7+zm9vbrOkoUZTUaiUg1faKZ4JLVgINgzVgxEvqCNfz+9dhvDJjSPJL3MIxZOyRdyTucEjCSlzutXxYGnlN0aRCBLg48deJy6YYEer6f3o0e0sAru8BDprEaebm8XbInwIvEmZE8mqHq5b7cIKJJyCRQQbRuOXYM7ZQo4FSwUdZNNIsJ7ZMuaxkqidnTTidvjfCxUQLciZQpCXii/p5ISaj1MPRN5/hePe+Nxf+8VgKdi3bKZZwAk3S6qJMIDBEeZ4QDrhgFMTSEUMXNrZj2iCIUTJJZE4Iz//IiqZdLjl1ybs/ylatZHBl0iI5QATnoHFXQDaqiGqLoET2jV/RmPVkv1rv1MW1dsmYzB+gPrM8fo1WfEQ==</latexit><latexit sha1_base64="g7kSwE4PiSTlG4dKr8XXK67ZilA=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBAixLAbBL0IQS8eo5gHZOMyOztJhszOLjO9gbDkK7z4K148KOJVvPk3Th4HTSxoKKq66e7yY8E12Pa3tbS8srq2ntnIbm5t7+zm9vbrOkoUZTUaiUg1faKZ4JLVgINgzVgxEvqCNfz+9dhvDJjSPJL3MIxZOyRdyTucEjCSlzutXxYGnlN0aRCBLg48deJy6YYEer6f3o0e0sAru8BDprEaebm8XbInwIvEmZE8mqHq5b7cIKJJyCRQQbRuOXYM7ZQo4FSwUdZNNIsJ7ZMuaxkqidnTTidvjfCxUQLciZQpCXii/p5ISaj1MPRN5/hePe+Nxf+8VgKdi3bKZZwAk3S6qJMIDBEeZ4QDrhgFMTSEUMXNrZj2iCIUTJJZE4Iz//IiqZdLjl1ybs/ylatZHBl0iI5QATnoHFXQDaqiGqLoET2jV/RmPVkv1rv1MW1dsmYzB+gPrM8fo1WfEQ==</latexit>

⇤ = diag(�1, · · · ,�r)
<latexit sha1_base64="KUUS1Okuo+vUcImppQy5vDb3RRk=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUKCERQTdC0Y0LFxXsA5oQJpNJO3SSCTMToYT+hRt/xY0LRdzqzr9xkkbQ1gMDh3PO5c49fkKJkJb1pVWWlldW16rrtY3Nre0dfXevK1jKEe4gRhnv+1BgSmLckURS3E84hpFPcc8fX+V+7x5zQVh8JycJdiM4jElIEJRK8nTTuVHhAF5kDo+MgMDhtOHQQvLspoMCJkXzR+DHnl63TKuAsUjsktRBibanfzoBQ2mEY4koFGJgW4l0M8glQRRPa04qcALRGA7xQNEYRli4WXHX1DhSSmCEjKsXS6NQf09kMBJiEvkqGUE5EvNeLv7nDVIZnrsZiZNU4hjNFoUpNSQz8pJUDxwjSSd5IYgT9VcDjSCHSKoqa6oEe/7kRdI9MW3LtG9P663Lso4qOACHoAFscAZa4Bq0QQcg8ACewAt41R61Z+1Ne59FK1o5sw/+QPv4Bg15nzY=</latexit><latexit sha1_base64="KUUS1Okuo+vUcImppQy5vDb3RRk=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUKCERQTdC0Y0LFxXsA5oQJpNJO3SSCTMToYT+hRt/xY0LRdzqzr9xkkbQ1gMDh3PO5c49fkKJkJb1pVWWlldW16rrtY3Nre0dfXevK1jKEe4gRhnv+1BgSmLckURS3E84hpFPcc8fX+V+7x5zQVh8JycJdiM4jElIEJRK8nTTuVHhAF5kDo+MgMDhtOHQQvLspoMCJkXzR+DHnl63TKuAsUjsktRBibanfzoBQ2mEY4koFGJgW4l0M8glQRRPa04qcALRGA7xQNEYRli4WXHX1DhSSmCEjKsXS6NQf09kMBJiEvkqGUE5EvNeLv7nDVIZnrsZiZNU4hjNFoUpNSQz8pJUDxwjSSd5IYgT9VcDjSCHSKoqa6oEe/7kRdI9MW3LtG9P663Lso4qOACHoAFscAZa4Bq0QQcg8ACewAt41R61Z+1Ne59FK1o5sw/+QPv4Bg15nzY=</latexit><latexit sha1_base64="KUUS1Okuo+vUcImppQy5vDb3RRk=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUKCERQTdC0Y0LFxXsA5oQJpNJO3SSCTMToYT+hRt/xY0LRdzqzr9xkkbQ1gMDh3PO5c49fkKJkJb1pVWWlldW16rrtY3Nre0dfXevK1jKEe4gRhnv+1BgSmLckURS3E84hpFPcc8fX+V+7x5zQVh8JycJdiM4jElIEJRK8nTTuVHhAF5kDo+MgMDhtOHQQvLspoMCJkXzR+DHnl63TKuAsUjsktRBibanfzoBQ2mEY4koFGJgW4l0M8glQRRPa04qcALRGA7xQNEYRli4WXHX1DhSSmCEjKsXS6NQf09kMBJiEvkqGUE5EvNeLv7nDVIZnrsZiZNU4hjNFoUpNSQz8pJUDxwjSSd5IYgT9VcDjSCHSKoqa6oEe/7kRdI9MW3LtG9P663Lso4qOACHoAFscAZa4Bq0QQcg8ACewAt41R61Z+1Ne59FK1o5sw/+QPv4Bg15nzY=</latexit><latexit sha1_base64="KUUS1Okuo+vUcImppQy5vDb3RRk=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUKCERQTdC0Y0LFxXsA5oQJpNJO3SSCTMToYT+hRt/xY0LRdzqzr9xkkbQ1gMDh3PO5c49fkKJkJb1pVWWlldW16rrtY3Nre0dfXevK1jKEe4gRhnv+1BgSmLckURS3E84hpFPcc8fX+V+7x5zQVh8JycJdiM4jElIEJRK8nTTuVHhAF5kDo+MgMDhtOHQQvLspoMCJkXzR+DHnl63TKuAsUjsktRBibanfzoBQ2mEY4koFGJgW4l0M8glQRRPa04qcALRGA7xQNEYRli4WXHX1DhSSmCEjKsXS6NQf09kMBJiEvkqGUE5EvNeLv7nDVIZnrsZiZNU4hjNFoUpNSQz8pJUDxwjSSd5IYgT9VcDjSCHSKoqa6oEe/7kRdI9MW3LtG9P663Lso4qOACHoAFscAZa4Bq0QQcg8ACewAt41R61Z+1Ne59FK1o5sw/+QPv4Bg15nzY=</latexit>

M̂
<latexit sha1_base64="ULElV1RIfmbyJf9o95PnH31FVHw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kWIYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN1O/+cSNFVo94CjlYUL7SsSCUXRSozOgSO66pbJf8WcgyyTISRly1Lqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO6powm04nl07IadO6ZFYG1cKyUz9PTGmibWjJHKdCcWBXfSm4n9eO8P4KhwLlWbIFZsvijNJUJPp66QnDGcoR45QZoS7lbABNZShC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5mnvxXv3PuatK14+cwR/4H3+AP+9jrw=</latexit><latexit sha1_base64="ULElV1RIfmbyJf9o95PnH31FVHw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kWIYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN1O/+cSNFVo94CjlYUL7SsSCUXRSozOgSO66pbJf8WcgyyTISRly1Lqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO6powm04nl07IadO6ZFYG1cKyUz9PTGmibWjJHKdCcWBXfSm4n9eO8P4KhwLlWbIFZsvijNJUJPp66QnDGcoR45QZoS7lbABNZShC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5mnvxXv3PuatK14+cwR/4H3+AP+9jrw=</latexit><latexit sha1_base64="ULElV1RIfmbyJf9o95PnH31FVHw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kWIYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN1O/+cSNFVo94CjlYUL7SsSCUXRSozOgSO66pbJf8WcgyyTISRly1Lqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO6powm04nl07IadO6ZFYG1cKyUz9PTGmibWjJHKdCcWBXfSm4n9eO8P4KhwLlWbIFZsvijNJUJPp66QnDGcoR45QZoS7lbABNZShC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5mnvxXv3PuatK14+cwR/4H3+AP+9jrw=</latexit><latexit sha1_base64="ULElV1RIfmbyJf9o95PnH31FVHw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kWIYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN1O/+cSNFVo94CjlYUL7SsSCUXRSozOgSO66pbJf8WcgyyTISRly1Lqlr05PsyzhCpmk1rYDP8VwTA0KJvmk2MksTykb0j5vO6powm04nl07IadO6ZFYG1cKyUz9PTGmibWjJHKdCcWBXfSm4n9eO8P4KhwLlWbIFZsvijNJUJPp66QnDGcoR45QZoS7lbABNZShC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5mnvxXv3PuatK14+cwR/4H3+AP+9jrw=</latexit>

U
<latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit><latexit sha1_base64="BaPROe+9ACCkZyLn66DLY8LZ0kg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diCaQttKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/lgJikGMR1KHnFGjZWafr9SdWvuHGSVeAWpQoFGv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvr5LWZc1za17zqlq/LeIowSmcwQV4cA11uIcG+MAA4Rle4c15dF6cd+dj0brmFDMn8AfO5w+xLYzZ</latexit>

⇤
<latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit>

V >
<latexit sha1_base64="k8BxW92BCkAjeKYvh1taNts2njA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJJBkyO7PO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTP3mEzdWaHWP44SHMR0o0ReMopNajYesgzqZdEtlv+LPQJZJkJMy5Kh1S1+dnmZpzBUySa1tB36CYUYNCib5pNhJLU8oG9EBbzuqaMxtmM3unZBTp/RIXxtXCslM/T2R0djacRy5zpji0C56U/E/r51i/yrMhEpS5IrNF/VTSVCT6fOkJwxnKMeOUGaEu5WwITWUoYuo6EIIFl9eJo3zSuBXgruLcvU6j6MAx3ACZxDAJVThFmpQBwYSnuEV3rxH78V79z7mrStePnMEf+B9/gBUFJAl</latexit><latexit sha1_base64="k8BxW92BCkAjeKYvh1taNts2njA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJJBkyO7PO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTP3mEzdWaHWP44SHMR0o0ReMopNajYesgzqZdEtlv+LPQJZJkJMy5Kh1S1+dnmZpzBUySa1tB36CYUYNCib5pNhJLU8oG9EBbzuqaMxtmM3unZBTp/RIXxtXCslM/T2R0djacRy5zpji0C56U/E/r51i/yrMhEpS5IrNF/VTSVCT6fOkJwxnKMeOUGaEu5WwITWUoYuo6EIIFl9eJo3zSuBXgruLcvU6j6MAx3ACZxDAJVThFmpQBwYSnuEV3rxH78V79z7mrStePnMEf+B9/gBUFJAl</latexit><latexit sha1_base64="k8BxW92BCkAjeKYvh1taNts2njA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJJBkyO7PO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTP3mEzdWaHWP44SHMR0o0ReMopNajYesgzqZdEtlv+LPQJZJkJMy5Kh1S1+dnmZpzBUySa1tB36CYUYNCib5pNhJLU8oG9EBbzuqaMxtmM3unZBTp/RIXxtXCslM/T2R0djacRy5zpji0C56U/E/r51i/yrMhEpS5IrNF/VTSVCT6fOkJwxnKMeOUGaEu5WwITWUoYuo6EIIFl9eJo3zSuBXgruLcvU6j6MAx3ACZxDAJVThFmpQBwYSnuEV3rxH78V79z7mrStePnMEf+B9/gBUFJAl</latexit><latexit sha1_base64="k8BxW92BCkAjeKYvh1taNts2njA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJJBkyO7PO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFiRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNq1PDeJ1pqU0ropZLoXgdBUreSgyncSR5MxrdTP3mEzdWaHWP44SHMR0o0ReMopNajYesgzqZdEtlv+LPQJZJkJMy5Kh1S1+dnmZpzBUySa1tB36CYUYNCib5pNhJLU8oG9EBbzuqaMxtmM3unZBTp/RIXxtXCslM/T2R0djacRy5zpji0C56U/E/r51i/yrMhEpS5IrNF/VTSVCT6fOkJwxnKMeOUGaEu5WwITWUoYuo6EIIFl9eJo3zSuBXgruLcvU6j6MAx3ACZxDAJVThFmpQBwYSnuEV3rxH78V79z7mrStePnMEf+B9/gBUFJAl</latexit>

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

M = U⇤V >
<latexit sha1_base64="WwxRBbmc9PUl05XqqYpZAEyqYx4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoBdh6MWDwgS7DdY60jTdwtKkJKlQyvwqXjwo4tUP4s1vY7b1oNMHgcd778fvlxemjCrtOF9WZWl5ZXWtul7b2Nza3rF39zpKZBITDwsmZC9EijDKiaepZqSXSoKSkJFuOL6c+t0HIhUV/E7nKQkSNOQ0phhpIw3s+s2551+bfIRg577wtUgnA7vhNJ0Z4F/ilqQBSrQH9qcfCZwlhGvMkFJ910l1UCCpKWZkUvMzRVKEx2hI+oZylBAVFLPjJ/DQKBGMhTSPazhTf04UKFEqT0KTTJAeqUVvKv7n9TMdnwUF5WmmCcfzRXHGoBZw2gSMqCRYs9wQhCU1t0I8QhJhbfqqmRLcxS//JZ3jpus03duTRuuirKMK9sEBOAIuOAUtcAXawAMY5OAJvIBX69F6tt6s93m0YpUzdfAL1sc3CuSUYA==</latexit><latexit sha1_base64="WwxRBbmc9PUl05XqqYpZAEyqYx4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoBdh6MWDwgS7DdY60jTdwtKkJKlQyvwqXjwo4tUP4s1vY7b1oNMHgcd778fvlxemjCrtOF9WZWl5ZXWtul7b2Nza3rF39zpKZBITDwsmZC9EijDKiaepZqSXSoKSkJFuOL6c+t0HIhUV/E7nKQkSNOQ0phhpIw3s+s2551+bfIRg577wtUgnA7vhNJ0Z4F/ilqQBSrQH9qcfCZwlhGvMkFJ910l1UCCpKWZkUvMzRVKEx2hI+oZylBAVFLPjJ/DQKBGMhTSPazhTf04UKFEqT0KTTJAeqUVvKv7n9TMdnwUF5WmmCcfzRXHGoBZw2gSMqCRYs9wQhCU1t0I8QhJhbfqqmRLcxS//JZ3jpus03duTRuuirKMK9sEBOAIuOAUtcAXawAMY5OAJvIBX69F6tt6s93m0YpUzdfAL1sc3CuSUYA==</latexit><latexit sha1_base64="WwxRBbmc9PUl05XqqYpZAEyqYx4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoBdh6MWDwgS7DdY60jTdwtKkJKlQyvwqXjwo4tUP4s1vY7b1oNMHgcd778fvlxemjCrtOF9WZWl5ZXWtul7b2Nza3rF39zpKZBITDwsmZC9EijDKiaepZqSXSoKSkJFuOL6c+t0HIhUV/E7nKQkSNOQ0phhpIw3s+s2551+bfIRg577wtUgnA7vhNJ0Z4F/ilqQBSrQH9qcfCZwlhGvMkFJ910l1UCCpKWZkUvMzRVKEx2hI+oZylBAVFLPjJ/DQKBGMhTSPazhTf04UKFEqT0KTTJAeqUVvKv7n9TMdnwUF5WmmCcfzRXHGoBZw2gSMqCRYs9wQhCU1t0I8QhJhbfqqmRLcxS//JZ3jpus03duTRuuirKMK9sEBOAIuOAUtcAXawAMY5OAJvIBX69F6tt6s93m0YpUzdfAL1sc3CuSUYA==</latexit><latexit sha1_base64="WwxRBbmc9PUl05XqqYpZAEyqYx4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoBdh6MWDwgS7DdY60jTdwtKkJKlQyvwqXjwo4tUP4s1vY7b1oNMHgcd778fvlxemjCrtOF9WZWl5ZXWtul7b2Nza3rF39zpKZBITDwsmZC9EijDKiaepZqSXSoKSkJFuOL6c+t0HIhUV/E7nKQkSNOQ0phhpIw3s+s2551+bfIRg577wtUgnA7vhNJ0Z4F/ilqQBSrQH9qcfCZwlhGvMkFJ910l1UCCpKWZkUvMzRVKEx2hI+oZylBAVFLPjJ/DQKBGMhTSPazhTf04UKFEqT0KTTJAeqUVvKv7n9TMdnwUF5WmmCcfzRXHGoBZw2gSMqCRYs9wQhCU1t0I8QhJhbfqqmRLcxS//JZ3jpus03duTRuuirKMK9sEBOAIuOAUtcAXawAMY5OAJvIBX69F6tt6s93m0YpUzdfAL1sc3CuSUYA==</latexit>

Matrix Perturbation with Noise



Deterministic Perturbations of SVD

Dong Xia, HKUST

Goal: given data matrix M̂, estimate U and V

Preliminary



Goal: given data matrix M̂, estimate U and V

Plug-in 
Estimators:

compute Û and V̂
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Dong Xia, HKUST Preliminary



Model: M̂ = M + Z with M = U⇤V > 2 Rd1⇥d2
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Statistical Model for Noise Matrix

Dong Xia, HKUST Preliminary



Model: M̂ = M + Z with M = U⇤V > 2 Rd1⇥d2
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Statistical Model for Noise Matrix

Dong Xia, HKUST

Assumption:

zij are i.i.d. and zij ⇠ N (0, 1)

Z = (zij)
1jd2

1id1
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Preliminary
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Assumption:

zij are i.i.d. and zij ⇠ N (0, 1)

Z = (zij)
1jd2

1id1
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Model: M̂ = M + Z with M = U⇤V > 2 Rd1⇥d2
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Statistical Model for Noise Matrix

Dong Xia, HKUST Preliminary



On kZk: kZk is sub-gaussian with

EkZk = O(d̄1/2) with d̄ = max(d1, d2)
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Preliminary
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Â
<latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

observed
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⇤
<latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit>

⇥
<latexit sha1_base64="tLgQ+2Tfl2wDOYy7+tfw1YBqxjE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YImlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63U9rY3NreKe9W9vYPDo+qxycdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+Hkfu53n7g2IlEtnKY8iOlIiUgwilbycz+MiN8ac6SzQbXm1t0FyDrxClKDAs1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCR3xvqWKxtwE+eLmGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUwVG4K3+vI66VzVPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQ2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AcaKkYA=</latexit><latexit sha1_base64="tLgQ+2Tfl2wDOYy7+tfw1YBqxjE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YImlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63U9rY3NreKe9W9vYPDo+qxycdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+Hkfu53n7g2IlEtnKY8iOlIiUgwilbycz+MiN8ac6SzQbXm1t0FyDrxClKDAs1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCR3xvqWKxtwE+eLmGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUwVG4K3+vI66VzVPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQ2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AcaKkYA=</latexit><latexit sha1_base64="tLgQ+2Tfl2wDOYy7+tfw1YBqxjE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YImlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63U9rY3NreKe9W9vYPDo+qxycdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+Hkfu53n7g2IlEtnKY8iOlIiUgwilbycz+MiN8ac6SzQbXm1t0FyDrxClKDAs1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCR3xvqWKxtwE+eLmGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUwVG4K3+vI66VzVPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQ2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AcaKkYA=</latexit><latexit sha1_base64="tLgQ+2Tfl2wDOYy7+tfw1YBqxjE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YImlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63U9rY3NreKe9W9vYPDo+qxycdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+Hkfu53n7g2IlEtnKY8iOlIiUgwilbycz+MiN8ac6SzQbXm1t0FyDrxClKDAs1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCR3xvqWKxtwE+eLmGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUwVG4K3+vI66VzVPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQ2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AcaKkYA=</latexit>

⇥>
<latexit sha1_base64="IhZfaf1oq2rCB0wW3woWgIl4w7k=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04rFCv6CJZbPdtEs3m7A7EUKIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLEsE1OM63tba+sbm1Xdmp7u7tHxzaR8ddHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0dub3HpnSPJZtyBLmR2QsecgpASMN7VruBSH22hMGpHjIPYiTYmjXnYYzB14lbknqqERraH95o5imEZNABdF64DoJ+DlRwKlgRdVLNUsInZIxGxgqScS0n8+PL/CZUUY4jJUpCXiu/p7ISaR1FgWmMyIw0cveTPzPG6QQXvs5l0kKTNLFojAVGGI8SwKPuGIURGYIoYqbWzGdEEUomLyqJgR3+eVV0r1ouE7Dvb+sN2/KOCroBJ2ic+SiK9REd6iFOoiiDD2jV/RmPVkv1rv1sWhds8qZGvoD6/MH/kCU/A==</latexit><latexit sha1_base64="IhZfaf1oq2rCB0wW3woWgIl4w7k=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04rFCv6CJZbPdtEs3m7A7EUKIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLEsE1OM63tba+sbm1Xdmp7u7tHxzaR8ddHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0dub3HpnSPJZtyBLmR2QsecgpASMN7VruBSH22hMGpHjIPYiTYmjXnYYzB14lbknqqERraH95o5imEZNABdF64DoJ+DlRwKlgRdVLNUsInZIxGxgqScS0n8+PL/CZUUY4jJUpCXiu/p7ISaR1FgWmMyIw0cveTPzPG6QQXvs5l0kKTNLFojAVGGI8SwKPuGIURGYIoYqbWzGdEEUomLyqJgR3+eVV0r1ouE7Dvb+sN2/KOCroBJ2ic+SiK9REd6iFOoiiDD2jV/RmPVkv1rv1sWhds8qZGvoD6/MH/kCU/A==</latexit><latexit sha1_base64="IhZfaf1oq2rCB0wW3woWgIl4w7k=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04rFCv6CJZbPdtEs3m7A7EUKIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLEsE1OM63tba+sbm1Xdmp7u7tHxzaR8ddHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0dub3HpnSPJZtyBLmR2QsecgpASMN7VruBSH22hMGpHjIPYiTYmjXnYYzB14lbknqqERraH95o5imEZNABdF64DoJ+DlRwKlgRdVLNUsInZIxGxgqScS0n8+PL/CZUUY4jJUpCXiu/p7ISaR1FgWmMyIw0cveTPzPG6QQXvs5l0kKTNLFojAVGGI8SwKPuGIURGYIoYqbWzGdEEUomLyqJgR3+eVV0r1ouE7Dvb+sN2/KOCroBJ2ic+SiK9REd6iFOoiiDD2jV/RmPVkv1rv1sWhds8qZGvoD6/MH/kCU/A==</latexit><latexit sha1_base64="IhZfaf1oq2rCB0wW3woWgIl4w7k=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04rFCv6CJZbPdtEs3m7A7EUKIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLEsE1OM63tba+sbm1Xdmp7u7tHxzaR8ddHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0dub3HpnSPJZtyBLmR2QsecgpASMN7VruBSH22hMGpHjIPYiTYmjXnYYzB14lbknqqERraH95o5imEZNABdF64DoJ+DlRwKlgRdVLNUsInZIxGxgqScS0n8+PL/CZUUY4jJUpCXiu/p7ISaR1FgWmMyIw0cveTPzPG6QQXvs5l0kKTNLFojAVGGI8SwKPuGIURGYIoYqbWzGdEEUomLyqJgR3+eVV0r1ouE7Dvb+sN2/KOCroBJ2ic+SiK9REd6iFOoiiDD2jV/RmPVkv1rv1sWhds8qZGvoD6/MH/kCU/A==</latexit>

Â
<latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

observed

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>
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⇤
<latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit><latexit sha1_base64="qQO9a7FE3YpCEG8qG2hSkxAgKIA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxoWLCvYBbSg3k0k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJpihr0UQkqhugZoJL1jLcCNZNFcM4EKwTjG9nfueJKc0T+WgmKfNjHEoecYrGSp3+vY2GOKjW3Lo7B1klXkFqUKA5qH71w4RmMZOGCtS657mp8XNUhlPBppV+plmKdIxD1rNUYsy0n8/XnZIzq4QkSpR90pC5+nsix1jrSRzYZIxmpJe9mfif18tMdO3nXKaZYZIuPooyQUxCZreTkCtGjZhYglRxuyuhI1RIjW2oYkvwlk9eJe2LuufWvYfLWuOmqKMMJ3AK5+DBFTTgDprQAgpjeIZXeHNS58V5dz4W0ZJTzBzDHzifPwulj10=</latexit>

⇥
<latexit sha1_base64="tLgQ+2Tfl2wDOYy7+tfw1YBqxjE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YImlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63U9rY3NreKe9W9vYPDo+qxycdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+Hkfu53n7g2IlEtnKY8iOlIiUgwilbycz+MiN8ac6SzQbXm1t0FyDrxClKDAs1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCR3xvqWKxtwE+eLmGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUwVG4K3+vI66VzVPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQ2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AcaKkYA=</latexit><latexit sha1_base64="tLgQ+2Tfl2wDOYy7+tfw1YBqxjE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YImlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63U9rY3NreKe9W9vYPDo+qxycdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+Hkfu53n7g2IlEtnKY8iOlIiUgwilbycz+MiN8ac6SzQbXm1t0FyDrxClKDAs1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCR3xvqWKxtwE+eLmGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUwVG4K3+vI66VzVPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQ2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AcaKkYA=</latexit><latexit sha1_base64="tLgQ+2Tfl2wDOYy7+tfw1YBqxjE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YImlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63U9rY3NreKe9W9vYPDo+qxycdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+Hkfu53n7g2IlEtnKY8iOlIiUgwilbycz+MiN8ac6SzQbXm1t0FyDrxClKDAs1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCR3xvqWKxtwE+eLmGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUwVG4K3+vI66VzVPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQ2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AcaKkYA=</latexit><latexit sha1_base64="tLgQ+2Tfl2wDOYy7+tfw1YBqxjE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK/YImlM120y7dbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63U9rY3NreKe9W9vYPDo+qxycdk2Sa8TZLZKJ7ITVcCsXbKFDyXqo5jUPJu+Hkfu53n7g2IlEtnKY8iOlIiUgwilbycz+MiN8ac6SzQbXm1t0FyDrxClKDAs1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCR3xvqWKxtwE+eLmGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hlGt0EuVJohV2y5KMokwYTMAyBDoTlDObWEMi3srYSNqaYMbUwVG4K3+vI66VzVPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQ2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AcaKkYA=</latexit>

⇥>
<latexit sha1_base64="IhZfaf1oq2rCB0wW3woWgIl4w7k=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04rFCv6CJZbPdtEs3m7A7EUKIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLEsE1OM63tba+sbm1Xdmp7u7tHxzaR8ddHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0dub3HpnSPJZtyBLmR2QsecgpASMN7VruBSH22hMGpHjIPYiTYmjXnYYzB14lbknqqERraH95o5imEZNABdF64DoJ+DlRwKlgRdVLNUsInZIxGxgqScS0n8+PL/CZUUY4jJUpCXiu/p7ISaR1FgWmMyIw0cveTPzPG6QQXvs5l0kKTNLFojAVGGI8SwKPuGIURGYIoYqbWzGdEEUomLyqJgR3+eVV0r1ouE7Dvb+sN2/KOCroBJ2ic+SiK9REd6iFOoiiDD2jV/RmPVkv1rv1sWhds8qZGvoD6/MH/kCU/A==</latexit><latexit sha1_base64="IhZfaf1oq2rCB0wW3woWgIl4w7k=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04rFCv6CJZbPdtEs3m7A7EUKIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLEsE1OM63tba+sbm1Xdmp7u7tHxzaR8ddHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0dub3HpnSPJZtyBLmR2QsecgpASMN7VruBSH22hMGpHjIPYiTYmjXnYYzB14lbknqqERraH95o5imEZNABdF64DoJ+DlRwKlgRdVLNUsInZIxGxgqScS0n8+PL/CZUUY4jJUpCXiu/p7ISaR1FgWmMyIw0cveTPzPG6QQXvs5l0kKTNLFojAVGGI8SwKPuGIURGYIoYqbWzGdEEUomLyqJgR3+eVV0r1ouE7Dvb+sN2/KOCroBJ2ic+SiK9REd6iFOoiiDD2jV/RmPVkv1rv1sWhds8qZGvoD6/MH/kCU/A==</latexit><latexit sha1_base64="IhZfaf1oq2rCB0wW3woWgIl4w7k=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04rFCv6CJZbPdtEs3m7A7EUKIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLEsE1OM63tba+sbm1Xdmp7u7tHxzaR8ddHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0dub3HpnSPJZtyBLmR2QsecgpASMN7VruBSH22hMGpHjIPYiTYmjXnYYzB14lbknqqERraH95o5imEZNABdF64DoJ+DlRwKlgRdVLNUsInZIxGxgqScS0n8+PL/CZUUY4jJUpCXiu/p7ISaR1FgWmMyIw0cveTPzPG6QQXvs5l0kKTNLFojAVGGI8SwKPuGIURGYIoYqbWzGdEEUomLyqJgR3+eVV0r1ouE7Dvb+sN2/KOCroBJ2ic+SiK9REd6iFOoiiDD2jV/RmPVkv1rv1sWhds8qZGvoD6/MH/kCU/A==</latexit><latexit sha1_base64="IhZfaf1oq2rCB0wW3woWgIl4w7k=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9Fj04rFCv6CJZbPdtEs3m7A7EUKIf8WLB0W8+kO8+W/ctjlo64OBx3szzMwLEsE1OM63tba+sbm1Xdmp7u7tHxzaR8ddHaeKsg6NRaz6AdFMcMk6wEGwfqIYiQLBesH0dub3HpnSPJZtyBLmR2QsecgpASMN7VruBSH22hMGpHjIPYiTYmjXnYYzB14lbknqqERraH95o5imEZNABdF64DoJ+DlRwKlgRdVLNUsInZIxGxgqScS0n8+PL/CZUUY4jJUpCXiu/p7ISaR1FgWmMyIw0cveTPzPG6QQXvs5l0kKTNLFojAVGGI8SwKPuGIURGYIoYqbWzGdEEUomLyqJgR3+eVV0r1ouE7Dvb+sN2/KOCroBJ2ic+SiK9REd6iFOoiiDD2jV/RmPVkv1rv1sWhds8qZGvoD6/MH/kCU/A==</latexit>

X
<latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit>Â

<latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

observed A = ⇥⇤⇥>
<latexit sha1_base64="ovLguSBOWJNwv7tfEN/o7VLYtu8=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQlCggWpwMLAUKS+pCZUjuO0Vh0nsm+QqqgLC7/CwgBCrPwDG3+D+xig5UiWjs+5R/Y9QSq4Bsf5thYWl5ZXVgtrxfWNza1te2e3oZNMUVaniUhUKyCaCS5ZHTgI1koVI3EgWDPoX4/85gNTmieyBoOU+THpSh5xSsBIHfvg8sKr9RgQ79aEQjK53OceJOmwY5ecsjMGnifulJTQFNWO/eWFCc1iJoEKonXbdVLwc6KAU8GGRS/TLCW0T7qsbagkMdN+Pt5iiI+MEuIoUeZIwGP1dyInsdaDODCTMYGenvVG4n9eO4Po3M+5TDNgkk4eijKBIcGjSnDIFaMgBoYQqrj5K6Y9oggFU1zRlODOrjxPGidl1ym7d6elytW0jgLaR4foGLnoDFXQDaqiOqLoET2jV/RmPVkv1rv1MRldsKaZPfQH1ucPa9KYhw==</latexit><latexit sha1_base64="ovLguSBOWJNwv7tfEN/o7VLYtu8=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQlCggWpwMLAUKS+pCZUjuO0Vh0nsm+QqqgLC7/CwgBCrPwDG3+D+xig5UiWjs+5R/Y9QSq4Bsf5thYWl5ZXVgtrxfWNza1te2e3oZNMUVaniUhUKyCaCS5ZHTgI1koVI3EgWDPoX4/85gNTmieyBoOU+THpSh5xSsBIHfvg8sKr9RgQ79aEQjK53OceJOmwY5ecsjMGnifulJTQFNWO/eWFCc1iJoEKonXbdVLwc6KAU8GGRS/TLCW0T7qsbagkMdN+Pt5iiI+MEuIoUeZIwGP1dyInsdaDODCTMYGenvVG4n9eO4Po3M+5TDNgkk4eijKBIcGjSnDIFaMgBoYQqrj5K6Y9oggFU1zRlODOrjxPGidl1ym7d6elytW0jgLaR4foGLnoDFXQDaqiOqLoET2jV/RmPVkv1rv1MRldsKaZPfQH1ucPa9KYhw==</latexit><latexit sha1_base64="ovLguSBOWJNwv7tfEN/o7VLYtu8=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQlCggWpwMLAUKS+pCZUjuO0Vh0nsm+QqqgLC7/CwgBCrPwDG3+D+xig5UiWjs+5R/Y9QSq4Bsf5thYWl5ZXVgtrxfWNza1te2e3oZNMUVaniUhUKyCaCS5ZHTgI1koVI3EgWDPoX4/85gNTmieyBoOU+THpSh5xSsBIHfvg8sKr9RgQ79aEQjK53OceJOmwY5ecsjMGnifulJTQFNWO/eWFCc1iJoEKonXbdVLwc6KAU8GGRS/TLCW0T7qsbagkMdN+Pt5iiI+MEuIoUeZIwGP1dyInsdaDODCTMYGenvVG4n9eO4Po3M+5TDNgkk4eijKBIcGjSnDIFaMgBoYQqrj5K6Y9oggFU1zRlODOrjxPGidl1ym7d6elytW0jgLaR4foGLnoDFXQDaqiOqLoET2jV/RmPVkv1rv1MRldsKaZPfQH1ucPa9KYhw==</latexit><latexit sha1_base64="ovLguSBOWJNwv7tfEN/o7VLYtu8=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQlCggWpwMLAUKS+pCZUjuO0Vh0nsm+QqqgLC7/CwgBCrPwDG3+D+xig5UiWjs+5R/Y9QSq4Bsf5thYWl5ZXVgtrxfWNza1te2e3oZNMUVaniUhUKyCaCS5ZHTgI1koVI3EgWDPoX4/85gNTmieyBoOU+THpSh5xSsBIHfvg8sKr9RgQ79aEQjK53OceJOmwY5ecsjMGnifulJTQFNWO/eWFCc1iJoEKonXbdVLwc6KAU8GGRS/TLCW0T7qsbagkMdN+Pt5iiI+MEuIoUeZIwGP1dyInsdaDODCTMYGenvVG4n9eO4Po3M+5TDNgkk4eijKBIcGjSnDIFaMgBoYQqrj5K6Y9oggFU1zRlODOrjxPGidl1ym7d6elytW0jgLaR4foGLnoDFXQDaqiOqLoET2jV/RmPVkv1rv1MRldsKaZPfQH1ucPa9KYhw==</latexit>

⇤ = diag(�1, · · · ,�r)
<latexit sha1_base64="KUUS1Okuo+vUcImppQy5vDb3RRk=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUKCERQTdC0Y0LFxXsA5oQJpNJO3SSCTMToYT+hRt/xY0LRdzqzr9xkkbQ1gMDh3PO5c49fkKJkJb1pVWWlldW16rrtY3Nre0dfXevK1jKEe4gRhnv+1BgSmLckURS3E84hpFPcc8fX+V+7x5zQVh8JycJdiM4jElIEJRK8nTTuVHhAF5kDo+MgMDhtOHQQvLspoMCJkXzR+DHnl63TKuAsUjsktRBibanfzoBQ2mEY4koFGJgW4l0M8glQRRPa04qcALRGA7xQNEYRli4WXHX1DhSSmCEjKsXS6NQf09kMBJiEvkqGUE5EvNeLv7nDVIZnrsZiZNU4hjNFoUpNSQz8pJUDxwjSSd5IYgT9VcDjSCHSKoqa6oEe/7kRdI9MW3LtG9P663Lso4qOACHoAFscAZa4Bq0QQcg8ACewAt41R61Z+1Ne59FK1o5sw/+QPv4Bg15nzY=</latexit><latexit sha1_base64="KUUS1Okuo+vUcImppQy5vDb3RRk=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUKCERQTdC0Y0LFxXsA5oQJpNJO3SSCTMToYT+hRt/xY0LRdzqzr9xkkbQ1gMDh3PO5c49fkKJkJb1pVWWlldW16rrtY3Nre0dfXevK1jKEe4gRhnv+1BgSmLckURS3E84hpFPcc8fX+V+7x5zQVh8JycJdiM4jElIEJRK8nTTuVHhAF5kDo+MgMDhtOHQQvLspoMCJkXzR+DHnl63TKuAsUjsktRBibanfzoBQ2mEY4koFGJgW4l0M8glQRRPa04qcALRGA7xQNEYRli4WXHX1DhSSmCEjKsXS6NQf09kMBJiEvkqGUE5EvNeLv7nDVIZnrsZiZNU4hjNFoUpNSQz8pJUDxwjSSd5IYgT9VcDjSCHSKoqa6oEe/7kRdI9MW3LtG9P663Lso4qOACHoAFscAZa4Bq0QQcg8ACewAt41R61Z+1Ne59FK1o5sw/+QPv4Bg15nzY=</latexit><latexit sha1_base64="KUUS1Okuo+vUcImppQy5vDb3RRk=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUKCERQTdC0Y0LFxXsA5oQJpNJO3SSCTMToYT+hRt/xY0LRdzqzr9xkkbQ1gMDh3PO5c49fkKJkJb1pVWWlldW16rrtY3Nre0dfXevK1jKEe4gRhnv+1BgSmLckURS3E84hpFPcc8fX+V+7x5zQVh8JycJdiM4jElIEJRK8nTTuVHhAF5kDo+MgMDhtOHQQvLspoMCJkXzR+DHnl63TKuAsUjsktRBibanfzoBQ2mEY4koFGJgW4l0M8glQRRPa04qcALRGA7xQNEYRli4WXHX1DhSSmCEjKsXS6NQf09kMBJiEvkqGUE5EvNeLv7nDVIZnrsZiZNU4hjNFoUpNSQz8pJUDxwjSSd5IYgT9VcDjSCHSKoqa6oEe/7kRdI9MW3LtG9P663Lso4qOACHoAFscAZa4Bq0QQcg8ACewAt41R61Z+1Ne59FK1o5sw/+QPv4Bg15nzY=</latexit><latexit sha1_base64="KUUS1Okuo+vUcImppQy5vDb3RRk=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUKCERQTdC0Y0LFxXsA5oQJpNJO3SSCTMToYT+hRt/xY0LRdzqzr9xkkbQ1gMDh3PO5c49fkKJkJb1pVWWlldW16rrtY3Nre0dfXevK1jKEe4gRhnv+1BgSmLckURS3E84hpFPcc8fX+V+7x5zQVh8JycJdiM4jElIEJRK8nTTuVHhAF5kDo+MgMDhtOHQQvLspoMCJkXzR+DHnl63TKuAsUjsktRBibanfzoBQ2mEY4koFGJgW4l0M8glQRRPa04qcALRGA7xQNEYRli4WXHX1DhSSmCEjKsXS6NQf09kMBJiEvkqGUE5EvNeLv7nDVIZnrsZiZNU4hjNFoUpNSQz8pJUDxwjSSd5IYgT9VcDjSCHSKoqa6oEe/7kRdI9MW3LtG9P663Lso4qOACHoAFscAZa4Bq0QQcg8ACewAt41R61Z+1Ne59FK1o5sw/+QPv4Bg15nzY=</latexit>

⇥ = (✓1, · · · , ✓r)
<latexit sha1_base64="4/oM+x15Pv/9EFm/2kweB5Xpzio=">AAACCnicbVDLSsNAFJ3UV62vqEs30SJUKCURQTdC0Y3LCn1BE8JkMmmHTh7M3AgldO3GX3HjQhG3foE7/8ZJm4W2HhjmzDn3cuceL+FMgml+a6WV1bX1jfJmZWt7Z3dP3z/oyjgVhHZIzGPR97CknEW0Aww47SeC4tDjtOeNb3O/90CFZHHUhklCnRAPIxYwgkFJrn5st0cU8HXNhvx2rbpN/BhkvXiLM1evmg1zBmOZWAWpogItV/+y/ZikIY2AcCzlwDITcDIsgBFOpxU7lTTBZIyHdKBohEMqnWy2ytQ4VYpvBLFQJwJjpv7uyHAo5ST0VGWIYSQXvVz8zxukEFw5GYuSFGhE5oOClBsQG3kuhs8EJcAnimAimPqrQUZYYAIqvYoKwVpceZl0zxuW2bDuL6rNmyKOMjpCJ6iGLHSJmugOtVAHEfSIntEretOetBftXfuYl5a0oucQ/YH2+QMrGZnr</latexit><latexit sha1_base64="4/oM+x15Pv/9EFm/2kweB5Xpzio=">AAACCnicbVDLSsNAFJ3UV62vqEs30SJUKCURQTdC0Y3LCn1BE8JkMmmHTh7M3AgldO3GX3HjQhG3foE7/8ZJm4W2HhjmzDn3cuceL+FMgml+a6WV1bX1jfJmZWt7Z3dP3z/oyjgVhHZIzGPR97CknEW0Aww47SeC4tDjtOeNb3O/90CFZHHUhklCnRAPIxYwgkFJrn5st0cU8HXNhvx2rbpN/BhkvXiLM1evmg1zBmOZWAWpogItV/+y/ZikIY2AcCzlwDITcDIsgBFOpxU7lTTBZIyHdKBohEMqnWy2ytQ4VYpvBLFQJwJjpv7uyHAo5ST0VGWIYSQXvVz8zxukEFw5GYuSFGhE5oOClBsQG3kuhs8EJcAnimAimPqrQUZYYAIqvYoKwVpceZl0zxuW2bDuL6rNmyKOMjpCJ6iGLHSJmugOtVAHEfSIntEretOetBftXfuYl5a0oucQ/YH2+QMrGZnr</latexit><latexit sha1_base64="4/oM+x15Pv/9EFm/2kweB5Xpzio=">AAACCnicbVDLSsNAFJ3UV62vqEs30SJUKCURQTdC0Y3LCn1BE8JkMmmHTh7M3AgldO3GX3HjQhG3foE7/8ZJm4W2HhjmzDn3cuceL+FMgml+a6WV1bX1jfJmZWt7Z3dP3z/oyjgVhHZIzGPR97CknEW0Aww47SeC4tDjtOeNb3O/90CFZHHUhklCnRAPIxYwgkFJrn5st0cU8HXNhvx2rbpN/BhkvXiLM1evmg1zBmOZWAWpogItV/+y/ZikIY2AcCzlwDITcDIsgBFOpxU7lTTBZIyHdKBohEMqnWy2ytQ4VYpvBLFQJwJjpv7uyHAo5ST0VGWIYSQXvVz8zxukEFw5GYuSFGhE5oOClBsQG3kuhs8EJcAnimAimPqrQUZYYAIqvYoKwVpceZl0zxuW2bDuL6rNmyKOMjpCJ6iGLHSJmugOtVAHEfSIntEretOetBftXfuYl5a0oucQ/YH2+QMrGZnr</latexit><latexit sha1_base64="4/oM+x15Pv/9EFm/2kweB5Xpzio=">AAACCnicbVDLSsNAFJ3UV62vqEs30SJUKCURQTdC0Y3LCn1BE8JkMmmHTh7M3AgldO3GX3HjQhG3foE7/8ZJm4W2HhjmzDn3cuceL+FMgml+a6WV1bX1jfJmZWt7Z3dP3z/oyjgVhHZIzGPR97CknEW0Aww47SeC4tDjtOeNb3O/90CFZHHUhklCnRAPIxYwgkFJrn5st0cU8HXNhvx2rbpN/BhkvXiLM1evmg1zBmOZWAWpogItV/+y/ZikIY2AcCzlwDITcDIsgBFOpxU7lTTBZIyHdKBohEMqnWy2ytQ4VYpvBLFQJwJjpv7uyHAo5ST0VGWIYSQXvVz8zxukEFw5GYuSFGhE5oOClBsQG3kuhs8EJcAnimAimPqrQUZYYAIqvYoKwVpceZl0zxuW2bDuL6rNmyKOMjpCJ6iGLHSJmugOtVAHEfSIntEretOetBftXfuYl5a0oucQ/YH2+QMrGZnr</latexit>

min
1ir

|�i| > 0
<latexit sha1_base64="GdnEsC9JYO3AGL2ZAbuFbdCrKyM=">AAACCnicdVC7TsMwFHV4lvIKMLIYKiSmKkFIMKEKFsYi0YfURJHjOK1V2wm2g1SlnVn4FRYGEGLlC9j4G9y0SOV1pGsdnXOvfX3ClFGlHefDmptfWFxaLq2UV9fWNzbtre2mSjKJSQMnLJHtECnCqCANTTUj7VQSxENGWmH/Yuy3bolUNBHXepASn6OuoDHFSBspsPc8TkWQux4jN5AWpxwNPWZuiFBAh2dOYFfcqlMAOr/Il1UBU9QD+92LEpxxIjRmSKmO66Taz5HUFDMyKnuZIinCfdQlHUMF4kT5efGVETwwSgTjRJoSGhbq7ESOuFIDHppOjnRP/fTG4l9eJ9PxqZ9TkWaaCDx5KM4Y1Akc5wIjKgnWbGAIwpKaXSHuIYmwNumVZ0P4nzSPqq5Tda+OK7XzaRwlsAv2wSFwwQmogUtQBw2AwR14AE/g2bq3Hq0X63XSOmdNZ3bAN1hvn+b+mmA=</latexit><latexit sha1_base64="GdnEsC9JYO3AGL2ZAbuFbdCrKyM=">AAACCnicdVC7TsMwFHV4lvIKMLIYKiSmKkFIMKEKFsYi0YfURJHjOK1V2wm2g1SlnVn4FRYGEGLlC9j4G9y0SOV1pGsdnXOvfX3ClFGlHefDmptfWFxaLq2UV9fWNzbtre2mSjKJSQMnLJHtECnCqCANTTUj7VQSxENGWmH/Yuy3bolUNBHXepASn6OuoDHFSBspsPc8TkWQux4jN5AWpxwNPWZuiFBAh2dOYFfcqlMAOr/Il1UBU9QD+92LEpxxIjRmSKmO66Taz5HUFDMyKnuZIinCfdQlHUMF4kT5efGVETwwSgTjRJoSGhbq7ESOuFIDHppOjnRP/fTG4l9eJ9PxqZ9TkWaaCDx5KM4Y1Akc5wIjKgnWbGAIwpKaXSHuIYmwNumVZ0P4nzSPqq5Tda+OK7XzaRwlsAv2wSFwwQmogUtQBw2AwR14AE/g2bq3Hq0X63XSOmdNZ3bAN1hvn+b+mmA=</latexit><latexit sha1_base64="GdnEsC9JYO3AGL2ZAbuFbdCrKyM=">AAACCnicdVC7TsMwFHV4lvIKMLIYKiSmKkFIMKEKFsYi0YfURJHjOK1V2wm2g1SlnVn4FRYGEGLlC9j4G9y0SOV1pGsdnXOvfX3ClFGlHefDmptfWFxaLq2UV9fWNzbtre2mSjKJSQMnLJHtECnCqCANTTUj7VQSxENGWmH/Yuy3bolUNBHXepASn6OuoDHFSBspsPc8TkWQux4jN5AWpxwNPWZuiFBAh2dOYFfcqlMAOr/Il1UBU9QD+92LEpxxIjRmSKmO66Taz5HUFDMyKnuZIinCfdQlHUMF4kT5efGVETwwSgTjRJoSGhbq7ESOuFIDHppOjnRP/fTG4l9eJ9PxqZ9TkWaaCDx5KM4Y1Akc5wIjKgnWbGAIwpKaXSHuIYmwNumVZ0P4nzSPqq5Tda+OK7XzaRwlsAv2wSFwwQmogUtQBw2AwR14AE/g2bq3Hq0X63XSOmdNZ3bAN1hvn+b+mmA=</latexit><latexit sha1_base64="GdnEsC9JYO3AGL2ZAbuFbdCrKyM=">AAACCnicdVC7TsMwFHV4lvIKMLIYKiSmKkFIMKEKFsYi0YfURJHjOK1V2wm2g1SlnVn4FRYGEGLlC9j4G9y0SOV1pGsdnXOvfX3ClFGlHefDmptfWFxaLq2UV9fWNzbtre2mSjKJSQMnLJHtECnCqCANTTUj7VQSxENGWmH/Yuy3bolUNBHXepASn6OuoDHFSBspsPc8TkWQux4jN5AWpxwNPWZuiFBAh2dOYFfcqlMAOr/Il1UBU9QD+92LEpxxIjRmSKmO66Taz5HUFDMyKnuZIinCfdQlHUMF4kT5efGVETwwSgTjRJoSGhbq7ESOuFIDHppOjnRP/fTG4l9eJ9PxqZ9TkWaaCDx5KM4Y1Akc5wIjKgnWbGAIwpKaXSHuIYmwNumVZ0P4nzSPqq5Tda+OK7XzaRwlsAv2wSFwwQmogUtQBw2AwR14AE/g2bq3Hq0X63XSOmdNZ3bAN1hvn+b+mmA=</latexit>

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>



Dong Xia, HKUST

Representation of Spectral Projectors

Spectral Representation

Empirical Eigenvectors

Data Matrix =

Â
<latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

observed

dX

j=1

�̂j · ✓̂j ✓̂>j
<latexit sha1_base64="0Vemv1/tT9YmMVzxlpCpD3Jd9Fc=">AAACJnicbVDLSsNAFJ3UV62vqks3wSK4KokIuikU3bisYB/QpGEymbbTTjJh5kYooV/jxl9x46Ii4s5PcdJmUVsPDBzOuYc79/gxZwos69sobGxube8Ud0t7+weHR+Xjk5YSiSS0SQQXsuNjRTmLaBMYcNqJJcWhz2nbH99nfvuZSsVE9ASTmLohHkSszwgGLXnlmqOS0EtHNXvaC5whBofrcIC9kUMCAXMFhhQyYYn3UgdEPPXKFatqzWGuEzsnFZSj4ZVnTiBIEtIICMdKdW0rBjfFEhjhdFpyEkVjTMZ4QLuaRjikyk3nZ07NC60EZl9I/SIw5+pyIsWhUpPQ15MhhqFa9TLxP6+bQP/WTVkUJ0AjsljUT7gJwsw6MwMmKQE+0QQTyfRfTTLEEhPQzZZ0CfbqyeukdVW1rar9eF2p3+V1FNEZOkeXyEY3qI4eUAM1EUEv6A3N0Ifxarwbn8bXYrRg5JlT9AfGzy9FlaeB</latexit><latexit sha1_base64="0Vemv1/tT9YmMVzxlpCpD3Jd9Fc=">AAACJnicbVDLSsNAFJ3UV62vqks3wSK4KokIuikU3bisYB/QpGEymbbTTjJh5kYooV/jxl9x46Ii4s5PcdJmUVsPDBzOuYc79/gxZwos69sobGxube8Ud0t7+weHR+Xjk5YSiSS0SQQXsuNjRTmLaBMYcNqJJcWhz2nbH99nfvuZSsVE9ASTmLohHkSszwgGLXnlmqOS0EtHNXvaC5whBofrcIC9kUMCAXMFhhQyYYn3UgdEPPXKFatqzWGuEzsnFZSj4ZVnTiBIEtIICMdKdW0rBjfFEhjhdFpyEkVjTMZ4QLuaRjikyk3nZ07NC60EZl9I/SIw5+pyIsWhUpPQ15MhhqFa9TLxP6+bQP/WTVkUJ0AjsljUT7gJwsw6MwMmKQE+0QQTyfRfTTLEEhPQzZZ0CfbqyeukdVW1rar9eF2p3+V1FNEZOkeXyEY3qI4eUAM1EUEv6A3N0Ifxarwbn8bXYrRg5JlT9AfGzy9FlaeB</latexit><latexit sha1_base64="0Vemv1/tT9YmMVzxlpCpD3Jd9Fc=">AAACJnicbVDLSsNAFJ3UV62vqks3wSK4KokIuikU3bisYB/QpGEymbbTTjJh5kYooV/jxl9x46Ii4s5PcdJmUVsPDBzOuYc79/gxZwos69sobGxube8Ud0t7+weHR+Xjk5YSiSS0SQQXsuNjRTmLaBMYcNqJJcWhz2nbH99nfvuZSsVE9ASTmLohHkSszwgGLXnlmqOS0EtHNXvaC5whBofrcIC9kUMCAXMFhhQyYYn3UgdEPPXKFatqzWGuEzsnFZSj4ZVnTiBIEtIICMdKdW0rBjfFEhjhdFpyEkVjTMZ4QLuaRjikyk3nZ07NC60EZl9I/SIw5+pyIsWhUpPQ15MhhqFa9TLxP6+bQP/WTVkUJ0AjsljUT7gJwsw6MwMmKQE+0QQTyfRfTTLEEhPQzZZ0CfbqyeukdVW1rar9eF2p3+V1FNEZOkeXyEY3qI4eUAM1EUEv6A3N0Ifxarwbn8bXYrRg5JlT9AfGzy9FlaeB</latexit><latexit sha1_base64="0Vemv1/tT9YmMVzxlpCpD3Jd9Fc=">AAACJnicbVDLSsNAFJ3UV62vqks3wSK4KokIuikU3bisYB/QpGEymbbTTjJh5kYooV/jxl9x46Ii4s5PcdJmUVsPDBzOuYc79/gxZwos69sobGxube8Ud0t7+weHR+Xjk5YSiSS0SQQXsuNjRTmLaBMYcNqJJcWhz2nbH99nfvuZSsVE9ASTmLohHkSszwgGLXnlmqOS0EtHNXvaC5whBofrcIC9kUMCAXMFhhQyYYn3UgdEPPXKFatqzWGuEzsnFZSj4ZVnTiBIEtIICMdKdW0rBjfFEhjhdFpyEkVjTMZ4QLuaRjikyk3nZ07NC60EZl9I/SIw5+pyIsWhUpPQ15MhhqFa9TLxP6+bQP/WTVkUJ0AjsljUT7gJwsw6MwMmKQE+0QQTyfRfTTLEEhPQzZZ0CfbqyeukdVW1rar9eF2p3+V1FNEZOkeXyEY3qI4eUAM1EUEv6A3N0Ifxarwbn8bXYrRg5JlT9AfGzy9FlaeB</latexit>

eigen-decomposition



Dong Xia, HKUST

Representation of Spectral Projectors

Spectral Representation

Empirical Eigenvectors

Data Matrix =

Â
<latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit><latexit sha1_base64="d4NVwzp7N/viD7oSqtjuCEkrHN0=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzG+mfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgR/+eVV0rqo+V7Nf7is1m+LOMpwAqdwDj5cQR3uoQFNYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB1ypj5I=</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

observed

dX

j=1

�̂j · ✓̂j ✓̂>j
<latexit sha1_base64="0Vemv1/tT9YmMVzxlpCpD3Jd9Fc=">AAACJnicbVDLSsNAFJ3UV62vqks3wSK4KokIuikU3bisYB/QpGEymbbTTjJh5kYooV/jxl9x46Ii4s5PcdJmUVsPDBzOuYc79/gxZwos69sobGxube8Ud0t7+weHR+Xjk5YSiSS0SQQXsuNjRTmLaBMYcNqJJcWhz2nbH99nfvuZSsVE9ASTmLohHkSszwgGLXnlmqOS0EtHNXvaC5whBofrcIC9kUMCAXMFhhQyYYn3UgdEPPXKFatqzWGuEzsnFZSj4ZVnTiBIEtIICMdKdW0rBjfFEhjhdFpyEkVjTMZ4QLuaRjikyk3nZ07NC60EZl9I/SIw5+pyIsWhUpPQ15MhhqFa9TLxP6+bQP/WTVkUJ0AjsljUT7gJwsw6MwMmKQE+0QQTyfRfTTLEEhPQzZZ0CfbqyeukdVW1rar9eF2p3+V1FNEZOkeXyEY3qI4eUAM1EUEv6A3N0Ifxarwbn8bXYrRg5JlT9AfGzy9FlaeB</latexit><latexit sha1_base64="0Vemv1/tT9YmMVzxlpCpD3Jd9Fc=">AAACJnicbVDLSsNAFJ3UV62vqks3wSK4KokIuikU3bisYB/QpGEymbbTTjJh5kYooV/jxl9x46Ii4s5PcdJmUVsPDBzOuYc79/gxZwos69sobGxube8Ud0t7+weHR+Xjk5YSiSS0SQQXsuNjRTmLaBMYcNqJJcWhz2nbH99nfvuZSsVE9ASTmLohHkSszwgGLXnlmqOS0EtHNXvaC5whBofrcIC9kUMCAXMFhhQyYYn3UgdEPPXKFatqzWGuEzsnFZSj4ZVnTiBIEtIICMdKdW0rBjfFEhjhdFpyEkVjTMZ4QLuaRjikyk3nZ07NC60EZl9I/SIw5+pyIsWhUpPQ15MhhqFa9TLxP6+bQP/WTVkUJ0AjsljUT7gJwsw6MwMmKQE+0QQTyfRfTTLEEhPQzZZ0CfbqyeukdVW1rar9eF2p3+V1FNEZOkeXyEY3qI4eUAM1EUEv6A3N0Ifxarwbn8bXYrRg5JlT9AfGzy9FlaeB</latexit><latexit sha1_base64="0Vemv1/tT9YmMVzxlpCpD3Jd9Fc=">AAACJnicbVDLSsNAFJ3UV62vqks3wSK4KokIuikU3bisYB/QpGEymbbTTjJh5kYooV/jxl9x46Ii4s5PcdJmUVsPDBzOuYc79/gxZwos69sobGxube8Ud0t7+weHR+Xjk5YSiSS0SQQXsuNjRTmLaBMYcNqJJcWhz2nbH99nfvuZSsVE9ASTmLohHkSszwgGLXnlmqOS0EtHNXvaC5whBofrcIC9kUMCAXMFhhQyYYn3UgdEPPXKFatqzWGuEzsnFZSj4ZVnTiBIEtIICMdKdW0rBjfFEhjhdFpyEkVjTMZ4QLuaRjikyk3nZ07NC60EZl9I/SIw5+pyIsWhUpPQ15MhhqFa9TLxP6+bQP/WTVkUJ0AjsljUT7gJwsw6MwMmKQE+0QQTyfRfTTLEEhPQzZZ0CfbqyeukdVW1rar9eF2p3+V1FNEZOkeXyEY3qI4eUAM1EUEv6A3N0Ifxarwbn8bXYrRg5JlT9AfGzy9FlaeB</latexit><latexit sha1_base64="0Vemv1/tT9YmMVzxlpCpD3Jd9Fc=">AAACJnicbVDLSsNAFJ3UV62vqks3wSK4KokIuikU3bisYB/QpGEymbbTTjJh5kYooV/jxl9x46Ii4s5PcdJmUVsPDBzOuYc79/gxZwos69sobGxube8Ud0t7+weHR+Xjk5YSiSS0SQQXsuNjRTmLaBMYcNqJJcWhz2nbH99nfvuZSsVE9ASTmLohHkSszwgGLXnlmqOS0EtHNXvaC5whBofrcIC9kUMCAXMFhhQyYYn3UgdEPPXKFatqzWGuEzsnFZSj4ZVnTiBIEtIICMdKdW0rBjfFEhjhdFpyEkVjTMZ4QLuaRjikyk3nZ07NC60EZl9I/SIw5+pyIsWhUpPQ15MhhqFa9TLxP6+bQP/WTVkUJ0AjsljUT7gJwsw6MwMmKQE+0QQTyfRfTTLEEhPQzZZ0CfbqyeukdVW1rar9eF2p3+V1FNEZOkeXyEY3qI4eUAM1EUEv6A3N0Ifxarwbn8bXYrRg5JlT9AfGzy9FlaeB</latexit>

eigen-decomposition

|�̂1| � |�̂2| � · · · |�̂d|
<latexit sha1_base64="E3KWtba8cTPwgBX7zXjWelALRrg="></latexit><latexit sha1_base64="E3KWtba8cTPwgBX7zXjWelALRrg="></latexit><latexit sha1_base64="E3KWtba8cTPwgBX7zXjWelALRrg="></latexit><latexit sha1_base64="E3KWtba8cTPwgBX7zXjWelALRrg="></latexit>

⇥̂ = (✓̂1, · · · , ✓̂r)
<latexit sha1_base64="IcBvNzEoYnkHf23bW9mrmgjwaag=">AAACFnicdZBNS0JBFIbn9mn2ZbVsMySBgclcFbRFILVpaeAXeEXmjqMOzv1g5txAxF/Rpr/SpkURbaNd/6a5amBRLww8vOcczpzXDaXQQMintbK6tr6xmdhKbu/s7u2nDg4bOogU43UWyEC1XKq5FD6vgwDJW6Hi1HMlb7qj67jevONKi8CvwTjkHY8OfNEXjIKxuqlzZ0jBqQ050MvMjCHmrp11WC8AnV3y1Fk3lSY5QvJl28YxFEulQgwFQkoX2DZOrDRaqNpNfTi9gEUe94FJqnXbJiF0JlSBYJJPk06keUjZiA5426BPPa47k9lZU3xqnB7uB8o8H/DMXZ6YUE/rseeaTo/CUP+uxeZftXYE/XJnIvwwAu6z+aJ+JDEEOM4I94TiDOTYAGVKmL9iNqSKMjBJJk0I35fi/6GRz9kkZ98W05WrRRwJdIxOUAbZqIQq6AZVUR0xdI8e0TN6sR6sJ+vVepu3rliLmSP0Q9b7FyvZn2I=</latexit><latexit sha1_base64="IcBvNzEoYnkHf23bW9mrmgjwaag=">AAACFnicdZBNS0JBFIbn9mn2ZbVsMySBgclcFbRFILVpaeAXeEXmjqMOzv1g5txAxF/Rpr/SpkURbaNd/6a5amBRLww8vOcczpzXDaXQQMintbK6tr6xmdhKbu/s7u2nDg4bOogU43UWyEC1XKq5FD6vgwDJW6Hi1HMlb7qj67jevONKi8CvwTjkHY8OfNEXjIKxuqlzZ0jBqQ050MvMjCHmrp11WC8AnV3y1Fk3lSY5QvJl28YxFEulQgwFQkoX2DZOrDRaqNpNfTi9gEUe94FJqnXbJiF0JlSBYJJPk06keUjZiA5426BPPa47k9lZU3xqnB7uB8o8H/DMXZ6YUE/rseeaTo/CUP+uxeZftXYE/XJnIvwwAu6z+aJ+JDEEOM4I94TiDOTYAGVKmL9iNqSKMjBJJk0I35fi/6GRz9kkZ98W05WrRRwJdIxOUAbZqIQq6AZVUR0xdI8e0TN6sR6sJ+vVepu3rliLmSP0Q9b7FyvZn2I=</latexit><latexit sha1_base64="IcBvNzEoYnkHf23bW9mrmgjwaag=">AAACFnicdZBNS0JBFIbn9mn2ZbVsMySBgclcFbRFILVpaeAXeEXmjqMOzv1g5txAxF/Rpr/SpkURbaNd/6a5amBRLww8vOcczpzXDaXQQMintbK6tr6xmdhKbu/s7u2nDg4bOogU43UWyEC1XKq5FD6vgwDJW6Hi1HMlb7qj67jevONKi8CvwTjkHY8OfNEXjIKxuqlzZ0jBqQ050MvMjCHmrp11WC8AnV3y1Fk3lSY5QvJl28YxFEulQgwFQkoX2DZOrDRaqNpNfTi9gEUe94FJqnXbJiF0JlSBYJJPk06keUjZiA5426BPPa47k9lZU3xqnB7uB8o8H/DMXZ6YUE/rseeaTo/CUP+uxeZftXYE/XJnIvwwAu6z+aJ+JDEEOM4I94TiDOTYAGVKmL9iNqSKMjBJJk0I35fi/6GRz9kkZ98W05WrRRwJdIxOUAbZqIQq6AZVUR0xdI8e0TN6sR6sJ+vVepu3rliLmSP0Q9b7FyvZn2I=</latexit><latexit sha1_base64="IcBvNzEoYnkHf23bW9mrmgjwaag=">AAACFnicdZBNS0JBFIbn9mn2ZbVsMySBgclcFbRFILVpaeAXeEXmjqMOzv1g5txAxF/Rpr/SpkURbaNd/6a5amBRLww8vOcczpzXDaXQQMintbK6tr6xmdhKbu/s7u2nDg4bOogU43UWyEC1XKq5FD6vgwDJW6Hi1HMlb7qj67jevONKi8CvwTjkHY8OfNEXjIKxuqlzZ0jBqQ050MvMjCHmrp11WC8AnV3y1Fk3lSY5QvJl28YxFEulQgwFQkoX2DZOrDRaqNpNfTi9gEUe94FJqnXbJiF0JlSBYJJPk06keUjZiA5426BPPa47k9lZU3xqnB7uB8o8H/DMXZ6YUE/rseeaTo/CUP+uxeZftXYE/XJnIvwwAu6z+aJ+JDEEOM4I94TiDOTYAGVKmL9iNqSKMjBJJk0I35fi/6GRz9kkZ98W05WrRRwJdIxOUAbZqIQq6AZVUR0xdI8e0TN6sR6sJ+vVepu3rliLmSP0Q9b7FyvZn2I=</latexit>

empirical eigenvectors



Dong Xia, HKUST

Representation of Spectral Projectors

Spectral Representation

What is the exact relation between     and     ?⇥̂
<latexit sha1_base64="s2z6PFBUvhqtXUhh4Ph9KbJUBC8=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWxb2HorevFYoV/YXUo2TdvQbHZJZoVS+i+8eFDEq//Gm//GbFtBRR8MPN6bYWZemEhhgJAPZ219Y3NrO7eT393bPzgsHB23TZxqxlsslrHuhtRwKRRvgQDJu4nmNAol74ST68zv3HNtRKyaME14ENGREkPBKFjpzh9T8JtjDrRfKJISIeWa6+KMVD2vkpEKId4ldq2SoYhWaPQL7/4gZmnEFTBJjem5JIFgRjUIJvk876eGJ5RN6Ij3LFU04iaYLS6e43OrDPAw1rYU4IX6fWJGI2OmUWg7Iwpj89vLxL+8XgrDWjATKkmBK7ZcNEwlhhhn7+OB0JyBnFpCmRb2VszGVFMGNqS8DeHrU/w/aZdLLim5t9Vi/WoVRw6dojN0gVzkoTq6QQ3UQgwp9ICe0LNjnEfnxXldtq45q5kT9APO2yfJc5D9</latexit><latexit sha1_base64="s2z6PFBUvhqtXUhh4Ph9KbJUBC8=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWxb2HorevFYoV/YXUo2TdvQbHZJZoVS+i+8eFDEq//Gm//GbFtBRR8MPN6bYWZemEhhgJAPZ219Y3NrO7eT393bPzgsHB23TZxqxlsslrHuhtRwKRRvgQDJu4nmNAol74ST68zv3HNtRKyaME14ENGREkPBKFjpzh9T8JtjDrRfKJISIeWa6+KMVD2vkpEKId4ldq2SoYhWaPQL7/4gZmnEFTBJjem5JIFgRjUIJvk876eGJ5RN6Ij3LFU04iaYLS6e43OrDPAw1rYU4IX6fWJGI2OmUWg7Iwpj89vLxL+8XgrDWjATKkmBK7ZcNEwlhhhn7+OB0JyBnFpCmRb2VszGVFMGNqS8DeHrU/w/aZdLLim5t9Vi/WoVRw6dojN0gVzkoTq6QQ3UQgwp9ICe0LNjnEfnxXldtq45q5kT9APO2yfJc5D9</latexit><latexit sha1_base64="s2z6PFBUvhqtXUhh4Ph9KbJUBC8=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWxb2HorevFYoV/YXUo2TdvQbHZJZoVS+i+8eFDEq//Gm//GbFtBRR8MPN6bYWZemEhhgJAPZ219Y3NrO7eT393bPzgsHB23TZxqxlsslrHuhtRwKRRvgQDJu4nmNAol74ST68zv3HNtRKyaME14ENGREkPBKFjpzh9T8JtjDrRfKJISIeWa6+KMVD2vkpEKId4ldq2SoYhWaPQL7/4gZmnEFTBJjem5JIFgRjUIJvk876eGJ5RN6Ij3LFU04iaYLS6e43OrDPAw1rYU4IX6fWJGI2OmUWg7Iwpj89vLxL+8XgrDWjATKkmBK7ZcNEwlhhhn7+OB0JyBnFpCmRb2VszGVFMGNqS8DeHrU/w/aZdLLim5t9Vi/WoVRw6dojN0gVzkoTq6QQ3UQgwp9ICe0LNjnEfnxXldtq45q5kT9APO2yfJc5D9</latexit><latexit sha1_base64="s2z6PFBUvhqtXUhh4Ph9KbJUBC8=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWxb2HorevFYoV/YXUo2TdvQbHZJZoVS+i+8eFDEq//Gm//GbFtBRR8MPN6bYWZemEhhgJAPZ219Y3NrO7eT393bPzgsHB23TZxqxlsslrHuhtRwKRRvgQDJu4nmNAol74ST68zv3HNtRKyaME14ENGREkPBKFjpzh9T8JtjDrRfKJISIeWa6+KMVD2vkpEKId4ldq2SoYhWaPQL7/4gZmnEFTBJjem5JIFgRjUIJvk876eGJ5RN6Ij3LFU04iaYLS6e43OrDPAw1rYU4IX6fWJGI2OmUWg7Iwpj89vLxL+8XgrDWjATKkmBK7ZcNEwlhhhn7+OB0JyBnFpCmRb2VszGVFMGNqS8DeHrU/w/aZdLLim5t9Vi/WoVRw6dojN0gVzkoTq6QQ3UQgwp9ICe0LNjnEfnxXldtq45q5kT9APO2yfJc5D9</latexit>

⇥
<latexit sha1_base64="3OaiXe9wwv1inrJhBoQGQVSgADQ=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2ha23ohePFdpaaJeSTbNtbHazJFmhlP4HLx4U8er/8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHS1TRVmbSiFVNyCaCR6ztuFGsG6iGIkCwW6DyVXm394zpbmMW2aaMD8io5iHnBJjpU6/NWaGDIolXMa4UnddlJGa51UzUsXYu0CuVTKUYIXmoPjeH0qaRiw2VBCtey5OjD8jynAq2LzQTzVLCJ2QEetZGpOIaX+2uHaOzqwyRKFUtmKDFur3iRmJtJ5Gge2MiBnr314m/uX1UhPW/RmPk9SwmC4XhalARqLsdTTkilEjppYQqri9FdExUYQaG1DBhvD1KfqfdCplF5fdm1qpcbmKIw8ncArn4IIHDbiGJrSBwh08wBM8O9J5dF6c12VrzlnNHMMPOG+fvcOPPA==</latexit><latexit sha1_base64="3OaiXe9wwv1inrJhBoQGQVSgADQ=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2ha23ohePFdpaaJeSTbNtbHazJFmhlP4HLx4U8er/8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHS1TRVmbSiFVNyCaCR6ztuFGsG6iGIkCwW6DyVXm394zpbmMW2aaMD8io5iHnBJjpU6/NWaGDIolXMa4UnddlJGa51UzUsXYu0CuVTKUYIXmoPjeH0qaRiw2VBCtey5OjD8jynAq2LzQTzVLCJ2QEetZGpOIaX+2uHaOzqwyRKFUtmKDFur3iRmJtJ5Gge2MiBnr314m/uX1UhPW/RmPk9SwmC4XhalARqLsdTTkilEjppYQqri9FdExUYQaG1DBhvD1KfqfdCplF5fdm1qpcbmKIw8ncArn4IIHDbiGJrSBwh08wBM8O9J5dF6c12VrzlnNHMMPOG+fvcOPPA==</latexit><latexit sha1_base64="3OaiXe9wwv1inrJhBoQGQVSgADQ=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2ha23ohePFdpaaJeSTbNtbHazJFmhlP4HLx4U8er/8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHS1TRVmbSiFVNyCaCR6ztuFGsG6iGIkCwW6DyVXm394zpbmMW2aaMD8io5iHnBJjpU6/NWaGDIolXMa4UnddlJGa51UzUsXYu0CuVTKUYIXmoPjeH0qaRiw2VBCtey5OjD8jynAq2LzQTzVLCJ2QEetZGpOIaX+2uHaOzqwyRKFUtmKDFur3iRmJtJ5Gge2MiBnr314m/uX1UhPW/RmPk9SwmC4XhalARqLsdTTkilEjppYQqri9FdExUYQaG1DBhvD1KfqfdCplF5fdm1qpcbmKIw8ncArn4IIHDbiGJrSBwh08wBM8O9J5dF6c12VrzlnNHMMPOG+fvcOPPA==</latexit><latexit sha1_base64="3OaiXe9wwv1inrJhBoQGQVSgADQ=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2ha23ohePFdpaaJeSTbNtbHazJFmhlP4HLx4U8er/8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHS1TRVmbSiFVNyCaCR6ztuFGsG6iGIkCwW6DyVXm394zpbmMW2aaMD8io5iHnBJjpU6/NWaGDIolXMa4UnddlJGa51UzUsXYu0CuVTKUYIXmoPjeH0qaRiw2VBCtey5OjD8jynAq2LzQTzVLCJ2QEetZGpOIaX+2uHaOzqwyRKFUtmKDFur3iRmJtJ5Gge2MiBnr314m/uX1UhPW/RmPk9SwmC4XhalARqLsdTTkilEjppYQqri9FdExUYQaG1DBhvD1KfqfdCplF5fdm1qpcbmKIw8ncArn4IIHDbiGJrSBwh08wBM8O9J5dF6c12VrzlnNHMMPOG+fvcOPPA==</latexit>



Dong Xia, HKUST

Representation of Spectral Projectors

Spectral Representation

What is the exact relation between     and     ?⇥̂
<latexit sha1_base64="s2z6PFBUvhqtXUhh4Ph9KbJUBC8=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWxb2HorevFYoV/YXUo2TdvQbHZJZoVS+i+8eFDEq//Gm//GbFtBRR8MPN6bYWZemEhhgJAPZ219Y3NrO7eT393bPzgsHB23TZxqxlsslrHuhtRwKRRvgQDJu4nmNAol74ST68zv3HNtRKyaME14ENGREkPBKFjpzh9T8JtjDrRfKJISIeWa6+KMVD2vkpEKId4ldq2SoYhWaPQL7/4gZmnEFTBJjem5JIFgRjUIJvk876eGJ5RN6Ij3LFU04iaYLS6e43OrDPAw1rYU4IX6fWJGI2OmUWg7Iwpj89vLxL+8XgrDWjATKkmBK7ZcNEwlhhhn7+OB0JyBnFpCmRb2VszGVFMGNqS8DeHrU/w/aZdLLim5t9Vi/WoVRw6dojN0gVzkoTq6QQ3UQgwp9ICe0LNjnEfnxXldtq45q5kT9APO2yfJc5D9</latexit><latexit sha1_base64="s2z6PFBUvhqtXUhh4Ph9KbJUBC8=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWxb2HorevFYoV/YXUo2TdvQbHZJZoVS+i+8eFDEq//Gm//GbFtBRR8MPN6bYWZemEhhgJAPZ219Y3NrO7eT393bPzgsHB23TZxqxlsslrHuhtRwKRRvgQDJu4nmNAol74ST68zv3HNtRKyaME14ENGREkPBKFjpzh9T8JtjDrRfKJISIeWa6+KMVD2vkpEKId4ldq2SoYhWaPQL7/4gZmnEFTBJjem5JIFgRjUIJvk876eGJ5RN6Ij3LFU04iaYLS6e43OrDPAw1rYU4IX6fWJGI2OmUWg7Iwpj89vLxL+8XgrDWjATKkmBK7ZcNEwlhhhn7+OB0JyBnFpCmRb2VszGVFMGNqS8DeHrU/w/aZdLLim5t9Vi/WoVRw6dojN0gVzkoTq6QQ3UQgwp9ICe0LNjnEfnxXldtq45q5kT9APO2yfJc5D9</latexit><latexit sha1_base64="s2z6PFBUvhqtXUhh4Ph9KbJUBC8=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWxb2HorevFYoV/YXUo2TdvQbHZJZoVS+i+8eFDEq//Gm//GbFtBRR8MPN6bYWZemEhhgJAPZ219Y3NrO7eT393bPzgsHB23TZxqxlsslrHuhtRwKRRvgQDJu4nmNAol74ST68zv3HNtRKyaME14ENGREkPBKFjpzh9T8JtjDrRfKJISIeWa6+KMVD2vkpEKId4ldq2SoYhWaPQL7/4gZmnEFTBJjem5JIFgRjUIJvk876eGJ5RN6Ij3LFU04iaYLS6e43OrDPAw1rYU4IX6fWJGI2OmUWg7Iwpj89vLxL+8XgrDWjATKkmBK7ZcNEwlhhhn7+OB0JyBnFpCmRb2VszGVFMGNqS8DeHrU/w/aZdLLim5t9Vi/WoVRw6dojN0gVzkoTq6QQ3UQgwp9ICe0LNjnEfnxXldtq45q5kT9APO2yfJc5D9</latexit><latexit sha1_base64="s2z6PFBUvhqtXUhh4Ph9KbJUBC8=">AAAB8XicdVBNSwMxEM36WetX1aOXYBE8lWxb2HorevFYoV/YXUo2TdvQbHZJZoVS+i+8eFDEq//Gm//GbFtBRR8MPN6bYWZemEhhgJAPZ219Y3NrO7eT393bPzgsHB23TZxqxlsslrHuhtRwKRRvgQDJu4nmNAol74ST68zv3HNtRKyaME14ENGREkPBKFjpzh9T8JtjDrRfKJISIeWa6+KMVD2vkpEKId4ldq2SoYhWaPQL7/4gZmnEFTBJjem5JIFgRjUIJvk876eGJ5RN6Ij3LFU04iaYLS6e43OrDPAw1rYU4IX6fWJGI2OmUWg7Iwpj89vLxL+8XgrDWjATKkmBK7ZcNEwlhhhn7+OB0JyBnFpCmRb2VszGVFMGNqS8DeHrU/w/aZdLLim5t9Vi/WoVRw6dojN0gVzkoTq6QQ3UQgwp9ICe0LNjnEfnxXldtq45q5kT9APO2yfJc5D9</latexit>

⇥
<latexit sha1_base64="3OaiXe9wwv1inrJhBoQGQVSgADQ=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2ha23ohePFdpaaJeSTbNtbHazJFmhlP4HLx4U8er/8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHS1TRVmbSiFVNyCaCR6ztuFGsG6iGIkCwW6DyVXm394zpbmMW2aaMD8io5iHnBJjpU6/NWaGDIolXMa4UnddlJGa51UzUsXYu0CuVTKUYIXmoPjeH0qaRiw2VBCtey5OjD8jynAq2LzQTzVLCJ2QEetZGpOIaX+2uHaOzqwyRKFUtmKDFur3iRmJtJ5Gge2MiBnr314m/uX1UhPW/RmPk9SwmC4XhalARqLsdTTkilEjppYQqri9FdExUYQaG1DBhvD1KfqfdCplF5fdm1qpcbmKIw8ncArn4IIHDbiGJrSBwh08wBM8O9J5dF6c12VrzlnNHMMPOG+fvcOPPA==</latexit><latexit sha1_base64="3OaiXe9wwv1inrJhBoQGQVSgADQ=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2ha23ohePFdpaaJeSTbNtbHazJFmhlP4HLx4U8er/8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHS1TRVmbSiFVNyCaCR6ztuFGsG6iGIkCwW6DyVXm394zpbmMW2aaMD8io5iHnBJjpU6/NWaGDIolXMa4UnddlJGa51UzUsXYu0CuVTKUYIXmoPjeH0qaRiw2VBCtey5OjD8jynAq2LzQTzVLCJ2QEetZGpOIaX+2uHaOzqwyRKFUtmKDFur3iRmJtJ5Gge2MiBnr314m/uX1UhPW/RmPk9SwmC4XhalARqLsdTTkilEjppYQqri9FdExUYQaG1DBhvD1KfqfdCplF5fdm1qpcbmKIw8ncArn4IIHDbiGJrSBwh08wBM8O9J5dF6c12VrzlnNHMMPOG+fvcOPPA==</latexit><latexit sha1_base64="3OaiXe9wwv1inrJhBoQGQVSgADQ=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2ha23ohePFdpaaJeSTbNtbHazJFmhlP4HLx4U8er/8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHS1TRVmbSiFVNyCaCR6ztuFGsG6iGIkCwW6DyVXm394zpbmMW2aaMD8io5iHnBJjpU6/NWaGDIolXMa4UnddlJGa51UzUsXYu0CuVTKUYIXmoPjeH0qaRiw2VBCtey5OjD8jynAq2LzQTzVLCJ2QEetZGpOIaX+2uHaOzqwyRKFUtmKDFur3iRmJtJ5Gge2MiBnr314m/uX1UhPW/RmPk9SwmC4XhalARqLsdTTkilEjppYQqri9FdExUYQaG1DBhvD1KfqfdCplF5fdm1qpcbmKIw8ncArn4IIHDbiGJrSBwh08wBM8O9J5dF6c12VrzlnNHMMPOG+fvcOPPA==</latexit><latexit sha1_base64="3OaiXe9wwv1inrJhBoQGQVSgADQ=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8m2ha23ohePFdpaaJeSTbNtbHazJFmhlP4HLx4U8er/8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHS1TRVmbSiFVNyCaCR6ztuFGsG6iGIkCwW6DyVXm394zpbmMW2aaMD8io5iHnBJjpU6/NWaGDIolXMa4UnddlJGa51UzUsXYu0CuVTKUYIXmoPjeH0qaRiw2VBCtey5OjD8jynAq2LzQTzVLCJ2QEetZGpOIaX+2uHaOzqwyRKFUtmKDFur3iRmJtJ5Gge2MiBnr314m/uX1UhPW/RmPk9SwmC4XhalARqLsdTTkilEjppYQqri9FdExUYQaG1DBhvD1KfqfdCplF5fdm1qpcbmKIw8ncArn4IIHDbiGJrSBwh08wBM8O9J5dF6c12VrzlnNHMMPOG+fvcOPPA==</latexit>

Technical Define 

P? = ⇥?⇥
>
?

<latexit sha1_base64="vgzVHTvhQ3xAJSoFF+uGcyUCGss="></latexit><latexit sha1_base64="vgzVHTvhQ3xAJSoFF+uGcyUCGss="></latexit><latexit sha1_base64="vgzVHTvhQ3xAJSoFF+uGcyUCGss="></latexit><latexit sha1_base64="vgzVHTvhQ3xAJSoFF+uGcyUCGss="></latexit>

P�s = ⇥⇤�s⇥>
<latexit sha1_base64="z9joPr/Ns51jqJnsK6ifxGKQ1MI=">AAACGnicbVC7SgNBFJ31GeNr1dJmMQg2hl0RtBGCNhYWEfKCbBLuTmaTIbMPZu4KYdnvsPFXbCwUsRMb/8bZJIUmHhg4nHPvzJzjxYIrtO1vY2l5ZXVtvbBR3Nza3tk19/YbKkokZXUaiUi2PFBM8JDVkaNgrVgyCDzBmt7oJvebD0wqHoU1HMesE8Ag5D6ngFrqmY4bAA59CaO0mnXTU5VdubUhQ3Dv9CV9mEhTpZu6GMVZzyzZZXsCa5E4M1IiM1R75qfbj2gSsBCpAKXajh1jJwWJnAqWFd1EsRjoCAasrWkIAVOddBIts4610rf8SOoTojVRf2+kECg1Djw9mQdR814u/ue1E/QvOykP4wRZSKcP+YmwMLLynqw+l4yiGGsCVHL9V4sOQQJF3WZRl+DMR14kjbOyY5ed+/NS5XpWR4EckiNyQhxyQSrkllRJnVDySJ7JK3kznowX4934mI4uGbOdA/IHxtcPznuh9g==</latexit><latexit sha1_base64="z9joPr/Ns51jqJnsK6ifxGKQ1MI=">AAACGnicbVC7SgNBFJ31GeNr1dJmMQg2hl0RtBGCNhYWEfKCbBLuTmaTIbMPZu4KYdnvsPFXbCwUsRMb/8bZJIUmHhg4nHPvzJzjxYIrtO1vY2l5ZXVtvbBR3Nza3tk19/YbKkokZXUaiUi2PFBM8JDVkaNgrVgyCDzBmt7oJvebD0wqHoU1HMesE8Ag5D6ngFrqmY4bAA59CaO0mnXTU5VdubUhQ3Dv9CV9mEhTpZu6GMVZzyzZZXsCa5E4M1IiM1R75qfbj2gSsBCpAKXajh1jJwWJnAqWFd1EsRjoCAasrWkIAVOddBIts4610rf8SOoTojVRf2+kECg1Djw9mQdR814u/ue1E/QvOykP4wRZSKcP+YmwMLLynqw+l4yiGGsCVHL9V4sOQQJF3WZRl+DMR14kjbOyY5ed+/NS5XpWR4EckiNyQhxyQSrkllRJnVDySJ7JK3kznowX4934mI4uGbOdA/IHxtcPznuh9g==</latexit><latexit sha1_base64="z9joPr/Ns51jqJnsK6ifxGKQ1MI=">AAACGnicbVC7SgNBFJ31GeNr1dJmMQg2hl0RtBGCNhYWEfKCbBLuTmaTIbMPZu4KYdnvsPFXbCwUsRMb/8bZJIUmHhg4nHPvzJzjxYIrtO1vY2l5ZXVtvbBR3Nza3tk19/YbKkokZXUaiUi2PFBM8JDVkaNgrVgyCDzBmt7oJvebD0wqHoU1HMesE8Ag5D6ngFrqmY4bAA59CaO0mnXTU5VdubUhQ3Dv9CV9mEhTpZu6GMVZzyzZZXsCa5E4M1IiM1R75qfbj2gSsBCpAKXajh1jJwWJnAqWFd1EsRjoCAasrWkIAVOddBIts4610rf8SOoTojVRf2+kECg1Djw9mQdR814u/ue1E/QvOykP4wRZSKcP+YmwMLLynqw+l4yiGGsCVHL9V4sOQQJF3WZRl+DMR14kjbOyY5ed+/NS5XpWR4EckiNyQhxyQSrkllRJnVDySJ7JK3kznowX4934mI4uGbOdA/IHxtcPznuh9g==</latexit><latexit sha1_base64="z9joPr/Ns51jqJnsK6ifxGKQ1MI=">AAACGnicbVC7SgNBFJ31GeNr1dJmMQg2hl0RtBGCNhYWEfKCbBLuTmaTIbMPZu4KYdnvsPFXbCwUsRMb/8bZJIUmHhg4nHPvzJzjxYIrtO1vY2l5ZXVtvbBR3Nza3tk19/YbKkokZXUaiUi2PFBM8JDVkaNgrVgyCDzBmt7oJvebD0wqHoU1HMesE8Ag5D6ngFrqmY4bAA59CaO0mnXTU5VdubUhQ3Dv9CV9mEhTpZu6GMVZzyzZZXsCa5E4M1IiM1R75qfbj2gSsBCpAKXajh1jJwWJnAqWFd1EsRjoCAasrWkIAVOddBIts4610rf8SOoTojVRf2+kECg1Djw9mQdR814u/ue1E/QvOykP4wRZSKcP+YmwMLLynqw+l4yiGGsCVHL9V4sOQQJF3WZRl+DMR14kjbOyY5ed+/NS5XpWR4EckiNyQhxyQSrkllRJnVDySJ7JK3kznowX4934mI4uGbOdA/IHxtcPznuh9g==</latexit>



1st order term

Representation of Spectral Projectors

Representation of              ⇥̂
<latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit>

Lemma

⇥̂�⇥ = (P�1XP? +P?XP�1)
<latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit>

If kXk < min
1ir

|�i|
2

, then
<latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit>

⇥̂⇥̂> �⇥⇥>
<latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit>

Dong Xia, HKUST Spectral Representation



+
�
P�2XP?XP? +P?XP�2XP? +P?XP?XP�2

�P�1XP�1XP? �P?XP�1XP�1 �P�1XP?XP�1
�

<latexit sha1_base64="cCz8ngDlSDZiYPT9YBMXw1bshPM="></latexit><latexit sha1_base64="cCz8ngDlSDZiYPT9YBMXw1bshPM="></latexit><latexit sha1_base64="cCz8ngDlSDZiYPT9YBMXw1bshPM="></latexit><latexit sha1_base64="cCz8ngDlSDZiYPT9YBMXw1bshPM="></latexit>

2nd order term

Representation of Spectral Projectors

1st order term
Lemma

⇥̂�⇥ = (P�1XP? +P?XP�1)
<latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit>

If kXk < min
1ir

|�i|
2

, then
<latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit>

⇥̂⇥̂> �⇥⇥>
<latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit>

Dong Xia, HKUST Spectral Representation

Representation of              ⇥̂
<latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit>



+ · · ·
<latexit sha1_base64="Vas/W+dYcHc+W1j0H/pqqMe2qvM=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIsgCGVG6mtXdOOygrWFdiiZTKYNzSRjkimUod/hxoUibv0Yd/6N6UNoRQ9cOJxzL/dwgoQzbVz3y8ktLa+sruXXCxubW9s7xd29By1TRWidSC5VM8CaciZo3TDDaTNRFMcBp42gfzP2GwOqNJPi3gwT6se4K1jECDZW8k9Qm4TS6MIYnWLJK7sTIHeOnF+5ZxX0Y5Vghlqn+NkOJUljKgzhWOuW5ybGz7AyjHA6KrRTTRNM+rhLW5YKHFPtZ5PQI3RklRBFUtkRBk3U+YsMx1oP48Buxtj09G9vLP7ltVITXfoZE0lqqCDTR1HKkZFo3AAKmaLE8KElmChmsyLSwwoTY3taKOF/8nBa9tyyd1cpVa9ndeThAA7hGDy4gCrcQg3qQOARnuAFXp2B8+y8Oe/T1Zwzu9mHBTgf36IakAs=</latexit><latexit sha1_base64="Vas/W+dYcHc+W1j0H/pqqMe2qvM=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIsgCGVG6mtXdOOygrWFdiiZTKYNzSRjkimUod/hxoUibv0Yd/6N6UNoRQ9cOJxzL/dwgoQzbVz3y8ktLa+sruXXCxubW9s7xd29By1TRWidSC5VM8CaciZo3TDDaTNRFMcBp42gfzP2GwOqNJPi3gwT6se4K1jECDZW8k9Qm4TS6MIYnWLJK7sTIHeOnF+5ZxX0Y5Vghlqn+NkOJUljKgzhWOuW5ybGz7AyjHA6KrRTTRNM+rhLW5YKHFPtZ5PQI3RklRBFUtkRBk3U+YsMx1oP48Buxtj09G9vLP7ltVITXfoZE0lqqCDTR1HKkZFo3AAKmaLE8KElmChmsyLSwwoTY3taKOF/8nBa9tyyd1cpVa9ndeThAA7hGDy4gCrcQg3qQOARnuAFXp2B8+y8Oe/T1Zwzu9mHBTgf36IakAs=</latexit><latexit sha1_base64="Vas/W+dYcHc+W1j0H/pqqMe2qvM=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIsgCGVG6mtXdOOygrWFdiiZTKYNzSRjkimUod/hxoUibv0Yd/6N6UNoRQ9cOJxzL/dwgoQzbVz3y8ktLa+sruXXCxubW9s7xd29By1TRWidSC5VM8CaciZo3TDDaTNRFMcBp42gfzP2GwOqNJPi3gwT6se4K1jECDZW8k9Qm4TS6MIYnWLJK7sTIHeOnF+5ZxX0Y5Vghlqn+NkOJUljKgzhWOuW5ybGz7AyjHA6KrRTTRNM+rhLW5YKHFPtZ5PQI3RklRBFUtkRBk3U+YsMx1oP48Buxtj09G9vLP7ltVITXfoZE0lqqCDTR1HKkZFo3AAKmaLE8KElmChmsyLSwwoTY3taKOF/8nBa9tyyd1cpVa9ndeThAA7hGDy4gCrcQg3qQOARnuAFXp2B8+y8Oe/T1Zwzu9mHBTgf36IakAs=</latexit><latexit sha1_base64="Vas/W+dYcHc+W1j0H/pqqMe2qvM=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIsgCGVG6mtXdOOygrWFdiiZTKYNzSRjkimUod/hxoUibv0Yd/6N6UNoRQ9cOJxzL/dwgoQzbVz3y8ktLa+sruXXCxubW9s7xd29By1TRWidSC5VM8CaciZo3TDDaTNRFMcBp42gfzP2GwOqNJPi3gwT6se4K1jECDZW8k9Qm4TS6MIYnWLJK7sTIHeOnF+5ZxX0Y5Vghlqn+NkOJUljKgzhWOuW5ybGz7AyjHA6KrRTTRNM+rhLW5YKHFPtZ5PQI3RklRBFUtkRBk3U+YsMx1oP48Buxtj09G9vLP7ltVITXfoZE0lqqCDTR1HKkZFo3AAKmaLE8KElmChmsyLSwwoTY3taKOF/8nBa9tyyd1cpVa9ndeThAA7hGDy4gCrcQg3qQOARnuAFXp2B8+y8Oe/T1Zwzu9mHBTgf36IakAs=</latexit>

+
�
P�2XP?XP? +P?XP�2XP? +P?XP?XP�2

�P�1XP�1XP? �P?XP�1XP�1 �P�1XP?XP�1
�

<latexit sha1_base64="cCz8ngDlSDZiYPT9YBMXw1bshPM="></latexit><latexit sha1_base64="cCz8ngDlSDZiYPT9YBMXw1bshPM="></latexit><latexit sha1_base64="cCz8ngDlSDZiYPT9YBMXw1bshPM="></latexit><latexit sha1_base64="cCz8ngDlSDZiYPT9YBMXw1bshPM="></latexit>

2nd order term

Representation of Spectral Projectors

1st order approx
Lemma

⇥̂�⇥ = (P�1XP? +P?XP�1)
<latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit><latexit sha1_base64="snMF9weIjtCWyQK0RhyXLKDlYAc="></latexit>

If kXk < min
1ir

|�i|
2

, then
<latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit>

⇥̂⇥̂> �⇥⇥>
<latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit>

Dong Xia, HKUST Spectral Representation

Representation of              ⇥̂
<latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit>



where we denote P0 = P? and
<latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit>

for s1, · · · , sk+1 � 0
<latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit>

Representation of Spectral Projectors

Lemma If kXk < min
1ir

|�i|
2

, then
<latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit>

Representation of              ⇥̂
<latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit>

⇥̂�⇥ =
X

k�1

X

s:s1+···+sk+1=k

(�1)1+⌧(s) ·P�s1XP�s2X · · ·XP�sk+1

<latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit>

⇥̂⇥̂> �⇥⇥>
<latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit>

Dong Xia, HKUST Spectral Representation



k-th order term

⇥̂�⇥ =
X

k�1

X

s:s1+···+sk+1=k

(�1)1+⌧(s) ·P�s1XP�s2X · · ·XP�sk+1

<latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit>

where we denote P0 = P? and
<latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit>

for s1, · · · , sk+1 � 0
<latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit>

Representation of Spectral Projectors

Lemma If kXk < min
1ir

|�i|
2

, then
<latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit>

Representation of              ⇥̂
<latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit>

⇥̂⇥̂> �⇥⇥>
<latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit>

Dong Xia, HKUST Spectral Representation



⌧(s) =
k+1X

j=1

I(sj > 0).

<latexit sha1_base64="AHYsCkzEwGJ5ZgAGTaiWds8DC24="></latexit><latexit sha1_base64="AHYsCkzEwGJ5ZgAGTaiWds8DC24="></latexit><latexit sha1_base64="AHYsCkzEwGJ5ZgAGTaiWds8DC24="></latexit><latexit sha1_base64="AHYsCkzEwGJ5ZgAGTaiWds8DC24="></latexit>

k-th order term

⇥̂�⇥ =
X

k�1

X

s:s1+···+sk+1=k

(�1)1+⌧(s) ·P�s1XP�s2X · · ·XP�sk+1

<latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit>

where we denote P0 = P? and
<latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit><latexit sha1_base64="5fRcG68zMyIyrBLXWRHCGZhQWrU="></latexit>

for s1, · · · , sk+1 � 0
<latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit><latexit sha1_base64="tVymIKsuzxppq9pffRCPSGgjP78="></latexit>

Representation of Spectral Projectors

Lemma If kXk < min
1ir

|�i|
2

, then
<latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit><latexit sha1_base64="iv0zekf/5291yYb90y+oqhLGW7I="></latexit>

Representation of              ⇥̂
<latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit><latexit sha1_base64="tKxf3ag6lz3K1labLXtbXhShFLI=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgaZkVjZtb0IvHCHlhsoTZyWwyZHZ2mekVQshfePGgiFf/xpt/4+QhqGhBQ1HVTXdXmEphgJAPJ7eyura+kd8sbG3v7O4V9w+aJsk04w2WyES3Q2q4FIo3QIDk7VRzGoeSt8LR9cxv3XNtRKLqME55ENOBEpFgFKx01x1S6NaHHGivWCJuxb/wSAVbUvb9czIjvl+u+NhzyRwltEStV3zv9hOWxVwBk9SYjkdSCCZUg2CSTwvdzPCUshEd8I6lisbcBJP5xVN8YpU+jhJtSwGeq98nJjQ2ZhyHtjOmMDS/vZn4l9fJIPKDiVBpBlyxxaIokxgSPHsf94XmDOTYEsq0sLdiNqSaMrAhFWwIX5/i/0nzzPWI692el6pXyzjy6Agdo1PkoUtURTeohhqIIYUe0BN6dozz6Lw4r4vWnLOcOUQ/4Lx9AiS/kTw=</latexit>

⇥̂⇥̂> �⇥⇥>
<latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit><latexit sha1_base64="6ZIoiVD5LfZLL6RL9zKD33OZTpQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSyCG2sigi6LblxW6A2aWCbTSTt0MgkzJ0IJfQw3voobF4q47c63cdoGrK0/DPx85xzOnD9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoO7Sb35xJTmsazBMGF+RHqSh5wSMKhjX3h9Al6tz4D8usfMgzgZned8nnXsklN2psLLxs1NCeWqduyx141pGjEJVBCt266TgJ8RBZwKNip6qWYJoQPSY21jJYmY9rPpYSN8akgXh7EyTwKe0vmJjERaD6PAdEYE+nqxNoH/1dophDd+xmWSApN0tihMBYYYT1LCXa4YBTE0hlDFzV8x7RNFKJgsiyYEd/HkZdO4LLtO2X24KlVu8zgK6BidoDPkomtUQfeoiuqIomf0it7Rh/VivVmf1tesdcXKZ47QH1njH1O2oTI=</latexit>

Dong Xia, HKUST Spectral Representation



Representation of Spectral Projectors

Highlights

Dong Xia, HKUST Spectral Representation

Deterministic representation of eigenvectors

No eigen-gap conditions (except signal strength)

The k-th order error terms:
���
X

s

(�1)1+⌧(s) ·P�s1XP�s2X · · ·XP�sk+1

��� 
⇣ 4kXk
mini |�i|

⌘k
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Dong Xia, HKUST

Confidence Region of Singular Subspace

Outline

Representation of Spectral Projectors

Normal Approximation of Spectral Projectors

Data-dependent Confidence Regions

Preliminary



Model: M̂ = M + Z with M = U⇤V > 2 Rd1⇥d2
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Normal Approximation of SVD

Assumption:

zij are i.i.d. and zij ⇠ N (0, 1)

Z = (zij)
1jd2

1id1
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Dong Xia, HKUST

Loss: dist2
⇥�
Û, V̂

�
,
�
U,V

�⇤

= kÛÛ> �UU>k2F + kV̂V̂> �VV>k2F

CLT of SVD

Distribution of                               ?   dist2[(Û , V̂ ), (U, V )]
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Normal Approximation of SVD

Dong Xia, HKUST CLT of SVD

Dilation

M̂ = M + Z
<latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit>



Normal Approximation of SVD

Dong Xia, HKUST CLT of SVD

Dilation

M̂ = M + Z
<latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit>

✓
0 M̂

M̂> 0

◆
=

✓
0 M

M> 0

◆
+

✓
0 Z
Z> 0

◆

<latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit>



Normal Approximation of SVD

Dong Xia, HKUST CLT of SVD

Dilation

M̂ = M + Z
<latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit>

✓
0 M̂

M̂> 0

◆
=

✓
0 M

M> 0

◆
+

✓
0 Z
Z> 0

◆

<latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit>

Â = A+X
<latexit sha1_base64="0NbCrhaqdBjgySmvAUIQwMacUFU=">AAAB83icdZDLSgMxFIYzXmu9VV26CRZBEEqmtNiN0OrGZQV7gc5QMmmmDc1cSM4IZehruHGhiFtfxp1vYzodQUUPBD7+/xzOye/FUmgg5MNaWV1b39gsbBW3d3b39ksHh10dJYrxDotkpPoe1VyKkHdAgOT9WHEaeJL3vOn1wu/dc6VFFN7BLOZuQMeh8AWjYCTHmVDALXyJW+f9YalMKoSQar2BMyC1eg5VG9sZEFJGebWHpXdnFLEk4CEwSbUe2CQGN6UKBJN8XnQSzWPKpnTMBwZDGnDtptnNc3xqlBH2I2VeCDhTv0+kNNB6FnimM6Aw0b+9hfiXN0jAb7ipCOMEeMiWi/xEYojwIgA8EoozkDMDlClhbsVsQhVlYGIqmhC+for/h261YpOKfVsrN6/yOAroGJ2gM2SjC9REN6iNOoihGD2gJ/RsJdaj9WK9LltXrHzmCP0o6+0T57iQSA==</latexit><latexit sha1_base64="0NbCrhaqdBjgySmvAUIQwMacUFU=">AAAB83icdZDLSgMxFIYzXmu9VV26CRZBEEqmtNiN0OrGZQV7gc5QMmmmDc1cSM4IZehruHGhiFtfxp1vYzodQUUPBD7+/xzOye/FUmgg5MNaWV1b39gsbBW3d3b39ksHh10dJYrxDotkpPoe1VyKkHdAgOT9WHEaeJL3vOn1wu/dc6VFFN7BLOZuQMeh8AWjYCTHmVDALXyJW+f9YalMKoSQar2BMyC1eg5VG9sZEFJGebWHpXdnFLEk4CEwSbUe2CQGN6UKBJN8XnQSzWPKpnTMBwZDGnDtptnNc3xqlBH2I2VeCDhTv0+kNNB6FnimM6Aw0b+9hfiXN0jAb7ipCOMEeMiWi/xEYojwIgA8EoozkDMDlClhbsVsQhVlYGIqmhC+for/h261YpOKfVsrN6/yOAroGJ2gM2SjC9REN6iNOoihGD2gJ/RsJdaj9WK9LltXrHzmCP0o6+0T57iQSA==</latexit><latexit sha1_base64="0NbCrhaqdBjgySmvAUIQwMacUFU=">AAAB83icdZDLSgMxFIYzXmu9VV26CRZBEEqmtNiN0OrGZQV7gc5QMmmmDc1cSM4IZehruHGhiFtfxp1vYzodQUUPBD7+/xzOye/FUmgg5MNaWV1b39gsbBW3d3b39ksHh10dJYrxDotkpPoe1VyKkHdAgOT9WHEaeJL3vOn1wu/dc6VFFN7BLOZuQMeh8AWjYCTHmVDALXyJW+f9YalMKoSQar2BMyC1eg5VG9sZEFJGebWHpXdnFLEk4CEwSbUe2CQGN6UKBJN8XnQSzWPKpnTMBwZDGnDtptnNc3xqlBH2I2VeCDhTv0+kNNB6FnimM6Aw0b+9hfiXN0jAb7ipCOMEeMiWi/xEYojwIgA8EoozkDMDlClhbsVsQhVlYGIqmhC+for/h261YpOKfVsrN6/yOAroGJ2gM2SjC9REN6iNOoihGD2gJ/RsJdaj9WK9LltXrHzmCP0o6+0T57iQSA==</latexit><latexit sha1_base64="0NbCrhaqdBjgySmvAUIQwMacUFU=">AAAB83icdZDLSgMxFIYzXmu9VV26CRZBEEqmtNiN0OrGZQV7gc5QMmmmDc1cSM4IZehruHGhiFtfxp1vYzodQUUPBD7+/xzOye/FUmgg5MNaWV1b39gsbBW3d3b39ksHh10dJYrxDotkpPoe1VyKkHdAgOT9WHEaeJL3vOn1wu/dc6VFFN7BLOZuQMeh8AWjYCTHmVDALXyJW+f9YalMKoSQar2BMyC1eg5VG9sZEFJGebWHpXdnFLEk4CEwSbUe2CQGN6UKBJN8XnQSzWPKpnTMBwZDGnDtptnNc3xqlBH2I2VeCDhTv0+kNNB6FnimM6Aw0b+9hfiXN0jAb7ipCOMEeMiWi/xEYojwIgA8EoozkDMDlClhbsVsQhVlYGIqmhC+for/h261YpOKfVsrN6/yOAroGJ2gM2SjC9REN6iNOoihGD2gJ/RsJdaj9WK9LltXrHzmCP0o6+0T57iQSA==</latexit>

Symmetric !



Normal Approximation of SVD

Dong Xia, HKUST CLT of SVD

Dilation

M̂ = M + Z
<latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit><latexit sha1_base64="04ZdPQbY4iamTiB1VNMuXPNngMM=">AAAB8XicdZBdSwJBFIbP2pfZl9VlN0MSBIHMipI3gdRNN4JBaqiLzI6zOjg7u8zMBiL+i266KKLb/k13/ZtG3aCiDgw8vO85zDmvHwuuDcYfTmZldW19I7uZ29re2d3L7x+0dJQoypo0EpG684lmgkvWNNwIdhcrRkJfsLY/vpr77XumNI/krZnEzAvJUPKAU2Ks1OmNiEH1i/pZp58v4CLGuFSpogXgciWFkovcBWBcgLQa/fx7bxDRJGTSUEG07ro4Nt6UKMOpYLNcL9EsJnRMhqxrUZKQaW+62HiGTqwyQEGk7JMGLdTvE1MSaj0JfdsZEjPSv725+JfXTUxQ9aZcxolhki4/ChKBTITm56MBV4waMbFAqOJ2V0RHRBFqbEg5G8LXpeh/aJWKLi66N+VC7TKNIwtHcAyn4MI51OAaGtAEChIe4AmeHe08Oi/O67I146Qzh/CjnLdPX0mQDg==</latexit>

✓
0 M̂

M̂> 0

◆
=

✓
0 M

M> 0

◆
+

✓
0 Z
Z> 0

◆

<latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit><latexit sha1_base64="E6PwzArG1iQU57NKWwUrAFMZfUc="></latexit>

Â = A+X
<latexit sha1_base64="0NbCrhaqdBjgySmvAUIQwMacUFU=">AAAB83icdZDLSgMxFIYzXmu9VV26CRZBEEqmtNiN0OrGZQV7gc5QMmmmDc1cSM4IZehruHGhiFtfxp1vYzodQUUPBD7+/xzOye/FUmgg5MNaWV1b39gsbBW3d3b39ksHh10dJYrxDotkpPoe1VyKkHdAgOT9WHEaeJL3vOn1wu/dc6VFFN7BLOZuQMeh8AWjYCTHmVDALXyJW+f9YalMKoSQar2BMyC1eg5VG9sZEFJGebWHpXdnFLEk4CEwSbUe2CQGN6UKBJN8XnQSzWPKpnTMBwZDGnDtptnNc3xqlBH2I2VeCDhTv0+kNNB6FnimM6Aw0b+9hfiXN0jAb7ipCOMEeMiWi/xEYojwIgA8EoozkDMDlClhbsVsQhVlYGIqmhC+for/h261YpOKfVsrN6/yOAroGJ2gM2SjC9REN6iNOoihGD2gJ/RsJdaj9WK9LltXrHzmCP0o6+0T57iQSA==</latexit><latexit sha1_base64="0NbCrhaqdBjgySmvAUIQwMacUFU=">AAAB83icdZDLSgMxFIYzXmu9VV26CRZBEEqmtNiN0OrGZQV7gc5QMmmmDc1cSM4IZehruHGhiFtfxp1vYzodQUUPBD7+/xzOye/FUmgg5MNaWV1b39gsbBW3d3b39ksHh10dJYrxDotkpPoe1VyKkHdAgOT9WHEaeJL3vOn1wu/dc6VFFN7BLOZuQMeh8AWjYCTHmVDALXyJW+f9YalMKoSQar2BMyC1eg5VG9sZEFJGebWHpXdnFLEk4CEwSbUe2CQGN6UKBJN8XnQSzWPKpnTMBwZDGnDtptnNc3xqlBH2I2VeCDhTv0+kNNB6FnimM6Aw0b+9hfiXN0jAb7ipCOMEeMiWi/xEYojwIgA8EoozkDMDlClhbsVsQhVlYGIqmhC+for/h261YpOKfVsrN6/yOAroGJ2gM2SjC9REN6iNOoihGD2gJ/RsJdaj9WK9LltXrHzmCP0o6+0T57iQSA==</latexit><latexit sha1_base64="0NbCrhaqdBjgySmvAUIQwMacUFU=">AAAB83icdZDLSgMxFIYzXmu9VV26CRZBEEqmtNiN0OrGZQV7gc5QMmmmDc1cSM4IZehruHGhiFtfxp1vYzodQUUPBD7+/xzOye/FUmgg5MNaWV1b39gsbBW3d3b39ksHh10dJYrxDotkpPoe1VyKkHdAgOT9WHEaeJL3vOn1wu/dc6VFFN7BLOZuQMeh8AWjYCTHmVDALXyJW+f9YalMKoSQar2BMyC1eg5VG9sZEFJGebWHpXdnFLEk4CEwSbUe2CQGN6UKBJN8XnQSzWPKpnTMBwZDGnDtptnNc3xqlBH2I2VeCDhTv0+kNNB6FnimM6Aw0b+9hfiXN0jAb7ipCOMEeMiWi/xEYojwIgA8EoozkDMDlClhbsVsQhVlYGIqmhC+for/h261YpOKfVsrN6/yOAroGJ2gM2SjC9REN6iNOoihGD2gJ/RsJdaj9WK9LltXrHzmCP0o6+0T57iQSA==</latexit><latexit sha1_base64="0NbCrhaqdBjgySmvAUIQwMacUFU=">AAAB83icdZDLSgMxFIYzXmu9VV26CRZBEEqmtNiN0OrGZQV7gc5QMmmmDc1cSM4IZehruHGhiFtfxp1vYzodQUUPBD7+/xzOye/FUmgg5MNaWV1b39gsbBW3d3b39ksHh10dJYrxDotkpPoe1VyKkHdAgOT9WHEaeJL3vOn1wu/dc6VFFN7BLOZuQMeh8AWjYCTHmVDALXyJW+f9YalMKoSQar2BMyC1eg5VG9sZEFJGebWHpXdnFLEk4CEwSbUe2CQGN6UKBJN8XnQSzWPKpnTMBwZDGnDtptnNc3xqlBH2I2VeCDhTv0+kNNB6FnimM6Aw0b+9hfiXN0jAb7ipCOMEeMiWi/xEYojwIgA8EoozkDMDlClhbsVsQhVlYGIqmhC+for/h261YpOKfVsrN6/yOAroGJ2gM2SjC9REN6iNOoihGD2gJ/RsJdaj9WK9LltXrHzmCP0o6+0T57iQSA==</latexit>

Symmetric !

We can represent the empirical singular vectors !



Representation formula of singular vectors

Dong Xia, HKUST CLT of SVD

A =
rX

|j|�1

�j · ✓j✓>j
<latexit sha1_base64="AsisUFxBkuKy3N7Q4ZWTe0tHu5I="></latexit><latexit sha1_base64="AsisUFxBkuKy3N7Q4ZWTe0tHu5I="></latexit><latexit sha1_base64="AsisUFxBkuKy3N7Q4ZWTe0tHu5I="></latexit><latexit sha1_base64="AsisUFxBkuKy3N7Q4ZWTe0tHu5I="></latexit>

✓j =
1p
2

✓
uj

vj

◆

<latexit sha1_base64="E3i4Zo3XWef2RDoTDbVPTrXlJWE="></latexit><latexit sha1_base64="E3i4Zo3XWef2RDoTDbVPTrXlJWE="></latexit><latexit sha1_base64="E3i4Zo3XWef2RDoTDbVPTrXlJWE="></latexit><latexit sha1_base64="E3i4Zo3XWef2RDoTDbVPTrXlJWE="></latexit>

✓�j =
1p
2

✓
uj

�vj

◆

<latexit sha1_base64="TBiX02j+E/j60ne/+8EHIiUTuW4="></latexit><latexit sha1_base64="TBiX02j+E/j60ne/+8EHIiUTuW4="></latexit><latexit sha1_base64="TBiX02j+E/j60ne/+8EHIiUTuW4="></latexit><latexit sha1_base64="TBiX02j+E/j60ne/+8EHIiUTuW4="></latexit>

�j = ��j
<latexit sha1_base64="GPt30dkCml1zCsR1Bl1zt58ruJc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASL4MaSKS12IxTduKxgL9AOQyaTaWMzF5KMUIfiq7hxoYhb38Odb2M6HUVFDwQ+/vMfzsnvxpxJhdC7UVhYXFpeKa6W1tY3NrfM7Z2OjBJBaJtEPBI9F0vKWUjbiilOe7GgOHA57brj81m/e0OFZFF4pSYxtQM8DJnPCFZacsy9AddmDzvXp8df6JhlVEEIVesNmAGq1XOoWtDKAKEyyK vlmG8DLyJJQENFOJayb6FY2SkWihFOp6VBImmMyRgPaV9jiAMq7TS7fgoPteJBPxL6hQpm6veJFAdSTgJXOwOsRvJ3byb+1esnym/YKQvjRNGQzBf5CYcqgrMooMcEJYpPNGAimL4VkhEWmCgdWEmH8PlT+D90qhULVazLWrl5lsdRBPvgABwBC5yAJrgALdAGBNyCe/AInow748F4Nl7m1oKRz+yCH2W8fgAkyJUE</latexit><latexit sha1_base64="GPt30dkCml1zCsR1Bl1zt58ruJc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASL4MaSKS12IxTduKxgL9AOQyaTaWMzF5KMUIfiq7hxoYhb38Odb2M6HUVFDwQ+/vMfzsnvxpxJhdC7UVhYXFpeKa6W1tY3NrfM7Z2OjBJBaJtEPBI9F0vKWUjbiilOe7GgOHA57brj81m/e0OFZFF4pSYxtQM8DJnPCFZacsy9AddmDzvXp8df6JhlVEEIVesNmAGq1XOoWtDKAKEyyK vlmG8DLyJJQENFOJayb6FY2SkWihFOp6VBImmMyRgPaV9jiAMq7TS7fgoPteJBPxL6hQpm6veJFAdSTgJXOwOsRvJ3byb+1esnym/YKQvjRNGQzBf5CYcqgrMooMcEJYpPNGAimL4VkhEWmCgdWEmH8PlT+D90qhULVazLWrl5lsdRBPvgABwBC5yAJrgALdAGBNyCe/AInow748F4Nl7m1oKRz+yCH2W8fgAkyJUE</latexit><latexit sha1_base64="GPt30dkCml1zCsR1Bl1zt58ruJc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASL4MaSKS12IxTduKxgL9AOQyaTaWMzF5KMUIfiq7hxoYhb38Odb2M6HUVFDwQ+/vMfzsnvxpxJhdC7UVhYXFpeKa6W1tY3NrfM7Z2OjBJBaJtEPBI9F0vKWUjbiilOe7GgOHA57brj81m/e0OFZFF4pSYxtQM8DJnPCFZacsy9AddmDzvXp8df6JhlVEEIVesNmAGq1XOoWtDKAKEyyK vlmG8DLyJJQENFOJayb6FY2SkWihFOp6VBImmMyRgPaV9jiAMq7TS7fgoPteJBPxL6hQpm6veJFAdSTgJXOwOsRvJ3byb+1esnym/YKQvjRNGQzBf5CYcqgrMooMcEJYpPNGAimL4VkhEWmCgdWEmH8PlT+D90qhULVazLWrl5lsdRBPvgABwBC5yAJrgALdAGBNyCe/AInow748F4Nl7m1oKRz+yCH2W8fgAkyJUE</latexit><latexit sha1_base64="GPt30dkCml1zCsR1Bl1zt58ruJc=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASL4MaSKS12IxTduKxgL9AOQyaTaWMzF5KMUIfiq7hxoYhb38Odb2M6HUVFDwQ+/vMfzsnvxpxJhdC7UVhYXFpeKa6W1tY3NrfM7Z2OjBJBaJtEPBI9F0vKWUjbiilOe7GgOHA57brj81m/e0OFZFF4pSYxtQM8DJnPCFZacsy9AddmDzvXp8df6JhlVEEIVesNmAGq1XOoWtDKAKEyyK vlmG8DLyJJQENFOJayb6FY2SkWihFOp6VBImmMyRgPaV9jiAMq7TS7fgoPteJBPxL6hQpm6veJFAdSTgJXOwOsRvJ3byb+1esnym/YKQvjRNGQzBf5CYcqgrMooMcEJYpPNGAimL4VkhEWmCgdWEmH8PlT+D90qhULVazLWrl5lsdRBPvgABwBC5yAJrgALdAGBNyCe/AInow748F4Nl7m1oKRz+yCH2W8fgAkyJUE</latexit>

⇥ = (✓1, · · · , ✓r, ✓�r, · · · , ✓�1) 2 R(d1+d2)⇥(2r)
<latexit sha1_base64="YshoB38iBrs/8LmyCj+LJ68WXG0="></latexit><latexit sha1_base64="YshoB38iBrs/8LmyCj+LJ68WXG0="></latexit><latexit sha1_base64="YshoB38iBrs/8LmyCj+LJ68WXG0="></latexit><latexit sha1_base64="YshoB38iBrs/8LmyCj+LJ68WXG0="></latexit>

⇥⇥> =

✓
UU> 0
0 V V >

◆

<latexit sha1_base64="wRr9+YUeBRXqgMypLaO4dPfS/Qo="></latexit><latexit sha1_base64="wRr9+YUeBRXqgMypLaO4dPfS/Qo="></latexit><latexit sha1_base64="wRr9+YUeBRXqgMypLaO4dPfS/Qo="></latexit><latexit sha1_base64="wRr9+YUeBRXqgMypLaO4dPfS/Qo="></latexit>

Spectral Projector



Dong Xia, HKUST CLT of SVD

⇥̂⇥̂> =

✓
Û Û> 0
0 V̂ V̂ >

◆

<latexit sha1_base64="v4ZsdIM9O+csj6f0QVAHSa/q4ZI="></latexit><latexit sha1_base64="v4ZsdIM9O+csj6f0QVAHSa/q4ZI="></latexit><latexit sha1_base64="v4ZsdIM9O+csj6f0QVAHSa/q4ZI="></latexit><latexit sha1_base64="v4ZsdIM9O+csj6f0QVAHSa/q4ZI="></latexit>

Empirical spectral projector

Technical Define 

P? =

✓
U?U>

? 0
0 V?V >

?

◆

<latexit sha1_base64="TEmw00f9rSpnXlVxtBLe6E8WqUE="></latexit><latexit sha1_base64="TEmw00f9rSpnXlVxtBLe6E8WqUE="></latexit><latexit sha1_base64="TEmw00f9rSpnXlVxtBLe6E8WqUE="></latexit><latexit sha1_base64="TEmw00f9rSpnXlVxtBLe6E8WqUE="></latexit>

P�k =

8
>>>>>><

>>>>>>:

 
U⇤�kU> 0

0 V ⇤�kV >

!
if k is even

 
0 U⇤�kV >

V ⇤�kU> 0

!
if k is odd

<latexit sha1_base64="eqh+lfimX1H/W7+O9bx8hw/jRSQ="></latexit><latexit sha1_base64="eqh+lfimX1H/W7+O9bx8hw/jRSQ="></latexit><latexit sha1_base64="eqh+lfimX1H/W7+O9bx8hw/jRSQ="></latexit><latexit sha1_base64="eqh+lfimX1H/W7+O9bx8hw/jRSQ="></latexit>

Representation formula of singular vectors



Dong Xia, HKUST CLT of SVD

⇥̂�⇥ =
X

k�1

X

s:s1+···+sk+1=k

(�1)1+⌧(s) ·P�s1XP�s2X · · ·XP�sk+1

<latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit><latexit sha1_base64="cExWPh0Z2Sgi1faBBu00peHC6Ko="></latexit>

✓
Û Û> � UU> 0

0 V̂ V̂ > � V V >

◆

<latexit sha1_base64="haACTVCbXAxp/sk9AbIxoRm6ctg="></latexit><latexit sha1_base64="haACTVCbXAxp/sk9AbIxoRm6ctg="></latexit><latexit sha1_base64="haACTVCbXAxp/sk9AbIxoRm6ctg="></latexit><latexit sha1_base64="haACTVCbXAxp/sk9AbIxoRm6ctg="></latexit>

where P0 = P?.
<latexit sha1_base64="qV26E5lj9oSkBHtovZqvdslMFO0="></latexit><latexit sha1_base64="qV26E5lj9oSkBHtovZqvdslMFO0="></latexit><latexit sha1_base64="qV26E5lj9oSkBHtovZqvdslMFO0="></latexit><latexit sha1_base64="qV26E5lj9oSkBHtovZqvdslMFO0="></latexit>

Representation formula of singular vectors

SA,k(X)
<latexit sha1_base64="CE+hfaZWRAa75lknvYQdggDAj9Y=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0WoICXpg7qsunFZ0T6gDWEynbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtoIKnpg4HDOvdwzxwsZlcqyPoyFxaXlldXcWn59Y3Nr29zZbcsgEpi0cMAC0fWQJIxy0lJUMdINBUG+x0jHm1ykfueWCEkDfqOmIXF8NOJ0SDFSWnLN/b6P1BgjFl8nbnx2MkmK3WPXLFglq1yuVCyoyQya1OrVmiZ2phRAhqZrvvcHAY58whVmSMqebYXKiZFQFDOS5PuRJCHCEzQiPU058ol04ln6BB5pZQCHgdCPKzhTv2/EyJdy6nt6Ms0qf3up+JfXi9Tw1IkpDyNFOJ4fGkYMqgCmVcABFQQrNtUEYUF1VojHSCCsdGF5XcLXT+H/pF0u2VbJvqoWGudZHTlwAA5BEdigDhrgEjRBC2BwBx7AE3g27o1H48V4nY8uGNnOHvgB4+0TAluU6w==</latexit><latexit sha1_base64="CE+hfaZWRAa75lknvYQdggDAj9Y=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0WoICXpg7qsunFZ0T6gDWEynbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtoIKnpg4HDOvdwzxwsZlcqyPoyFxaXlldXcWn59Y3Nr29zZbcsgEpi0cMAC0fWQJIxy0lJUMdINBUG+x0jHm1ykfueWCEkDfqOmIXF8NOJ0SDFSWnLN/b6P1BgjFl8nbnx2MkmK3WPXLFglq1yuVCyoyQya1OrVmiZ2phRAhqZrvvcHAY58whVmSMqebYXKiZFQFDOS5PuRJCHCEzQiPU058ol04ln6BB5pZQCHgdCPKzhTv2/EyJdy6nt6Ms0qf3up+JfXi9Tw1IkpDyNFOJ4fGkYMqgCmVcABFQQrNtUEYUF1VojHSCCsdGF5XcLXT+H/pF0u2VbJvqoWGudZHTlwAA5BEdigDhrgEjRBC2BwBx7AE3g27o1H48V4nY8uGNnOHvgB4+0TAluU6w==</latexit><latexit sha1_base64="CE+hfaZWRAa75lknvYQdggDAj9Y=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0WoICXpg7qsunFZ0T6gDWEynbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtoIKnpg4HDOvdwzxwsZlcqyPoyFxaXlldXcWn59Y3Nr29zZbcsgEpi0cMAC0fWQJIxy0lJUMdINBUG+x0jHm1ykfueWCEkDfqOmIXF8NOJ0SDFSWnLN/b6P1BgjFl8nbnx2MkmK3WPXLFglq1yuVCyoyQya1OrVmiZ2phRAhqZrvvcHAY58whVmSMqebYXKiZFQFDOS5PuRJCHCEzQiPU058ol04ln6BB5pZQCHgdCPKzhTv2/EyJdy6nt6Ms0qf3up+JfXi9Tw1IkpDyNFOJ4fGkYMqgCmVcABFQQrNtUEYUF1VojHSCCsdGF5XcLXT+H/pF0u2VbJvqoWGudZHTlwAA5BEdigDhrgEjRBC2BwBx7AE3g27o1H48V4nY8uGNnOHvgB4+0TAluU6w==</latexit><latexit sha1_base64="CE+hfaZWRAa75lknvYQdggDAj9Y=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0WoICXpg7qsunFZ0T6gDWEynbZDJ5MwMxFqCP6KGxeKuPU/3Pk3TtoIKnpg4HDOvdwzxwsZlcqyPoyFxaXlldXcWn59Y3Nr29zZbcsgEpi0cMAC0fWQJIxy0lJUMdINBUG+x0jHm1ykfueWCEkDfqOmIXF8NOJ0SDFSWnLN/b6P1BgjFl8nbnx2MkmK3WPXLFglq1yuVCyoyQya1OrVmiZ2phRAhqZrvvcHAY58whVmSMqebYXKiZFQFDOS5PuRJCHCEzQiPU058ol04ln6BB5pZQCHgdCPKzhTv2/EyJdy6nt6Ms0qf3up+JfXi9Tw1IkpDyNFOJ4fGkYMqgCmVcABFQQrNtUEYUF1VojHSCCsdGF5XcLXT+H/pF0u2VbJvqoWGudZHTlwAA5BEdigDhrgEjRBC2BwBx7AE3g27o1H48V4nY8uGNnOHvgB4+0TAluU6w==</latexit>

⇥̂⇥̂> �⇥⇥> =
X

k�1

SA,k(X)

<latexit sha1_base64="f8rNGdurpAIvU1C43hVOAU0C+yw="></latexit><latexit sha1_base64="f8rNGdurpAIvU1C43hVOAU0C+yw="></latexit><latexit sha1_base64="f8rNGdurpAIvU1C43hVOAU0C+yw="></latexit><latexit sha1_base64="f8rNGdurpAIvU1C43hVOAU0C+yw="></latexit>

k-th order term

dist2[(Û , V̂ ), (U, V )] = k⇥̂⇥̂> �⇥⇥>k2F
<latexit sha1_base64="yIxsmlyqI3Bj2Bl8FV9+WcrY0Tw="></latexit><latexit sha1_base64="yIxsmlyqI3Bj2Bl8FV9+WcrY0Tw="></latexit><latexit sha1_base64="yIxsmlyqI3Bj2Bl8FV9+WcrY0Tw="></latexit><latexit sha1_base64="yIxsmlyqI3Bj2Bl8FV9+WcrY0Tw="></latexit>

= �2
X

k�2

⌦
⇥⇥>,SA,k(X)

↵

<latexit sha1_base64="rnRANVPBcKsU80Q3ijdLPhyrVIA="></latexit><latexit sha1_base64="rnRANVPBcKsU80Q3ijdLPhyrVIA="></latexit><latexit sha1_base64="rnRANVPBcKsU80Q3ijdLPhyrVIA="></latexit><latexit sha1_base64="rnRANVPBcKsU80Q3ijdLPhyrVIA="></latexit>



First order approx. of E dist2
⇥�
Û, V̂

�
,
�
U,V

�⇤

Expectation of the Loss

E dist2
⇥�
Û, V̂

�
,
�
U,V

�⇤
= �2

X

k�2

E
⌦
⇥⇥>,SA,k(X)

↵

<latexit sha1_base64="mMs6iHELmuZOZ3c9MX4rhkQDiiM="></latexit><latexit sha1_base64="mMs6iHELmuZOZ3c9MX4rhkQDiiM="></latexit><latexit sha1_base64="mMs6iHELmuZOZ3c9MX4rhkQDiiM="></latexit><latexit sha1_base64="mMs6iHELmuZOZ3c9MX4rhkQDiiM="></latexit>

What if we just calculate k=2 and roughly bound remainders?

(the expectation is 0 whenever k is odd)

Theorem

Dong Xia, HKUST CLT of SVD

1

�2
1

+ · · ·+ 1

�2
r

E dist2[(Û , V̂ ), (U, V )] = [2 + o(1)](d1 + d2 � 2r)k⇤�1k2F
<latexit sha1_base64="uW27Fmj1n5pcjTCjqlFaMk/CBwM="></latexit><latexit sha1_base64="uW27Fmj1n5pcjTCjqlFaMk/CBwM="></latexit><latexit sha1_base64="uW27Fmj1n5pcjTCjqlFaMk/CBwM="></latexit><latexit sha1_base64="uW27Fmj1n5pcjTCjqlFaMk/CBwM="></latexit>

If �r &
p
dmax, then

<latexit sha1_base64="9KFVfZhlp6f4oVu26Ghif/w+XvI="></latexit><latexit sha1_base64="9KFVfZhlp6f4oVu26Ghif/w+XvI="></latexit><latexit sha1_base64="9KFVfZhlp6f4oVu26Ghif/w+XvI="></latexit><latexit sha1_base64="9KFVfZhlp6f4oVu26Ghif/w+XvI="></latexit>



Simulation of E dist2
⇥�
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2(d1 + d2 � 2r)k⇤�1k2F
<latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit>

1st approx

Expectation of the Loss

Dong Xia, HKUST CLT of SVD
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2(d1 + d2 � 2r)k⇤�1k2F
<latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit>

1st approx
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Expectation of the Loss

Dong Xia, HKUST CLT of SVD



Simulation of E dist2
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<latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit>
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Very close!

Expectation of the Loss

Dong Xia, HKUST CLT of SVD



1st approx

Is first order approx. E dist2
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2(d1 + d2 � 2r)k⇤�1k2F
<latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit><latexit sha1_base64="uqfhiC38F10h7gBng9WeGkbYHWM=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsSEsSBF0WBXHhooJ9QJOGyWTaDp08mJkIJc0nuPFX3LhQxK1Ld/6N08dCWw8MHM65hzv3eDGjQhrGt5ZbWl5ZXcuvFzY2t7Z39N29hogSjkkdRyziLQ8JwmhI6pJKRloxJyjwGGl6g6ux33wgXNAovJfDmDgB6oW0SzGSSnL1Y6vku+ap71pli5/YI/tWZX3USctmZo/c1OYBvM46lqsXjYoxAVwk5owUwQw1V/+y/QgnAQklZkiItmnE0kkRlxQzkhXsRJAY4QHqkbaiIQqIcNLJQRk8UooPuxFXL5Rwov5OpCgQYhh4ajJAsi/mvbH4n9dOZPfCSWkYJ5KEeLqomzAoIzhuB/qUEyzZUBGEOVV/hbiPOMJSdVhQJZjzJy+ShlUxjYp5d1asXs7qyIMDcAhKwATnoApuQA3UAQaP4Bm8gjftSXvR3rWP6WhOm2X2wR9onz+wfJsi</latexit>

Expectation of the Loss

Dong Xia, HKUST CLT of SVD



1st approx
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?



Higher order approx. of E dist2
⇥�
Û, V̂

�
,
�
U,V

�⇤

Expectation of the Loss

Dong Xia, HKUST CLT of SVD

E dist2
⇥�
Û, V̂

�
,
�
U,V

�⇤
= �2

X

k�2

E
⌦
⇥⇥>,SA,k(X)

↵

<latexit sha1_base64="mMs6iHELmuZOZ3c9MX4rhkQDiiM="></latexit><latexit sha1_base64="mMs6iHELmuZOZ3c9MX4rhkQDiiM="></latexit><latexit sha1_base64="mMs6iHELmuZOZ3c9MX4rhkQDiiM="></latexit><latexit sha1_base64="mMs6iHELmuZOZ3c9MX4rhkQDiiM="></latexit>

1st order term

�2E
⌦
⇥⇥>,SA,2(X)

↵
= 2(d1 + d2 � 2r)k⇤�1k2F

<latexit sha1_base64="5XwCvYEgbLYOXR5KlQgfrPBCdMM="></latexit><latexit sha1_base64="5XwCvYEgbLYOXR5KlQgfrPBCdMM="></latexit><latexit sha1_base64="5XwCvYEgbLYOXR5KlQgfrPBCdMM="></latexit><latexit sha1_base64="5XwCvYEgbLYOXR5KlQgfrPBCdMM="></latexit>

2nd order term �2E
⌦
⇥⇥>,SA,4(X)

↵
<latexit sha1_base64="mS6SiVg9+uC0jyLl0NbvYCcQFKw="></latexit><latexit sha1_base64="mS6SiVg9+uC0jyLl0NbvYCcQFKw="></latexit><latexit sha1_base64="mS6SiVg9+uC0jyLl0NbvYCcQFKw="></latexit><latexit sha1_base64="mS6SiVg9+uC0jyLl0NbvYCcQFKw="></latexit>

?

3rd order term �2E
⌦
⇥⇥>,SA,6(X)

↵
<latexit sha1_base64="eqBewTORsZczrCV4TgNKi6pLYI8="></latexit><latexit sha1_base64="eqBewTORsZczrCV4TgNKi6pLYI8="></latexit><latexit sha1_base64="eqBewTORsZczrCV4TgNKi6pLYI8="></latexit><latexit sha1_base64="eqBewTORsZczrCV4TgNKi6pLYI8="></latexit>

?
… … …

SA,k(X) =
<latexit sha1_base64="FIkYF7LNkqTUJrnIPRXnp+EZOb4=">AAAB/nicdVDLSgMxFM3UV62vUXHlJliEClIytdRuhKoblxXtA9phyKSZNjTzIMkIZRjwV9y4UMSt3+HOvzHTVlDRA4HDOfdyT44bcSYVQh9GbmFxaXklv1pYW9/Y3DK3d9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0444vM79zR4VkYXCrJhG1fTwMmMcIVlpyzL2+j9WIYJ7cpE5yfjxOS92jM8csojKyTmrVKtQEVeoVNCOoXoOWJhmKYI6mY773ByGJfRoowrGUPQtFyk6wUIxwmhb6saQRJmM8pD1NA+xTaSfT+Ck81MoAeqHQL1Bwqn7fSLAv5cR39WQWVv72MvEvrxcrr24nLIhiRQMyO+TFHKoQZl3AAROUKD7RBBPBdFZIRlhgonRjBV3C10/h/6RdKVuobF1Xi42LeR15sA8OQAlY4BQ0wBVoghYgIAEP4Ak8G/fGo/FivM5Gc8Z8Zxf8gPH2CaE3lUE=</latexit><latexit sha1_base64="FIkYF7LNkqTUJrnIPRXnp+EZOb4=">AAAB/nicdVDLSgMxFM3UV62vUXHlJliEClIytdRuhKoblxXtA9phyKSZNjTzIMkIZRjwV9y4UMSt3+HOvzHTVlDRA4HDOfdyT44bcSYVQh9GbmFxaXklv1pYW9/Y3DK3d9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0444vM79zR4VkYXCrJhG1fTwMmMcIVlpyzL2+j9WIYJ7cpE5yfjxOS92jM8csojKyTmrVKtQEVeoVNCOoXoOWJhmKYI6mY773ByGJfRoowrGUPQtFyk6wUIxwmhb6saQRJmM8pD1NA+xTaSfT+Ck81MoAeqHQL1Bwqn7fSLAv5cR39WQWVv72MvEvrxcrr24nLIhiRQMyO+TFHKoQZl3AAROUKD7RBBPBdFZIRlhgonRjBV3C10/h/6RdKVuobF1Xi42LeR15sA8OQAlY4BQ0wBVoghYgIAEP4Ak8G/fGo/FivM5Gc8Z8Zxf8gPH2CaE3lUE=</latexit><latexit sha1_base64="FIkYF7LNkqTUJrnIPRXnp+EZOb4=">AAAB/nicdVDLSgMxFM3UV62vUXHlJliEClIytdRuhKoblxXtA9phyKSZNjTzIMkIZRjwV9y4UMSt3+HOvzHTVlDRA4HDOfdyT44bcSYVQh9GbmFxaXklv1pYW9/Y3DK3d9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0444vM79zR4VkYXCrJhG1fTwMmMcIVlpyzL2+j9WIYJ7cpE5yfjxOS92jM8csojKyTmrVKtQEVeoVNCOoXoOWJhmKYI6mY773ByGJfRoowrGUPQtFyk6wUIxwmhb6saQRJmM8pD1NA+xTaSfT+Ck81MoAeqHQL1Bwqn7fSLAv5cR39WQWVv72MvEvrxcrr24nLIhiRQMyO+TFHKoQZl3AAROUKD7RBBPBdFZIRlhgonRjBV3C10/h/6RdKVuobF1Xi42LeR15sA8OQAlY4BQ0wBVoghYgIAEP4Ak8G/fGo/FivM5Gc8Z8Zxf8gPH2CaE3lUE=</latexit><latexit sha1_base64="FIkYF7LNkqTUJrnIPRXnp+EZOb4=">AAAB/nicdVDLSgMxFM3UV62vUXHlJliEClIytdRuhKoblxXtA9phyKSZNjTzIMkIZRjwV9y4UMSt3+HOvzHTVlDRA4HDOfdyT44bcSYVQh9GbmFxaXklv1pYW9/Y3DK3d9oyjAWhLRLyUHRdLClnAW0ppjjtRoJi3+W0444vM79zR4VkYXCrJhG1fTwMmMcIVlpyzL2+j9WIYJ7cpE5yfjxOS92jM8csojKyTmrVKtQEVeoVNCOoXoOWJhmKYI6mY773ByGJfRoowrGUPQtFyk6wUIxwmhb6saQRJmM8pD1NA+xTaSfT+Ck81MoAeqHQL1Bwqn7fSLAv5cR39WQWVv72MvEvrxcrr24nLIhiRQMyO+TFHKoQZl3AAROUKD7RBBPBdFZIRlhgonRjBV3C10/h/6RdKVuobF1Xi42LeR15sA8OQAlY4BQ0wBVoghYgIAEP4Ak8G/fGo/FivM5Gc8Z8Zxf8gPH2CaE3lUE=</latexit>



Second order approx. of E dist2
⇥�
Û, V̂

�
,
�
U,V

�⇤

Expectation of the Loss

Dong Xia, HKUST CLT of SVD

Theorem If �r &
p
dmax, then

<latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit>

���E
⌦
⇥⇥>

,SA,4(X)
↵
� (d1 � d2)

2k⇤�2k2F
��� = O

⇣
r
2
dmax

�4
r

⌘

<latexit sha1_base64="5re+W7kxQ5DmMknXHqHONpmdPcw="></latexit><latexit sha1_base64="5re+W7kxQ5DmMknXHqHONpmdPcw="></latexit><latexit sha1_base64="5re+W7kxQ5DmMknXHqHONpmdPcw="></latexit><latexit sha1_base64="5re+W7kxQ5DmMknXHqHONpmdPcw="></latexit>

���Edist2[(Û , V̂ ), (U, V )]�B2

��� = O

⇣
rd

3
max

�6
r

⌘

<latexit sha1_base64="35Q2RDY2j+X+FWXpZsQ9xbX0+LQ="></latexit><latexit sha1_base64="35Q2RDY2j+X+FWXpZsQ9xbX0+LQ="></latexit><latexit sha1_base64="35Q2RDY2j+X+FWXpZsQ9xbX0+LQ="></latexit><latexit sha1_base64="35Q2RDY2j+X+FWXpZsQ9xbX0+LQ="></latexit>

and

where

B2 = 2(d1 + d2 � 2r)k⇤�1k2F � 2(d1 � d2)
2k⇤�2k2F

<latexit sha1_base64="jyZMVSK0O1mjynXJ9Qs1f+R3DNA="></latexit><latexit sha1_base64="jyZMVSK0O1mjynXJ9Qs1f+R3DNA="></latexit><latexit sha1_base64="jyZMVSK0O1mjynXJ9Qs1f+R3DNA="></latexit><latexit sha1_base64="jyZMVSK0O1mjynXJ9Qs1f+R3DNA="></latexit>

2nd order approx



Third order approx. of E dist2
⇥�
Û, V̂

�
,
�
U,V

�⇤

Expectation of the Loss

Dong Xia, HKUST CLT of SVD

Theorem If �r &
p
dmax, then

<latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit>

and

where

3rd order approx

���E
⌦
⇥⇥>

,SA,6(X)
↵
+ (d21� � d

2
2�)(d1 � d2)k⇤�3k2F

��� = O

⇣
r
2

p
dmax

· d
3
max

�6
r

⌘

<latexit sha1_base64="Qyx8NCyblCSti7/o9VNV1+m+9Cs="></latexit><latexit sha1_base64="Qyx8NCyblCSti7/o9VNV1+m+9Cs="></latexit><latexit sha1_base64="Qyx8NCyblCSti7/o9VNV1+m+9Cs="></latexit><latexit sha1_base64="Qyx8NCyblCSti7/o9VNV1+m+9Cs="></latexit>

d1� = d1 � r
<latexit sha1_base64="1N7bBIXPoqZ2ydndYrpJ8ys2G5s=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBHctEykUjdC0Y3LCvYB7TBkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pg+hih64cDjnXu7hBKng2rjup7Oyura+sVnYKm7v7O7tlw4O2zrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRjdTv/PAlOaJvDfjlHkxGUgecUqMlfqhn+PK5Cr0cUX5pTKuujMgd4nU6xe1Gvq2yrBA0y999MOEZjGThgqidQ+7qfFyogyngk2K/UyzlNARGbCepZLETHv5LPMEnVolRFGi7EiDZuryRU5ircdxYDdjYob6tzcV//J6mYkuvZzLNDNM0vmjKBPIJGhaAAq5YtSIsSWEKm6zIjokilBjayoul/A/aZ9XsVvFd7Vy43pRRwGO4QTOAEMdGnALTWgBhRQe4RlenMx5cl6dt/nqirO4OYIfcN6/APIvkPc=</latexit><latexit sha1_base64="1N7bBIXPoqZ2ydndYrpJ8ys2G5s=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBHctEykUjdC0Y3LCvYB7TBkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pg+hih64cDjnXu7hBKng2rjup7Oyura+sVnYKm7v7O7tlw4O2zrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRjdTv/PAlOaJvDfjlHkxGUgecUqMlfqhn+PK5Cr0cUX5pTKuujMgd4nU6xe1Gvq2yrBA0y999MOEZjGThgqidQ+7qfFyogyngk2K/UyzlNARGbCepZLETHv5LPMEnVolRFGi7EiDZuryRU5ircdxYDdjYob6tzcV//J6mYkuvZzLNDNM0vmjKBPIJGhaAAq5YtSIsSWEKm6zIjokilBjayoul/A/aZ9XsVvFd7Vy43pRRwGO4QTOAEMdGnALTWgBhRQe4RlenMx5cl6dt/nqirO4OYIfcN6/APIvkPc=</latexit><latexit sha1_base64="1N7bBIXPoqZ2ydndYrpJ8ys2G5s=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBHctEykUjdC0Y3LCvYB7TBkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pg+hih64cDjnXu7hBKng2rjup7Oyura+sVnYKm7v7O7tlw4O2zrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRjdTv/PAlOaJvDfjlHkxGUgecUqMlfqhn+PK5Cr0cUX5pTKuujMgd4nU6xe1Gvq2yrBA0y999MOEZjGThgqidQ+7qfFyogyngk2K/UyzlNARGbCepZLETHv5LPMEnVolRFGi7EiDZuryRU5ircdxYDdjYob6tzcV//J6mYkuvZzLNDNM0vmjKBPIJGhaAAq5YtSIsSWEKm6zIjokilBjayoul/A/aZ9XsVvFd7Vy43pRRwGO4QTOAEMdGnALTWgBhRQe4RlenMx5cl6dt/nqirO4OYIfcN6/APIvkPc=</latexit><latexit sha1_base64="1N7bBIXPoqZ2ydndYrpJ8ys2G5s=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBHctEykUjdC0Y3LCvYB7TBkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pg+hih64cDjnXu7hBKng2rjup7Oyura+sVnYKm7v7O7tlw4O2zrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRjdTv/PAlOaJvDfjlHkxGUgecUqMlfqhn+PK5Cr0cUX5pTKuujMgd4nU6xe1Gvq2yrBA0y999MOEZjGThgqidQ+7qfFyogyngk2K/UyzlNARGbCepZLETHv5LPMEnVolRFGi7EiDZuryRU5ircdxYDdjYob6tzcV//J6mYkuvZzLNDNM0vmjKBPIJGhaAAq5YtSIsSWEKm6zIjokilBjayoul/A/aZ9XsVvFd7Vy43pRRwGO4QTOAEMdGnALTWgBhRQe4RlenMx5cl6dt/nqirO4OYIfcN6/APIvkPc=</latexit>

d2� = d2 � r
<latexit sha1_base64="lx6lc0WtH3AXVyiljjN2QhRckJU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgpiUpkboRim5cVrAPaEOYTCbt0MkkzEyEEvobblwo4tafceffOH0IVfTAhcM593IPJ0g5U9q2P63C2vrG5lZxu7Szu7d/UD486qgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4DlYol4l5PUurFeChYxAjWRhqEfl6vTq9Cv16Vfrni1Ow5kL1CGo0L10XfVgWWaPnlj0GYkCymQhOOleo7dqq9HEvNCKfT0iBTNMVkjIe0b6jAMVVePs88RWdGCVGUSDNCo7m6epHjWKlJHJjNGOuR+u3NxL+8fqajSy9nIs00FWTxKMo40gmaFYBCJinRfGIIJpKZrIiMsMREm5pKqyX8Tzr1mmPXnDu30rxe1lGEEziFc3CgAU24hRa0gUAKj/AML1ZmPVmv1ttitWAtb47hB6z3L/VBkPk=</latexit><latexit sha1_base64="lx6lc0WtH3AXVyiljjN2QhRckJU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgpiUpkboRim5cVrAPaEOYTCbt0MkkzEyEEvobblwo4tafceffOH0IVfTAhcM593IPJ0g5U9q2P63C2vrG5lZxu7Szu7d/UD486qgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4DlYol4l5PUurFeChYxAjWRhqEfl6vTq9Cv16Vfrni1Ow5kL1CGo0L10XfVgWWaPnlj0GYkCymQhOOleo7dqq9HEvNCKfT0iBTNMVkjIe0b6jAMVVePs88RWdGCVGUSDNCo7m6epHjWKlJHJjNGOuR+u3NxL+8fqajSy9nIs00FWTxKMo40gmaFYBCJinRfGIIJpKZrIiMsMREm5pKqyX8Tzr1mmPXnDu30rxe1lGEEziFc3CgAU24hRa0gUAKj/AML1ZmPVmv1ttitWAtb47hB6z3L/VBkPk=</latexit><latexit sha1_base64="lx6lc0WtH3AXVyiljjN2QhRckJU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgpiUpkboRim5cVrAPaEOYTCbt0MkkzEyEEvobblwo4tafceffOH0IVfTAhcM593IPJ0g5U9q2P63C2vrG5lZxu7Szu7d/UD486qgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4DlYol4l5PUurFeChYxAjWRhqEfl6vTq9Cv16Vfrni1Ow5kL1CGo0L10XfVgWWaPnlj0GYkCymQhOOleo7dqq9HEvNCKfT0iBTNMVkjIe0b6jAMVVePs88RWdGCVGUSDNCo7m6epHjWKlJHJjNGOuR+u3NxL+8fqajSy9nIs00FWTxKMo40gmaFYBCJinRfGIIJpKZrIiMsMREm5pKqyX8Tzr1mmPXnDu30rxe1lGEEziFc3CgAU24hRa0gUAKj/AML1ZmPVmv1ttitWAtb47hB6z3L/VBkPk=</latexit><latexit sha1_base64="lx6lc0WtH3AXVyiljjN2QhRckJU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgpiUpkboRim5cVrAPaEOYTCbt0MkkzEyEEvobblwo4tafceffOH0IVfTAhcM593IPJ0g5U9q2P63C2vrG5lZxu7Szu7d/UD486qgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4DlYol4l5PUurFeChYxAjWRhqEfl6vTq9Cv16Vfrni1Ow5kL1CGo0L10XfVgWWaPnlj0GYkCymQhOOleo7dqq9HEvNCKfT0iBTNMVkjIe0b6jAMVVePs88RWdGCVGUSDNCo7m6epHjWKlJHJjNGOuR+u3NxL+8fqajSy9nIs00FWTxKMo40gmaFYBCJinRfGIIJpKZrIiMsMREm5pKqyX8Tzr1mmPXnDu30rxe1lGEEziFc3CgAU24hRa0gUAKj/AML1ZmPVmv1ttitWAtb47hB6z3L/VBkPk=</latexit>

���Edist2[(Û , V̂ ), (U, V )]�B3

��� = O

⇣
rd

4
max

�8
r

⌘

<latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit><latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit><latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Ni75Jr5EBileokEQr6RpTNguncY="></latexit><latexit sha1_base64="Ni75Jr5EBileokEQr6RpTNguncY="></latexit><latexit sha1_base64="VGedCgXs1nsCi5Mzri1K5qQnNps="></latexit><latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit><latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit><latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit><latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit><latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit><latexit sha1_base64="2Md30zm906L8ptIkg/43A69Svd4="></latexit>

B3 = B2 + 2(d21� � d22�)(d1 � d2)k⇤�3k2F
<latexit sha1_base64="JyqSJqUisgEeoIgJ8Jeu4uCVoCM="></latexit><latexit sha1_base64="JyqSJqUisgEeoIgJ8Jeu4uCVoCM="></latexit><latexit sha1_base64="JyqSJqUisgEeoIgJ8Jeu4uCVoCM="></latexit><latexit sha1_base64="JyqSJqUisgEeoIgJ8Jeu4uCVoCM="></latexit>
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Expectation of the Loss

Dong Xia, HKUST CLT of SVD

Theorem If �r &
p
dmax, then

<latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit><latexit sha1_base64="lVYThnNssOaHZdpnk3dwHuthurg="></latexit>

and

where

k-th order approx

d1� = d1 � r
<latexit sha1_base64="1N7bBIXPoqZ2ydndYrpJ8ys2G5s=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBHctEykUjdC0Y3LCvYB7TBkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pg+hih64cDjnXu7hBKng2rjup7Oyura+sVnYKm7v7O7tlw4O2zrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRjdTv/PAlOaJvDfjlHkxGUgecUqMlfqhn+PK5Cr0cUX5pTKuujMgd4nU6xe1Gvq2yrBA0y999MOEZjGThgqidQ+7qfFyogyngk2K/UyzlNARGbCepZLETHv5LPMEnVolRFGi7EiDZuryRU5ircdxYDdjYob6tzcV//J6mYkuvZzLNDNM0vmjKBPIJGhaAAq5YtSIsSWEKm6zIjokilBjayoul/A/aZ9XsVvFd7Vy43pRRwGO4QTOAEMdGnALTWgBhRQe4RlenMx5cl6dt/nqirO4OYIfcN6/APIvkPc=</latexit><latexit sha1_base64="1N7bBIXPoqZ2ydndYrpJ8ys2G5s=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBHctEykUjdC0Y3LCvYB7TBkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pg+hih64cDjnXu7hBKng2rjup7Oyura+sVnYKm7v7O7tlw4O2zrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRjdTv/PAlOaJvDfjlHkxGUgecUqMlfqhn+PK5Cr0cUX5pTKuujMgd4nU6xe1Gvq2yrBA0y999MOEZjGThgqidQ+7qfFyogyngk2K/UyzlNARGbCepZLETHv5LPMEnVolRFGi7EiDZuryRU5ircdxYDdjYob6tzcV//J6mYkuvZzLNDNM0vmjKBPIJGhaAAq5YtSIsSWEKm6zIjokilBjayoul/A/aZ9XsVvFd7Vy43pRRwGO4QTOAEMdGnALTWgBhRQe4RlenMx5cl6dt/nqirO4OYIfcN6/APIvkPc=</latexit><latexit sha1_base64="1N7bBIXPoqZ2ydndYrpJ8ys2G5s=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBHctEykUjdC0Y3LCvYB7TBkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pg+hih64cDjnXu7hBKng2rjup7Oyura+sVnYKm7v7O7tlw4O2zrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRjdTv/PAlOaJvDfjlHkxGUgecUqMlfqhn+PK5Cr0cUX5pTKuujMgd4nU6xe1Gvq2yrBA0y999MOEZjGThgqidQ+7qfFyogyngk2K/UyzlNARGbCepZLETHv5LPMEnVolRFGi7EiDZuryRU5ircdxYDdjYob6tzcV//J6mYkuvZzLNDNM0vmjKBPIJGhaAAq5YtSIsSWEKm6zIjokilBjayoul/A/aZ9XsVvFd7Vy43pRRwGO4QTOAEMdGnALTWgBhRQe4RlenMx5cl6dt/nqirO4OYIfcN6/APIvkPc=</latexit><latexit sha1_base64="1N7bBIXPoqZ2ydndYrpJ8ys2G5s=">AAAB83icdVDLSgMxFL3js9ZX1aWbYBHctEykUjdC0Y3LCvYB7TBkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pg+hih64cDjnXu7hBKng2rjup7Oyura+sVnYKm7v7O7tlw4O2zrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRjdTv/PAlOaJvDfjlHkxGUgecUqMlfqhn+PK5Cr0cUX5pTKuujMgd4nU6xe1Gvq2yrBA0y999MOEZjGThgqidQ+7qfFyogyngk2K/UyzlNARGbCepZLETHv5LPMEnVolRFGi7EiDZuryRU5ircdxYDdjYob6tzcV//J6mYkuvZzLNDNM0vmjKBPIJGhaAAq5YtSIsSWEKm6zIjokilBjayoul/A/aZ9XsVvFd7Vy43pRRwGO4QTOAEMdGnALTWgBhRQe4RlenMx5cl6dt/nqirO4OYIfcN6/APIvkPc=</latexit>

d2� = d2 � r
<latexit sha1_base64="lx6lc0WtH3AXVyiljjN2QhRckJU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgpiUpkboRim5cVrAPaEOYTCbt0MkkzEyEEvobblwo4tafceffOH0IVfTAhcM593IPJ0g5U9q2P63C2vrG5lZxu7Szu7d/UD486qgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4DlYol4l5PUurFeChYxAjWRhqEfl6vTq9Cv16Vfrni1Ow5kL1CGo0L10XfVgWWaPnlj0GYkCymQhOOleo7dqq9HEvNCKfT0iBTNMVkjIe0b6jAMVVePs88RWdGCVGUSDNCo7m6epHjWKlJHJjNGOuR+u3NxL+8fqajSy9nIs00FWTxKMo40gmaFYBCJinRfGIIJpKZrIiMsMREm5pKqyX8Tzr1mmPXnDu30rxe1lGEEziFc3CgAU24hRa0gUAKj/AML1ZmPVmv1ttitWAtb47hB6z3L/VBkPk=</latexit><latexit sha1_base64="lx6lc0WtH3AXVyiljjN2QhRckJU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgpiUpkboRim5cVrAPaEOYTCbt0MkkzEyEEvobblwo4tafceffOH0IVfTAhcM593IPJ0g5U9q2P63C2vrG5lZxu7Szu7d/UD486qgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4DlYol4l5PUurFeChYxAjWRhqEfl6vTq9Cv16Vfrni1Ow5kL1CGo0L10XfVgWWaPnlj0GYkCymQhOOleo7dqq9HEvNCKfT0iBTNMVkjIe0b6jAMVVePs88RWdGCVGUSDNCo7m6epHjWKlJHJjNGOuR+u3NxL+8fqajSy9nIs00FWTxKMo40gmaFYBCJinRfGIIJpKZrIiMsMREm5pKqyX8Tzr1mmPXnDu30rxe1lGEEziFc3CgAU24hRa0gUAKj/AML1ZmPVmv1ttitWAtb47hB6z3L/VBkPk=</latexit><latexit sha1_base64="lx6lc0WtH3AXVyiljjN2QhRckJU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgpiUpkboRim5cVrAPaEOYTCbt0MkkzEyEEvobblwo4tafceffOH0IVfTAhcM593IPJ0g5U9q2P63C2vrG5lZxu7Szu7d/UD486qgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4DlYol4l5PUurFeChYxAjWRhqEfl6vTq9Cv16Vfrni1Ow5kL1CGo0L10XfVgWWaPnlj0GYkCymQhOOleo7dqq9HEvNCKfT0iBTNMVkjIe0b6jAMVVePs88RWdGCVGUSDNCo7m6epHjWKlJHJjNGOuR+u3NxL+8fqajSy9nIs00FWTxKMo40gmaFYBCJinRfGIIJpKZrIiMsMREm5pKqyX8Tzr1mmPXnDu30rxe1lGEEziFc3CgAU24hRa0gUAKj/AML1ZmPVmv1ttitWAtb47hB6z3L/VBkPk=</latexit><latexit sha1_base64="lx6lc0WtH3AXVyiljjN2QhRckJU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgpiUpkboRim5cVrAPaEOYTCbt0MkkzEyEEvobblwo4tafceffOH0IVfTAhcM593IPJ0g5U9q2P63C2vrG5lZxu7Szu7d/UD486qgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4DlYol4l5PUurFeChYxAjWRhqEfl6vTq9Cv16Vfrni1Ow5kL1CGo0L10XfVgWWaPnlj0GYkCymQhOOleo7dqq9HEvNCKfT0iBTNMVkjIe0b6jAMVVePs88RWdGCVGUSDNCo7m6epHjWKlJHJjNGOuR+u3NxL+8fqajSy9nIs00FWTxKMo40gmaFYBCJinRfGIIJpKZrIiMsMREm5pKqyX8Tzr1mmPXnDu30rxe1lGEEziFc3CgAU24hRa0gUAKj/AML1ZmPVmv1ttitWAtb47hB6z3L/VBkPk=</latexit>
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<latexit sha1_base64="hUqWg/tp8ifsmgo/5CfzFxSkEV8="></latexit><latexit sha1_base64="hUqWg/tp8ifsmgo/5CfzFxSkEV8="></latexit><latexit sha1_base64="hUqWg/tp8ifsmgo/5CfzFxSkEV8="></latexit><latexit sha1_base64="hUqWg/tp8ifsmgo/5CfzFxSkEV8="></latexit>
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��� = O

⇣
r
2

p
dmax

· d
3
max

�6
r

+ r
�Cdmax

�2
r

�k+1
⌘

<latexit sha1_base64="tO/6DfGvdLzwq8qVQwaehcGAcxk="></latexit><latexit sha1_base64="tO/6DfGvdLzwq8qVQwaehcGAcxk="></latexit><latexit sha1_base64="tO/6DfGvdLzwq8qVQwaehcGAcxk="></latexit><latexit sha1_base64="tO/6DfGvdLzwq8qVQwaehcGAcxk="></latexit>

Bk = 2(d1� + d2�)k⇤�1k2F � 2
kX

k0=2

(�1)k0(dk0�1
1� � dk0�1

2� )(d1 � d2)k⇤�k0k2F
<latexit sha1_base64="5W0K4TNF4TKERrfVt5pO7yWLGFE="></latexit><latexit sha1_base64="5W0K4TNF4TKERrfVt5pO7yWLGFE="></latexit><latexit sha1_base64="5W0K4TNF4TKERrfVt5pO7yWLGFE="></latexit><latexit sha1_base64="5W0K4TNF4TKERrfVt5pO7yWLGFE="></latexit>



Expectation of the Loss

Dong Xia, HKUST CLT of SVD

Remarks

If we choose k = dlog(d1 + d2)e, then
<latexit sha1_base64="ZiEfCZzO+uuDGvXGqYTZckJhYFo="></latexit><latexit sha1_base64="ZiEfCZzO+uuDGvXGqYTZckJhYFo="></latexit><latexit sha1_base64="ZiEfCZzO+uuDGvXGqYTZckJhYFo="></latexit><latexit sha1_base64="ZiEfCZzO+uuDGvXGqYTZckJhYFo="></latexit>

���Edist2[(Û , V̂ ), (U, V )]�Bdlog(d1+d2)e
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2

p
dmax
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r

⌘

<latexit sha1_base64="8aQasan2nRyY/wpA/9q/mRve220="></latexit><latexit sha1_base64="8aQasan2nRyY/wpA/9q/mRve220="></latexit><latexit sha1_base64="8aQasan2nRyY/wpA/9q/mRve220="></latexit><latexit sha1_base64="8aQasan2nRyY/wpA/9q/mRve220="></latexit>

sum of                  termsdlog(d1 + d2)e
<latexit sha1_base64="aEk7fjBNUNsoOSwnQQ2g9JcLqzg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilCSIuiy6MZlBfuAJoTJZNoOncyEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv994TJowq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMheiBRhlJO2ppqRXiIJikNGuuH4Jve7D0QqKvi9niTEj9GQ0wHFSBspsI88hgllHhPDWhS451HQOPNkLgV21ak7M8Bl4hakCgq0AvvLiwROY8I1Zkipvusk2s+Q1BQzMq14qSIJwmM0JH1DOYqJ8rPZC1N4apQIDoQ0xTWcqb8nMhQrNYlD0xkjPVKLXi7+5/VTPbjyM8qTVBOO54sGKYNawDwPGFFJsGYTQxCW1NwK8QhJhLVJrWJCcBdfXiadRt116u7dRbV5XcRRBsfgBNSACy5BE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1pJVzByCP7A+fwDtzJZ4</latexit><latexit sha1_base64="aEk7fjBNUNsoOSwnQQ2g9JcLqzg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilCSIuiy6MZlBfuAJoTJZNoOncyEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv994TJowq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMheiBRhlJO2ppqRXiIJikNGuuH4Jve7D0QqKvi9niTEj9GQ0wHFSBspsI88hgllHhPDWhS451HQOPNkLgV21ak7M8Bl4hakCgq0AvvLiwROY8I1Zkipvusk2s+Q1BQzMq14qSIJwmM0JH1DOYqJ8rPZC1N4apQIDoQ0xTWcqb8nMhQrNYlD0xkjPVKLXi7+5/VTPbjyM8qTVBOO54sGKYNawDwPGFFJsGYTQxCW1NwK8QhJhLVJrWJCcBdfXiadRt116u7dRbV5XcRRBsfgBNSACy5BE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1pJVzByCP7A+fwDtzJZ4</latexit><latexit sha1_base64="aEk7fjBNUNsoOSwnQQ2g9JcLqzg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilCSIuiy6MZlBfuAJoTJZNoOncyEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv994TJowq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMheiBRhlJO2ppqRXiIJikNGuuH4Jve7D0QqKvi9niTEj9GQ0wHFSBspsI88hgllHhPDWhS451HQOPNkLgV21ak7M8Bl4hakCgq0AvvLiwROY8I1Zkipvusk2s+Q1BQzMq14qSIJwmM0JH1DOYqJ8rPZC1N4apQIDoQ0xTWcqb8nMhQrNYlD0xkjPVKLXi7+5/VTPbjyM8qTVBOO54sGKYNawDwPGFFJsGYTQxCW1NwK8QhJhLVJrWJCcBdfXiadRt116u7dRbV5XcRRBsfgBNSACy5BE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1pJVzByCP7A+fwDtzJZ4</latexit><latexit sha1_base64="aEk7fjBNUNsoOSwnQQ2g9JcLqzg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilCSIuiy6MZlBfuAJoTJZNoOncyEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv994TJowq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMheiBRhlJO2ppqRXiIJikNGuuH4Jve7D0QqKvi9niTEj9GQ0wHFSBspsI88hgllHhPDWhS451HQOPNkLgV21ak7M8Bl4hakCgq0AvvLiwROY8I1Zkipvusk2s+Q1BQzMq14qSIJwmM0JH1DOYqJ8rPZC1N4apQIDoQ0xTWcqb8nMhQrNYlD0xkjPVKLXi7+5/VTPbjyM8qTVBOO54sGKYNawDwPGFFJsGYTQxCW1NwK8QhJhLVJrWJCcBdfXiadRt116u7dRbV5XcRRBsfgBNSACy5BE9yCFmgDDB7BM3gFb9aT9WK9Wx/z1pJVzByCP7A+fwDtzJZ4</latexit>

If we choose k = 1, then
<latexit sha1_base64="ALvtdTUlOTpOvVAD5Bnfwy/G9kQ=">AAACGXicbVDLSgMxFM34tr6qLt0Ei+BCyowIuhFEN7qrYB/QlpJJ79jQTDIkd9Qy9Dfc+CtuXCjiUlf+jelDUOuBwOGcc7m5J0yksOj7n97U9Mzs3PzCYm5peWV1Lb++UbE6NRzKXEttaiGzIIWCMgqUUEsMsDiUUA27ZwO/egPGCq2usJdAM2bXSkSCM3RSK+83EO7QxNlFRG+B8o7WFmifdo8bQkXY26PfAYodULTfyhf8oj8EnSTBmBTIGKVW/r3R1jyNQSGXzNp64CfYzJhBwSX0c43UQsJ4l11D3VHFYrDNbHhZn+44pU0jbdxTSIfqz4mMxdb24tAlY4Yd+9cbiP959RSjo2YmVJIiKD5aFKWSoqaDmmhbGOAoe44wboT7q+uGGcbRlZlzJQR/T54klf1i4BeDy4PCyem4jgWyRbbJLgnIITkh56REyoSTe/JInsmL9+A9ea/e2yg65Y1nNskveB9fQ5+gcA==</latexit><latexit sha1_base64="ALvtdTUlOTpOvVAD5Bnfwy/G9kQ=">AAACGXicbVDLSgMxFM34tr6qLt0Ei+BCyowIuhFEN7qrYB/QlpJJ79jQTDIkd9Qy9Dfc+CtuXCjiUlf+jelDUOuBwOGcc7m5J0yksOj7n97U9Mzs3PzCYm5peWV1Lb++UbE6NRzKXEttaiGzIIWCMgqUUEsMsDiUUA27ZwO/egPGCq2usJdAM2bXSkSCM3RSK+83EO7QxNlFRG+B8o7WFmifdo8bQkXY26PfAYodULTfyhf8oj8EnSTBmBTIGKVW/r3R1jyNQSGXzNp64CfYzJhBwSX0c43UQsJ4l11D3VHFYrDNbHhZn+44pU0jbdxTSIfqz4mMxdb24tAlY4Yd+9cbiP959RSjo2YmVJIiKD5aFKWSoqaDmmhbGOAoe44wboT7q+uGGcbRlZlzJQR/T54klf1i4BeDy4PCyem4jgWyRbbJLgnIITkh56REyoSTe/JInsmL9+A9ea/e2yg65Y1nNskveB9fQ5+gcA==</latexit><latexit sha1_base64="ALvtdTUlOTpOvVAD5Bnfwy/G9kQ=">AAACGXicbVDLSgMxFM34tr6qLt0Ei+BCyowIuhFEN7qrYB/QlpJJ79jQTDIkd9Qy9Dfc+CtuXCjiUlf+jelDUOuBwOGcc7m5J0yksOj7n97U9Mzs3PzCYm5peWV1Lb++UbE6NRzKXEttaiGzIIWCMgqUUEsMsDiUUA27ZwO/egPGCq2usJdAM2bXSkSCM3RSK+83EO7QxNlFRG+B8o7WFmifdo8bQkXY26PfAYodULTfyhf8oj8EnSTBmBTIGKVW/r3R1jyNQSGXzNp64CfYzJhBwSX0c43UQsJ4l11D3VHFYrDNbHhZn+44pU0jbdxTSIfqz4mMxdb24tAlY4Yd+9cbiP959RSjo2YmVJIiKD5aFKWSoqaDmmhbGOAoe44wboT7q+uGGcbRlZlzJQR/T54klf1i4BeDy4PCyem4jgWyRbbJLgnIITkh56REyoSTe/JInsmL9+A9ea/e2yg65Y1nNskveB9fQ5+gcA==</latexit><latexit sha1_base64="ALvtdTUlOTpOvVAD5Bnfwy/G9kQ=">AAACGXicbVDLSgMxFM34tr6qLt0Ei+BCyowIuhFEN7qrYB/QlpJJ79jQTDIkd9Qy9Dfc+CtuXCjiUlf+jelDUOuBwOGcc7m5J0yksOj7n97U9Mzs3PzCYm5peWV1Lb++UbE6NRzKXEttaiGzIIWCMgqUUEsMsDiUUA27ZwO/egPGCq2usJdAM2bXSkSCM3RSK+83EO7QxNlFRG+B8o7WFmifdo8bQkXY26PfAYodULTfyhf8oj8EnSTBmBTIGKVW/r3R1jyNQSGXzNp64CfYzJhBwSX0c43UQsJ4l11D3VHFYrDNbHhZn+44pU0jbdxTSIfqz4mMxdb24tAlY4Yd+9cbiP959RSjo2YmVJIiKD5aFKWSoqaDmmhbGOAoe44wboT7q+uGGcbRlZlzJQR/T54klf1i4BeDy4PCyem4jgWyRbbJLgnIITkh56REyoSTe/JInsmL9+A9ea/e2yg65Y1nNskveB9fQ5+gcA==</latexit>
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Higher order approx. is unnecessary when               .d1 = d2
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> � UU

>k2F � 2
rX

j=1

d1�(�2
j + d2�)

�2
j (�

2
j + d1�)

��� = O

⇣
r
2

p
dmax

· d
3
max

�6
r

⌘

<latexit sha1_base64="1opqolqrU7zU/CNAOxif3eqXwb0="></latexit><latexit sha1_base64="1opqolqrU7zU/CNAOxif3eqXwb0="></latexit><latexit sha1_base64="1opqolqrU7zU/CNAOxif3eqXwb0="></latexit><latexit sha1_base64="1opqolqrU7zU/CNAOxif3eqXwb0="></latexit>

���EkV̂ V̂
> � V V

>k2F � 2
rX

j=1

d2�(�2
j + d1�)

�2
j (�

2
j + d2�)

��� = O

⇣
r
2

p
dmax

· d
3
max

�6
r

⌘

<latexit sha1_base64="r6hs7u1Cdl8I9kXVI/CyKpgOeo4="></latexit><latexit sha1_base64="r6hs7u1Cdl8I9kXVI/CyKpgOeo4="></latexit><latexit sha1_base64="r6hs7u1Cdl8I9kXVI/CyKpgOeo4="></latexit><latexit sha1_base64="r6hs7u1Cdl8I9kXVI/CyKpgOeo4="></latexit>

Contributions

Non-asymptotical  results

Rank r can diverge

No eigen-gap conditions (except signal strength) 
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higher order approx
when |d1 � d2| � 0
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higher order approx
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higher order approx
when |d1 � d2| � 0
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Simulation study
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Û, V̂

�
,
�
U,V

�⇤
� E dist2

⇥�
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Normal Approximation of the Loss
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Recall
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a factor of 

Var1/2dist2[(Û , V̂ ), (U, V )] = [
p
8 + o(1)](d1 + d2 � 2r)1/2k⇤�2k2F
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Variance of the Loss

If �r �
p

dmax, then
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Normal Approximation of the Loss

If

p
rdmax

�r
! 0 and

r3

dmax
! 0, then

<latexit sha1_base64="o8DJOxb8Fj1mKazNATS04Xv5fBE="></latexit><latexit sha1_base64="o8DJOxb8Fj1mKazNATS04Xv5fBE="></latexit><latexit sha1_base64="o8DJOxb8Fj1mKazNATS04Xv5fBE="></latexit><latexit sha1_base64="o8DJOxb8Fj1mKazNATS04Xv5fBE="></latexit>

Dong Xia, HKUST CLT of SVD

c.d.f. of standard normal 

convergence rate is of the order 
s

(rdmax)1/2

�r
+

s
r3

dmax
<latexit sha1_base64="077T+GGXY0OXdzolRcc71F55k1Y="></latexit><latexit sha1_base64="077T+GGXY0OXdzolRcc71F55k1Y="></latexit><latexit sha1_base64="077T+GGXY0OXdzolRcc71F55k1Y="></latexit><latexit sha1_base64="077T+GGXY0OXdzolRcc71F55k1Y="></latexit>



Normal Approximation of the Loss

Dong Xia, HKUST CLT of SVD

Remarks

Non-asymptotical  convergence rates established

No eigen-gap conditions (except signal strength) 

Rank r can diverge as fast as                      .(d1 + d2)
1/3
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Normal Approximation of the Loss

With explicit centering term

dist2[(Û , V̂ ), (U, V )]� Edist2[(Û , V̂ ), (U, V )]p
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Normal Approximation of 

Simulation study

signal strength λ = 100
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Û,V̂
)

,
(

U,V
)]

−2(m1+m2−2r)∥Λ−1∥2F√
8(m1+m2−2r)1/2∥Λ−2∥F

based on 5000 samples

signal strength λ = 20
-6 -4 -2 0 2 4 6 8
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
Normal approximation of

dist2
[(
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signal strength λ = 75
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looks good!
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Normal Approximation of the Loss
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<latexit sha1_base64="l5GqhUdRdPs9U3qzeAsv76THat0=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTOm6FJs09IoU9CHzBvn6eC8D2bmBfLwJ7RpUUTbflG7/k3z1KCiDlw4nHMv997jxVJog/GHk1tb39jcym8Xdnb39g+Kh0d3OkoU4x0WyUj1PKq5FCHvGGEk78WK08CTvOtNLzO/e8+VFlF4a2YxdwM6DoUvGDVWumkNybBYwmWMSa3WQBmpNgjJyAXG9QoiVslQghXaw+L7YBSxJOChYZJq3Sc4Nm5KlRFM8nlhkGgeUzalY963NKQB1266OHWOzqwyQn6kbIUGLdTvEykNtJ4Fnu0MqJno314m/uX1E+M33FSEcWJ4yJaL/EQiE6HsbzQSijMjZ5ZQpoS9FbEJVZQZm07BhvD1Kfqf3FXKBJfJdbXUbK3iyMMJnMI5EKhDE66gDR1gMIYHeIJnRzqPzovzumzNOauZY/gB5+0T+o6Nlw==</latexit><latexit sha1_base64="l5GqhUdRdPs9U3qzeAsv76THat0=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTOm6FJs09IoU9CHzBvn6eC8D2bmBfLwJ7RpUUTbflG7/k3z1KCiDlw4nHMv997jxVJog/GHk1tb39jcym8Xdnb39g+Kh0d3OkoU4x0WyUj1PKq5FCHvGGEk78WK08CTvOtNLzO/e8+VFlF4a2YxdwM6DoUvGDVWumkNybBYwmWMSa3WQBmpNgjJyAXG9QoiVslQghXaw+L7YBSxJOChYZJq3Sc4Nm5KlRFM8nlhkGgeUzalY963NKQB1266OHWOzqwyQn6kbIUGLdTvEykNtJ4Fnu0MqJno314m/uX1E+M33FSEcWJ4yJaL/EQiE6HsbzQSijMjZ5ZQpoS9FbEJVZQZm07BhvD1Kfqf3FXKBJfJdbXUbK3iyMMJnMI5EKhDE66gDR1gMIYHeIJnRzqPzovzumzNOauZY/gB5+0T+o6Nlw==</latexit><latexit sha1_base64="l5GqhUdRdPs9U3qzeAsv76THat0=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTOm6FJs09IoU9CHzBvn6eC8D2bmBfLwJ7RpUUTbflG7/k3z1KCiDlw4nHMv997jxVJog/GHk1tb39jcym8Xdnb39g+Kh0d3OkoU4x0WyUj1PKq5FCHvGGEk78WK08CTvOtNLzO/e8+VFlF4a2YxdwM6DoUvGDVWumkNybBYwmWMSa3WQBmpNgjJyAXG9QoiVslQghXaw+L7YBSxJOChYZJq3Sc4Nm5KlRFM8nlhkGgeUzalY963NKQB1266OHWOzqwyQn6kbIUGLdTvEykNtJ4Fnu0MqJno314m/uX1E+M33FSEcWJ4yJaL/EQiE6HsbzQSijMjZ5ZQpoS9FbEJVZQZm07BhvD1Kfqf3FXKBJfJdbXUbK3iyMMJnMI5EKhDE66gDR1gMIYHeIJnRzqPzovzumzNOauZY/gB5+0T+o6Nlw==</latexit><latexit sha1_base64="l5GqhUdRdPs9U3qzeAsv76THat0=">AAAB6nicdVBNS0JBFL3Pvsy+rJZthiRoJTOm6FJs09IoU9CHzBvn6eC8D2bmBfLwJ7RpUUTbflG7/k3z1KCiDlw4nHMv997jxVJog/GHk1tb39jcym8Xdnb39g+Kh0d3OkoU4x0WyUj1PKq5FCHvGGEk78WK08CTvOtNLzO/e8+VFlF4a2YxdwM6DoUvGDVWumkNybBYwmWMSa3WQBmpNgjJyAXG9QoiVslQghXaw+L7YBSxJOChYZJq3Sc4Nm5KlRFM8nlhkGgeUzalY963NKQB1266OHWOzqwyQn6kbIUGLdTvEykNtJ4Fnu0MqJno314m/uX1E+M33FSEcWJ4yJaL/EQiE6HsbzQSijMjZ5ZQpoS9FbEJVZQZm07BhvD1Kfqf3FXKBJfJdbXUbK3iyMMJnMI5EKhDE66gDR1gMIYHeIJnRzqPzovzumzNOauZY/gB5+0T+o6Nlw==</latexit>
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<latexit sha1_base64="3uTRx5XZBRmCEBo4g6swoMZPyCs="></latexit><latexit sha1_base64="3uTRx5XZBRmCEBo4g6swoMZPyCs="></latexit><latexit sha1_base64="3uTRx5XZBRmCEBo4g6swoMZPyCs="></latexit><latexit sha1_base64="3uTRx5XZBRmCEBo4g6swoMZPyCs="></latexit>

Normal Approximation of the Loss

First order CLT

Dong Xia, HKUST CLT of SVD

If

q
rd3/2max

�r
! 0 and

r3

dmax
! 0, then

<latexit sha1_base64="XpcKJRjmNZb38OlUSVk9u8iEKIg="></latexit><latexit sha1_base64="XpcKJRjmNZb38OlUSVk9u8iEKIg="></latexit><latexit sha1_base64="XpcKJRjmNZb38OlUSVk9u8iEKIg="></latexit><latexit sha1_base64="XpcKJRjmNZb38OlUSVk9u8iEKIg="></latexit>

�r � d3/4max
<latexit sha1_base64="TtQ9zFvqwRjScmaduuuiUqTSjOQ=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgqiZaqN0V3bisYB/QxDCZTNKhk0mYmYgldOHGX3HjQhG3foQ7/8bpQ6iiBy4czjmXmXv8lFGpLOvTKCwtr6yuFddLG5tb2zvm7l5HJpnApI0TloiejyRhlJO2ooqRXioIin1Guv7wYuJ3b4mQNOHXapQSN0YRpyHFSGnJM8sO0+EAecKJIhh4uROju/FNfnpcG3tmxa5aU0BrgdQbDbsBv60KmKPlmR9OkOAsJlxhhqTs21aq3BwJRTEj45KTSZIiPEQR6WvKUUykm0+PGMNDrQQwTIQeruBUXdzIUSzlKPZ1MkZqIH97E/Evr5+p8MzNKU8zRTiePRRmDKoEThqBARUEKzbSBGFB9V8hHiCBsNK9lRZL+J90Tqq2VbWvapXm+byOIiiDA3AEbFAHTXAJWqANMLgHj+AZvBgPxpPxarzNogVjvrMPfsB4/wKADZf+</latexit><latexit sha1_base64="TtQ9zFvqwRjScmaduuuiUqTSjOQ=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgqiZaqN0V3bisYB/QxDCZTNKhk0mYmYgldOHGX3HjQhG3foQ7/8bpQ6iiBy4czjmXmXv8lFGpLOvTKCwtr6yuFddLG5tb2zvm7l5HJpnApI0TloiejyRhlJO2ooqRXioIin1Guv7wYuJ3b4mQNOHXapQSN0YRpyHFSGnJM8sO0+EAecKJIhh4uROju/FNfnpcG3tmxa5aU0BrgdQbDbsBv60KmKPlmR9OkOAsJlxhhqTs21aq3BwJRTEj45KTSZIiPEQR6WvKUUykm0+PGMNDrQQwTIQeruBUXdzIUSzlKPZ1MkZqIH97E/Evr5+p8MzNKU8zRTiePRRmDKoEThqBARUEKzbSBGFB9V8hHiCBsNK9lRZL+J90Tqq2VbWvapXm+byOIiiDA3AEbFAHTXAJWqANMLgHj+AZvBgPxpPxarzNogVjvrMPfsB4/wKADZf+</latexit><latexit sha1_base64="TtQ9zFvqwRjScmaduuuiUqTSjOQ=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgqiZaqN0V3bisYB/QxDCZTNKhk0mYmYgldOHGX3HjQhG3foQ7/8bpQ6iiBy4czjmXmXv8lFGpLOvTKCwtr6yuFddLG5tb2zvm7l5HJpnApI0TloiejyRhlJO2ooqRXioIin1Guv7wYuJ3b4mQNOHXapQSN0YRpyHFSGnJM8sO0+EAecKJIhh4uROju/FNfnpcG3tmxa5aU0BrgdQbDbsBv60KmKPlmR9OkOAsJlxhhqTs21aq3BwJRTEj45KTSZIiPEQR6WvKUUykm0+PGMNDrQQwTIQeruBUXdzIUSzlKPZ1MkZqIH97E/Evr5+p8MzNKU8zRTiePRRmDKoEThqBARUEKzbSBGFB9V8hHiCBsNK9lRZL+J90Tqq2VbWvapXm+byOIiiDA3AEbFAHTXAJWqANMLgHj+AZvBgPxpPxarzNogVjvrMPfsB4/wKADZf+</latexit><latexit sha1_base64="TtQ9zFvqwRjScmaduuuiUqTSjOQ=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgqiZaqN0V3bisYB/QxDCZTNKhk0mYmYgldOHGX3HjQhG3foQ7/8bpQ6iiBy4czjmXmXv8lFGpLOvTKCwtr6yuFddLG5tb2zvm7l5HJpnApI0TloiejyRhlJO2ooqRXioIin1Guv7wYuJ3b4mQNOHXapQSN0YRpyHFSGnJM8sO0+EAecKJIhh4uROju/FNfnpcG3tmxa5aU0BrgdQbDbsBv60KmKPlmR9OkOAsJlxhhqTs21aq3BwJRTEj45KTSZIiPEQR6WvKUUykm0+PGMNDrQQwTIQeruBUXdzIUSzlKPZ1MkZqIH97E/Evr5+p8MzNKU8zRTiePRRmDKoEThqBARUEKzbSBGFB9V8hHiCBsNK9lRZL+J90Tqq2VbWvapXm+byOIiiDA3AEbFAHTXAJWqANMLgHj+AZvBgPxpPxarzNogVjvrMPfsB4/wKADZf+</latexit>

instead of �r �
p

dmax
<latexit sha1_base64="e0GBmwcIvlBuQ7j82iRRqey6AY0=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4KjMi1O6KblxWsA/oDEMmk2lDk8yYZMQyzMaNv+LGhSJu/Qd3/o3pQ6iiBy4czjmX5J4wZVRpx/m0FhaXlldWS2vl9Y3NrW17Z7etkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8GPudWyIVTcS1HqXE56gvaEwx0kYK7AOPmXCEAun1+9BTN1LnUZB7HN0VRWBX3KozAXTmSK1ed+vw26qAGZqB/eFFCc44ERozpFTPdVLt50hqihkpyl6mSIrwEPVJz1CBOFF+PrmigEdGiWCcSDNCw4k6v5EjrtSIhybJkR6o395Y/MvrZTo+83Mq0kwTgacPxRmDOoHjSmBEJcGajQxBWFLzV4gHSCKsTXHl+RL+J+2TqutU3avTSuN8VkcJ7INDcAxcUAMNcAmaoAUwuAeP4Bm8WA/Wk/VqvU2jC9ZsZw/8gPX+BYIwmTo=</latexit><latexit sha1_base64="e0GBmwcIvlBuQ7j82iRRqey6AY0=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4KjMi1O6KblxWsA/oDEMmk2lDk8yYZMQyzMaNv+LGhSJu/Qd3/o3pQ6iiBy4czjmX5J4wZVRpx/m0FhaXlldWS2vl9Y3NrW17Z7etkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8GPudWyIVTcS1HqXE56gvaEwx0kYK7AOPmXCEAun1+9BTN1LnUZB7HN0VRWBX3KozAXTmSK1ed+vw26qAGZqB/eFFCc44ERozpFTPdVLt50hqihkpyl6mSIrwEPVJz1CBOFF+PrmigEdGiWCcSDNCw4k6v5EjrtSIhybJkR6o395Y/MvrZTo+83Mq0kwTgacPxRmDOoHjSmBEJcGajQxBWFLzV4gHSCKsTXHl+RL+J+2TqutU3avTSuN8VkcJ7INDcAxcUAMNcAmaoAUwuAeP4Bm8WA/Wk/VqvU2jC9ZsZw/8gPX+BYIwmTo=</latexit><latexit sha1_base64="e0GBmwcIvlBuQ7j82iRRqey6AY0=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4KjMi1O6KblxWsA/oDEMmk2lDk8yYZMQyzMaNv+LGhSJu/Qd3/o3pQ6iiBy4czjmX5J4wZVRpx/m0FhaXlldWS2vl9Y3NrW17Z7etkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8GPudWyIVTcS1HqXE56gvaEwx0kYK7AOPmXCEAun1+9BTN1LnUZB7HN0VRWBX3KozAXTmSK1ed+vw26qAGZqB/eFFCc44ERozpFTPdVLt50hqihkpyl6mSIrwEPVJz1CBOFF+PrmigEdGiWCcSDNCw4k6v5EjrtSIhybJkR6o395Y/MvrZTo+83Mq0kwTgacPxRmDOoHjSmBEJcGajQxBWFLzV4gHSCKsTXHl+RL+J+2TqutU3avTSuN8VkcJ7INDcAxcUAMNcAmaoAUwuAeP4Bm8WA/Wk/VqvU2jC9ZsZw/8gPX+BYIwmTo=</latexit><latexit sha1_base64="e0GBmwcIvlBuQ7j82iRRqey6AY0=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4KjMi1O6KblxWsA/oDEMmk2lDk8yYZMQyzMaNv+LGhSJu/Qd3/o3pQ6iiBy4czjmX5J4wZVRpx/m0FhaXlldWS2vl9Y3NrW17Z7etkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8GPudWyIVTcS1HqXE56gvaEwx0kYK7AOPmXCEAun1+9BTN1LnUZB7HN0VRWBX3KozAXTmSK1ed+vw26qAGZqB/eFFCc44ERozpFTPdVLt50hqihkpyl6mSIrwEPVJz1CBOFF+PrmigEdGiWCcSDNCw4k6v5EjrtSIhybJkR6o395Y/MvrZTo+83Mq0kwTgacPxRmDOoHjSmBEJcGajQxBWFLzV4gHSCKsTXHl+RL+J+2TqutU3avTSuN8VkcJ7INDcAxcUAMNcAmaoAUwuAeP4Bm8WA/Wk/VqvU2jC9ZsZw/8gPX+BYIwmTo=</latexit>

E dist2[(Û , V̂ ), (U, V )] = 2d?k⇤�1k2F +O
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⌘

<latexit sha1_base64="6l6oSGK/M/c40WHQdUkwsq8Im0s="></latexit><latexit sha1_base64="6l6oSGK/M/c40WHQdUkwsq8Im0s="></latexit><latexit sha1_base64="6l6oSGK/M/c40WHQdUkwsq8Im0s="></latexit><latexit sha1_base64="6l6oSGK/M/c40WHQdUkwsq8Im0s="></latexit>



d1 = d2 = 100

r = 10

�k = � · 2r�k
<latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit><latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit><latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="J4S6vKRvUTPlLh+ez/vt/QKjHBk=">AAACEXicbZC7TsMwFIZPyq2EAoWVxaJCYqFyygBLJSQWxiLRFqkJkeM4rRXnIttBqqI+CAuvwsIAQixsvA3uZYCWI1nn0//7dv4gF1xpjL+tytr6xuZWddveqe3u7dcPaj2VFZKyLs1EJu8DopjgKetqrgW7zyUjSSBYP4ivp37/kUnFs/ROj3PmJWSY8ohToo3k189D32mHfqvtYOy6tjTdNFeYG0Lix+0FuTTMNGo9lPIsnvj1Bm7iWaFVcBbQgEV1/PqXG2a0SFiqqSBKDRyca68kUnMq2MR2C8VyQmMyZAODKUmY8srZcBN0YpQQRZk0K9Vopv4+UZJEqXESmJ0J0SO17E3F/7xBoaNLr+RpXmiW0vlDUSGQztA0KRRyyagWYwOESm7+iuiISEK1ydM2ITjLI69Cr9V0cNO5xVCFIziGU3DgAq7gBjrQBQpP8AJv8G49W6/WxzyuirXI7RD+lPX5AwBzneM=</latexit><latexit sha1_base64="PXsp8He5Ytj85w6Fg7zQqJ07UT4="></latexit><latexit sha1_base64="VVwQr+qpwhxJ2F+jl+VqcPepD/Q="></latexit><latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit><latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit><latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit><latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit><latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit><latexit sha1_base64="aoekUivy8r0OjbQCdfmQIPMC2UE="></latexit>

Looks good when 
�r = 30

<latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit><latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit><latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="jyge5dZqasxHNsxea/FGcyHpm9c=">AAAB6HicbZDNSgMxFIXv1L9aq1a3boJFcFUyutCNILhxWcHWQmcomcydNjSTGZKMUIa+hhsXivhE7nwb05+Fth4IfJxzQ25OlEthLKXfXmVjc2t7p7pb26vvHxw2jupdkxWaY4dnMtO9iBmUQmHHCiuxl2tkaSTxKRrfzfKnZ9RGZOrRTnIMUzZUIhGcWWcFgXSjMRvom0s6aDRpi85F1sFfQhOWag8aX0Gc8SJFZblkxvR9mtuwZNoKLnFaCwqDOeNjNsS+Q8VSNGE533lKzpwTkyTT7ihL5u7vGyVLjZmkkZtMmR2Z1Wxm/pf1C5tch6VQeWFR8cVDSSGJzcisABILjdzKiQPGtXC7Ej5imnHraqq5EvzVL69D96Ll05b/QKEKJ3AK5+DDFdzCPbShAxxyeIE3ePcK79X7WNRV8Za9HcMfeZ8/9eOPwg==</latexit><latexit sha1_base64="fhtP1575/cHZh7gHOGPcQ8DZOKY=">AAAB6HicdZBLSwMxFIXv1FetVatbN8EiuCoZLdSNILhxWcE+oDOUTCbThmYyQx5CGfo33LhQxF/kzn9j+hCq6IHA4Zwb7uWLcsG1wfjTK21sbm3vlHcre9X9g8PaUbWrM6so69BMZKofEc0El6xjuBGsnytG0kiwXjS5nfe9R6Y0z+SDmeYsTMlI8oRTYlwUBMKNxmSori/xsFb3G3ghhNdMs9VsYvRd1WGl9rD2EcQZtSmThgqi9cDHuQkLogyngs0qgdUsJ3RCRmzgrCQp02GxuHmGzlwSoyRT7kmDFun6j4KkWk/TyE2mxIz1724e/tUNrEmuwoLL3Bom6XJRYgUyGZoDQDFXjBoxdYZQxd2tiI6JItQ4TJV1CP+b7kXDxw3/HkMZTuAUzsGHFtzAHbShAxRyeIIXePWs9+y9LXGVvBW3Y/gh7/0LEWyP1g==</latexit><latexit sha1_base64="1FKF9rc3sLRtiZHLIUzF6vs/vL0=">AAAB83icdVDLSgMxFL1TX7U+WnXpJlgEVyWjhboRim5cVrAP6Awlk8m0oZnMkGSEMvQ33LhQxK0/486/MX0IVfTAhcM553IvJ0gF1wbjT6ewtr6xuVXcLu3s7u2XKweHHZ1kirI2TUSiegHRTHDJ2oYbwXqpYiQOBOsG45uZ331gSvNE3ptJyvyYDCWPOCXGSp4nbDQkA3V1gQeVqlvDcyC8QuqNeh2jb6sKS7QGlQ8vTGgWM2moIFr3XZwaPyfKcCrYtORlmqWEjsmQ9S2VJGbaz+c/T9GpVUIUJcqONGiurm7kJNZ6Egc2GRMz0r+9mfiX189MdOnnXKaZYZIuDkWZQCZBswJQyBWjRkwsIVRx+yuiI6IINbam0moJ/5POec3FNfcOV5vXyzqKcAwncAYuNKAJt9CCNlBI4RGe4cXJnCfn1XlbRAvOcucIfsB5/wJRQJEw</latexit><latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit><latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit><latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit><latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit><latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit><latexit sha1_base64="iCzqh/WX9G0pokye5x8BrNd54zU=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgqkw0UDdC0Y3LCrYVmlAmk0k7dDIJMxOhhP6GGxeKuPVn3Pk3Th9CFT1w4XDOudzLCTPBtcH40ymtrK6tb5Q3K1vbO7t71f2Djk5zRVmbpiJV9yHRTHDJ2oYbwe4zxUgSCtYNR9dTv/vAlOapvDPjjAUJGUgec0qMlXxf2GhE+uryHPerNbeOZ0B4iXgNz8Po26rBAq1+9cOPUponTBoqiNY9F2cmKIgynAo2qfi5ZhmhIzJgPUslSZgOitnPE3RilQjFqbIjDZqpyxsFSbQeJ6FNJsQM9W9vKv7l9XITXwQFl1lumKTzQ3EukEnRtAAUccWoEWNLCFXc/orokChCja2pslzC/6RzVndx3b31as2rRR1lOIJjOAUXGtCEG2hBGyhk8AjP8OLkzpPz6rzNoyVnsXMIP+C8fwFSgJE0</latexit>

!

Normal Approximation of the Loss

First order CLT

Simulation study

Dong Xia, HKUST CLT of SVD



  Not good at all !

d1 =
d2
2

= 100

r = 10

�k = � · 2r�k
<latexit sha1_base64="seHjt+fp+M0zFDEK+04G/g88xpk="></latexit><latexit sha1_base64="seHjt+fp+M0zFDEK+04G/g88xpk="></latexit><latexit sha1_base64="seHjt+fp+M0zFDEK+04G/g88xpk="></latexit><latexit sha1_base64="seHjt+fp+M0zFDEK+04G/g88xpk="></latexit>

Normal Approximation of the Loss

First order CLT

Simulation study

Dong Xia, HKUST CLT of SVD

Higher order approx. are necessary!



where B2 = 2(d?k⇤�1k2F ��2
dk⇤�2k2F).

<latexit sha1_base64="wiqnTIeXXZqlGalT/zfWp8/1YQw="></latexit><latexit sha1_base64="wiqnTIeXXZqlGalT/zfWp8/1YQw="></latexit><latexit sha1_base64="wiqnTIeXXZqlGalT/zfWp8/1YQw="></latexit><latexit sha1_base64="wiqnTIeXXZqlGalT/zfWp8/1YQw="></latexit>
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<latexit sha1_base64="ffW7+g007jex6JvyFSWVKUykqEU="></latexit><latexit sha1_base64="ffW7+g007jex6JvyFSWVKUykqEU="></latexit><latexit sha1_base64="ffW7+g007jex6JvyFSWVKUykqEU="></latexit><latexit sha1_base64="ffW7+g007jex6JvyFSWVKUykqEU="></latexit>

Normal Approximation of the Loss

Second order CLT

Theorem If

q
rd5/4max

�r
! 0 and

r3

dmax
! 0, then

<latexit sha1_base64="LmS8iTG7FqTMpbil8MCpoOsZlWU="></latexit><latexit sha1_base64="LmS8iTG7FqTMpbil8MCpoOsZlWU="></latexit><latexit sha1_base64="LmS8iTG7FqTMpbil8MCpoOsZlWU="></latexit><latexit sha1_base64="LmS8iTG7FqTMpbil8MCpoOsZlWU="></latexit>

instead of �r �
p

dmax
<latexit sha1_base64="e0GBmwcIvlBuQ7j82iRRqey6AY0=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4KjMi1O6KblxWsA/oDEMmk2lDk8yYZMQyzMaNv+LGhSJu/Qd3/o3pQ6iiBy4czjmX5J4wZVRpx/m0FhaXlldWS2vl9Y3NrW17Z7etkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8GPudWyIVTcS1HqXE56gvaEwx0kYK7AOPmXCEAun1+9BTN1LnUZB7HN0VRWBX3KozAXTmSK1ed+vw26qAGZqB/eFFCc44ERozpFTPdVLt50hqihkpyl6mSIrwEPVJz1CBOFF+PrmigEdGiWCcSDNCw4k6v5EjrtSIhybJkR6o395Y/MvrZTo+83Mq0kwTgacPxRmDOoHjSmBEJcGajQxBWFLzV4gHSCKsTXHl+RL+J+2TqutU3avTSuN8VkcJ7INDcAxcUAMNcAmaoAUwuAeP4Bm8WA/Wk/VqvU2jC9ZsZw/8gPX+BYIwmTo=</latexit><latexit sha1_base64="e0GBmwcIvlBuQ7j82iRRqey6AY0=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4KjMi1O6KblxWsA/oDEMmk2lDk8yYZMQyzMaNv+LGhSJu/Qd3/o3pQ6iiBy4czjmX5J4wZVRpx/m0FhaXlldWS2vl9Y3NrW17Z7etkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8GPudWyIVTcS1HqXE56gvaEwx0kYK7AOPmXCEAun1+9BTN1LnUZB7HN0VRWBX3KozAXTmSK1ed+vw26qAGZqB/eFFCc44ERozpFTPdVLt50hqihkpyl6mSIrwEPVJz1CBOFF+PrmigEdGiWCcSDNCw4k6v5EjrtSIhybJkR6o395Y/MvrZTo+83Mq0kwTgacPxRmDOoHjSmBEJcGajQxBWFLzV4gHSCKsTXHl+RL+J+2TqutU3avTSuN8VkcJ7INDcAxcUAMNcAmaoAUwuAeP4Bm8WA/Wk/VqvU2jC9ZsZw/8gPX+BYIwmTo=</latexit><latexit sha1_base64="e0GBmwcIvlBuQ7j82iRRqey6AY0=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4KjMi1O6KblxWsA/oDEMmk2lDk8yYZMQyzMaNv+LGhSJu/Qd3/o3pQ6iiBy4czjmX5J4wZVRpx/m0FhaXlldWS2vl9Y3NrW17Z7etkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8GPudWyIVTcS1HqXE56gvaEwx0kYK7AOPmXCEAun1+9BTN1LnUZB7HN0VRWBX3KozAXTmSK1ed+vw26qAGZqB/eFFCc44ERozpFTPdVLt50hqihkpyl6mSIrwEPVJz1CBOFF+PrmigEdGiWCcSDNCw4k6v5EjrtSIhybJkR6o395Y/MvrZTo+83Mq0kwTgacPxRmDOoHjSmBEJcGajQxBWFLzV4gHSCKsTXHl+RL+J+2TqutU3avTSuN8VkcJ7INDcAxcUAMNcAmaoAUwuAeP4Bm8WA/Wk/VqvU2jC9ZsZw/8gPX+BYIwmTo=</latexit><latexit sha1_base64="e0GBmwcIvlBuQ7j82iRRqey6AY0=">AAACBXicdVDLSgMxFM34rPU16lIXwSK4KjMi1O6KblxWsA/oDEMmk2lDk8yYZMQyzMaNv+LGhSJu/Qd3/o3pQ6iiBy4czjmX5J4wZVRpx/m0FhaXlldWS2vl9Y3NrW17Z7etkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8GPudWyIVTcS1HqXE56gvaEwx0kYK7AOPmXCEAun1+9BTN1LnUZB7HN0VRWBX3KozAXTmSK1ed+vw26qAGZqB/eFFCc44ERozpFTPdVLt50hqihkpyl6mSIrwEPVJz1CBOFF+PrmigEdGiWCcSDNCw4k6v5EjrtSIhybJkR6o395Y/MvrZTo+83Mq0kwTgacPxRmDOoHjSmBEJcGajQxBWFLzV4gHSCKsTXHl+RL+J+2TqutU3avTSuN8VkcJ7INDcAxcUAMNcAmaoAUwuAeP4Bm8WA/Wk/VqvU2jC9ZsZw/8gPX+BYIwmTo=</latexit>

�r � d5/8max
<latexit sha1_base64="F+VTtjVe3UXgy0klUfyuEcNtPf4=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgqiai2GXRjcsK9gFNDJPJJB06mYSZiVhCFm78FTcuFHHrR7jzb5w+hPo6cOFwzrnM3OOnjEplWR9GaWFxaXmlvFpZW9/Y3DK3dzoyyQQmbZywRPR8JAmjnLQVVYz0UkFQ7DPS9YfnY797Q4SkCb9So5S4MYo4DSlGSkueWXWYDgfIE04UwcDLnRjdFtf5yWGj8MyaXbcmgNYv8mXVwAwtz3x3ggRnMeEKMyRl37ZS5eZIKIoZKSpOJkmK8BBFpK8pRzGRbj45ooD7WglgmAg9XMGJOr+Ro1jKUezrZIzUQP70xuJfXj9TYcPNKU8zRTiePhRmDKoEjhuBARUEKzbSBGFB9V8hHiCBsNK9VeZL+J90juq2Vbcvj2vNs1kdZVAFe+AA2OAUNMEFaIE2wOAOPIAn8GzcG4/Gi/E6jZaM2c4u+Abj7RNX0Jfh</latexit><latexit sha1_base64="F+VTtjVe3UXgy0klUfyuEcNtPf4=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgqiai2GXRjcsK9gFNDJPJJB06mYSZiVhCFm78FTcuFHHrR7jzb5w+hPo6cOFwzrnM3OOnjEplWR9GaWFxaXmlvFpZW9/Y3DK3dzoyyQQmbZywRPR8JAmjnLQVVYz0UkFQ7DPS9YfnY797Q4SkCb9So5S4MYo4DSlGSkueWXWYDgfIE04UwcDLnRjdFtf5yWGj8MyaXbcmgNYv8mXVwAwtz3x3ggRnMeEKMyRl37ZS5eZIKIoZKSpOJkmK8BBFpK8pRzGRbj45ooD7WglgmAg9XMGJOr+Ro1jKUezrZIzUQP70xuJfXj9TYcPNKU8zRTiePhRmDKoEjhuBARUEKzbSBGFB9V8hHiCBsNK9VeZL+J90juq2Vbcvj2vNs1kdZVAFe+AA2OAUNMEFaIE2wOAOPIAn8GzcG4/Gi/E6jZaM2c4u+Abj7RNX0Jfh</latexit><latexit sha1_base64="F+VTtjVe3UXgy0klUfyuEcNtPf4=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgqiai2GXRjcsK9gFNDJPJJB06mYSZiVhCFm78FTcuFHHrR7jzb5w+hPo6cOFwzrnM3OOnjEplWR9GaWFxaXmlvFpZW9/Y3DK3dzoyyQQmbZywRPR8JAmjnLQVVYz0UkFQ7DPS9YfnY797Q4SkCb9So5S4MYo4DSlGSkueWXWYDgfIE04UwcDLnRjdFtf5yWGj8MyaXbcmgNYv8mXVwAwtz3x3ggRnMeEKMyRl37ZS5eZIKIoZKSpOJkmK8BBFpK8pRzGRbj45ooD7WglgmAg9XMGJOr+Ro1jKUezrZIzUQP70xuJfXj9TYcPNKU8zRTiePhRmDKoEjhuBARUEKzbSBGFB9V8hHiCBsNK9VeZL+J90juq2Vbcvj2vNs1kdZVAFe+AA2OAUNMEFaIE2wOAOPIAn8GzcG4/Gi/E6jZaM2c4u+Abj7RNX0Jfh</latexit><latexit sha1_base64="F+VTtjVe3UXgy0klUfyuEcNtPf4=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgqiai2GXRjcsK9gFNDJPJJB06mYSZiVhCFm78FTcuFHHrR7jzb5w+hPo6cOFwzrnM3OOnjEplWR9GaWFxaXmlvFpZW9/Y3DK3dzoyyQQmbZywRPR8JAmjnLQVVYz0UkFQ7DPS9YfnY797Q4SkCb9So5S4MYo4DSlGSkueWXWYDgfIE04UwcDLnRjdFtf5yWGj8MyaXbcmgNYv8mXVwAwtz3x3ggRnMeEKMyRl37ZS5eZIKIoZKSpOJkmK8BBFpK8pRzGRbj45ooD7WglgmAg9XMGJOr+Ro1jKUezrZIzUQP70xuJfXj9TYcPNKU8zRTiePhRmDKoEjhuBARUEKzbSBGFB9V8hHiCBsNK9VeZL+J90juq2Vbcvj2vNs1kdZVAFe+AA2OAUNMEFaIE2wOAOPIAn8GzcG4/Gi/E6jZaM2c4u+Abj7RNX0Jfh</latexit>

Dong Xia, HKUST CLT of SVD



Normal Approximation of the Loss

K-th order CLT
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<latexit sha1_base64="JMvGAqE6dx+vs+SJV7ZLkrRpa+8="></latexit><latexit sha1_base64="JMvGAqE6dx+vs+SJV7ZLkrRpa+8="></latexit><latexit sha1_base64="JMvGAqE6dx+vs+SJV7ZLkrRpa+8="></latexit><latexit sha1_base64="JMvGAqE6dx+vs+SJV7ZLkrRpa+8="></latexit>

Theorem If

p
rdmax +

p
dmax(r2dmax)1/4k

�r
! 0 and

r3

dmax
! 0, then

<latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit><latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit><latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="NDRq+/Si7F3T4lktw+eWsdcxybM="></latexit><latexit sha1_base64="NDRq+/Si7F3T4lktw+eWsdcxybM="></latexit><latexit sha1_base64="j8M5N8DEpr0pakNuKINdLoOBDyk="></latexit><latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit><latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit><latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit><latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit><latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit><latexit sha1_base64="OmMcHZStlDuebJ95McPWbtF5aJI="></latexit>

Bk
<latexit sha1_base64="WnfcqmebU1pbwthc38qaQuEFnLY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKot5CvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOHkcNFrQUFR1090VpkpapPTLy62srq1v5DcLW9s7u3vF/YOGTTLDRZ0nKjGtkFmhpBZ1lKhEKzWCxaESzXB4M/Wbj8JYmegHHKUiiFlfy0hyhk66r3aH3WKJlun1hU8pcWQG4i+TEixQ6xY/O72EZ7HQyBWztu3TFIMxMyi5EpNCJ7MiZXzI+qLtqGaxsMF4duqEnDilR6LEuNJIZurPiTGLrR3FoeuMGQ7ssjcV//PaGUZXwVjqNEOh+XxRlCmCCZn+TXrSCI5q5AjjRrpbCR8wwzi6dAouhD8v/yWNs7JPy/7dealSXcSRhyM4hlPw4RIqcAs1qAOHPjzBC7x6ynv23rz3eWvOW8wcwi94H98pDo20</latexit><latexit sha1_base64="WnfcqmebU1pbwthc38qaQuEFnLY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKot5CvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOHkcNFrQUFR1090VpkpapPTLy62srq1v5DcLW9s7u3vF/YOGTTLDRZ0nKjGtkFmhpBZ1lKhEKzWCxaESzXB4M/Wbj8JYmegHHKUiiFlfy0hyhk66r3aH3WKJlun1hU8pcWQG4i+TEixQ6xY/O72EZ7HQyBWztu3TFIMxMyi5EpNCJ7MiZXzI+qLtqGaxsMF4duqEnDilR6LEuNJIZurPiTGLrR3FoeuMGQ7ssjcV//PaGUZXwVjqNEOh+XxRlCmCCZn+TXrSCI5q5AjjRrpbCR8wwzi6dAouhD8v/yWNs7JPy/7dealSXcSRhyM4hlPw4RIqcAs1qAOHPjzBC7x6ynv23rz3eWvOW8wcwi94H98pDo20</latexit><latexit sha1_base64="WnfcqmebU1pbwthc38qaQuEFnLY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKot5CvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOHkcNFrQUFR1090VpkpapPTLy62srq1v5DcLW9s7u3vF/YOGTTLDRZ0nKjGtkFmhpBZ1lKhEKzWCxaESzXB4M/Wbj8JYmegHHKUiiFlfy0hyhk66r3aH3WKJlun1hU8pcWQG4i+TEixQ6xY/O72EZ7HQyBWztu3TFIMxMyi5EpNCJ7MiZXzI+qLtqGaxsMF4duqEnDilR6LEuNJIZurPiTGLrR3FoeuMGQ7ssjcV//PaGUZXwVjqNEOh+XxRlCmCCZn+TXrSCI5q5AjjRrpbCR8wwzi6dAouhD8v/yWNs7JPy/7dealSXcSRhyM4hlPw4RIqcAs1qAOHPjzBC7x6ynv23rz3eWvOW8wcwi94H98pDo20</latexit><latexit sha1_base64="WnfcqmebU1pbwthc38qaQuEFnLY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKot5CvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOHkcNFrQUFR1090VpkpapPTLy62srq1v5DcLW9s7u3vF/YOGTTLDRZ0nKjGtkFmhpBZ1lKhEKzWCxaESzXB4M/Wbj8JYmegHHKUiiFlfy0hyhk66r3aH3WKJlun1hU8pcWQG4i+TEixQ6xY/O72EZ7HQyBWztu3TFIMxMyi5EpNCJ7MiZXzI+qLtqGaxsMF4duqEnDilR6LEuNJIZurPiTGLrR3FoeuMGQ7ssjcV//PaGUZXwVjqNEOh+XxRlCmCCZn+TXrSCI5q5AjjRrpbCR8wwzi6dAouhD8v/yWNs7JPy/7dealSXcSRhyM4hlPw4RIqcAs1qAOHPjzBC7x6ynv23rz3eWvOW8wcwi94H98pDo20</latexit>
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<latexit sha1_base64="5W0K4TNF4TKERrfVt5pO7yWLGFE="></latexit><latexit sha1_base64="5W0K4TNF4TKERrfVt5pO7yWLGFE="></latexit><latexit sha1_base64="5W0K4TNF4TKERrfVt5pO7yWLGFE="></latexit><latexit sha1_base64="5W0K4TNF4TKERrfVt5pO7yWLGFE="></latexit>
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p

dmax
<latexit sha1_base64="1RSOTwXiLXsp4L2umuaZn8DYeRQ="></latexit><latexit sha1_base64="1RSOTwXiLXsp4L2umuaZn8DYeRQ="></latexit><latexit sha1_base64="1RSOTwXiLXsp4L2umuaZn8DYeRQ="></latexit><latexit sha1_base64="1RSOTwXiLXsp4L2umuaZn8DYeRQ="></latexit>
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Normal Approximation of the Loss

        -th order CLT
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<latexit sha1_base64="JMvGAqE6dx+vs+SJV7ZLkrRpa+8="></latexit><latexit sha1_base64="JMvGAqE6dx+vs+SJV7ZLkrRpa+8="></latexit><latexit sha1_base64="JMvGAqE6dx+vs+SJV7ZLkrRpa+8="></latexit><latexit sha1_base64="JMvGAqE6dx+vs+SJV7ZLkrRpa+8="></latexit>

Theorem
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1
<latexit sha1_base64="CbT6HAvT+WCjTxop+iRRDXEfUzs=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GiZtpXVXdOOygn1AO5RMmmljM8mQZIQy9B/cuFDErf/jzr8x01aoogcuHM65l3vvCWLOtPG8Tye3tr6xuZXfLuzs7u0fFA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DrzOw9UaSbFnZnG1I/wSLCQEWys1O4zEZrpoFhCrjcH9Nx6FZURykjl8qJWgd9WCSzRHBQ/+kNJkogKQzjWuoe82PgpVoYRTmeFfqJpjMkEj2jPUoEjqv10fu0MnlllCEOpbAkD5+rqRIojradRYDsjbMb6t5eJf3m9xIR1P2UiTgwVZLEoTDg0EmavwyFTlBg+tQQTxeytkIyxwsTYgAqrIfxP2mUXeS66rZYaV8s48uAEnIJzgEANNMANaIIWIOAePIJn8OJI58l5dd4WrTlnOXMMfsB5/wIN449x</latexit><latexit sha1_base64="CbT6HAvT+WCjTxop+iRRDXEfUzs=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GiZtpXVXdOOygn1AO5RMmmljM8mQZIQy9B/cuFDErf/jzr8x01aoogcuHM65l3vvCWLOtPG8Tye3tr6xuZXfLuzs7u0fFA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DrzOw9UaSbFnZnG1I/wSLCQEWys1O4zEZrpoFhCrjcH9Nx6FZURykjl8qJWgd9WCSzRHBQ/+kNJkogKQzjWuoe82PgpVoYRTmeFfqJpjMkEj2jPUoEjqv10fu0MnlllCEOpbAkD5+rqRIojradRYDsjbMb6t5eJf3m9xIR1P2UiTgwVZLEoTDg0EmavwyFTlBg+tQQTxeytkIyxwsTYgAqrIfxP2mUXeS66rZYaV8s48uAEnIJzgEANNMANaIIWIOAePIJn8OJI58l5dd4WrTlnOXMMfsB5/wIN449x</latexit><latexit sha1_base64="CbT6HAvT+WCjTxop+iRRDXEfUzs=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GiZtpXVXdOOygn1AO5RMmmljM8mQZIQy9B/cuFDErf/jzr8x01aoogcuHM65l3vvCWLOtPG8Tye3tr6xuZXfLuzs7u0fFA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DrzOw9UaSbFnZnG1I/wSLCQEWys1O4zEZrpoFhCrjcH9Nx6FZURykjl8qJWgd9WCSzRHBQ/+kNJkogKQzjWuoe82PgpVoYRTmeFfqJpjMkEj2jPUoEjqv10fu0MnlllCEOpbAkD5+rqRIojradRYDsjbMb6t5eJf3m9xIR1P2UiTgwVZLEoTDg0EmavwyFTlBg+tQQTxeytkIyxwsTYgAqrIfxP2mUXeS66rZYaV8s48uAEnIJzgEANNMANaIIWIOAePIJn8OJI58l5dd4WrTlnOXMMfsB5/wIN449x</latexit><latexit sha1_base64="CbT6HAvT+WCjTxop+iRRDXEfUzs=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GiZtpXVXdOOygn1AO5RMmmljM8mQZIQy9B/cuFDErf/jzr8x01aoogcuHM65l3vvCWLOtPG8Tye3tr6xuZXfLuzs7u0fFA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DrzOw9UaSbFnZnG1I/wSLCQEWys1O4zEZrpoFhCrjcH9Nx6FZURykjl8qJWgd9WCSzRHBQ/+kNJkogKQzjWuoe82PgpVoYRTmeFfqJpjMkEj2jPUoEjqv10fu0MnlllCEOpbAkD5+rqRIojradRYDsjbMb6t5eJf3m9xIR1P2UiTgwVZLEoTDg0EmavwyFTlBg+tQQTxeytkIyxwsTYgAqrIfxP2mUXeS66rZYaV8s48uAEnIJzgEANNMANaIIWIOAePIJn8OJI58l5dd4WrTlnOXMMfsB5/wIN449x</latexit>
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p
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! 0, then

<latexit sha1_base64="w9eBrxCPxG4Twvx+Y4RlVHaHBfY="></latexit><latexit sha1_base64="w9eBrxCPxG4Twvx+Y4RlVHaHBfY="></latexit><latexit sha1_base64="w9eBrxCPxG4Twvx+Y4RlVHaHBfY="></latexit><latexit sha1_base64="w9eBrxCPxG4Twvx+Y4RlVHaHBfY="></latexit>

B1
<latexit sha1_base64="2y0SZMLKPkuznWvhn9hCSEZVteA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0oaG4hXjxGMA9IljA7mU2GzM6uM73CEvITXjwo4tXf8ebfOHkcNLGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wCzhfkQHSoSCUbRSu9brChVi1isU3ZJbqVy6ZWLJDMRbJkVYoN4rfHX7MUsjrpBJakzHcxP0x1SjYJJP8t3U8ISyER3wjqWKRtz449m9E3JulT4JY21LIZmpvyfGNDImiwLbGVEcmmVvKv7ndVIMb/yxUEmKXLH5ojCVBGMyfZ70heYMZWYJZVrYWwkbUk0Z2ojyNoSVl1dJs1zy3JJ3f1Ws1hZx5OAUzuACPLiGKtxBHRrAQMIzvMKb8+i8OO/Ox7x1zVnMnMAfOJ8/J8mQCQ==</latexit><latexit sha1_base64="2y0SZMLKPkuznWvhn9hCSEZVteA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0oaG4hXjxGMA9IljA7mU2GzM6uM73CEvITXjwo4tXf8ebfOHkcNLGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wCzhfkQHSoSCUbRSu9brChVi1isU3ZJbqVy6ZWLJDMRbJkVYoN4rfHX7MUsjrpBJakzHcxP0x1SjYJJP8t3U8ISyER3wjqWKRtz449m9E3JulT4JY21LIZmpvyfGNDImiwLbGVEcmmVvKv7ndVIMb/yxUEmKXLH5ojCVBGMyfZ70heYMZWYJZVrYWwkbUk0Z2ojyNoSVl1dJs1zy3JJ3f1Ws1hZx5OAUzuACPLiGKtxBHRrAQMIzvMKb8+i8OO/Ox7x1zVnMnMAfOJ8/J8mQCQ==</latexit><latexit sha1_base64="2y0SZMLKPkuznWvhn9hCSEZVteA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0oaG4hXjxGMA9IljA7mU2GzM6uM73CEvITXjwo4tXf8ebfOHkcNLGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wCzhfkQHSoSCUbRSu9brChVi1isU3ZJbqVy6ZWLJDMRbJkVYoN4rfHX7MUsjrpBJakzHcxP0x1SjYJJP8t3U8ISyER3wjqWKRtz449m9E3JulT4JY21LIZmpvyfGNDImiwLbGVEcmmVvKv7ndVIMb/yxUEmKXLH5ojCVBGMyfZ70heYMZWYJZVrYWwkbUk0Z2ojyNoSVl1dJs1zy3JJ3f1Ws1hZx5OAUzuACPLiGKtxBHRrAQMIzvMKb8+i8OO/Ox7x1zVnMnMAfOJ8/J8mQCQ==</latexit><latexit sha1_base64="2y0SZMLKPkuznWvhn9hCSEZVteA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0oaG4hXjxGMA9IljA7mU2GzM6uM73CEvITXjwo4tXf8ebfOHkcNLGgoajqprsrSKQw6Lrfztr6xubWdm4nv7u3f3BYODpumjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6wCzhfkQHSoSCUbRSu9brChVi1isU3ZJbqVy6ZWLJDMRbJkVYoN4rfHX7MUsjrpBJakzHcxP0x1SjYJJP8t3U8ISyER3wjqWKRtz449m9E3JulT4JY21LIZmpvyfGNDImiwLbGVEcmmVvKv7ndVIMb/yxUEmKXLH5ojCVBGMyfZ70heYMZWYJZVrYWwkbUk0Z2ojyNoSVl1dJs1zy3JJ3f1Ws1hZx5OAUzuACPLiGKtxBHRrAQMIzvMKb8+i8OO/Ox7x1zVnMnMAfOJ8/J8mQCQ==</latexit>
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<latexit sha1_base64="YNdbIuAroyKtWizWIysTFOYHiic="></latexit><latexit sha1_base64="YNdbIuAroyKtWizWIysTFOYHiic="></latexit><latexit sha1_base64="YNdbIuAroyKtWizWIysTFOYHiic="></latexit><latexit sha1_base64="YNdbIuAroyKtWizWIysTFOYHiic="></latexit>
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convergence rate is of the order 
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<latexit sha1_base64="077T+GGXY0OXdzolRcc71F55k1Y="></latexit><latexit sha1_base64="077T+GGXY0OXdzolRcc71F55k1Y="></latexit><latexit sha1_base64="077T+GGXY0OXdzolRcc71F55k1Y="></latexit><latexit sha1_base64="077T+GGXY0OXdzolRcc71F55k1Y="></latexit>
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Confidence Region of Singular Subspace

Outline

Representation of Spectral Projectors

Normal Approximation of Spectral Projectors

Data-dependent Confidence Regions
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<latexit sha1_base64="PPhVIeg+5R0P2oBFi8B4GZdzgsg="></latexit><latexit sha1_base64="PPhVIeg+5R0P2oBFi8B4GZdzgsg="></latexit><latexit sha1_base64="PPhVIeg+5R0P2oBFi8B4GZdzgsg="></latexit><latexit sha1_base64="PPhVIeg+5R0P2oBFi8B4GZdzgsg="></latexit>

Confidence Region of Singular Subspaces

                 -th order CR

probability

dlog(d1 + d2)e
<latexit sha1_base64="Cv+1OFbUus0vF16TmVlyWflogbs=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBahIoQktLbdFd24rGBroQlhMpm2QycPZiZCCQU3/oobF4q49Sfc+TdO2goqeuDC4Zx7ufceP2FUSNP80ApLyyura8X10sbm1vaOvrvXFXHKMengmMW85yNBGI1IR1LJSC/hBIU+Izf++CL3b24JFzSOruUkIW6IhhEdUIykkjz9wGGYUAYdFg8rgWedBp594vBc8/SyaTRrzXrzDCpiWWa1kRO7ajdq0DLMGcpggbanvztBjNOQRBIzJETfMhPpZohLihmZlpxUkAThMRqSvqIRColws9kPU3islAAOYq4qknCmfp/IUCjEJPRVZ4jkSPz2cvEvr5/KQcPNaJSkkkR4vmiQMihjmAcCA8oJlmyiCMKcqlshHiGOsFSxlVQIX5/C/0nXNizTsK6q5db5Io4iOARHoAIsUActcAnaoAMwuAMP4Ak8a/fao/aivc5bC9piZh/8gPb2CdaylwQ=</latexit><latexit sha1_base64="Cv+1OFbUus0vF16TmVlyWflogbs=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBahIoQktLbdFd24rGBroQlhMpm2QycPZiZCCQU3/oobF4q49Sfc+TdO2goqeuDC4Zx7ufceP2FUSNP80ApLyyura8X10sbm1vaOvrvXFXHKMengmMW85yNBGI1IR1LJSC/hBIU+Izf++CL3b24JFzSOruUkIW6IhhEdUIykkjz9wGGYUAYdFg8rgWedBp594vBc8/SyaTRrzXrzDCpiWWa1kRO7ajdq0DLMGcpggbanvztBjNOQRBIzJETfMhPpZohLihmZlpxUkAThMRqSvqIRColws9kPU3islAAOYq4qknCmfp/IUCjEJPRVZ4jkSPz2cvEvr5/KQcPNaJSkkkR4vmiQMihjmAcCA8oJlmyiCMKcqlshHiGOsFSxlVQIX5/C/0nXNizTsK6q5db5Io4iOARHoAIsUActcAnaoAMwuAMP4Ak8a/fao/aivc5bC9piZh/8gPb2CdaylwQ=</latexit><latexit sha1_base64="Cv+1OFbUus0vF16TmVlyWflogbs=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBahIoQktLbdFd24rGBroQlhMpm2QycPZiZCCQU3/oobF4q49Sfc+TdO2goqeuDC4Zx7ufceP2FUSNP80ApLyyura8X10sbm1vaOvrvXFXHKMengmMW85yNBGI1IR1LJSC/hBIU+Izf++CL3b24JFzSOruUkIW6IhhEdUIykkjz9wGGYUAYdFg8rgWedBp594vBc8/SyaTRrzXrzDCpiWWa1kRO7ajdq0DLMGcpggbanvztBjNOQRBIzJETfMhPpZohLihmZlpxUkAThMRqSvqIRColws9kPU3islAAOYq4qknCmfp/IUCjEJPRVZ4jkSPz2cvEvr5/KQcPNaJSkkkR4vmiQMihjmAcCA8oJlmyiCMKcqlshHiGOsFSxlVQIX5/C/0nXNizTsK6q5db5Io4iOARHoAIsUActcAnaoAMwuAMP4Ak8a/fao/aivc5bC9piZh/8gPb2CdaylwQ=</latexit><latexit sha1_base64="Cv+1OFbUus0vF16TmVlyWflogbs=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBahIoQktLbdFd24rGBroQlhMpm2QycPZiZCCQU3/oobF4q49Sfc+TdO2goqeuDC4Zx7ufceP2FUSNP80ApLyyura8X10sbm1vaOvrvXFXHKMengmMW85yNBGI1IR1LJSC/hBIU+Izf++CL3b24JFzSOruUkIW6IhhEdUIykkjz9wGGYUAYdFg8rgWedBp594vBc8/SyaTRrzXrzDCpiWWa1kRO7ajdq0DLMGcpggbanvztBjNOQRBIzJETfMhPpZohLihmZlpxUkAThMRqSvqIRColws9kPU3islAAOYq4qknCmfp/IUCjEJPRVZ4jkSPz2cvEvr5/KQcPNaJSkkkR4vmiQMihjmAcCA8oJlmyiCMKcqlshHiGOsFSxlVQIX5/C/0nXNizTsK6q5db5Io4iOARHoAIsUActcAnaoAMwuAMP4Ak8a/fao/aivc5bC9piZh/8gPb2CdaylwQ=</latexit>
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<latexit sha1_base64="ZNjEAFZM07da3hbjQq05UUN/1GU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahIpSktOiy1I3LCvYBTQiTyaQdOpmEmYlQQpdu/BU3LhRx6ye482+ctF1o64HLPZxzLzP3+AmjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjroxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT88U3u9x6IkDTm92qSEDdCQ05DipHSkmeetrwMOgwTynSLh5XAsy8Dr3bhiFybembZqloNq1GvQU1mgPYyKYMF2p755QQxTiPCFWZIyoFtJcrNkFAUMzItOakkCcJjNCQDTTmKiHSz2SFTeK6VAIax0MUVnKm/NzIUSTmJfD0ZITWSy14u/ucNUhVeuxnlSaoIx/OHwpRBFcM8FRhQQbBiE00QFlT/FeIREggrnV1Jh7By8irp1qq2VbXv6uVmaxFHEZyAM1ABNrgCTXAL2qADMHgEz+AVvBlPxovxbnzMRwvGYucY/IHx+QPkZ5ie</latexit><latexit sha1_base64="ZNjEAFZM07da3hbjQq05UUN/1GU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahIpSktOiy1I3LCvYBTQiTyaQdOpmEmYlQQpdu/BU3LhRx6ye482+ctF1o64HLPZxzLzP3+AmjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjroxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT88U3u9x6IkDTm92qSEDdCQ05DipHSkmeetrwMOgwTynSLh5XAsy8Dr3bhiFybembZqloNq1GvQU1mgPYyKYMF2p755QQxTiPCFWZIyoFtJcrNkFAUMzItOakkCcJjNCQDTTmKiHSz2SFTeK6VAIax0MUVnKm/NzIUSTmJfD0ZITWSy14u/ucNUhVeuxnlSaoIx/OHwpRBFcM8FRhQQbBiE00QFlT/FeIREggrnV1Jh7By8irp1qq2VbXv6uVmaxFHEZyAM1ABNrgCTXAL2qADMHgEz+AVvBlPxovxbnzMRwvGYucY/IHx+QPkZ5ie</latexit><latexit sha1_base64="ZNjEAFZM07da3hbjQq05UUN/1GU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahIpSktOiy1I3LCvYBTQiTyaQdOpmEmYlQQpdu/BU3LhRx6ye482+ctF1o64HLPZxzLzP3+AmjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjroxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT88U3u9x6IkDTm92qSEDdCQ05DipHSkmeetrwMOgwTynSLh5XAsy8Dr3bhiFybembZqloNq1GvQU1mgPYyKYMF2p755QQxTiPCFWZIyoFtJcrNkFAUMzItOakkCcJjNCQDTTmKiHSz2SFTeK6VAIax0MUVnKm/NzIUSTmJfD0ZITWSy14u/ucNUhVeuxnlSaoIx/OHwpRBFcM8FRhQQbBiE00QFlT/FeIREggrnV1Jh7By8irp1qq2VbXv6uVmaxFHEZyAM1ABNrgCTXAL2qADMHgEz+AVvBlPxovxbnzMRwvGYucY/IHx+QPkZ5ie</latexit><latexit sha1_base64="ZNjEAFZM07da3hbjQq05UUN/1GU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahIpSktOiy1I3LCvYBTQiTyaQdOpmEmYlQQpdu/BU3LhRx6ye482+ctF1o64HLPZxzLzP3+AmjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjroxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT88U3u9x6IkDTm92qSEDdCQ05DipHSkmeetrwMOgwTynSLh5XAsy8Dr3bhiFybembZqloNq1GvQU1mgPYyKYMF2p755QQxTiPCFWZIyoFtJcrNkFAUMzItOakkCcJjNCQDTTmKiHSz2SFTeK6VAIax0MUVnKm/NzIUSTmJfD0ZITWSy14u/ucNUhVeuxnlSaoIx/OHwpRBFcM8FRhQQbBiE00QFlT/FeIREggrnV1Jh7By8irp1qq2VbXv6uVmaxFHEZyAM1ABNrgCTXAL2qADMHgEz+AVvBlPxovxbnzMRwvGYucY/IHx+QPkZ5ie</latexit>

where z↵ = ��1(1� ↵).
<latexit sha1_base64="1iDUq7EsHgMxu+wt4OpkmbGkS7w="></latexit><latexit sha1_base64="1iDUq7EsHgMxu+wt4OpkmbGkS7w="></latexit><latexit sha1_base64="1iDUq7EsHgMxu+wt4OpkmbGkS7w="></latexit><latexit sha1_base64="1iDUq7EsHgMxu+wt4OpkmbGkS7w="></latexit>

�1, · · · ,�r
<latexit sha1_base64="MjkzMEg4rW9zCZJgndKq74b9Hwo=">AAACA3icdVDLSsNAFJ3UV62vqDvdBIvgopREBF0W3bisYB/QhjCZTNqhk5kwcyOUUHDjr7hxoYhbf8Kdf+P0BfV14MLhnHOZuSdMOdPgup9WYWl5ZXWtuF7a2Nza3rF395paZorQBpFcqnaINeVM0AYw4LSdKoqTkNNWOLga+607qjST4haGKfUT3BMsZgSDkQL7oMtNOMKBV+mSSIKuzAUV2GWv6k7guL/I3CqjGeqB/dGNJMkSKoBwrHXHc1Pwc6yAEU5HpW6maYrJAPdox1CBE6r9fHLDyDk2SuTEUpkR4EzUxY0cJ1oPk9AkEwx9/dMbi395nQziCz9nIs2ACjJ9KM64A9IZF+JETFECfGgIJoqZvzqkjxUmYGorLZbwP2meVj236t2clWuXszqK6BAdoRPkoXNUQ9eojhqIoHv0iJ7Ri/VgPVmv1ts0WrBmO/voG6z3L2hll1w=</latexit><latexit sha1_base64="MjkzMEg4rW9zCZJgndKq74b9Hwo=">AAACA3icdVDLSsNAFJ3UV62vqDvdBIvgopREBF0W3bisYB/QhjCZTNqhk5kwcyOUUHDjr7hxoYhbf8Kdf+P0BfV14MLhnHOZuSdMOdPgup9WYWl5ZXWtuF7a2Nza3rF395paZorQBpFcqnaINeVM0AYw4LSdKoqTkNNWOLga+607qjST4haGKfUT3BMsZgSDkQL7oMtNOMKBV+mSSIKuzAUV2GWv6k7guL/I3CqjGeqB/dGNJMkSKoBwrHXHc1Pwc6yAEU5HpW6maYrJAPdox1CBE6r9fHLDyDk2SuTEUpkR4EzUxY0cJ1oPk9AkEwx9/dMbi395nQziCz9nIs2ACjJ9KM64A9IZF+JETFECfGgIJoqZvzqkjxUmYGorLZbwP2meVj236t2clWuXszqK6BAdoRPkoXNUQ9eojhqIoHv0iJ7Ri/VgPVmv1ts0WrBmO/voG6z3L2hll1w=</latexit><latexit sha1_base64="MjkzMEg4rW9zCZJgndKq74b9Hwo=">AAACA3icdVDLSsNAFJ3UV62vqDvdBIvgopREBF0W3bisYB/QhjCZTNqhk5kwcyOUUHDjr7hxoYhbf8Kdf+P0BfV14MLhnHOZuSdMOdPgup9WYWl5ZXWtuF7a2Nza3rF395paZorQBpFcqnaINeVM0AYw4LSdKoqTkNNWOLga+607qjST4haGKfUT3BMsZgSDkQL7oMtNOMKBV+mSSIKuzAUV2GWv6k7guL/I3CqjGeqB/dGNJMkSKoBwrHXHc1Pwc6yAEU5HpW6maYrJAPdox1CBE6r9fHLDyDk2SuTEUpkR4EzUxY0cJ1oPk9AkEwx9/dMbi395nQziCz9nIs2ACjJ9KM64A9IZF+JETFECfGgIJoqZvzqkjxUmYGorLZbwP2meVj236t2clWuXszqK6BAdoRPkoXNUQ9eojhqIoHv0iJ7Ri/VgPVmv1ts0WrBmO/voG6z3L2hll1w=</latexit><latexit sha1_base64="MjkzMEg4rW9zCZJgndKq74b9Hwo=">AAACA3icdVDLSsNAFJ3UV62vqDvdBIvgopREBF0W3bisYB/QhjCZTNqhk5kwcyOUUHDjr7hxoYhbf8Kdf+P0BfV14MLhnHOZuSdMOdPgup9WYWl5ZXWtuF7a2Nza3rF395paZorQBpFcqnaINeVM0AYw4LSdKoqTkNNWOLga+607qjST4haGKfUT3BMsZgSDkQL7oMtNOMKBV+mSSIKuzAUV2GWv6k7guL/I3CqjGeqB/dGNJMkSKoBwrHXHc1Pwc6yAEU5HpW6maYrJAPdox1CBE6r9fHLDyDk2SuTEUpkR4EzUxY0cJ1oPk9AkEwx9/dMbi395nQziCz9nIs2ACjJ9KM64A9IZF+JETFECfGgIJoqZvzqkjxUmYGorLZbwP2meVj236t2clWuXszqK6BAdoRPkoXNUQ9eojhqIoHv0iJ7Ri/VgPVmv1ts0WrBmO/voG6z3L2hll1w=</latexit>

are unknown

M̂ = U⇤V> + Z is known

Dong Xia, HKUST Data-dependent CR



where �̂1 � · · · � �̂r are M̂0s top-r singular values.

Confidence Region of Singular Subspaces

Plug-in estimates of singular values

Dong Xia, HKUST

k⇤̂�1k2F = �̂�2
1 + · · ·+ �̂�2

r
<latexit sha1_base64="HLhQao7ue5HoOrhWzLoHqO0+u+c="></latexit><latexit sha1_base64="HLhQao7ue5HoOrhWzLoHqO0+u+c="></latexit><latexit sha1_base64="HLhQao7ue5HoOrhWzLoHqO0+u+c="></latexit><latexit sha1_base64="HLhQao7ue5HoOrhWzLoHqO0+u+c="></latexit>

k⇤̂�2k2F = �̂�4
1 + · · ·+ �̂�4

r
<latexit sha1_base64="TanIPVcSea/Y5KThHNCV1UPaCYQ="></latexit><latexit sha1_base64="TanIPVcSea/Y5KThHNCV1UPaCYQ="></latexit><latexit sha1_base64="TanIPVcSea/Y5KThHNCV1UPaCYQ="></latexit><latexit sha1_base64="TanIPVcSea/Y5KThHNCV1UPaCYQ="></latexit>

k⇤̂�kk2F = �̂�2k
1 + · · ·+ �̂�2k

r
<latexit sha1_base64="mF3iyTNE71tz4nJH2kyDQ3nNgIU="></latexit><latexit sha1_base64="mF3iyTNE71tz4nJH2kyDQ3nNgIU="></latexit><latexit sha1_base64="mF3iyTNE71tz4nJH2kyDQ3nNgIU="></latexit><latexit sha1_base64="mF3iyTNE71tz4nJH2kyDQ3nNgIU="></latexit>

··
·

<latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Pa+nic3fbkxDAjXAQ8ApMX+Jbqw=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BdiiZTKaNzSRDckcoQ9/BjQtFfCh3vo2ZtgttPRD4OCch954ok8Ki7397la3tnd296n7toH54dNw4qXetzg3jHaalNv2IWi6F4h0UKHk/M5ymkeS9aHpX5r1nbqzQ6hFnGQ9TOlYiEYyis7pDFmu0o0bTb/kLkU0IVtCEldqjxtcw1ixPuUImqbWDwM8wLKhBwSSf14a55RllUzrmA4eKptyGxWLaOblwTkwSbdxRSBbu7xcFTa2dpZG7mVKc2PWsNP/LBjkmN2EhVJYjV2z5UZJLgpqUq5NYGM5QzhxQZoSblbAJNZShK6jmSgjWV96E7lUr8FvBgw9VOINzuIQAruEW7qENHWDwBC/wBu+e9l69j2VdFW/V2yn8kff5A4Jmjdc=</latexit><latexit sha1_base64="KYaeUXhaW2LCW38oobcFiAV4Iqw=">AAAB4nicdZDNSgMxFIXv1L9aq1a3boJFcFUydaBdCm5cVrA/0A4lk8m0sZnJkGSEMvQd3LhQxIdy59uYaStU0QOBj3MS7s0JUsG1wfjTKW1t7+zulfcrB9XDo+PaSbWnZaYo61IppBoERDPBE9Y13Ag2SBUjcSBYP5jdFHn/kSnNZXJv5inzYzJJeMQpMdbqjWgojR7X6m4DL4WwhbaHvQKuPK/VRN9RHdbqjGsfo1DSLGaJoYJoPXRxavycKMOpYIvKKNMsJXRGJmxoMSEx036+3HaBLqwTokgqexKDlu7mi5zEWs/jwN6MiZnq31lh/pUNMxO1/ZwnaWZYQleDokwgI1HxdRRyxagRcwuEKm53RXRKFKHGFlTZLOF/6DUbLm64dxjKcAbncAkutOAabqEDXaDwAE/wAq+OdJ6dt1VdJWfd2yn8kPP+BbWijfw=</latexit><latexit sha1_base64="kqRfei4k3QrWS3h27gQ14OPJprM=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgqWTrQnssevFYwX5Au5RsNtvGZjdLMiuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzglQKA4R8OIW19Y3NreJ2aWd3b/+gfHjUMSrTjLeZkkr3Amq4FAlvgwDJe6nmNA4k7waTq9zv3nNthEpuYZpyP6ajRESCUbBSZ8BCBWZYrrhVsgAmljQ84uXkwvPqNfxlVdAKrWH5fRAqlsU8ASapMX2XpODPqAbBJJ+XBpnhKWUTOuJ9SxMac+PPFtfO8ZlVQhwpbSsBvFC/T8xobMw0DmxnTGFsfnu5+JfXzyBq+DORpBnwhC0XRZnEoHD+Og6F5gzk1BLKtLC3YjammjKwAZW+h/A/6dSqLqm6N6TSvFzFUUQn6BSdIxfVURNdoxZqI4bu0AN6Qs+Och6dF+d12VpwVjPH6Aect0/h6o9Q</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit>

Are they good?
Data-dependent CR



Normal Approximation of dist2[(Û , V̂ ), (U, V )]� 2d?k⇤̂�1k2Fp
8d?k⇤̂�2kF

<latexit sha1_base64="7NgjNBLoAVMAQ8CojtDNcczf4Jc="></latexit><latexit sha1_base64="7NgjNBLoAVMAQ8CojtDNcczf4Jc="></latexit><latexit sha1_base64="7NgjNBLoAVMAQ8CojtDNcczf4Jc="></latexit><latexit sha1_base64="7NgjNBLoAVMAQ8CojtDNcczf4Jc="></latexit>

d1 = d2 = 100

r = 6

�k = � · 2r�k
<latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4EKNt6lAX47ys1nngTgU+DuR9LY=">AAACEHicbZC7TsMwFIZPyq2UAoGVxaJCYqFyMgBLJCQWxiLRFqkpkeO4rRXnIttBqqK+BwuvwsIAQkxsvA3uZYCWI9n69P8+ts8f5oIrjfG3VVlb39jcqm7Xduq7e/v2Qb2jskJS1qaZyOR9SBQTPGVtzbVg97lkJAkF64bx9dTvPjKpeJbe6XHO+gkZpnzAKdFGCmw3ChwvClzPwdj3a9I7N7svzAURCWJvQT6NMo3ch1KexZPAbuAmnhVaBWcBDVhUK7C//CijRcJSTQVRqufgXPdLIjWngk1qfqFYTmhMhqxnMCUJU/1yNtsEnRglQoNMmpVqNFN/d5QkUWqchOZkQvRILXtT8T+vV+jBZb/kaV5oltL5Q4NCIJ2haVAo4pJRLcYGCJXc/BXREZGEahNnzYTgLI+8Ch236eCmc4uhCkdwDKfgwAVcwQ20oA0UnuAF3uDderZerY95XBVrkdsh/Cnr8weRy52v</latexit><latexit sha1_base64="3RJypn0ex8vuMef4glM0cNHrrMs="></latexit><latexit sha1_base64="wxeEdnq7PRuc6jzqBqOKjiaLW+s="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4EKNt6lAX47ys1nngTgU+DuR9LY=">AAACEHicbZC7TsMwFIZPyq2UAoGVxaJCYqFyMgBLJCQWxiLRFqkpkeO4rRXnIttBqqK+BwuvwsIAQkxsvA3uZYCWI9n69P8+ts8f5oIrjfG3VVlb39jcqm7Xduq7e/v2Qb2jskJS1qaZyOR9SBQTPGVtzbVg97lkJAkF64bx9dTvPjKpeJbe6XHO+gkZpnzAKdFGCmw3ChwvClzPwdj3a9I7N7svzAURCWJvQT6NMo3ch1KexZPAbuAmnhVaBWcBDVhUK7C//CijRcJSTQVRqufgXPdLIjWngk1qfqFYTmhMhqxnMCUJU/1yNtsEnRglQoNMmpVqNFN/d5QkUWqchOZkQvRILXtT8T+vV+jBZb/kaV5oltL5Q4NCIJ2haVAo4pJRLcYGCJXc/BXREZGEahNnzYTgLI+8Ch236eCmc4uhCkdwDKfgwAVcwQ20oA0UnuAF3uDderZerY95XBVrkdsh/Cnr8weRy52v</latexit><latexit sha1_base64="3RJypn0ex8vuMef4glM0cNHrrMs="></latexit><latexit sha1_base64="wxeEdnq7PRuc6jzqBqOKjiaLW+s="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit>

Not good!

Confidence Region of Singular Subspaces
Simulation



By random matrix theory (Ding, 2017, arxiv:1702.06975)
����̂2

j �
⇣
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⌘��� = OP

⇣
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1
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⌘

<latexit sha1_base64="v/fBCT4UIiBCoAsc9YKoosePweg="></latexit><latexit sha1_base64="v/fBCT4UIiBCoAsc9YKoosePweg="></latexit><latexit sha1_base64="v/fBCT4UIiBCoAsc9YKoosePweg="></latexit><latexit sha1_base64="v/fBCT4UIiBCoAsc9YKoosePweg="></latexit>

Define shrinkage estimators

⇤̃ = diag(�̃1, · · · , �̃r)
<latexit sha1_base64="bN8BiYTOjnAtfwbm8wdx0We1KxU="></latexit><latexit sha1_base64="bN8BiYTOjnAtfwbm8wdx0We1KxU="></latexit><latexit sha1_base64="bN8BiYTOjnAtfwbm8wdx0We1KxU="></latexit><latexit sha1_base64="bN8BiYTOjnAtfwbm8wdx0We1KxU="></latexit>

Denote

Shrinkage Estimates of Singular Values

Dong Xia, HKUST

OP

�
d
1/4
max

p
�j

�
<latexit sha1_base64="0EmDVJ2wdsNSW198QlwwYk+e09o="></latexit><latexit sha1_base64="0EmDVJ2wdsNSW198QlwwYk+e09o="></latexit><latexit sha1_base64="0EmDVJ2wdsNSW198QlwwYk+e09o="></latexit><latexit sha1_base64="0EmDVJ2wdsNSW198QlwwYk+e09o="></latexit>

�̃2
j =

�̂2
j � d1 � d2

2
+

q
(�̂2

j � d1 � d2)2 � 4d1d2

2
<latexit sha1_base64="BucObA2lIyu7oDlhnuSskM1gYXE="></latexit><latexit sha1_base64="BucObA2lIyu7oDlhnuSskM1gYXE="></latexit><latexit sha1_base64="BucObA2lIyu7oDlhnuSskM1gYXE="></latexit><latexit sha1_base64="BucObA2lIyu7oDlhnuSskM1gYXE="></latexit>

Data-dependent CR



Normal Approximation of 

d1 = d2 = 100

r = 6

�k = � · 2r�k
<latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4EKNt6lAX47ys1nngTgU+DuR9LY=">AAACEHicbZC7TsMwFIZPyq2UAoGVxaJCYqFyMgBLJCQWxiLRFqkpkeO4rRXnIttBqqK+BwuvwsIAQkxsvA3uZYCWI9n69P8+ts8f5oIrjfG3VVlb39jcqm7Xduq7e/v2Qb2jskJS1qaZyOR9SBQTPGVtzbVg97lkJAkF64bx9dTvPjKpeJbe6XHO+gkZpnzAKdFGCmw3ChwvClzPwdj3a9I7N7svzAURCWJvQT6NMo3ch1KexZPAbuAmnhVaBWcBDVhUK7C//CijRcJSTQVRqufgXPdLIjWngk1qfqFYTmhMhqxnMCUJU/1yNtsEnRglQoNMmpVqNFN/d5QkUWqchOZkQvRILXtT8T+vV+jBZb/kaV5oltL5Q4NCIJ2haVAo4pJRLcYGCJXc/BXREZGEahNnzYTgLI+8Ch236eCmc4uhCkdwDKfgwAVcwQ20oA0UnuAF3uDderZerY95XBVrkdsh/Cnr8weRy52v</latexit><latexit sha1_base64="3RJypn0ex8vuMef4glM0cNHrrMs="></latexit><latexit sha1_base64="wxeEdnq7PRuc6jzqBqOKjiaLW+s="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="4EKNt6lAX47ys1nngTgU+DuR9LY=">AAACEHicbZC7TsMwFIZPyq2UAoGVxaJCYqFyMgBLJCQWxiLRFqkpkeO4rRXnIttBqqK+BwuvwsIAQkxsvA3uZYCWI9n69P8+ts8f5oIrjfG3VVlb39jcqm7Xduq7e/v2Qb2jskJS1qaZyOR9SBQTPGVtzbVg97lkJAkF64bx9dTvPjKpeJbe6XHO+gkZpnzAKdFGCmw3ChwvClzPwdj3a9I7N7svzAURCWJvQT6NMo3ch1KexZPAbuAmnhVaBWcBDVhUK7C//CijRcJSTQVRqufgXPdLIjWngk1qfqFYTmhMhqxnMCUJU/1yNtsEnRglQoNMmpVqNFN/d5QkUWqchOZkQvRILXtT8T+vV+jBZb/kaV5oltL5Q4NCIJ2haVAo4pJRLcYGCJXc/BXREZGEahNnzYTgLI+8Ch236eCmc4uhCkdwDKfgwAVcwQ20oA0UnuAF3uDderZerY95XBVrkdsh/Cnr8weRy52v</latexit><latexit sha1_base64="3RJypn0ex8vuMef4glM0cNHrrMs="></latexit><latexit sha1_base64="wxeEdnq7PRuc6jzqBqOKjiaLW+s="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit><latexit sha1_base64="X1NSvVWg9L3JMNX1OapBFtp1wJY="></latexit>

dist2[(Û , V̂ ), (U, V )]� 2d?k⇤̃�1k2Fp
8d?k⇤̃�2kF

<latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tassuPO8S/dc1NW3/+NRpNAkc58="></latexit><latexit sha1_base64="cQfLyyHW4nJE2GaHn9QfmkZjkcg="></latexit><latexit sha1_base64="rBNyoiLqcHaWntZE1snQf3Z4nNc="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit>

Confidence Region of Singular Subspaces
Simulation



Normal Approximation of dist2[(Û , V̂ ), (U, V )]� 2d?k⇤̃�1k2Fp
8d?k⇤̃�2kF

<latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="tassuPO8S/dc1NW3/+NRpNAkc58="></latexit><latexit sha1_base64="cQfLyyHW4nJE2GaHn9QfmkZjkcg="></latexit><latexit sha1_base64="rBNyoiLqcHaWntZE1snQf3Z4nNc="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit><latexit sha1_base64="/vIHMlqx7FdSXshzqEUbgYOVg+I="></latexit>

what if |d1 � d2| � 0
<latexit sha1_base64="Cdw2S/Sdg6RCjNKjm8hV+xoSeI0=">AAACCnicbVC5TsNAEF1zhnAZKGkWIiQaIjsCQroIGsogkUNKImu9XierrA/tjoHISU3Dr9BQgBAtX0DH37A5Ckh40khP781oZp4bC67Asr6NhcWl5ZXVzFp2fWNza9vc2a2pKJGUVWkkItlwiWKCh6wKHARrxJKRwBWs7vauRn79jknFo/AW+jFrB6QTcp9TAlpyzIMWsAeQQXrfJYC5j4d44Dn2iecUBq1OB1vYMXNW3iqWzs9KWJMxsD1LcmiKimN+tbyIJgELgQqiVNO2YminRAKngg2zrUSxmNAe6bCmpiEJmGqn41eG+EgrHvYjqSsEPFZ/T6QkUKofuLozINBVs95I/M9rJuBftFMexgmwkE4W+YnAEOFRLtjjklEQfU0IlVzfimmXSEJBp5fVIcy9PE9qhbxt5e2b01z5chpHBu2jQ3SMbFREZXSNKqiKKHpEz+gVvRlPxovxbnxMWheM6cwe+gPj8we/nZmd</latexit><latexit sha1_base64="Cdw2S/Sdg6RCjNKjm8hV+xoSeI0=">AAACCnicbVC5TsNAEF1zhnAZKGkWIiQaIjsCQroIGsogkUNKImu9XierrA/tjoHISU3Dr9BQgBAtX0DH37A5Ckh40khP781oZp4bC67Asr6NhcWl5ZXVzFp2fWNza9vc2a2pKJGUVWkkItlwiWKCh6wKHARrxJKRwBWs7vauRn79jknFo/AW+jFrB6QTcp9TAlpyzIMWsAeQQXrfJYC5j4d44Dn2iecUBq1OB1vYMXNW3iqWzs9KWJMxsD1LcmiKimN+tbyIJgELgQqiVNO2YminRAKngg2zrUSxmNAe6bCmpiEJmGqn41eG+EgrHvYjqSsEPFZ/T6QkUKofuLozINBVs95I/M9rJuBftFMexgmwkE4W+YnAEOFRLtjjklEQfU0IlVzfimmXSEJBp5fVIcy9PE9qhbxt5e2b01z5chpHBu2jQ3SMbFREZXSNKqiKKHpEz+gVvRlPxovxbnxMWheM6cwe+gPj8we/nZmd</latexit><latexit sha1_base64="Cdw2S/Sdg6RCjNKjm8hV+xoSeI0=">AAACCnicbVC5TsNAEF1zhnAZKGkWIiQaIjsCQroIGsogkUNKImu9XierrA/tjoHISU3Dr9BQgBAtX0DH37A5Ckh40khP781oZp4bC67Asr6NhcWl5ZXVzFp2fWNza9vc2a2pKJGUVWkkItlwiWKCh6wKHARrxJKRwBWs7vauRn79jknFo/AW+jFrB6QTcp9TAlpyzIMWsAeQQXrfJYC5j4d44Dn2iecUBq1OB1vYMXNW3iqWzs9KWJMxsD1LcmiKimN+tbyIJgELgQqiVNO2YminRAKngg2zrUSxmNAe6bCmpiEJmGqn41eG+EgrHvYjqSsEPFZ/T6QkUKofuLozINBVs95I/M9rJuBftFMexgmwkE4W+YnAEOFRLtjjklEQfU0IlVzfimmXSEJBp5fVIcy9PE9qhbxt5e2b01z5chpHBu2jQ3SMbFREZXSNKqiKKHpEz+gVvRlPxovxbnxMWheM6cwe+gPj8we/nZmd</latexit><latexit sha1_base64="Cdw2S/Sdg6RCjNKjm8hV+xoSeI0=">AAACCnicbVC5TsNAEF1zhnAZKGkWIiQaIjsCQroIGsogkUNKImu9XierrA/tjoHISU3Dr9BQgBAtX0DH37A5Ckh40khP781oZp4bC67Asr6NhcWl5ZXVzFp2fWNza9vc2a2pKJGUVWkkItlwiWKCh6wKHARrxJKRwBWs7vauRn79jknFo/AW+jFrB6QTcp9TAlpyzIMWsAeQQXrfJYC5j4d44Dn2iecUBq1OB1vYMXNW3iqWzs9KWJMxsD1LcmiKimN+tbyIJgELgQqiVNO2YminRAKngg2zrUSxmNAe6bCmpiEJmGqn41eG+EgrHvYjqSsEPFZ/T6QkUKofuLozINBVs95I/M9rJuBftFMexgmwkE4W+YnAEOFRLtjjklEQfU0IlVzfimmXSEJBp5fVIcy9PE9qhbxt5e2b01z5chpHBu2jQ3SMbFREZXSNKqiKKHpEz+gVvRlPxovxbnxMWheM6cwe+gPj8we/nZmd</latexit>

?

d1 =
d2
6

= 100

r = 6

�k = � · 2r�k
<latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit>

1st order approx B̂1 = 2d?k⇤̃�1k2F
<latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit><latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit><latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="bBRcHL+uJvDxHyq2MtYV7Xs1GGE=">AAACEXicbZA7SwNBFIXv+owxarS1GRTBxrAbC20EURALCwWjQjYud2cnyZDZBzN3hbDmh9j4V2wsFLGx8984iSnUeGDg45x53RNmShpy3U9nanpmdm6+tFBerCwtr1RXK1cmzTUXDZ6qVN+EaISSiWiQJCVuMi0wDpW4DnvHw/z6Tmgj0+SS+ploxdhJZFtyJGsF1V2/i8SOAu+gHgWFbwj1wL/3SapI+Gf2nghvix3PejbVMTsZ3NaD6qZbc0dik+CNYRPGOg+qH36U8jwWCXGFxjQ9N6NWgZokV2JQ9nMjMuQ97IimxQRjYVrFaLgB27JOxNqptishNnJ/nigwNqYfh3ZnjNQ1f7Oh+V/WzKm93ypkkuUkEv79UDtXjFI2bIpFUgtOqm8BuZb2r4x3USMn22fZluD9HXkSruo1z615Fy6UYB02YBs82INDOIVzaACHB3iCF3h1Hp1n5+27riln3Nsa/JLz/gVAvZ/k</latexit><latexit sha1_base64="bBRcHL+uJvDxHyq2MtYV7Xs1GGE=">AAACEXicbZA7SwNBFIXv+owxarS1GRTBxrAbC20EURALCwWjQjYud2cnyZDZBzN3hbDmh9j4V2wsFLGx8984iSnUeGDg45x53RNmShpy3U9nanpmdm6+tFBerCwtr1RXK1cmzTUXDZ6qVN+EaISSiWiQJCVuMi0wDpW4DnvHw/z6Tmgj0+SS+ploxdhJZFtyJGsF1V2/i8SOAu+gHgWFbwj1wL/3SapI+Gf2nghvix3PejbVMTsZ3NaD6qZbc0dik+CNYRPGOg+qH36U8jwWCXGFxjQ9N6NWgZokV2JQ9nMjMuQ97IimxQRjYVrFaLgB27JOxNqptishNnJ/nigwNqYfh3ZnjNQ1f7Oh+V/WzKm93ypkkuUkEv79UDtXjFI2bIpFUgtOqm8BuZb2r4x3USMn22fZluD9HXkSruo1z615Fy6UYB02YBs82INDOIVzaACHB3iCF3h1Hp1n5+27riln3Nsa/JLz/gVAvZ/k</latexit><latexit sha1_base64="xoELZWZrN0u93t2+Fi8Kg+tcaUQ=">AAACHHicbVA9SwNBEN2L3/ErammzGAQbw10stBFCBLGwUDAmkEuOub1NsmTvg905IZz5ITb+FRsLRWwsBP+Nm5hCEx8MPN6b2Z15fiKFRtv+snJz8wuLS8sr+dW19Y3Nwtb2rY5TxXiNxTJWDR80lyLiNRQoeSNRHEJf8rrfPxv59TuutIijGxwkvBVCNxIdwQCN5BWO3B4grXrOaTnwMlcjqKF776KQAXcvzTsBtLNDx2jGVSE9H7bLXqFol+wx6CxxJqRIJrjyCh9uELM05BEyCVo3HTvBVgYKBZN8mHdTzRNgfejypqERhFy3svFxQ7pvlIB2YmUqQjpWf09kEGo9CH3TGQL29LQ3Ev/zmil2TlqZiJIUecR+PuqkkmJMR0nRQCjOUA4MAaaE2ZWyHihgaPLMmxCc6ZNnyW255Ngl59ouVqqTOJbJLtkjB8Qhx6RCLsgVqRFGHsgTeSGv1qP1bL1Z7z+tOWsys0P+wPr8BiufoWc=</latexit><latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit><latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit><latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit><latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit><latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit><latexit sha1_base64="46qSrVDxppSGvMurbMJUjtIrdXk=">AAACHHicbVDJSgNBEO1xjXGLevTSGAQvhpko6EUQBfHgIYKJQmYcanp6TJOehe4aIYz5EC/+ihcPinjxIPg3dpaD24OCx3tV3VUvyKTQaNuf1sTk1PTMbGmuPL+wuLRcWVlt6TRXjDdZKlN1FYDmUiS8iQIlv8oUhziQ/DLoHg/8y1uutEiTC+xl3IvhJhGRYIBG8is7bgeQHvnOQT30C1cjqL5756KQIXfPzDshXBfbjtGMq2J60r+u+5WqXbOHoH+JMyZVMkbDr7y7YcrymCfIJGjdduwMvQIUCiZ5v+zmmmfAunDD24YmEHPtFcPj+nTTKCGNUmUqQTpUv08UEGvdiwPTGQN29G9vIP7ntXOM9r1CJFmOPGGjj6JcUkzpICkaCsUZyp4hwJQwu1LWAQUMTZ5lE4Lz++S/pFWvOXbNOd+tHh6N4yiRdbJBtohD9sghOSUN0iSM3JNH8kxerAfryXq13katE9Z4Zo38gPXxBSzfoWs=</latexit>

Try higher order bias corrections !

Dong Xia, HKUST

Confidence Region of Singular Subspaces

Data-dependent CR



Higher order empirical bias corrections

B̂1 = 2d?k⇤̃�1k2F
<latexit sha1_base64="qCpS8u5qIaVXw2g6Vpj+W8nR7w4=">AAACHHicdVDLSgNBEJyNrxhfUY9eBoPgxbAbBb0IIYJ48BDBqJCNS+/sJBky+2CmVwhrPsSLv+LFgyJePAj+jZMYwWdBQ1HV3TNdfiKFRtt+s3ITk1PTM/nZwtz8wuJScXnlTMepYrzBYhmrCx80lyLiDRQo+UWiOIS+5Od+72Don19xpUUcnWI/4a0QOpFoCwZoJK+47XYBac1z9iuBl7kaQQ3caxeFDLh7bPYEcJltOUYzrgrp4eCy4hVLTtkegdq/yKdVImPUveKLG8QsDXmETILWTcdOsJWBQsEkHxTcVPMEWA86vGloBCHXrWx03IBuGCWg7ViZipCO1K8TGYRa90PfdIaAXf3TG4p/ec0U23utTERJijxiHw+1U0kxpsOkaCAUZyj7hgBTwvyVsi4oYGjyLHwN4X9yVik7dtk52SlVa+M48mSNrJNN4pBdUiVHpE4ahJEbckceyKN1a91bT9bzR2vOGs+skm+wXt8BLl+hbA==</latexit><latexit sha1_base64="qCpS8u5qIaVXw2g6Vpj+W8nR7w4=">AAACHHicdVDLSgNBEJyNrxhfUY9eBoPgxbAbBb0IIYJ48BDBqJCNS+/sJBky+2CmVwhrPsSLv+LFgyJePAj+jZMYwWdBQ1HV3TNdfiKFRtt+s3ITk1PTM/nZwtz8wuJScXnlTMepYrzBYhmrCx80lyLiDRQo+UWiOIS+5Od+72Don19xpUUcnWI/4a0QOpFoCwZoJK+47XYBac1z9iuBl7kaQQ3caxeFDLh7bPYEcJltOUYzrgrp4eCy4hVLTtkegdq/yKdVImPUveKLG8QsDXmETILWTcdOsJWBQsEkHxTcVPMEWA86vGloBCHXrWx03IBuGCWg7ViZipCO1K8TGYRa90PfdIaAXf3TG4p/ec0U23utTERJijxiHw+1U0kxpsOkaCAUZyj7hgBTwvyVsi4oYGjyLHwN4X9yVik7dtk52SlVa+M48mSNrJNN4pBdUiVHpE4ahJEbckceyKN1a91bT9bzR2vOGs+skm+wXt8BLl+hbA==</latexit><latexit sha1_base64="qCpS8u5qIaVXw2g6Vpj+W8nR7w4=">AAACHHicdVDLSgNBEJyNrxhfUY9eBoPgxbAbBb0IIYJ48BDBqJCNS+/sJBky+2CmVwhrPsSLv+LFgyJePAj+jZMYwWdBQ1HV3TNdfiKFRtt+s3ITk1PTM/nZwtz8wuJScXnlTMepYrzBYhmrCx80lyLiDRQo+UWiOIS+5Od+72Don19xpUUcnWI/4a0QOpFoCwZoJK+47XYBac1z9iuBl7kaQQ3caxeFDLh7bPYEcJltOUYzrgrp4eCy4hVLTtkegdq/yKdVImPUveKLG8QsDXmETILWTcdOsJWBQsEkHxTcVPMEWA86vGloBCHXrWx03IBuGCWg7ViZipCO1K8TGYRa90PfdIaAXf3TG4p/ec0U23utTERJijxiHw+1U0kxpsOkaCAUZyj7hgBTwvyVsi4oYGjyLHwN4X9yVik7dtk52SlVa+M48mSNrJNN4pBdUiVHpE4ahJEbckceyKN1a91bT9bzR2vOGs+skm+wXt8BLl+hbA==</latexit><latexit sha1_base64="qCpS8u5qIaVXw2g6Vpj+W8nR7w4=">AAACHHicdVDLSgNBEJyNrxhfUY9eBoPgxbAbBb0IIYJ48BDBqJCNS+/sJBky+2CmVwhrPsSLv+LFgyJePAj+jZMYwWdBQ1HV3TNdfiKFRtt+s3ITk1PTM/nZwtz8wuJScXnlTMepYrzBYhmrCx80lyLiDRQo+UWiOIS+5Od+72Don19xpUUcnWI/4a0QOpFoCwZoJK+47XYBac1z9iuBl7kaQQ3caxeFDLh7bPYEcJltOUYzrgrp4eCy4hVLTtkegdq/yKdVImPUveKLG8QsDXmETILWTcdOsJWBQsEkHxTcVPMEWA86vGloBCHXrWx03IBuGCWg7ViZipCO1K8TGYRa90PfdIaAXf3TG4p/ec0U23utTERJijxiHw+1U0kxpsOkaCAUZyj7hgBTwvyVsi4oYGjyLHwN4X9yVik7dtk52SlVa+M48mSNrJNN4pBdUiVHpE4ahJEbckceyKN1a91bT9bzR2vOGs+skm+wXt8BLl+hbA==</latexit>

B̂2 = 2
�
d?k⇤̃�1k2F ��2

dk⇤̃�2k2F
�

<latexit sha1_base64="n/F5kzeih88fEmOrQgviinOuAZo="></latexit><latexit sha1_base64="n/F5kzeih88fEmOrQgviinOuAZo="></latexit><latexit sha1_base64="n/F5kzeih88fEmOrQgviinOuAZo="></latexit><latexit sha1_base64="n/F5kzeih88fEmOrQgviinOuAZo="></latexit>

1-st

2-nd

k-th

�d = d1 � d2
<latexit sha1_base64="MkQ4GeCBhqTK5/cBoEJbjKXA+FQ=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwY0lCSrsRirpwWcE+oA1hMpm0QyeTMDMplNA/ceNCEbf+iTv/xklbQUUPXDiccy/33hOkjEplWR9GaW19Y3OrvF3Z2d3bPzAPj7oyyQQmHZywRPQDJAmjnHQUVYz0U0FQHDDSCybXhd+bEiFpwu/VLCVejEacRhQjpSXfNIc3hCnkh5ehb1+EvuObVatmWU6zbsOC1BsNtyBO3XFdaGulQBWs0PbN92GY4CwmXGGGpBzYVqq8HAlFMSPzyjCTJEV4gkZkoClHMZFevrh8Ds+0EsIoEbq4ggv1+0SOYilncaA7Y6TG8rdXiH95g0xFTS+nPM0U4Xi5KMoYVAksYoAhFQQrNtMEYUH1rRCPkUBY6bAqOoSvT+H/pOvUbKtm37nV1tUqjjI4AafgHNigAVrgFrRBB2AwBQ/gCTwbufFovBivy9aSsZo5Bj9gvH0Cbh+S3w==</latexit><latexit sha1_base64="MkQ4GeCBhqTK5/cBoEJbjKXA+FQ=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwY0lCSrsRirpwWcE+oA1hMpm0QyeTMDMplNA/ceNCEbf+iTv/xklbQUUPXDiccy/33hOkjEplWR9GaW19Y3OrvF3Z2d3bPzAPj7oyyQQmHZywRPQDJAmjnHQUVYz0U0FQHDDSCybXhd+bEiFpwu/VLCVejEacRhQjpSXfNIc3hCnkh5ehb1+EvuObVatmWU6zbsOC1BsNtyBO3XFdaGulQBWs0PbN92GY4CwmXGGGpBzYVqq8HAlFMSPzyjCTJEV4gkZkoClHMZFevrh8Ds+0EsIoEbq4ggv1+0SOYilncaA7Y6TG8rdXiH95g0xFTS+nPM0U4Xi5KMoYVAksYoAhFQQrNtMEYUH1rRCPkUBY6bAqOoSvT+H/pOvUbKtm37nV1tUqjjI4AafgHNigAVrgFrRBB2AwBQ/gCTwbufFovBivy9aSsZo5Bj9gvH0Cbh+S3w==</latexit><latexit sha1_base64="MkQ4GeCBhqTK5/cBoEJbjKXA+FQ=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwY0lCSrsRirpwWcE+oA1hMpm0QyeTMDMplNA/ceNCEbf+iTv/xklbQUUPXDiccy/33hOkjEplWR9GaW19Y3OrvF3Z2d3bPzAPj7oyyQQmHZywRPQDJAmjnHQUVYz0U0FQHDDSCybXhd+bEiFpwu/VLCVejEacRhQjpSXfNIc3hCnkh5ehb1+EvuObVatmWU6zbsOC1BsNtyBO3XFdaGulQBWs0PbN92GY4CwmXGGGpBzYVqq8HAlFMSPzyjCTJEV4gkZkoClHMZFevrh8Ds+0EsIoEbq4ggv1+0SOYilncaA7Y6TG8rdXiH95g0xFTS+nPM0U4Xi5KMoYVAksYoAhFQQrNtMEYUH1rRCPkUBY6bAqOoSvT+H/pOvUbKtm37nV1tUqjjI4AafgHNigAVrgFrRBB2AwBQ/gCTwbufFovBivy9aSsZo5Bj9gvH0Cbh+S3w==</latexit><latexit sha1_base64="MkQ4GeCBhqTK5/cBoEJbjKXA+FQ=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwY0lCSrsRirpwWcE+oA1hMpm0QyeTMDMplNA/ceNCEbf+iTv/xklbQUUPXDiccy/33hOkjEplWR9GaW19Y3OrvF3Z2d3bPzAPj7oyyQQmHZywRPQDJAmjnHQUVYz0U0FQHDDSCybXhd+bEiFpwu/VLCVejEacRhQjpSXfNIc3hCnkh5ehb1+EvuObVatmWU6zbsOC1BsNtyBO3XFdaGulQBWs0PbN92GY4CwmXGGGpBzYVqq8HAlFMSPzyjCTJEV4gkZkoClHMZFevrh8Ds+0EsIoEbq4ggv1+0SOYilncaA7Y6TG8rdXiH95g0xFTS+nPM0U4Xi5KMoYVAksYoAhFQQrNtMEYUH1rRCPkUBY6bAqOoSvT+H/pOvUbKtm37nV1tUqjjI4AafgHNigAVrgFrRBB2AwBQ/gCTwbufFovBivy9aSsZo5Bj9gvH0Cbh+S3w==</latexit>

Confidence Region of Singular Subspaces

B̂k = 2(d1� + d2�)k⇤̃�1k2F � 2
kX

k0=2

(�1)k0(dk0�1
1� � dk0�1

2� )(d1 � d2)k⇤̃�k0k2F
<latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nhy2b86auL3FAq+DBKQCBcW0geM="></latexit><latexit sha1_base64="A8+q49613RQDs90IGBfUv+arO/U="></latexit><latexit sha1_base64="cYxii7e0mwGgs1EcTjkIrirOsKA="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nhy2b86auL3FAq+DBKQCBcW0geM="></latexit><latexit sha1_base64="A8+q49613RQDs90IGBfUv+arO/U="></latexit><latexit sha1_base64="cYxii7e0mwGgs1EcTjkIrirOsKA="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nhy2b86auL3FAq+DBKQCBcW0geM="></latexit><latexit sha1_base64="A8+q49613RQDs90IGBfUv+arO/U="></latexit><latexit sha1_base64="cYxii7e0mwGgs1EcTjkIrirOsKA="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nhy2b86auL3FAq+DBKQCBcW0geM="></latexit><latexit sha1_base64="A8+q49613RQDs90IGBfUv+arO/U="></latexit><latexit sha1_base64="cYxii7e0mwGgs1EcTjkIrirOsKA="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit>

··
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<latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Pa+nic3fbkxDAjXAQ8ApMX+Jbqw=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScOOygv2BdiiZTKaNzSRDckcoQ9/BjQtFfCh3vo2ZtgttPRD4OCch954ok8Ki7397la3tnd296n7toH54dNw4qXetzg3jHaalNv2IWi6F4h0UKHk/M5ymkeS9aHpX5r1nbqzQ6hFnGQ9TOlYiEYyis7pDFmu0o0bTb/kLkU0IVtCEldqjxtcw1ixPuUImqbWDwM8wLKhBwSSf14a55RllUzrmA4eKptyGxWLaOblwTkwSbdxRSBbu7xcFTa2dpZG7mVKc2PWsNP/LBjkmN2EhVJYjV2z5UZJLgpqUq5NYGM5QzhxQZoSblbAJNZShK6jmSgjWV96E7lUr8FvBgw9VOINzuIQAruEW7qENHWDwBC/wBu+e9l69j2VdFW/V2yn8kff5A4Jmjdc=</latexit><latexit sha1_base64="KYaeUXhaW2LCW38oobcFiAV4Iqw=">AAAB4nicdZDNSgMxFIXv1L9aq1a3boJFcFUydaBdCm5cVrA/0A4lk8m0sZnJkGSEMvQd3LhQxIdy59uYaStU0QOBj3MS7s0JUsG1wfjTKW1t7+zulfcrB9XDo+PaSbWnZaYo61IppBoERDPBE9Y13Ag2SBUjcSBYP5jdFHn/kSnNZXJv5inzYzJJeMQpMdbqjWgojR7X6m4DL4WwhbaHvQKuPK/VRN9RHdbqjGsfo1DSLGaJoYJoPXRxavycKMOpYIvKKNMsJXRGJmxoMSEx036+3HaBLqwTokgqexKDlu7mi5zEWs/jwN6MiZnq31lh/pUNMxO1/ZwnaWZYQleDokwgI1HxdRRyxagRcwuEKm53RXRKFKHGFlTZLOF/6DUbLm64dxjKcAbncAkutOAabqEDXaDwAE/wAq+OdJ6dt1VdJWfd2yn8kPP+BbWijfw=</latexit><latexit sha1_base64="kqRfei4k3QrWS3h27gQ14OPJprM=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgqWTrQnssevFYwX5Au5RsNtvGZjdLMiuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzglQKA4R8OIW19Y3NreJ2aWd3b/+gfHjUMSrTjLeZkkr3Amq4FAlvgwDJe6nmNA4k7waTq9zv3nNthEpuYZpyP6ajRESCUbBSZ8BCBWZYrrhVsgAmljQ84uXkwvPqNfxlVdAKrWH5fRAqlsU8ASapMX2XpODPqAbBJJ+XBpnhKWUTOuJ9SxMac+PPFtfO8ZlVQhwpbSsBvFC/T8xobMw0DmxnTGFsfnu5+JfXzyBq+DORpBnwhC0XRZnEoHD+Og6F5gzk1BLKtLC3YjammjKwAZW+h/A/6dSqLqm6N6TSvFzFUUQn6BSdIxfVURNdoxZqI4bu0AN6Qs+Och6dF+d12VpwVjPH6Aect0/h6o9Q</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit><latexit sha1_base64="JEmbg2U12rgt0xGLG++iQgdQMxc=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU9mtC+2x6MVjBfsB7VKy2Wwbm02WJCuU0v/gxYMiXv0/3vw3ZtsKKvpg4PHeDDPzwpQzbVz3wymsrW9sbhW3Szu7e/sH5cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244ucr97j1Vmklxa6YpDRI8EixmBBsrdQYkkkYPyxWv6i6AXEsavuvn5ML36zX0ZVVghdaw/D6IJMkSKgzhWOu+56YmmGFlGOF0XhpkmqaYTPCI9i0VOKE6mC2unaMzq0QolsqWMGihfp+Y4UTraRLazgSbsf7t5eJfXj8zcSOYMZFmhgqyXBRnHBmJ8tdRxBQlhk8twUQxeysiY6wwMTag0vcQ/iedWtVzq96NX2leruIowgmcwjl4UIcmXEML2kDgDh7gCZ4d6Tw6L87rsrXgrGaO4Qect0/jKo9U</latexit>

Dong Xia, HKUST Data-dependent CR



d1 =
d2
6

= 100

r = 6

�k = � · 2r�k
<latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit>
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d1 =
d2
6

= 100

r = 6

�k = � · 2r�k
<latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit>
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�k = � · 2r�k
<latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit>

1st 2nd
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d1 =
d2
6

= 100

r = 6

�k = � · 2r�k
<latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit>

1st 2nd

3rd
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Higher order
correction

works!

d1 =
d2
6

= 100

r = 6

�k = � · 2r�k
<latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit><latexit sha1_base64="uiY1uhaf5Pouq+cXA02eDr+sv68="></latexit>

1st 2nd

3rd 4th

Confidence Region of Singular Subspaces
Simulation



Data-dependent normal approximation

Theorem

sup
x2R

����P
⇢
dist2

⇥�
Û , V̂

�
,
�
U, V

�⇤
� B̂4p

8d?k⇤̃�2kF
 x

�
� �(x)

���� ! 0.
<latexit sha1_base64="p/B3P+3CaZJf4AUo8BRypqSH4Zw="></latexit><latexit sha1_base64="p/B3P+3CaZJf4AUo8BRypqSH4Zw="></latexit><latexit sha1_base64="p/B3P+3CaZJf4AUo8BRypqSH4Zw="></latexit><latexit sha1_base64="p/B3P+3CaZJf4AUo8BRypqSH4Zw="></latexit>

Confidence Region of Singular Subspaces

If

p
rdmax

�r
! 0 and

r3

dmax
! 0, then

<latexit sha1_base64="w9eBrxCPxG4Twvx+Y4RlVHaHBfY="></latexit><latexit sha1_base64="w9eBrxCPxG4Twvx+Y4RlVHaHBfY="></latexit><latexit sha1_base64="w9eBrxCPxG4Twvx+Y4RlVHaHBfY="></latexit><latexit sha1_base64="w9eBrxCPxG4Twvx+Y4RlVHaHBfY="></latexit>

B̂k
<latexit sha1_base64="sMNImNZUTQMN6XZvO1Clm3ex64k=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKIHoL8eIxgnlAsoTZyWwyZHZ2nekVwpKf8OJBEa/+jjf/xsnjoIkFDUVVN91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVOr0RRVLvj/vFklt2bypVzyWWzEG8VVKCJRr94ldvELM04gqZpMZ0PTdBP6MaBZN8WuilhieUjemQdy1VNOLGz+b3TsmFVQYkjLUthWSu/p7IaGTMJApsZ0RxZFa9mfif100xvPYzoZIUuWKLRWEqCcZk9jwZCM0ZyokllGlhbyVsRDVlaCMq2BDWXl4nrauy55a9+0qpVl/GkYczOIdL8KAKNbiDBjSBgYRneIU359F5cd6dj0VrzlnOnMIfOJ8/kCSPpQ==</latexit><latexit sha1_base64="sMNImNZUTQMN6XZvO1Clm3ex64k=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKIHoL8eIxgnlAsoTZyWwyZHZ2nekVwpKf8OJBEa/+jjf/xsnjoIkFDUVVN91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVOr0RRVLvj/vFklt2bypVzyWWzEG8VVKCJRr94ldvELM04gqZpMZ0PTdBP6MaBZN8WuilhieUjemQdy1VNOLGz+b3TsmFVQYkjLUthWSu/p7IaGTMJApsZ0RxZFa9mfif100xvPYzoZIUuWKLRWEqCcZk9jwZCM0ZyokllGlhbyVsRDVlaCMq2BDWXl4nrauy55a9+0qpVl/GkYczOIdL8KAKNbiDBjSBgYRneIU359F5cd6dj0VrzlnOnMIfOJ8/kCSPpQ==</latexit><latexit sha1_base64="sMNImNZUTQMN6XZvO1Clm3ex64k=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKIHoL8eIxgnlAsoTZyWwyZHZ2nekVwpKf8OJBEa/+jjf/xsnjoIkFDUVVN91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVOr0RRVLvj/vFklt2bypVzyWWzEG8VVKCJRr94ldvELM04gqZpMZ0PTdBP6MaBZN8WuilhieUjemQdy1VNOLGz+b3TsmFVQYkjLUthWSu/p7IaGTMJApsZ0RxZFa9mfif100xvPYzoZIUuWKLRWEqCcZk9jwZCM0ZyokllGlhbyVsRDVlaCMq2BDWXl4nrauy55a9+0qpVl/GkYczOIdL8KAKNbiDBjSBgYRneIU359F5cd6dj0VrzlnOnMIfOJ8/kCSPpQ==</latexit><latexit sha1_base64="sMNImNZUTQMN6XZvO1Clm3ex64k=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKIHoL8eIxgnlAsoTZyWwyZHZ2nekVwpKf8OJBEa/+jjf/xsnjoIkFDUVVN91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVOr0RRVLvj/vFklt2bypVzyWWzEG8VVKCJRr94ldvELM04gqZpMZ0PTdBP6MaBZN8WuilhieUjemQdy1VNOLGz+b3TsmFVQYkjLUthWSu/p7IaGTMJApsZ0RxZFa9mfif100xvPYzoZIUuWKLRWEqCcZk9jwZCM0ZyokllGlhbyVsRDVlaCMq2BDWXl4nrauy55a9+0qpVl/GkYczOIdL8KAKNbiDBjSBgYRneIU359F5cd6dj0VrzlnOnMIfOJ8/kCSPpQ==</latexit>

B̂k = 2(d1� + d2�)k⇤̃�1k2F � 2
kX

k0=2

(�1)k0(dk0�1
1� � dk0�1

2� )(d1 � d2)k⇤̃�k0k2F
<latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nhy2b86auL3FAq+DBKQCBcW0geM="></latexit><latexit sha1_base64="A8+q49613RQDs90IGBfUv+arO/U="></latexit><latexit sha1_base64="cYxii7e0mwGgs1EcTjkIrirOsKA="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nhy2b86auL3FAq+DBKQCBcW0geM="></latexit><latexit sha1_base64="A8+q49613RQDs90IGBfUv+arO/U="></latexit><latexit sha1_base64="cYxii7e0mwGgs1EcTjkIrirOsKA="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nhy2b86auL3FAq+DBKQCBcW0geM="></latexit><latexit sha1_base64="A8+q49613RQDs90IGBfUv+arO/U="></latexit><latexit sha1_base64="cYxii7e0mwGgs1EcTjkIrirOsKA="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nhy2b86auL3FAq+DBKQCBcW0geM="></latexit><latexit sha1_base64="A8+q49613RQDs90IGBfUv+arO/U="></latexit><latexit sha1_base64="cYxii7e0mwGgs1EcTjkIrirOsKA="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit><latexit sha1_base64="BEeB4NIz0UpK6w7wMrp0B6LXZug="></latexit>

where

as long as k � dlog(d1 + d2)e.
<latexit sha1_base64="5EWOsCyxfYWLlMQt6+OSgUztnQo=">AAACIHicdVBNS8NAEN34WetX1aOXxSIoQklE0GPRi0cFq0JTwmYzjUs3u3F3IpbQn+LFv+LFgyJ6019jUiv4+WDZx3szzMwLUyksuu6rMzY+MTk1XZmpzs7NLyzWlpZPrc4MhxbXUpvzkFmQQkELBUo4Tw2wJJRwFvYOSv/sCowVWp1gP4VOwmIluoIzLKSgtusjXKNJcsoslVrF5T+gPT+GS+pLDkL6UscbUeBtRcH2JvVNqTWCWt1ruENQ9xf5tOpkhKOg9uJHmmcJKOSSWdv23BQ7OTMouIRB1c8spIz3WAztgiqWgO3kwwMHdL1QItrVpngK6VD92pGzxNp+EhaVCcML+9Mrxb+8dobdvU4uVJohKP4xqJtJipqWadFIGOAo+wVh3IhiV8ovmGEci0yrX0P4n5xuNzy34R3v1Jv7ozgqZJWskQ3ikV3SJIfkiLQIJzfkjjyQR+fWuXeenOeP0jFn1LNCvsF5ewe8D6IH</latexit><latexit sha1_base64="5EWOsCyxfYWLlMQt6+OSgUztnQo=">AAACIHicdVBNS8NAEN34WetX1aOXxSIoQklE0GPRi0cFq0JTwmYzjUs3u3F3IpbQn+LFv+LFgyJ6019jUiv4+WDZx3szzMwLUyksuu6rMzY+MTk1XZmpzs7NLyzWlpZPrc4MhxbXUpvzkFmQQkELBUo4Tw2wJJRwFvYOSv/sCowVWp1gP4VOwmIluoIzLKSgtusjXKNJcsoslVrF5T+gPT+GS+pLDkL6UscbUeBtRcH2JvVNqTWCWt1ruENQ9xf5tOpkhKOg9uJHmmcJKOSSWdv23BQ7OTMouIRB1c8spIz3WAztgiqWgO3kwwMHdL1QItrVpngK6VD92pGzxNp+EhaVCcML+9Mrxb+8dobdvU4uVJohKP4xqJtJipqWadFIGOAo+wVh3IhiV8ovmGEci0yrX0P4n5xuNzy34R3v1Jv7ozgqZJWskQ3ikV3SJIfkiLQIJzfkjjyQR+fWuXeenOeP0jFn1LNCvsF5ewe8D6IH</latexit><latexit sha1_base64="5EWOsCyxfYWLlMQt6+OSgUztnQo=">AAACIHicdVBNS8NAEN34WetX1aOXxSIoQklE0GPRi0cFq0JTwmYzjUs3u3F3IpbQn+LFv+LFgyJ6019jUiv4+WDZx3szzMwLUyksuu6rMzY+MTk1XZmpzs7NLyzWlpZPrc4MhxbXUpvzkFmQQkELBUo4Tw2wJJRwFvYOSv/sCowVWp1gP4VOwmIluoIzLKSgtusjXKNJcsoslVrF5T+gPT+GS+pLDkL6UscbUeBtRcH2JvVNqTWCWt1ruENQ9xf5tOpkhKOg9uJHmmcJKOSSWdv23BQ7OTMouIRB1c8spIz3WAztgiqWgO3kwwMHdL1QItrVpngK6VD92pGzxNp+EhaVCcML+9Mrxb+8dobdvU4uVJohKP4xqJtJipqWadFIGOAo+wVh3IhiV8ovmGEci0yrX0P4n5xuNzy34R3v1Jv7ozgqZJWskQ3ikV3SJIfkiLQIJzfkjjyQR+fWuXeenOeP0jFn1LNCvsF5ewe8D6IH</latexit><latexit sha1_base64="5EWOsCyxfYWLlMQt6+OSgUztnQo=">AAACIHicdVBNS8NAEN34WetX1aOXxSIoQklE0GPRi0cFq0JTwmYzjUs3u3F3IpbQn+LFv+LFgyJ6019jUiv4+WDZx3szzMwLUyksuu6rMzY+MTk1XZmpzs7NLyzWlpZPrc4MhxbXUpvzkFmQQkELBUo4Tw2wJJRwFvYOSv/sCowVWp1gP4VOwmIluoIzLKSgtusjXKNJcsoslVrF5T+gPT+GS+pLDkL6UscbUeBtRcH2JvVNqTWCWt1ruENQ9xf5tOpkhKOg9uJHmmcJKOSSWdv23BQ7OTMouIRB1c8spIz3WAztgiqWgO3kwwMHdL1QItrVpngK6VD92pGzxNp+EhaVCcML+9Mrxb+8dobdvU4uVJohKP4xqJtJipqWadFIGOAo+wVh3IhiV8ovmGEci0yrX0P4n5xuNzy34R3v1Jv7ozgqZJWskQ3ikV3SJIfkiLQIJzfkjjyQR+fWuXeenOeP0jFn1LNCvsF5ewe8D6IH</latexit>

Dong Xia, HKUST Data-dependent CR



For any ↵ 2 (0, 1), the 1� ↵ confidence region of U and V is

Dong Xia, HKUST
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P
�
(U, V ) 2 M↵(Û , V̂ )

�
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as long as k � dlog(d1 + d2)e.
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Conclusions

Confidence Region of Singular Subspaces

Dong Xia, HKUST Data-dependent CR

Data-dependent confidence regions

No eigen-gap conditions (except signal strength) 

Rank r can diverge as fast as                  .(d1 + d2)
1/3
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Non-asymptotical  normal approximation with convergence rates

Deterministic representation of singular vectors
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