Data-dependent Confidence Region of

Singular Subspaces

Dong Xia

Department of Mathematics
Hong Kong University of Science and Technology

Dong Xia, HKUST




Spectral Methods for Matrix Data Analysis

HiC Gene Interactions of Chromosome

Example Applications o
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Spectral Methods for Matrix Data Analysis
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Matrix Perturbation with Noise
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Matrix Perturbation with Noise
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Matrix Perturbation with Noise

s Noise Matrix
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M Signal Matrix Z
Known T unknown
M =UAV
unknown
Singular Vectors: U = (u1,--+,u;) ER™™™ and  V = (v, ,v,) € REXT

Singular Values: A =diag(A1, -+, Ap)
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Goal: given data matrix M, estimate U and V
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Deterministic Perturbations of SVD

Goal: ogiven data matrix M, estimate U and V
Plug-in compute Uand V )
Estimators: top-r left and right singular vectors of M
Davis - Kahan max{uﬂfﬂ _UUT|2, VYT - VVTH%}
Theorem: ¢ )
|8 Z||<— operator norm
ST

k T
if®> 2| Z|

signal strength

\ deterministic bound
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Statistical Inference of Singular Subspaces

An deterministic upper bound for
‘?v max {007 ~ UUT 3, |[VVT - vVT |2l

<
® ﬂ} IS not enough for statisticians!
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Statistical Inference of Singular Subspaces

7 An deterministic upper bound for

& max {007 ~ UUT 3, |[VVT - vVT |2l

y
C L IS not enough for statisticians!

o

CRof U
confidence region (CR) confidence region (CR)
by deterministic bound statisticians desired
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Statistical Model for Noise Matrix

Model: M = M + Z with M = UAVT c Rd1><d2
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Statistical Model for Noise Matrix

Model: M = M + Z with M = UAVT c Rd1><d2
Assumption: Z = (z5)12124;

z;; are i.i.d. and z;; ~ N (0,1)

Dong Xia, HKUST




Statistical Model for Noise Matrix

Model: M = M + Z with M = UAVT c Rd1><d2
Assumption: Z = (z5)12124;

z;; are i.i.d. and z;; ~ N (0,1)

Loss: dist’[(U, V), (U, V)]
= [O0T —UUT |3+ [VV - VVT |2
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Random Perturbation of Singular Subspace

On ||Z]|: |Z|| is sub-gaussian with
E||Z| = O(d*?) with d = max(d, ds)
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Random Perturbation of Singular Subspace

On ||Z]|: |Z|| is sub-gaussian with
E||Z| = O(d*?) with d = max(d, ds)

By Davis - Kahan E dist? [(U, \7), (U, V)]
sound: . roE|[Z)? —
N 22 it A\, = d
r-d
-, :
o /i g Minimal requirement

Dong Xia, HKUST




Random Perturbation of Singular Subspace

On ||Z]|: |Z|| is sub-gaussian with
E||Z| = O(d*?) with d = max(d, ds)

By Davis - Kahan E dist? [(U, \7), (U, V)}
Bound: _ r-E||Z|? . —
S 22 it \, = d
rod
S @ A7 f
o /i g Minimal requirement
¢ EK does A1,- -+, A\._1 matter?
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Confidence Region of Singular Subspace

- Representation of Spectral Projectors

===l Normal Approximation of Spectral Projectors

e — Data-dependent Confidence Regions
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Representation of Spectral Projectors

Symmetric Matrices

d BEIEREU D

A
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Representation of Spectral Projectors

Symmetric Matrices

"l Data Matrix sl Noise Matrix

. Signal Matrix
A X

observed A=0AO" unknown

unknown

A =diag(Ar,- - A) s
©= (0, - ,0,) ==
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Representation of Spectral Projectors

Empirical Eigenvectors

eigen-decomposition

d BEIEREU D

A

A

observed
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Representation of Spectral Projectors

Empirical Eigenvectors

eigen-decomposition

d BEIEREU D

A

A

observed

emplrlcal elgenvectors

@ (917 7(97')
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Representation of Spectral Projectors

What is the exact relation between é) and @ ?
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Representation of Spectral Projectors

What is the exact relation between @ and © ?

Technical EEEULE

VT =OA 0 P+ =0,0
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Representation of Spectral Projectors

Representation of ©

‘)\Z| 1st order term

(100 < min 2, hen Y,
1<i<r 2

0T — O T=|(PIXP +ptxp
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Representation of Spectral Projectors

Representation of ©

‘)\Z| 1st order term

If || X < 1Iéliiélr7, then /
00" — 00 =|(PIXP + P XP)

+ (;B—QXSBJ_X;BJ_ 4+ ;BJ_X;B—QXSBJ_ 4+ mJ_XmJ_Xm_Q
_;B—le—lX;BJ_ o ;BJ_X;B—lX;B—l o ;B—IX;BJ_XSB—I)

\

2nd order term
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Representation of Spectral Projectors

Representation of ©

1st order approx
Al

If || X < 1Iéliiélr7, then /
00" — 00 =|(PIXP + P XP)

+ (;B—QXSBJ_X;BJ_ 4+ ;BJ_X;B—QXSBJ_ 4+ mJ_XmJ_Xm_Q
_;B—le—lX;BJ_ o ;BJ_X;B—lX;B—l o ;B—IX;BJ_XSB—I)

4o

2nd order term
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Representation of Spectral Projectors

Representation of ©

A
If || X < min ==, then for si,---,s511 >0
e0' —66"
= Y DO e X X

k>1s:s1+4-+spt1=k

where we denote B = B+ and
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Representation of Spectral Projectors

Representation of ©

A
If || X < 11;1;%, then for si,---,s511 >0

PO ' —e6"'
SO OREED DI G RSEL S ¢ U SR e UNs

k>1s:s1+4--+spt1=k

where we denote B = B+ and \

k-th order term
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Representation of Spectral Projectors

Representation of ©

A
If || X < 11;1;%, then for si,---,s511 >0

PO ' —e6"'
SO OREED DI G RSEL S ¢ U SR e UNs

k>1s:s1+4--+spt1=k

where we denote B = B+ and \

k-th order term

k+1

7(s) = I(s; > 0).

j=1
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Representation of Spectral Projectors

[ Deterministic representation of eigenvectors

i No eigen-gap conditions (except signal strength)

[ The k-th order error terms:

<< 4] X )’f
— \min; |\

H Z(_1)1+T(S) DD 'O LD GRND € (s
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Confidence Region of Singular Subspace

e Representation of Spectral Projectors

===l Normal Approximation of Spectral Projectors

e — Data-dependent Confidence Regions
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Normal Approximation of SVD

Model: M = M + Z with M = UAVT c Rd1><d2
Assumption: 7 = (Zij)iégggf

Z;; arec 1.1.d. and L5 ™ N(O, 1)

Loss: dist?[(U, V), (U, V)]
= [OUT —UUT R+ [VVT = VV |2

Distribution of dist?[(T7, V). (U, V)] ?
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Normal Approximation of SVD

M=M4+2Z
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Normal Approximation of SVD
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Normal Approximation of SVD
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Normal Approximation of SVD

A=A -+ X Symmetric !

ﬁ\

J We can represent the empirical singular vectors !

Dong Xia, HKUST
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Representation formula of singular vectors

- 1 U 1 .
A= 00 — =5 () =555

71=>1

O = (6’17 . 7(97“7‘9—7“7 .. 79_1) c R(d1—|-d2)><(2r)

-
Spectral Projector PO ' = < vu 0 )

o vv'
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Representation formula of singular vectors

A vUu' 0
Empirical spectral projector OO ' — ( X .

Define

([ UAFUT 0 L
— 0 VA—kT if k 1s even
qBJ_::(: L[LLKL 0 T_) ?B_k::<
0 Vivy 0 UAFVT o
- if k 1s odd
\ VATFEU 0
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Representation formula of singular vectors

UuT —uUT 0 v . . —
) S I DI G AR U CUP SRS S

k>1|s:s1 + Sk =k

where B° = pT.
/SA,k (X ) k-th order term

k>1
g dlStz[(ﬁa ‘A/)a (Ua V)] — H@@T o @@T H%
u\
=/ :_22<@@T78A k(X)>
k>2
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Expectation of the Loss

A A

First order approx. of £ dist? [(U, V), (Ua V)}

A

E dist®[(U, V), (U, V)] = =2 E(0O07,84 (X))

k>2

(the expectation is O whenever k is odd)

’ What if we just calculate k=2 and roughly bound remainders?

1 2 v/, then
2 dist*[(U, V), (U, V)] = [2 + o(1)](d1 + da — 27“@/\_1 ”@

1 1 ,//////
...

YA
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Expectation of the Loss

A

Simulation of  E dist?[(U, V), (U, V)]

First order approx. of Edist? [(U, V), (U, V)} with d; = do

1.8

—%— Simulated mean d; = ds = 100
—%-1st approx d; = ds = 100

1st approx 161

1

2(d1 +dz — 2r)[|[A |
1.2

Edist’[(U, V), (U, V)]

30 32 34 36 38 40
signal strength A
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Expectation of the Loss

A

Simulation of  E dist?[(U, V), (U, V)]

- First order approx. of Edist? [(ﬁ, V), (U, V)] with d; = d»

—%— Simulated mean d; = ds = 100
—%-1st approx di = dy = 100
—A— Simulated mean d; = ds = 200

1 St apprOX 161 —¥e- 1st approx d; = ds = 200 )

1 |

2(d1 +dz — 2r)[|[A |

Edist?[(U, V), (U, V)]

30 32 34 36 38 40
signal strength A
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Expectation of the Loss

A

Simulation of  E dist?[(U, V), (U, V)]

First order approx. of Edist? [(f], V), (U, V)] with d; = d»

1.8

—%— Simulated mean d; = ds = 100
—%-1st approx di = ds = 100
—4— Simulated mean d; = dy = 200
—%- 1st approx d; = dy = 200
—= Simulated mean d; = dy = 300
—&- 1st approx di = dy = 300

1st approx 1.6

|

2(d1 +dz — 2r)[|[A |

Very close!

0-2 | | | |
30 32 34 36 38 40

signal strength A

CLT of SVD

Dong Xia, HKUST



Expectation of the Loss

Is first order approx. enough for E dist*[(U, V), (U, V)] 2

1st approx

|

2(d1 +dz — 2r)[|[A |
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Expectation of the Loss

Is first order approx. enough for E dist*[(U, V), (U, V)] 2

First order approx. of Edist? [([7 : V), (U,V)] with dy = %

—%— Simulated mean d; = % =100
—%--1st approx d; = % = 100

1st approx

|

2(d1 +dz — 2r)[|[A |

25

30 32 34 36 38 40

) signal strength A
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Expectation of the Loss

Is first order approx. enough for E dist*[(U, V), (U, V)] 2

First order approx. of Edist? [([7 : V), (U, V)] with d) = %

—%— Simulated mean d; = % =100

—%-1st approx d; = % = 100

1 St apprOX —4— Simulated mean d; = % = 200

l 25 —%- 1st approx d; = % = 200 .

2(dy + dz — 20)[[ A" | _
<
2
N
s
%
=

30 32 34 36 38 40

. signal strength A
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Expectation of the Loss

Is first order approx. enough for E dist*[(U, V), (U, V)] 2

First order approx. of Edist? [(Tj : V), (U, V)] with d) = %

—%— Simulated mean d; = % =100
—%-1st approx d; = 2 =100

2
1 St approx o, —&— Simulated mean d; = % =200
l 2.50 = —%- 1st approx d; = & — 200

2
2(d1 +dz — 2r)[|[A |

—=— Simulated mean d; = % = 300
—B-- 1st approx d; = % = 300

What happens

Edist?[(U, V), (U, V)]

when |dy — da| >0

?

30 32 34 36 38 40

. signal strength A
Dong Xia, HKUST CLT of SVD




Expectation of the Loss

Is first order approx. enough for E dist*[(U, V), (U, V)] 2

First order approx. of Edist? [(Tj : V), (U, V)] with d) = %

—%— Simulated mean d; = % =100
—%-1st approx d; = 2 =100

1 St approx 1t —#— Simulated mean gl — % 900

-2
l & — 900 -

—Y%- 1st approx d; = 5
2(d1 +d2 — 2r)|AT ||z

—=— Simulated mean d; = % = 300
—B-- 1st approx d; = % = 300

What happens

Edist?[(U, V), (U, V)]

when |dy — da| >0

?

1st approx

O 1 1 1 1 - u '
30 32 34 36 18 0 over-estimates !

signal strength A
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Expectation of the Loss

A

Higher order approx. of E dist? [(ﬂ, V), (Ua V)}

A

E dist®[(U, V), (U, V)] = =2 E(0O07,84 (X))

k>2

1st order term
—2E<@@T,SA,2(X)> = 2(dy + dy — 2r)|ATH|E

2nd order term  —2E(O0"',S544(X)) 2

3rd order term  —2E(0O0' S, (X)) ?

Sar(X)= Z(—1)1+T(s) SRTIXPTI2X L XSk

Dong Xia, HKUST > CLT of SVD




Expectation of the Loss

A A

Second order approx. of £ dist? [(U, V)7 (Ua V)}

If A, > \/diax, then

*dmax
E(007,54.4(X)) — (d — da)*| A2 3] = O0(F52)
and
. 9 X Td?nax
‘]Edlst (U, V), (U, V)] —B2| :O( 26 )
where

By = 2(d1 +da — 2r)||A7 |5 — 2(d1 — d2)*|A™ |5

N

rox
Dong Xia, HKUST 2nd order appro CLT of SVD




Expectation of the Loss

A A

Third order approx. of E dist? [(U, V)7 (Ua V)

I A > \/doms, then .

2 dS
(007, S4,6(X)) + (df — d3_)(th — do) [A7 | = O Z— - T
and
e 92 S 7%ﬁ;ax
Edist?((0, V), (U, V)] — Bs| =0 ")
where

Bs = By +2(di_ —d5_)(d1 — d2)||A7|)%

N\

3rd order approx

Dong Xia, HKUST
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Expectation of the Loss

A

k-th order approx. of K dist? [(fJ, V), (Ua V)

If A\r > \/diax, then dy_ =dy — 1

2 Cdas
E(007 . Sa2r) — (1) (™" — d5~)(dr — )| A | = O A= - (Z35)")
and
2 3
L oA B B r° e Cdmax \ k+1
‘Edlst (O, V), (U, V), B‘“|—O(¢m \G +7( \2 ) )
where

k
By, = 2(di- +do ) [ATHIE =2 ) (=) (d = d5 ) (dh — do)[|ATF0 I

ko=2

Dong Xia, HKUST k-th order approx CLT of SVD




Expectation of the Loss

If we choose k = [log(dy + ds)], then

Bdist((0, V), (U, V)] = Briog(a, +ax| = O(

T

sum of [log(d: +d2)] terms

NZEEDY. )

If we choose k£ = oo, then

r 2
- B :2Zi<d1 -)\?__dQ_ - ds ')\j+d1_)
> = )\? Bl )\? +dqi_ B )\? + doy_

Higher order approx. is unnecessary when d; = d> .

Dong Xia, HKUST
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Expectation of the Loss

. A "da (X +d 2 3
EVVT - VVTHF—QZ - = )|:0( . -dmaX)

A% >\2 + da—) Vlmax Y
Contributions
— Non-asymptotical results
[ Rank r can diverge

B No eigen-gap conditions (except signal strength)

Dong Xia, HKUST
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Expectation of the Loss

6 Approx. of Edist*[(U, V), (U, V)] with d; = 500, d> = 1000

higher order approx 15

—¥— Simulated mean

when ‘dl — dg‘ =>> 0

V), (U, V)]

Edist?[(U

1.2

1.1

1 | | | |
50 52 54 56 58 60

signal strength A
Dong Xia, HKUST CLT of SVD




Expectation of the Loss

1.6
X\
—#*— Simulated mean
higher order approx 1.5
\Nhen_kh_—-d2\>>()
=% 1st approx
1.4+
<
S)
‘SLS*
=
g
=
1.2
1.1+
1 | | |
50 52 54 56 58 60

signal strength A
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Expectation of the Loss

1.6
\
X‘\ —%— Simulated mean
X
higher order approx 150 X
g PR .
= %Y -% 1st approx
. .
when |dy — da| > 0 NS
147 “"‘El. A " -~ 2nd approx
= :
S)
=130
2
z
=
1.2
1.1
1 | | | |
50 52 54 56 58 60

signal strength A
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higher order approx
\Nhen_kh_—-d2\>>()

Dong Xia, HKUST

Expectation of the Loss

Approx. of Edist?[(U, V), (U, V)] with di = 500, ds = 1000

1.6
\
%, —¥— Simulated mean
o X
N\
1.555‘.,.‘ ‘Q X =% 1st approx
ﬂ ‘Q \&
El.x. . ~£-2nd approx
ko
1.4 TRy, s
— X -6&--3rd approx
~
S)
=130
2
Z
=
1.2
1.1
1 | | | |
50 52 54 56 58

signal strength A

60

CLT of SVD



Expectation of the Loss

Approx. of Edist?[(U, V), (U, V)] with di = 500, ds = 1000

—¥%— Simulated mean

- 1st approx

higher order approx
<& 2nd approx
when ‘dl — dQ‘ > 0 -©-3rd approx
— 4th approx
N
S)
<§ —
(@: N
Cl\g ""E].\ﬁ\x\
3 ﬂ\n\ X\
€2 \\Q x
B, S
1.2 RSN X\ |
g s
ENR, 7S
o N
1.1+ 8] \I
TENG
1 | | | | T
50 52 54 56 58 60

Dong Xia, HKUST

signal strength A
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Expectation of the Loss

Approx. of Edist?[(U, V), (U, V)] with di = 500, ds = 1000

—¥%— Simulated mean

. N\ . - 1st approx
higher order approx 150
<& 2nd approx
When ‘dl — dQ‘ > O -©--3rd approx
14
— 4th approx
S  x
S R
= "u\%\x‘
=~ 13" ""EDQ\;?\ .
1st and 3rd = . N
. 3 RN
over-estimate ! S S N
B S
1.2+ 'El\ . o |
E\\Q‘ ’X\
El\\Q, x_
"E’\S’f?\x\y
2nd and 4th 1l T
under-estimate ! T
1 | | | |
50 52 54 56 58 60

signal strength A
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Normal Approximation of :

0.45

04+

Dong Xia, HKUST

Normal Approximation of the Loss

Distribution of dist*[(U,V), (U, V)] 2

Simulation study

dist
Normal Approximation of =

0.4

dist’[(0,V),(0v)] & @is [ (V). (Uv)]
Var'/2dist? [(UV) (uv)]

| di = ds =100
r =10
A = 100

0.35

0.3+F

0.25

0.2+

0.15 -

0.1}

0.05 -

sample size = 1000 sample size = 3000

normal?

CLT of SVD



Normal Approximation of the Loss

IS approximately normal?

dist’[(U, V), (U, V)] - E dist*[(U, V), (U, V)]
Var!/?dist? [(ﬂ, V), (U, V)]

Empirical E dist? [(ﬂ,V), (U,V)] and Var'/? dist? [(fJ,V), (U,V)] based on 1000 samples Empirical E dist’ [(ﬁ’?)’ (U’V)] based on 1000 Samples
1.4 ' ' ' ' ' ' ' var'? dist? | (O.V),(U,V) ]
13 ]
1.271 —e—E dist’[(U, V), (U, V
(0.9).(U.V)] .
" —%— Var'/? dist? ﬂ',V , (U, V
i (0.V), (V)] ol
08 115¢
0-6 I~ 1 1 |
! 105 | : :
04 02 std is quite smalll
q
0.2} 10 1\
95 1 1 1
20 30 40 50 60 70 80 90 100 20 40 _ 60 80 100
signal strength \ signal strength A

Dong Xia, HKUST
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Variance of the Loss

If A\, > \/dmax, then

Varl/2dist?[(U, V), (U, V)] = [V8 + o(1)](d1 + do — 2r)Y/?||A72||%

L dist”[(U, V), (U, V)] = [2+ o(1)](d1 + d2 — 2r)|A71]|3

2 dist?[ (0, V), (U, V)](> Var/2dist?[ (U, V), (U, V)]
-
\ a rfactor of v/ dmax

Dong Xia, HKUST
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Normal Approximation of the Loss

3

dmax
1 VI 0 and " 50, then

Amax

sup
rER

dist?[(U, V), (U, V)] — Edist*[(U, V), (U, V)] B
g VB2 <f

@(x)| — 0

e

c.d.f. of standard normal

where d* — dl —+ d2 — 2r

convergence rate is of the order (Tdmax)l/Q | r3
|
)\'r' dmax

Dong Xia, HKUST
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Normal Approximation of the Loss

B Non-asymptotical convergence rates established

- Rank r can diverge as fastas  (d; +dz)'/? .

B> No eigen-gap conditions (except signal strength)

Dong Xia, HKUST
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Normal Approximation of the Loss

With explicit centering term X
dist™[(U, V), (U, V)] —[Edist*[(U, V), (U. V)] 4
V8d, [|A=2||F

> N(0,1)

Replace the expected loss with k-th order approximation ?

. . rd3 Cdmax \ k+1
]EdlSt2[(U,V),(U,V)]—Bk‘ ZO(\/T' 26 Hr( 22 ) )
dm X
Standard deviation: O( g i )\5 ) . ‘
max r need treatments

Dong Xia, HKUST
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Normal approximation of

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Normal approximation of

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Normal Approximation of the Loss

Normal Approximation of

dist? [(f},\?') . (U,V)] —2(m1+my—2r)| A~

I
N based on 5000 samples

-2 0 2 4 6 8
signal strength A\ = 20

dist? [ (0.9),(UV) ] ~20m +ma—2r) | A

i
VSt 2 A TA based on 5000 samples

-2 -1 0 1 2 3 4 5
signal strength A\ = 75

dist*[(U, V), (U, V)] - Bi

Simulation study

di = dy = 100
r =10
A\, = \-27F

V8 [|A7|r

Normal approximation of

0.4

dist? [ (0.V)..(UV) ]| ~20m1+ma—20)]| A

1“2
TSCnrI TA £ based on 5000 samples
T

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Normal approximation of

-2 -1 0 1 2 3 4 5
signal strength A = 50

dist? [ (0.V).(UV) ] ~20m 4y —20))|A-

112
Il based on 5000 samples

0.45 T

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

VB(mi+my—2r) 12 [ A2
T T

-2 -1 0 1 2 3 4 5
signal strength A = 100



Normal Approximation of the Loss

\/ 'rd?n/a?x TS
If > 0 > 0, then

s Oland

>\'I” dmax

Theorem

— 0

sup
rER

{distZ[(U, V), (U, V)] — 2d, || AL
P <
V8 ||A=2|F

o} - 0(a)

A > d3/2 instead of )\, > \/dpax

. A oo _ rd?
E dist?[(0, V), (U.V)] = 2447 I} 40 (53

)

Dong Xia, HKUST
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Normal Approximation of the Loss

First order CLT

Simulation study

04 Normal AII;)proximatiOD. of diStQ[(ﬁ’f:/)égl?]z_|idklAll% dl — d2 — ]-OO
r = 10
AL = A or =K
4 P 0 > 4 Looks good when
signal strength A = 30
Ar =30 !

Dong Xia, HKUST
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Normal Approximation of the Loss

First order CLT

Simulation study

Normal Approximation of diStQ[(ﬁ"?’(U’V)J; id*HA_IH% d2
0.4 /\ ' MRl dy = 5} — 100
0.3 r = 10
AL = A or—K
0.2r
0.1r
Not good at all !

0 5 10
signal strength A = 40

Higher order approx. are necessary!

I |

CLT of SVD

Dong Xia, HKUST



Normal Approximation of the Loss

Second order CLT

d5/4 3
max T
Theorem If > 0land > 0, then
)\7" dmaX
dist?[ (U, V), (U, V)] — B
Sup]P’{l I )(2 )| QS:U}—CD(:U)%O

where By = 2(dJ|A |3 — A3[A%3).

A > d?n/fx instead of )\, > \/dax

Dong Xia, HKUST
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Normal Approximation of the Loss

K-th order CLT

1/4k 3
ip YT+ Vo Pla) ™ g g e

dist*[(U, V), (U, V)] — By,
P < — &
i R T e .

with By, = 2(d1— + dg—)|[A7H]|§ — 2 Z 1)k (dy ™" — d5° ™) (dy — do) | A3
ko=

By choosing k = [log(d; + d2)|, we require A, > \/dpax

Dong Xia, HKUST
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Normal Approximation of the Loss

OO -th order CLT

3

dmaX
If ¥ 0 and —— — 0, then

T dmax
dist*[(U, V), (U,V)] —B
sup IP’{ I ): 5 )| oogx}—cb(a:) — 0
reR \/ 8d*HA_ HF
. - 1 )‘3 —+ d2— )\3 + dl_
with Boo_zzp<dl_.)\2.—l—d1—+d2_.)\2.—|—d2_)
j=1 "\ J J
convergence rate is of the order | (rdpmayx )1/2 | r3
|
A’r dmaX

Dong Xia, HKUST
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Confidence Region of Singular Subspace

e Representation of Spectral Projectors

===l Normal Approximation of Spectral Projectors

e Data-dependent Confidence Regions

Dong Xia, HKUST



Confidence Region of Singular Subspaces

[log(d1 +d2)]-th order CR

Corollary

For any a € (0,1), the 1 — « probability interval of dist? [(ﬂ, \Af), (U, V)} 1S

Bliog(di+d2)1] T |—2a/2; Za/2] * V Sd*HA_QHF

where z, = @ (1 — «).

)\1, 290 . A are unknown

M — [IAVT + 7 IS known

Data-dependent CR

Dong Xia, HKUST



Confidence Region of Singular Subspaces

Plug-in estimates of singular values

where Ay > -+ > )\, are M's top-r singular values.

Are they good?

Dong Xia, HKUST

Data-dependent CR



Confidence Region of Singular Subspaces

. . ist2[(U. V — 2d, A-12
m Normal Approximation of 35U1U:V). (U, V)] = 2d. A7
V8 |[A2|p

dist*[(U.V),(UV)] 24, |A "I
VB [|A e

dist*[(U,V),(UV)]—2d. | A2
VB ||A 2|

Normal Approximation of

Normal Approximation of

0.4 0.4
dy = dy = 100
r =26
A =A-2"7F
0 5 1‘0 -2 0 2 4

signal strength A = 25 signal strength A = 50

distz[(ﬁ,V),(Uﬂf)]—%IIA“\I%:
V8d. A ||g

dist?((0,V) (UV)] -2, A~ [
VB A

Normal Approximation of
0.4 I

Normal Approximation of
! 0.4 w

Not good!

-2 0 2 4 -4 -2 0 2 4
cional strencth N\ = 65 signal strength A\ = 75



Shrinkage Estimates of Singular Values

By random matrix theory (Ding, 2017, arxiv:1702.06975)

< dqds
32— (N (dy + o) + 5557 ) | = Op(d2 /)
J

Define shrinkage estimators

R d—dy (O —di —do)? — ddyds

~

Denote A — diag(xh Ty )\T)

Data-dependent CR

Dong Xia, HKUST



0.4

0.4

Confidence Region of Singular Subspaces

M Normal Approximation of

Normal Approximation of

dist?((U,V),(UV)]—2d.[|[A~4]2

V8, |A 2|

2 4

signal strength A = 25

Normal Approximation of

dist?((U,V),(UV)]—2d.[|[A~4)2

V8, | A2 ||

2 4
signal strength A = 45

dist*[(U, V), (U, V)] - 2d. | A" |2
V8 || A2 |k

dist2[(T7,V),(U, V)] —2d, A2

Normal Approximation of

0.4 AL
d1 = do = 100
r =26
A\, = \-27F

-4 -2 0 2 4
signal strength A = 35

dist”[(0,V).(UV)]-2d. A2
VB A

Normal Approximation of
0.4 w

-2 0 2 4

gional <trencth N\ — 55



Confidence Region of Singular Subspaces

dist?[(U, V), (U, V)] — 2d,||A~1|2

Normal Approximation of

V8, | A2||
what if |dy — da| >0 2
Normal Approximation of dmﬁ%ﬁ}{(_f;ﬁ]_‘& d2
di = — = 100
6
r=20
)\k — )\ - 2T—k

1st order approx B, = 2d,||[A7}||2

-2 0 2
signal strength A = 50 Try higher order bias corrections !

Data-dependent CR

4

: o
(0))
I

Dong Xia, HKUST



Confidence Region of Singular Subspaces

Higher order empirical bias corrections

Ag=d; —do

1-st Bi = 2d, A%

2-nd Bz — z(d*H/N\_lHIQ? _ A?ZHZ\_ZH%)

k
k-th  Bi=2(d- +d)|ATE -2 ) ()M (dy2" = d527 ) (dr — o) [A™ 3
ko=2

Data-dependent CR

Dong Xia, HKUST



Confidence Region of Singular Subspaces

d

T =

Ap = X277 F



Confidence Region of Singular Subspaces

Normal Approximaldtion of diStZ[%ﬁ}EU;‘lfF)]_IBI 1 St d
2
di = — =100
0
T =
A = A-277F

-6 -4 -2 0 2
signal strength A = 50



Confidence Region of Singular Subspaces

2[(0117)7([]7‘/)]_1@1 3 3 diStQ[(ﬁ,‘}),gU,V)]—éz
| NeAE | 1 St 2n d Normal Approximation Of. N A_2.||F

Normal Approximation of &=

d
dy = 62 = 100 04
r — 0.3
A= \- 2r—k 0.2
0.1
6 -4 2 0 > 0 2 0 2 4

signal strength A\ = 50

signal strength A = 50



0.4

0.3~

0.2~

0.1+

-6 -4

Confidence Region of Singular Subspaces

[(01V)7~(U7V)]_B1
V8| A2 | |

s 22
Normal Approximation of &=

-2 0 2
signal strength A\ = 50

N dist[(U V),(UV)]-Bs
Normal Approximation of i At |

-3 -2 - 0 1 2 3
signal strength A = 50

3rd

2nd

0.4

0.3r

0.2

0.1

[([},‘}),EU,V)]—B\Q
M||A_2I||F

s 42
Normal Approximation of &

-2 0 2 4
signal strength A = 50



Confidence Region of Singular Subspaces

[(01V)7~(U7V)]_B1
AN

s 22
Normal Approximation of &=

signal strength A\ = 50

[(ﬁ,V),gU,V)]—Bg
VLA

P
Normal Approximation of &

0.4

0.3~

0.2~

0.1+

signal strength A = 50

Higher order
correction
works!

2 n d Normal Approximation of Idistz [%ﬁl_féﬁlfp)]—éz
0.4 -
0.3+
0.2
0.1-
0

-2 0 2 4
signal strength A = 50
¢ dist’[(U.V),(UV)]=Bs
\/@ A2l

Normal Approximation o

signal strength A = 50



Confidence Region of Singular Subspaces

Data-dependent normal approximation

3

< r
ooy 0 and " 0, then

dmax
dist? [(0, V), (U, V)] - By
P - < — ¢ 0.
= { VL [A2]p 8 ”3} )] =
where

By, =2(dy— + dp_)|ATM|E — 2 Z 1)k (dy*™" — dz° 1) (dy — do) [ A3
ko=

as long as k > [log(dy + ds)|.

Data-dependent CR

Dong Xia, HKUST



Confidence Region of Singular Subspaces

Data-dependent confidence region

For any o € (0,1), the 1 — « confidence region of U and V is

Mo (U, V) = {(L, R):LeR“* ™ ReR™*" [TL=R'R=1,

|dist?[(L, R), (U, V)] — By| < \/Sd*za/sz\‘QHF}

Tdimax P
If S > 0 and - >0, then  aslong as k > [log(di + d2)].
lim P((U,V) € My (U,V)) =a
d— o0

Dong Xia, HKUST
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Confidence Region of Singular Subspaces

Deterministic representation of singular vectors

Non-asymptotical normal approximation with convergence rates

Rank r can diverge as fast as (di +d»)"/?.

No eigen-gap conditions (except signal strength)

| B B B |

Data-dependent confidence regions

Data-dependent CR

Dong Xia, HKUST






