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Abstract

The tensor train (TT) format enjoys appealing advantages in handling structural high-order
tensors. The recent decade has witnessed the wide applications of TT-format tensors from
diverse disciplines, among which tensor completion has drawn considerable attention. Numer-
ous fast algorithms, including the Riemannian gradient descent (RGrad) algorithm, have been
proposed for the TT-format tensor completion. However, the theoretical guarantees of these
algorithms are largely missing or sub-optimal, partly due to the complicated and recursive al-
gebraic operations in TT-format decomposition. Moreover, existing results established for the
tensors of other formats, for example, Tucker and CP, are inapplicable because the algorithms
treating TT-format tensors are substantially different and more involved. In this paper, we
provide, to our best knowledge, the first theoretical guarantees of the convergence of RGrad
algorithm for TT-format tensor completion, under a nearly optimal sample size condition. The
RGrad algorithm converges linearly with a constant contraction rate that is free of tensor con-
dition number without the necessity of re-conditioning. We also propose a novel approach,
referred to as the sequential second-order moment method, to attain a warm initialization un-
der a similar sample size requirement. As a byproduct, our result even significantly refines the
prior investigation of RGrad algorithm for matrix completion. Numerical experiments confirm
our theoretical discovery and showcase the computational speedup gained by the TT-format

decomposition.

1 Introduction

An m-th order tensor is an m-dimensional array, i.e, a matrix is a 2nd-order tensor. Tensor

completion refers to the task of recovering the whole tensor by observing only a small subset of
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its entries. Of course, this is possible only when the underlying tensor possesses certain structural
conditions such that the tensor of interest actually lies in a low-dimensional space. Throughout this
paper, we assume that the tensor of interest is low-rank. There are diverse applications that drive
the research of tensor completion: visual data in-painting (Liu et al., 2012; Li et al., 2017), medical
imaging (Gandy et al., 2011; Semerci et al., 2014; Cheng et al., 2017), seismic data analysis (Kreimer
et al., 2013; Ely et al., 2013), personalized medicine (Soroushmehr and Najarian, 2016; Pawlowski,
2019), to name a few. It is a natural generalization of the well-explored matrix completion (Candes
and Recht, 2009; Candés and Tao, 2010; Cai et al., 2010; Recht, 2011; Davenport and Romberg,
2016; Xia and Yuan, 2021; Chen et al., 2019; Cai et al., 2016; Xia and Koltchinskii, 2016). While
seeming, at least conceptually, a straightforward extension of matrix completion, the multi-linear
nature of tensors poses unprecedented challenges to tensor completion from multiple fronts. For
instance, convex relaxation by matrix nuclear norm is a prevailing approach for low-rank matrix
completion, whereas tensor nuclear norm, also a convex function, is generally NP-hard (Hillar and
Lim, 2013) to compute. This computation hardness exists in many tensor-related convex functions
such as tensor operator norm. As a result, the trick of convex relaxation for tensor completion can be
computationally infeasible in some cases. Moreover, another phenomenon making tensor completion
fundamentally different from matrix completion is the gap between the information-theoretical
sample complexity (the number of observed entries for example) and that required by polynomial-
time algorithms. Indeed, it is known that matrix completion is solvable by fast algorithms with
a nearly optimal sample complexity (Gross, 2011; Candes and Recht, 2009). However, evidence
(Barak and Moitra, 2016) has been found showing that the sample size required by polynomial-
time algorithms for tensor completion is significantly larger than the information-theoretical sample
complexity. This phenomenon is also observed in other tensor-related problems such as tensor PCA
(Zhang and Xia, 2018; Brennan et al., 2018) and tensor clustering (Luo and Zhang, 2020).

Since a multi-linear array can always be re-arranged into a matrix, tensor completion can also
be re-formulated as matrix completion. Along this direction are some representable works (Liu
et al., 2012; Song et al., 2019; Yuan and Zhang, 2017; Gandy et al., 2011). These methods, while
easy to implement (borrowing state-of-art conclusions from matrix completion), suffer from un-
necessarily high computational cost because the intrinsic tensor structure is abandoned and the
resultant matrix lies in a much higher dimensional space. To overcome these issues, methods for
tensor completion better act on the low-rank tensor structure directly. Unlike matrices whose ranks
are universally defined, there exist multiple widely-accepted definitions of the rank(s) for tensors
and, hence, different formats of tensor decomposition. FExisting literature of tensor completion,
especially those with theoretical investigations, mainly focus on the CP format and Tucker format.

The CP decomposition of a tensor seeks a representation by the sum of a minimal number, called



the CP rank, of rank-one tensors. Under the assumption that the underlying tensor is CP decom-
posable with r orthogonal components, Jain and Oh (2014) proposed a fast alternating minimization
algorithm for ezxactly completing a d x d X d tensor using merely O(/iér5d3/ 2. Polylog(d)) randomly
observed entries, where ko denotes the tensor condition number (see formal definition in Section
2). Later, Barak and Moitra (2016) introduced a semi-definite programming, referred to as the
sum-of-squares (SOS) hierarchy, and demonstrated that this polynomial-time method can approz-
imately recover the tensor using a similar number of observed entries, even if the CP components
are not orthogonal. Then, in the work of Potechin and Steurer (2017), the authors further proved
that, with orthogonal CP components, SOS method can exactly recover the tensor by observing
O(rd>/? - Polylog(d)) randomly sampled entries. Even though SOS is a provably polynomial-time
method, it usually runs very slowly making it impractical for real-world applications. Meanwhile,
the orthogonal decomposability is a rather restrictive assumption. Still restricted to the CP format,
a spectral algorithm was proposed by Montanari and Sun (2018) which approzimately recovers the
tensor under a sample size requirement comparable to Potechin and Steurer (2017). The spectral
algorithm runs very fast, so it is more scalable to large tensors. More recently, based on many
sample splittings, Liu and Moitra (2020) proposed an algorithm, combining both non-convex and
convex ideas, to exactly recover a tensor with robust linearly independent components. And there
are many other representable works (Bi et al., 2018; Ibriga and Sun, 2021; Sun et al., 2017; Cai
et al., 2020).

The Tucker rank of a tensor refers to the rank of the matrices obtained by tensor unfolding.
An m-th order tensor of size d x --- X d admits m ways of unfolding, so the Tucker rank consists
of a collection of m matrix ranks. Tucker decomposition factorizes the tensor into the multi-
linear product of a core temsor and m orthonormal matrices, usually referred to as the singular
vectors. The core tensor is usually small-sized but still of order m. Tucker decomposition is
always attainable via higher-order singular value decomposition (HOSVD). Readers are suggested
to the work of Kolda and Bader (2009) for more details. Presuming low Tucker ranks, Huang
et al. (2015) designed a polynomial-time algorithm, by tensor unfolding and (matrix) nuclear norm
minimization, for tensor completion. Due to the unbalanced unfolding of odd-order tensors, their
algorithm requires observing a random sample of O(rd[%] - Polylog(d)) entries for completing an
m-th order tensor. Zhang (2019) proposed a special sampling scheme showing that O(rd + r™)
entries suffice to exactly recover the unknown tensor. Convex approach by tensor nuclear norm
minimization, albeit being computationally infeasible, was studied in the work of Yuan and Zhang
(2016) which completes the tensor by using O(r'/2d™/?) randomly sampled entries. Later, Xia
and Yuan (2019) investigated a polynomial time algorithm for exact tensor completion with a

sample complexity O(/{%rmdm/ 2. Polylog(d))) via gradient descent on the Grassmannian manifold,



but the iteration complexity was not provided. More recently, Tong et al. (2021) introduced a
scaled gradient descent algorithm and proved the iteration complexity that is free of the condition
number. In the work of Xia et al. (2021), a fast higher-order orthogonal iteration algorithm was
proposed for noisy tensor completion achieving a statistically optimal rate with a sample complexity
O(r™/2d™/2 . Polylog(d)).

Despite the popularity of CP format and Tucker format in applications and theories, both these
two formats have their pros and cons. The CP decomposition is more friendly for interpreting the
principal components of tensors, and the required degree of freedom O(mrd) grows linearly with
respect to the order m of a tensor of size d x - - - x d and CP rank r. Unfortunately, the set of tensors
of a fixed CP rank is not even closed (Kolda and Bader, 2009), implying that the existence of a best
rank r approximation is not even guaranteed. Moreover, it is generally computationally NP-hard
to determine the CP rank (Hillar and Lim, 2013) of a given tensor. In contrast, the Tucker rank
and decomposition of a tensor can be always and easily determined by HOSVD, and the tensors
with Tucker ranks bounded by a constant constitute a manifold. However, when representing an
m-way tensor of Tucker rank < (r,...,r), the required number of parameters is O(r™ 4+ mdr) and
grows exponentially fast with respect to the order m. As a result, Tucker decomposition consumes
a great deal of memory and computation resources for the tensors of very high orders.

The recent decade has witnessed an increasing attraction in a new tensor format (Oseledets,
2009, 2011), referred to as the tensor train (TT, see formal definition in Section 2), which enjoys
the advantages of both CP and Tucker formats. The TT format was inspired by the matrix product
state (MPS, Perez-Garcia et al. 2006), an extremely powerful method to represent the state of a
large quantum system (Gross, 2011; Koltchinskii and Xia, 2015). The model complexity of TT
formats grows linearly with respect to the tensor order. For instance, the parameters needed to
store an m-th order tensor of TT rank < (r,...,r) is O(mdr?), saving significant space than the
Tucker format. More importantly, TT rank is always and easily attainable like the Tucker rank.
Indeed, similarly as the Tucker decomposition, an algorithm based on the sequential SVDs, named
as tensor train SVD (TTSVD, Oseledets 2011), is applicable to decide the TT rank, and hence the
TT decomposition, of a tensor. TTSVD can also be viewed as a quasi-optimal approximation of
a given tensor (Oseledets, 2011). Since the tensors of fixed TT ranks construct a manifold (Holtz
et al., 2012), numerous manifold-based algorithms are readily adaptable to the TT formats. Due to
the aforementioned advantages of TT formats, there has emerged a vast literature in tensor com-
putation, application and theory exploring the TT-format decomposition. The earliest appearance
of TT format or MPS can be traced back to the seminal works in physics, specifically in the simu-
lations of quantum dynamics for very large systems (Vidal, 2003, 2004; Perez-Garcia et al., 2006).
The formal definition of TT ranks is later proposed by Oseledets (2011), which has inspired a great



many works for the computation and applications of low TT-rank tensors. Bengua et al. (2017)
introduced the nuclear norm for TT-format tensors based on the unfolded matrices, and proposed
simultaneous matrix factorization for tensor completion, showcasing its superior performances in
the recovery of color images and videos. Inspired by their ideas and motivated by the local smooth-
ness of image data, Ding et al. (2019) further proposed a total variation regularization for the image
and video inpainting problems. Based on tensor factorization, Wang et al. (2016) investigated low
TT-rank tensor completion by alternating minimization which updates the estimated components
sequentially. This is a non-convex approach where the good initialization plays a critical role, and
they adopted the spectral initialization by TTSVD. A gradient descent algorithm was proposed in
the work of Yuan et al. (2019) for TT-format tensor completion with a random initialization, which
often performs poorly when the sample size is small. More recently, Ko et al. (2020) provided a
novel but heuristic initialization method for the applications in recovering images and videos that
is efficient in numerical experiments. These prior works mostly focus on the methodology and algo-
rithm designs without, or with rather limited, theoretical justification. Towards that end, Imaizumi
et al. (2017) introduced a new convex relaxation by the Schatten norm of matrices obtained by the
separations (see definition in Section 2) of a TT-format tensor. They investigated a convex method
for tensor completion showing that the TT-format tensor is approrimately recovered by observing
O(rd!™/?1 . Polylog(d))) randomly sampled entries. More recently, Zhou et al. (2020) established the
statistically optimal convergence rates of tensor SVD by the fast higher-order orthogonal iteration
algorithm in the TT-format.

A particularly important class of efficient algorithms for learning low-rank tensor decomposition
is based on the Riemannian optimization. The gist of these algorithms is to view the tensor of
interest as a point on the Riemannian manifold (Holtz et al., 2012), for example, the collection
of tensors with a bounded Tucker-rank or TT-rank., and then to adapt the Riemannian gradient
descent algorithm (RGrad) for minimizing the associated objective function. An incomplete list of
representable works of RGrad for matrix and tensor applications includes the works of Steinlechner
(2016); Wei et al. (2016b,a); Kressner et al. (2014); Cai et al. (2021b). Similarly, the TT-format
tensor completion can be recast to an unconstrained problem over the Riemannian manifold and
is numerically solvable via RGrad (Wang et al., 2019). This algorithm is similar to most non-
convex algorithms in the sense that it starts from a good initial point on the manifold, iteratively
updates the new estimate by descending along the Riemannian gradient and retracts it back to
the target manifold by TTSVD. Here Riemannian gradient is simply the projection of vanilla
gradient onto the tangent space of the manifold. The Riemannian gradient is low-rank and hence
can significantly speedup the downstream task of TTSVD. Fortunately, Riemannian gradient, as

shown in the works of Lubich et al. (2015); Steinlechner (2016), can be fast computed using QR



decomposition and recursive SVD. All these foregoing properties of computational efficiency make
RGrad a perfect choice for TT-format tensor completion, especially for tensors of a very high order.
Interestingly, we also observe considerable time saving by TT-format tensor completion compared
with the Tucker-format tensor completion, even when the Riemannian gradient descent algorithm

is applied for both scenario. See the numerical experiments in Section 6.

1.1 Owur Contributions

Despite the rich literature in algorithm designs for TT-format tensor completion and their empir-
ical efficiency, the theoretical understanding, for example, sample size requirement, initialization
condition, convergence behaviour and recovery guarantee, of those algorithms is relatively scarce.
While abundant results are available for the CP-format and Tucker-format tensor completion, they
cannot be directly translated into the case of TT-format for, at least, four reasons. First, the gap of
model complexity between TT-format and other formats suggests that the sample size requirement
can be different. Secondly, another fundamental condition making tensor completion possible is
the so-called incoherence condition. It can be straightforwardly defined by the components of ten-
sor decomposition in the CP-format and Tucker-format. Since the decomposition of a TT-format
tensor is recursive, a suitable adaptation of the incoherence condition is necessary which causes ad-
ditional complications in the theoretical understanding. Thirdly, the algorithm design (for instance,
RGrad) for TT-format tensor completion is quite special, also due to the recursive nature of TT
decomposition, involving the recursive reshapes by tensor separation. It poses extra challenges in
analyzing the convergence behaviour of any iterative algorithms for TT-format tensor completion.
Finally, obtaining a warm initialization is crucial. The naive spectral initialization suggested by
Wang et al. (2016) requires a large sample size observed by empirical simulations. In addition, the
second-order moment method (Xia et al., 2021) of spectral initialization for Tucker-format is not
directly applicable for the tensors of TT-format.

In this manuscript, we investigate the Riemannian gradient descent algorithm for TT-format
tensor completion and provide, to our best knowledge, the first theoretical guarantees of this algo-
rithm under a nearly optimal sample size requirement. More specifically, for an m-th order tensor
T* of size d X --- x d in the TT-format with TT rank bounded by r, the RGrad algorithm can
exactly recover 7* by observing O(mém*4r(5m_9)/ 2dm/2 . Polylog(d) + ngm+8r3m_3d - Polylog(d)) ran-
domly sampled entries where k¢ denotes the condition number of 7*. Our contributions can be
summarized into three folds. First of all, by a more sophisticated approach of analysis, we show
that the RGrad algorithm for tensor completion converges linearly as long as the initialization is
just reasonably good, namely ||[To — T*|lr = o(1) - ||7*||p. This significantly improves existing
results (Wei et al., 2016b,a) on the RGrad algorithm for matrix completion (m = 2) which require



a stringent initialization condition ||To — 7*|lr = o(n/2/d) - | T*||r. Secondly, we prove that the
error of the iterates produced by RGrad algorithm contracts at a constant rate that is strictly
smaller than 1, under a nearly optimal sample size condition. The contract rate is free of the
tensor condition number, improving over prior works (Jain and Oh, 2014; Cai et al., 2021a; Xia
and Yuan, 2019) the iteration complexity for completing an ill-conditioned tensor. The attained
iteration complexity matches the best one achieved by a recently proposed scaled gradient descent
algorithm (Tong et al., 2021). Finally, inspired by the idea in Xia and Yuan (2019), we propose
a novel initialization, based on a sequential second order moment method, as the input of RGrad
algorithm for tensor completion. This approach, unlike the one-pass spectral estimate in the work
of Xia and Yuan (2019), involves a recursive estimate of the components of TT decomposition,
posing additional challenges in the proof. Our method guarantees a warm initialization with a
nearly optimal sample size requirement. Our result fills the void of guaranteed initialization for
TT-format tensor completion. Existing initialization approaches (Ko et al., 2020; Wang et al., 2016;
Yuan et al., 2019) are either heuristic or miss theoretical justifications.

For readers’ convenience, we showcase our theoretical results in Table 1 and compare with
representable literature of tensor completion with respect to the tensor formats, sample complexity
and iteration complexity. For ease of exposition, Table 1 only focus on third order tensors with

m = 3 and of size d X d x d.

1.2 Organization of the Paper

The rest of this manuscript is organized as follows. Section 2 reviews the basics of TT-format
tensors, its decomposition and TTSVD. The formulation of tensor completion and the incoherence
of TT-format tensors are presented in Section 3. In Section 4, we explain in details the RGrad
algorithm for TT-format tensor completion, and the sequential second order moment method for
initialization. Section 5 presents the main theorems regarding the convergence of RGrad algo-
rithm and the performance bound of spectral initialization, and establishes the specific sample size

requirement. Comprehensive numerical experiments are displayed in Section 6.

1.3 Notations

Throughout this manuscript, we shall use the calligraphic letters (7, X’) to denote tensors of size
dy X -+ - X dp,, the capital letters (T, M) to denote the components (see formal definition in Section 2)
of TT tensors or matrices and blackboard bold-face letters (R, M) for sets, the lower case bold-
face letters (x,y) to denote vectors. The j-th canonical basis vector is denoted by e;, and we

omit the ambient space it lies in whenever the context is clear. For a positive integer d, denote



. S 1 Iterati
Data type Algorithms Hmpe eration
complexity complexity
CP format with Alt . imizati
ernating minimization
orthogonal ) & dg/QTSIig 10g4 (d) log( %)
(Jain and Oh, 2014)
components
Vanill dient d t
CP format anta graciont descen Cn0d3/27”4 log*d Iig/g log(2)
(Cai et al., 2021a) €
Tucker Grassmannian gradient descent BT /2/{3 10g7 /2 ( d) N / A
(Xia and Yuan, 2019)
Scaled gradient descent 3 1
Tucker A3k (\/r V K3) log3(d log(=
(Tong et al., 2021) olvr 0) g"(d) g(€>
. Ri i dient d t
Tensor Train iemannian gradient descen d3/2y3 .8 10g5 (d) log(l)
. 0 €
(this paper)

Table 1: Comparisons between TT-format RGrad algorithm and prior algorithms for tensor com-
pletion with respect to the tensor formats, sample complexity and iteration complexity. For ease
of exposition, we only present the results for 3rd-order tensor 7* of size d x d x d with CP rank r,
Tucker rank (r,r,r) and TT rank (r,7), respectively. For sample complexity, we state the number
required in terms of d,r only for clarity. For the iteration complexity, we consider the number of
iterations needed to output 7 such that |7 — 7*||p < eg. Here kg and ¢ are the condition number
and minimum singular value of 7%, and may be defined in different ways for different formats. See
more details for the case of TT-format in Section 2. We note that, in the work of Cai et al. (2021a),
the condition number kg is assumed =< 1. In fact, their sample complexity and iteration complexity,
after checking the proof, indeed depend on xy. Moreover, Theorem 1.1 in the work of Jain and Oh

(2014) states the iteration complexity as log(+/7||7*||r/(ea)), where || 7*||r/c has an order \/rkg.

[d] := {1,---,d}. The standard basis in the tensor space R%**dm is denoted by {&, : w €
[d1] X -+ X [din]}, where &, is a binary tensor of size dj X -+ X d,;, with only the w-th entry being
1. We use T (x), T (w) for w,x € [di] X --- X [dy,] as the entry of T.

Let |- ||r denote the Frobenius norm of tensors or matrices. We use ||-[|¢, to denote the £, norm
of vectors for 0 < p < oo and || - ||¢, to represent the number of nonzero entries. The notations
C, (4, ... are reserved for some positive and absolute constants which do not depend on the related
parameters of the problem, but their actual values may change from line to line. Sometimes, these
constants may depend on the tensor order m and we shall write them as Cy,, Cy, 1, - - - . For positive

1

integers r1,--- ,rm—1, we denote d := max}’, d;,T := maxgi_ll ri and r := min]" " ;. Moreover,



define d* :=d;---d,, and r* :== 11 -+ -1rpp_1.

2 Preliminaries of TT-format Tensors

We now briefly review the basic ideas of tensor trains and the various formats frequently used in
the TT-format tensor representation. They play a critical role in the motivation of the TT-format
RGrad algorithm. Interested readers can refer to the works of Oseledets (2011) and Holtz et al.

(2012) for more details and examples.

TT-format. For an m-th order tensor 7 € R%**dm the TT-format rewrites it as a product
of m 3-way tensors, called the TT-format components and denoted by T1,...,T,,, where the i-th
component T; € R"-1X%X"i with the convention rg = r,, = 1, such that for all x = (x1,...,2,,) €
[d1] X ... % [dn],

T(@)= Y Ti(wr,k)Ta(kr, 22,k2) - Ton(km-1, Tm),
kl?"'7km—1
where the auxiliary index variables k; runs from 1 to r;. The representation can be simplified. If

we view each T; as a matrix valued function, usually called a component function, defined by
Ti:[di] = R Tix) = T, @i, ).

Here we follow the Matlab syntax to denote T;(:, x;,:) the sub-matrix of T; with the second index
being fixed at x;. Now for © = (z1,..., %), the value T (x) can be compactly written in the matrix

product form:
T(x) = Ti(z1) - Tm(zm), (1)

where T} (z1) is a row vector and T}, (z,,) is a column vector. To simplify the notations, we often

write the TT-format in short as 7 = [T1, ..., Tp].

Separation and TT rank. The dimension r;’s of the component T; are called the TT ranks of
T. They are defined by the ranks of matrices obtained from the so-called separation of T. More
specifically, the i-th separation of 7, denoted by 7%, is a matrix of size (dy - - - d;) X (dit1 - - dpm)
and defined by

TN @y iy @i - x) = T ().

Then, 7; is defined by the rank of 7. The collection r = (r1,--- ,7m_1) is called the TT-rank

of T. For ease of exposition, we denote ranky(7) = 7. As proved in Theorem 1 in the work of



Holtz et al. (2012), the TT rank is well defined for any tensor. Meanwhile, a TT decomposition
T = [T4,...,T)] is always attainable with T; € R™~1%%*7 by the fast TTSVD algorithm, to be
introduced in subsequent paragraphs. See Algorithm 1.

Left and right unfoldings. Note that the TT decomposition (1) for a given tensor is not unique.
Indeed, one can always multiply 7;(z;) from right with any invertible matrix A and meanwhile
multiply T} 1(;41) from left with the inverse matrix A~!, rendering a distinct TT decomposition.
For identifiability, we impose additional conditions on the TT-format components of 7. To that
end, we first define the left and right unfolding of a 3-rd order tensor, reformatting the tensor into
matrices. For any U € RP1*P2XP3 he a 3-way tensor, the left and right unfolding linear operators

L : RP1 Xp2Xp3 RN IR(IHPQ)XPB7 R : RP1 Xp2Xp3 RN Rplx(pQPS) are deﬁned as fOHOWS
LU)(jz, k) =U(j, 2, k), and RU)(j,zk) =U(j,z, k).

We say the component T} is left-orthogonal if L(T;)" L(T;) is an identity matrix. Similarly, T} is
said right-orthogonal if R(T;)" R(T;) is identity.

For identifiability of the TT-format components, we assume that T3, --- ,T,,—1 in eq. (1) are all
left-orthogonal. The resultant TT decomposition is called the left orthogonal decomposition of T.
Note that no condition is required for the last component T;,. The left orthogonal decomposition
of T can be easily obtained using Algorithm 1 (TTSVD) without the truncation step. By Theorem
1 in the work of Holtz et al. (2012), such a decomposition of a TT-format tensor is unique up to
the insertions of orthogonal matrices: for any two left-orthogonal decompositions of T satisfying
T =1T1,....,Tn = [TI, . ,fm], there exist orthogonal matrices Q1,...,Qm_1 with Q; € R"*"
such that

Ty(21)Q1 = Ti(21), Qo1 Ton(#m) = Ton(m) and QL Ty(:)Q; = Ti(wy) for 2 <i <m — 1.,

For any TT rank r = (ry, - ,7m_1), define Mt = {7 € RO*Xdn . ranky(T) < r} the set
of tensors with TT rank < r. Holtz et al. (2012) proves that MY is a manifold of dimension

S riadiri — S 2

Left and right parts of a TT-format tensor. The low-rank factorization of the separation 7 is
frequently used throughout the algorithm design and technical proof. It is attainable from the T'T
decomposition (1) of 7. To be exact, define the matrix T=* of size (d; ---d;) x r;, known as the

i-th left part of T, row-wisely by

TSi(:cl coexgy ) = Th(xy)To(ze) - - - Ti(xi)

10



Similarly, we define the matrix T=¢ of size r; X (d; - - - d,,), know as the i-th right part of T, column-

wisely by
TZi(:v Lo xm) = Ti(xi)TiJrl(xiJrl) T Tm(xm)

By default, we set T7<0 = T2™+! = [1]. With these notations, the i-th separation of 7 can be

factorized as
T(z) — Tlip2itl

By definition, there exists a recursive relations between the left parts of 7 given by T<! = (T<"1®
I4,)L(T;) and, similarly, between the right parts of T given by T2 = R(T;)(I, ® T="!). Here ®
denotes the Kronecker product such that T<"! ® I;, is a matrix of size (dy - - - d;) x (r;d;). Another
useful fact is when the TT decomposition (1) is a left orthogonal decomposition, its left parts

are also orthogonal. See Lemma 1. This can be proved by induction and the recursive equation
TS = (TS @ 1) L(T;).

Lemma 1. Let T = [T1,...,T,,] € MX be a left orthogonal decomposition. Then we have
TS =1, foralli=1,--- ,m— 1.

TTSVD. Given an arbitrary m-th order tensor T, we are often interested in obtaining an approxi-
mation of 7 by a TT-format tensor with TT rank < r = (rq, -+ ,7,—1) for some pre-determined
positive integers r;’s. Meanwhile, the desired low TT-rank approximation better be readily rep-
resentable with a left orthogonal decomposition. This can be obtained by the TTSVD algorithm
proposed by Oseledets (2009). For completeness, we here restate the algorithm as in Algorithm 1.
At first glance Algorithm 1 may seem slightly different from the original one proposed by Oseledets
(2009). But they are indeed equivalent due to the following fact:

reshape(T<""' 7Y [r;_ydy, dip1 -+ d)) = (T @ 1) T T

An immediate question is whether the output T by Algorithm 1 is the best low TT rank-r approxi-
mation of 7. Unfortunately, this is generally untrue. In fact, based on existing evidence (Hillar and
Lim, 2013), computing the best low TT rank-r approximation of an arbitrary tensor is generally
NP-hard.

Another technical issue, frequently met in the proof, is that when 7 = T* + £ where T* € M
and & is a small but arbitrary perturbation, then how accurately does the output T from Algorithm
1 approximate the true low-rank 7*7 Interestingly, using the spectral representation formula (Xia,

2021), we prove that |7 — 7*|| < (1 +o(1)) - ||€||r in Lemma 18 with a sharp leading constant 1

11



Algorithm 1 TT-SVD

Input: an arbitrary 7 € R *dmand desired TT rank © = (r1,...,7m_1).

Set T<0 = [1]

fori=1,...,m—1do
Let L(T}) be the top r; left singular vectors of the matrix (<1 @ I) T
Set T<! = (T<i~' @ I,)L(T;)

end for

T, = (TS Tim=1),

Output: 7 = [T4,...,T] € M.

and being free of the condtion number of 7*, which might be of independent interest. To our best

knowledge, ours is the first result of this kind.

Tensor condition number. The signal strength of a TT-format tensor 7 with TT-rank r =
(ri,-+ ,rm—1) is defined by the smallest singular value among all the matrices obtained from
separation, that is,

o(T) = min]"7" oy, (T9),

where o(+) returns the k-th singular value of a matrix. Similarly, the largest singular value of T
is defined by &(7) := max";" o1(7T"). Then the condition number of T is defined by x(T) :=
o(T)~'&(T). The condition number plays a critical role in the convergence behaviour of many

iterative algorithms for tensor completion. See, for instance, Table 1.

3 TT-format Tensor Completion and Incoherence Condition

The goal of tensor completion is to (exactly) recover an underlying tensor by only observing a
small subset of its entries. Denote by 7 the true underlying tensor of size dy X - -+ X d,, with TT
rank r = (r1,--- ,rm—1) which, for simplicity, is assumed known beforehand and satisfy r; < d;.
The observed entries of 7* are assumed to be uniformly sampled with replacement, a prevailing
sampling scheme in the literature (Koltchinskii et al., 2011; Xia and Yuan, 2019; Xia et al., 2021)
for its convenience in modelling randomness. More exactly, let Q = {w; : i = 1,--- ,n} where w;
is independently and uniformly sampled from the set of collections [d1] X -+ X [dy,]. By observing
only the entries {7*(w;)}?_;, we aim to design computationally efficient methods to recover the
whole tensor 7*. Intuitively, tensor completion becomes easier when more entries are observed.
Oftentimes, the number of observed entries n, known as sample size, is significantly smaller than
d*:==dy - dp.

12



Note that the problem can be ill-posed if 7* has, for instance, only one entry that is non-zero,
then it is impossible to recover T* unless this non-zero entry is indeed observed. To resolve this
issue, it is usually assumed that the information 7* carries spreads fairly among almost all its
entries. One concept characterizing this information spread is by the spikiness of 7* (Yuan and
Zhang, 2016; Cai et al., 2021b) defined by

Spiki(T*) :== (@) Y2 T* o /IIT* |-

If the spikiness of 7 is upper bounded by a constant, it means that most of its entries have com-
parable magnitudes. Oftentimes, another related concept characterizing the information spread,
called incoherence condition, is more frequently used. The exact definition of incoherence condition
usually relies on the tensor formats. See the definitions for CP-format tensors in the works of Jain
and Oh (2014); Cai et al. (2021a) and for Tucker-format tensors in the works of Yuan and Zhang
(2016); Xia et al. (2021). To formalize the definition of incoherence for TT-format tensors, we begin
with reviewing the incoherence condition of a matrix.

For a matrix M of size p; X ps and rank r whose compact SVD is given by M = UXV ", the
incoherence of M is defined by

Incoh(M) := max {\/pl/r SMAX e, HUTengQ, V/P2/T - MaXjep,] HVTengQ} .

We say M is incoherent with a constant p if Incoh(M) < pl/2. Note that incoherence is defined
through the singular subspace of M. Therefore, the incoherence of M can be equivalently obtained
from any low-rank decomposition M = UlZlVlT satisfying U1U1T = UU" and V1V1T = Vv,
This simple property will ease our understanding of incoherence for TT-format tensors. Now the

incoherence of the TT-format tensor 7* € M is defined by
Incoh(7™) := max {Incoh(7*") 14 =1,2,--- ;m — 1}.

Similarly, we say 7* is incoherent with a constant g if Incoh(7*) < p'/2. We write the left
orthogonal decomposition of 7* by 7* = [T}, -+ ,T,%]. Then for 1 < i < m — 1, the i-th separation
T can be written as 7% = T*<IA7  V*T where A}, is invertible and of size r; x r;, and
T*<TT*st = VAV | = I,. Then the condition Incoh(7*) < p!/2 implies that

m—1 *<iT 1/2 *T 1/2
T di...di/r; v, dit1-..dm/r)? § < VL.
fgff({ker[gf}?fdi] 177 ekllen(dr oo difra) %, max - [[Viiexle (digr - dm/ri) }_ Vi

The spikiness and incoherence of TT-format tensors are closely related and summarized in the

following lemma.
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Lemma 2 (Spikiness implies incoherence). Let T* € M satisfy Spiki(T*) < v. Then we have
Incoh(T™) < vk,

where Incoh(T™) is the incoherence parameter of T* and ko is the condition number of T* defined

by ko =a(T*)/a(T™).

Now that assuming the incoherence property of the 7, the problem of tensor completion is well-
posed. To recover 7*, the natural idea is to search for a low TT rank tensor that is consistent with
the observed entries {7 *(w;)}/",. This can be formalized as a non-convex optimization program of

a least squares estimator

e T = T =T PAT =T =5 3 (T) =T (@)’ @

such that ranky(7) < 7,

where the operator Pq is defined by Po(T) := > 1| T (w;) - &, and the inner product of any two
tensors 71, T2 of the same size dy X - - - X d,, is defined by (71, 72) := Zme[dl]x,_,x[dm] Ti(x)T2(x). We
remark that, due to the sampling with replacement, fo(7") may not be equal to | Po(T — T*)||%/2.
This is slightly different from the setting of sampling without replacement. To simplify the notation,
we shall just write f() in short for fo(-).

The optimization program (2) is highly non-convex due to the constraint of TT rank, which is
usually solvable only locally. Since the objective function in (2) is smooth, the major concern in
algorithm design is usually placed on the effective enforcement of the rank constraint. A particu-
larly popular class of algorithms is based on the projected gradient descent including the singular
value projection (SVP, Meka et al. 2009) and iterative hard thresholding (IHT, Goldfarb and Ma
2011). These algorithms consist of mainly two steps: (1) update the estimate along the vanilla
gradient descent direction and (2) retract the new estimate to the target tensor/matrix manifold
by low-rank approximation, such as HOSVD or TTSVD. Oftentimes, these method suffer from
high computational cost because the vanilla gradient is often full-rank and so is the resultant new
estimate. Consequently, the retraction in the second step relies on the SVD of a very large and

full-rank matrix, at each iteration.

4 Riemannian Gradient Descent and Spectral Initialization

As explained, the vanilla gradient descent algorithm often suffers from high computational burdens.
To reduce the computational costs, a modified algorithm, named as the Riemannian gradient de-
scent, was proposed by Edelman et al. (1998); Kressner et al. (2014); Vandereycken (2013), which
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explores the local geometry structure of low-rank tensors/matrices. The essential modification is
to take advantage of the manifold structure and project the vanilla gradient onto the tangent space
leading to the so-called Riemannian gradient. Compared with the vanilla gradient, the Riemannian
gradient is also low-rank, rendering considerable speedup in the downstream task of retraction.
Inspired by this idea, the Riemannian gradient descent algorithm has been widely applied for ma-
trix/tensor completion (Wei et al., 2016b; Kressner et al., 2014), generalized generalized low-rank
tensor estimation (Cai et al., 2021b) and etc. We are in position to explain how RGrad can be

adapted to the T'T-format tensor completion.

4.1 TT-format Riemannian Gradient Descent

RGrad is an iterative algorithm and, given the current estimate 7, € M at an iteration, the
algorithm updates the estimate by three steps: (1) compute the Riemannian gradient; (2) descent
along the Riemannian gradient and (3) retract back to the TT-format tensor manifold. See the
pseudocodes in Algorithm 2.

In the first step, the Riemannian gradient (Absil et al., 2009) is obtained via projecting the
vanilla gradient V f(7;) onto the tangent space, denoted by T;, of MI' at the point 7;. The tangent
space T; has an explicit form so that the projection Pr,(V f(7;)) onto T; is attainable by fast com-
putations. For cleaner presentation here, we sink the detailed explanation of Pr,(-) to Section 4.3.
The follow-up gradient descent step is easy, and we demonstrate that a fixed stepsize a = 0.12n~'d*
suffices for convergence where d* = d; - - - dy,, and the constant 0.12 is slightly adjustable in practice.
The last step, retraction, is of crucial importance. The updated estimate W, = T, — oy - Pr,(V f(T7))
after the first two steps is generally not an element in M!!, and in fact, the TT-rank of W is larger
than the desired TT-rank r, violating the rank constraints. The retraction procedure enforces the
TT-rank constraint by projecting W, back to M. This can be done by TTSVD, denoted by SVD
in Algorithm 2.

Due to technical reasons, Algorithm 2 involves an additional procedure, called trimming. The

trimming operator Trim¢ which acts entry-wisely on a tensor is defined as follows:

¢-sign(T(x)), if [T(x)] = ¢,
T(x), otherwise

Trime(T) = {

Basically, it trims those large entries of 7 and thus maintains an acceptable spikiness or incoherence.
The trimming step is necessary to guarantee the incoherence property of the new estimate 7; at each
iteration, playing a critical role in proving the local convergence of Algorithm 2. It might be possible
to directly prove through a more sophisticated analysis (Cai et al., 2021a) that the incoherence

property holds automatically without trimming. We indeed observe in numerical experiments that
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the RGrad algorithm without trimming runs nearly the same as the trimmed version, implying the
automatic validity of incoherence. However, to directly prove the incoherence without trimming is
very challenging. Instead, we resort to trimming for simplicity. This procedure is completely for

convenience of the technical proof and alters almost nothing in our numerical experiments.

Algorithm 2 TT-format Riemannian Gradient Descent (RGrad)

Initialization: 7y € MY, spikiness parameter v and maximum iterations lmax
for | =0,1,--- ,lmax do
G =Pa(Ti—T")
ap = 0.124
Wi =T —a;-Pr,G
Set W, = Trimg, (W) with ¢ = oA
Ti+1 = SVDr(W)

end for

v

We further remark on the choice of spikiness parameter v in the algorithm. Note that here v
is not necessary the true spikiness parameter of 7*. It suffices to take v as a tuning parameter
that is slightly larger than Spiki(7™), assuming Spiki(7™) is relatively small. For instance, when
one is confident that the true spikiness is bounded by O(1), then this tuning parameter can be set
as v < logd in the numerical implementation.

Theorem 4 in Section 5 demonstrates that, under mild conditions on the initialization and
suitable sample size requirement, Algorithm 2 guarantees that |71 — T*||lg < v - |7/ — T*||r for
an absolute constant v € (0, 1), implying a linear convergence of Algorithm 2. However, it requires
the initialization 7y to be close enough to the underlying tensor 7*. Existing literature (Wang
et al., 2016) suggests a naive spectral initialization by the observed tensor n=td*Pq(T*). It turns
out that a naive spectral initialization performs poorly and only works when the sample size n
is exceedingly large. We now propose a novel approach, inspired by Xia et al. (2021) and called
sequential second-order moment method, to produce a good initialization requiring only an almost

optimal sample size.

4.2 Sequential Spectral Initialization

Recall that the left orthogonal decomposition of 7* is written as 7* = [T}, --,T]. Our ini-

ml-
tialization method yields good estimates for 77,..., T up to orthogonal rotations. For ease of
illustration, we denote by T =n1d*Pq (T*) the scaled observed tensor. Due to the uniform sam-
pling scheme, it is clear that ET = T*. Since T} contains the left singular vectors of T+ the

naive spectral initialization, suggested by Wang et al. (2016), takes the top r1 left singular vectors
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of TV as an estimation for T . Unfortunately, this method usually performs poorly because the
matrix 7*(1 is of size d; X (d - - - d,,) whose number of columns can be significantly larger than d;.
While we are only interested in a parameter from an di-dimensional space, the quality of spectral
estimate from TV is affected by the larger dimension between d; and ds - - - d;y,.

The second-order spectral moment method is inspired (Xia and Yuan, 2019) by the observation
that 77 also contains the eigenvectors of T*OT*DT which is a square matrix of size dy X dy. There-
fore, Xia and Yuan (2019) proposed a U-statistic to estimate the square matrix 7N 70T directly
and then applied the spectral initialization. Unlike the Tucker-format where the components can
be computed independent of each other (Section 4 of Xia and Yuan 2019), the computation of
components in TT-format decomposition depends recursively on each other, that is, IA}H relies
on the availability of JA}, see the TTSVD procedure in Algorithm 3. Indeed, L(7},,) is the top
rip1 left singular vectors of the matrix (7*<* @ I)T7*(*+1  implying that we shall aim to estimate
the eigenvectors of (T*<! ® I)T7T*0+D 0T (T*<i @ I). Conceptually, there is no difficulty to
generalize the second-order moment method for this purpose. However, on the technical front,
the dependence of T<i on the original data creates substantial challenges in establishing a sharp
spectral perturbation bound. For simplicity, we resort to the trick of sample splitting.

For ease of illustration, some notations are necessary. We randomly split €2 into 2m — 1 disjoint
groups €4, ..., 2,1, without loss of generality, of the same size |Q;| = ng !. Basically, for each
i=1,---,m— 1, we use the sub-samples {29, _1 and 29;, together with the estimates fl, e ,ﬁ_l,
to estimate 7;". Finally, the last sub-sample 2,1 is used to estimate 7},. Now, for each i =
1,2,--- ,m —1, define a (dy - - - d;) X (dy - - - d;) matrix

1

N = —
! 2n%

(Posacs (T (Pa (7)) T+ P (7)) (P, (7))
Due to the independence between Qg;_; and Qs;, one can easily verify EN; = 7O 7*0T 5o that
N; is an unbiased estimator. Note that the dimension of N; becomes larger when i increases. It
turns out that a direct spectral initialization by N; still performs poorly unless the sample size is
greater than di - - - d;. Instead, we multiply the left and right hand side of IV; by the estimated left
part T<i-lg I;, and its transpose, respectively. The resultant symmetric matrix is then used for
estimating the i-th component T;". See the details in Algorithm 3. So the initialization is proceeded
in an iterative fashion. Note that an additional truncation procedure is applied to guarantee the
incoherence property of the estimates CIA}-’S.

Tsm—1

After obtaining the estimates ﬁ, e ,T\m,l and the respectively constructed left part

)

We note that the minimal sample size requirement for ensuring the effectiveness of N; is distinct for different 4’s.
This is reasonable because the dimensions of N;’s change with respect to i. For ease of exposition, we set all the n;’s

to be equal.
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the last component fm is estimated by the minimizer of

ming, Hfﬁm*lT —ng ld*PQ2m (T HF,

whose solution is explicitly given by 7}, := ng td* T (Pg,,  (T*))m~1. Finally, a trimming
treatment is implemented on the reconstructed low TT-rank tensor 7T to ensure the desired spikiness
condition. We again remark that the numbers p and v are not necessarily the true spikiness and

incoherence parameter of 7, and they are treated as tuning parameters of Algorithm 3.

Algorithm 3 Initialization by Sequential Second-order Moment Method

Input: Spikiness parameter v and incoherence parameter p

Set T} be the top 71 left singular vectors of N;

i i T e, (s /) 2}

Re-normalization: T1 = Tl(Tl 71)71/2

for ¢ =2,. —1do
Set L(T; ) to be the top r; left singular vectors of (TS 1@ NTN{(T<' @ I)
Truncation: L(T;)7 = ﬁ min{||L(T;)7 e, Vi /d;}
Re-normalization: L(T}) = L(Ti)(L(Ti)TL(Ti))_l/Q

end for

~ ~ . (m—1)
The last component: T, = (<™ 1)7T <Z—OPQM,1(T*)>
Reconstruction: 7 = [T},..., Ty

Output: T = SVDS!(Trimc(7)) with ¢ = *SL71ey

-
Truncation: T =

4.3 Computation of Riemannian Gradient

In this section, we provide more details regarding the computation of Riemannian gradient, that
is, Pr(A), where A is a given tensor of size dj X - X d,, and T is the tangent space of the TT-format
tensor manifold M at the point 7 with a left orthogonal decomposition 7 = [T4,---,T,,]. By
definition, Pr(A) is the projection of A onto the tangent space T.

Let us begin with parametrizing the tangent space T. By Theorem 2 of Holtz et al. (2012),
the parametrization of T depends on a gauge sequence. For simplicity and ease of exposition, we
take the gauge sequence as a sequence of identity matrices. By Holtz et al. (2012), for any element
X € T, there exist a sequence of tensors X1, ---, X, with X; being a tensor of size r;_1 X d; X r;

such that X can be explicitly written in the form

m
X = Zéﬁ,’i where the TT-format tensor 6X; = [Th, -+, Ti—1, Xi, Tit1,- -, Tim)- (3)
i=1
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The tensor X; should satisfy that L(T;)" L(X;) is an all-zero matrix of size r; x r; for all i =
1,---,m — 1. There is no constraint on the last component X,,.
Based on the parametrization form (3), for an arbitrary tensor A of size dy X -+ X d,,, the

Riemannian gradient Pr(.A) must be of the following form
P’]I‘(.A) =041 +...+0A4,, wheredA; = [Tl, cee ,ﬂfl,Ai,E+1, cee ,Tm]

for some tensor A; of size r;_1 x d; x r; satisfying L(T}) " L(A;) is an all-zero matrix for all i =
1,---,m — 1. This suggests that, for all ¢ # j, the tensor ¢.4; is orthogonal to . A;, proved in the

following lemma.

Lemma 3. Let T = [T, ..., Ty € M be a left orthogonal decomposition of T. For an arbitrary A
of size di X -+ X dyy, the components §A;’s of Pr(A) satisfy (0. A;,0A;) =0 for all1 <i#j<m.

Proof. Without loss of generality, assume ¢ < j. Then we have

(4,045) = (BA) D, (5A)D) = (T & DEANT=1 (197 & DLIT) A1) =0,

where the last equality is due to the facts that (T<"'®I) has orthonormal columns and L(A4;) " L(T})
is an all-zero matrix. Here, for simplicity, we denote (¢ _,4].)<i) = 7Tt ijiJrl for some matrix

T>itl
Aj ) d

Due to this orthogonality property of Lemma 3, for all i € [m — 1], determining §.4; is equivalent

to solving the following individual optimization problem
n}liinHA—éAiHF, st. 0A; = [T1,..., Aiy ..., T,y] and L(Ay)"L(T;) =0 (4)
For the last component, it suffices to solve
ri}jnn | A—6An|r, st.0A, =[T1,...,Tm-1, Amn] (5)

Finally, based on (4) and (5), we can obtain a closed-form solution of A;,i € [m], represented in
the form of L(A;), by

y A»:{ (1 = LARL(T) )Tt & DTAD =T (= =)L, 1] o

(T="1 o I)TAm™, if i=m.

This yields the way of computing the Riemannian gradient Pr(.A).
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5 Exact Recovery and Convergence Analysis

In this section, we prove the validity of the sequential second-order spectral initialization Algo-
rithm 3 and linear convergence behaviour of the RGrad Algorithm 2 so that the underlying tensor
can be exactly recovered with an almost optimal sample size of observed entries. For ease of expo-
sition, we assume 71,...,7,_1 are of the same order and denote 7 an upper bound for them. The
sample size requirement in more general cases of r;’s can be found from Theorem 6 and Theorem 11
in the Appendix. Recall the notations d = max; d; and d* = dj - - - d,,. The smallest singular value
and condition number of 7* are denoted by ¢ and kg, respectively. Our main theorem of exact

recovery is described as follows.

Theorem 1. Suppose that T* is of size dy X+ - -Xdy, with a TT-rankr = (r1,...,Tm—1) tensor whose
spikiness is bounded by Spiki(T*) < v. Let Ty be initialized by the sequential second-order method
as Algorithm 3 and {7[}5’;* be the iterates produced by Algorithm 2 where lmax is the mazimum
number of iterations, and the stepsize o = 0.12n=1d*. There exist absolute constants Cm,1,Cmpo >0

depending only on m such that if the sample size n satisfies

n > Cm,l . (/{ém—4ym+3(d*)1/2F(5m—9)/2 logm+2 d + Kém+8y2m+28F3m—3 10g2m+4 a)’

then with probability at least 1 — (2m + 4)d " for any € € (0,1), after lmax = [Cp2 - log(a/e)]

iterations, the final output achieves error | T, . — T*||r < €.

max

If the tensor dimension is balanced d; = d for all j, rank ¥ = O(1) and 7™ is will conditioned
in that kg, = O(1), the sample size requirement of Theorem 1 simplifies to O,,(d™/? - Polylog(d)).
This improves the existing result (Imaizumi et al., 2017) based on matricization and matrix nuclear
norm penalization. Moreover, for the case m = 3, Barak and Moitra (2016) conjectures that, based
on the reduction to Boolean satisfiability problem, O(d3/ 2) is a lower bound for the sample size
such that polynomial-time algorithm exists for exact tensor completion. Therefore, the sample size
requirement of Theorem 1 is likely optimal, at least for m = 3, up the logarithmic factors if only
polynomial-time algorithms are sought.

We note that, in the sample size requirement, the exponent on rank r still depends on the order
of tensor, due to technical difficulties. The recursive nature of computing a TT decomposition
substantially complicates the theoretical analysis, involving repeated appearances of the incoherence
parameters and TT rank. Interestingly, the required number of iterations Imax is free of the condition
number, which often appears in decomposition-based algorithms (Cai et al., 2021a; Han et al., 2020),
except the recently proposed scaled gradient descent algorithm (Tong et al., 2021).

The proof of Theorem 1 relies on two essential parts: the local convergence of warm-initialized

Algorithm 2 and the validity of initialization by Algorithm 3, which are separately dealt with in
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the subsequent sections.

5.1 Local Convergence of Riemannian Gradient Descent

For the local convergence of an iterative algorithm, we study its behaviour in a small neighbourhood
of the global minimizer, namely 7* for our case. Lemma 4 dictates that Algorithm 2 converges
linearly to 7 as long as the initialization, be it obtained from our proposed Algorithm 3 or not, 7y
is sufficiently close to 7* and a sample size condition holds. The proof of Lemma 4 is postponed

to the Appendix.

Lemma 4. Suppose the conditions on T* from Theorem 1 hold, and the initialization Tq satisfies

| To — T"|p < ﬁ and Incoh(Tp) < 2/@%1/
0

for a sufficiently large but absolute constant C > 0. There exists an absolute constant Cp,, > 0

depending only on m such that if the sample size n satisfies
n>c, - (/{gm+4ym+1(d*)l/QFmTH\/(m—I/Q) log™*+2 4 + /{ém+8y2m+28?(m+3)\/(2m—1) log2m-+4 E),

then with probability at least 1 — (m 4+ 4)d ", the sequence {Ti}2, generated by Algorithm 2 with

a constant step size o = 0.12n"1d* satisfy
17— T*(IE < 0.975 - | Ty =TI
foralll=1,2,---.

Lemma 4 dictates that the error contracts at a constant rate which is strictly smaller than 1. One
interesting fact of our results is that the contraction rate is independent of the condition number g,
which is the reason that [, in Theorem 1 is free of kg. It suggests that the Riemannian gradient
descent algorithm converges fast even for very ill-conditioned tensors, improving the existing results
(Jain and Oh, 2014) and (Cai et al., 2021a). Recently, Tong et al. (2021) introduced a scaled gradient
descent algorithm to remove the dependence on the condition number, where the rescaling procedure
plays a role of re-conditioning. Interestingly, Riemannian gradient descent algorithm automatically
achieves this performance without the need to re-scaling. This is perhaps an intrinsic advantage of
the manifold-type algorithms (see also Cai et al. 2021b). We note that the contraction rate 0.975
is improvable but no further efforts are made for that purpose.

In the case T, kg, v = O(1), the sample size required by Lemma 4 isOm(dm/2 - Polylog(d)), which
matches that required by Theorem 1. However, if 7 grows with d, the exponent on 7 is slightly

better than that of Theorem 1.
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If m = 2, a TT-format tensor is merely a matrix and the left orthogonal decomposition reduces a
decomposition with an orthogonal matrix on left hand side. The convergence analysis of Riemannian
gradient descent algorithm for matrix completion was investigated by Wei et al. (2016b), showing
that the algorithm converges linearly if the initialization is so good that ||7o —T*(|r = o((n/d*)'/?)-
o. This is very restrictive since, oftentimes, the desired sample size n is only of order d*'/2. Tt is
speculated that this gap is due to technical reasons, deriving from the special form of Riemannian
gradient where the existing strategy (Candes and Recht, 2009) simply fails, but the issue has never
been really resolved. Taking a more sophisticated approach, by integrating prior tools from Xia
and Yuan (2019); Cai et al. (2021b) and Tong et al. (2021), we finally provide an affirmative answer
that the initialization condition can indeed be relaxed to the typical ones required by other rivalry
algorithms. Lemma 4 suggests that, if m,7, kg are bounded, we only require the initialization
satisfies ||[To — T*|| < ¢ - ¢ for a small enough but absolute constant ¢ > 0. This holds for higher-

order TT-format tensors and is not restricted to matrices.

5.2 Initialization by Sequential Second-Order Spectral Method

As stated in Lemma 4, the warm initialization is of crucial importance to ensure the convergence
of Algorithm 2. Now we show that our proposed sequential second-order spectral initialization,
stated in Algorithm 3, can indeed, with high probability, deliver an estimate close to 7* under a
nearly optimal sample size condition. While our algorithm is inspired by Xia and Yuan (2019), the
theoretical investigate turns out to be more challenging due to the recursive nature of Algorithm 3.
Compared with Xia and Yuan (2019), a major challenge in our proof is to establish the concentration
of (f sElel )TNi(ffi_l ® 1) rather than the concentration of N; itself. Actually, the concentration
of N; is poor because its dimension can be quite large. By multiplying both sides with the incoherent
matrix 7' Si—1 the resultant smaller matrix enjoys much better concentration. The proof of Lemma 5

is relegated to the Appendix.

Lemma 5. Suppose the conditions of T* from Theorem 1 hold. For any absolute constant C' > 0,

there exists an absolute constant Cy, > 0 depending only on m such that if
n> Cmym+3ﬁémf4((d*)1/2?(5m—9)/2 + 8?3771—4) log2 E,

then with probability at least 1 —md ", the output of Algorithm 3 satisfies

To —T"[Ir < m and  Incoh(Ty) < 2k2v.
0

Based on Lemma 5, the output of Algorithm 3 indeed satisfies the initialization condition

required by Lemma 4. If the tensor dimension is balanced d; =< d and v, kg, 7 = O(1), the sample
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size requirement for warm initialization matches, with a slightly better dependence on logd, that
required by the algorithmic convergence of Lemma 4. Thus our initialization method is valid
requiring a nearly optimal sample size.

Now Theorem 1 can be readily proved by combining Lemma 4 and Lemma 5.

Proof. Under the sample size condition of Theorem 1, both Lemma 4 and Lemma 5 hold. Therefore,

from the contraction property in Lemma 4, we get
[T = T le < (0.975) - || To — T*||p < (0.975)" - o,

where the last inequality is guaranteed by Lemma 5 and the above bound holds with probability
at least 1 — (2m = 4)d . Then, for any ¢ > 0, there exists a constant Cy > 0 such that if

Imax = [Calog(a/e)], the final output achieves the error ||7;  — T*|| < e, which concludes the

max

proof. O

6 Numerical Experiments

In this section, we conduct several numerical experiments for both synthetic data and real data.
We also compare the RGrad-TT algorithm with RGrad-Tucker format to show the computation
efficiency of the tensor train format. Throughout this section, we shall use relative error frequently
and it is defined in the following way:

|7 = T*lIr
17l

relative error =

where 7 is the output of the algorithm and 7 is the original tensor. And all for the numerical

experiments, the stopping criteria is chosen when || 711 — Ti||v/||7i]|lr < 0.001.

6.1 Synthetic Data

In this section we present some synthetic experiments.

6.1.1 Phase Transition

The number of measurements required for an algorithm to reliably rebuild a low TT rank tensor
is an essential question in tensor completion. We explore the recovery abilities of the proposed
algorithm in the framework of phase transition, which compares the number of measurements, n,
the size of a cubic d x d x d tensor of TT rank (r,7).

In the first test, we fix the rank (r,7) = (2,2) and change the size of the tensor d and the

number of measurements n. For each (d,n) tuple, we test 10 random instances. The test low TT
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Figure 1: Left: Empirical phase transition curve using RGrad-TT. Successful recovery rate of
tensors with a fixed rank (r,r) = (2, 2) from exact data is shown. White denotes successful recovery
in all ten random tests, and black denotes failure in all tests. Right: Successful recovery rate of

tensors with fix dimension d = 100 of different TT rank.

rank (r,r) tensor 7* is generated from truncating a random Gaussian tensor using TT-SVD. The
measurements tensor Pq(7*) is obtained by sampling n entries of 7* uniformly at random. A
test is considered to be successful if the returned tensor 7 satisfies |7 — 7*||r/||7*|lr < 0.01. The
dimension of the tensor are ranging from 110 to 190, and the measurements are from 5000 to 55000.
The probabilities of successful recovery for the RGrad-TT is displayed in Figure la. In this figure,
white color means that the algorithm can recover all 10 randomly drawn test tensors, whereas the
black color shows that the algorithm cannot recover any of the tensors. A clear phase transition
can be seen from the figure.

In the second test, we fix the dimension d = 100. For each (n,r) tuple, we conduct 10
random instances and a test is considered to be successful if the returned tensor 7 satisfies
IT = T*||p/|IT*|l¢ < 0.01. We plot the curves of successful recovery rate against the sampling
ration n/d? of tensors with TT ranks from (4,4) to (8,8) in Figure 1b.

6.1.2 Efficiency of RGrad-TT

We also conduct experiments to illustrate the efficiency of RGrad-TT against RGrad-Tucker. In
this test, we fix the dimension d = 300 and we consider cubic tensor 7* of size d x d X d. We modify
the parameter r and consider random tensors of TT rank (r,r) and Tucker rank (r,r,r). The TT

rank (r,7) tensor is generated by applying TT-SVD to a random Gaussian tensor and the Tucker
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Figure 2: Left: Total runtime of 10 instances; Right: average runtime for per iteration. In both

cases we fix the tensor of size 300x300x300.

rank (r,r,r) tensor is generated by applying HOSVD to a random Gaussian tensor. And we use
Algorithm 3 for initialization for T'T format and use the second order moment method proposed by
Xia and Yuan (2019) as initialization for Tucker format. To eliminate the impact of the randomness,
for each fixed r, we conduct experiments on 10 instances and we count the total runtime and runtime
for per iteration. The stopping criteria is satisfied when || 741 — T||r/|| 7i|lr < 0.001. The results
are shown in Figure 2.

From the figures, we can see that when the TT rank is (r,r) and Tucker rank is (r,r, ), RGrad-

TT is much faster in terms of both total runtime and per iteration runtime.

6.2 Real Data: Video Completion

We consider a video of a tomato of size (242,320,167), where the third dimension is the number of
frames. Since the video is an RGB one, we concatenate one channel after another along the third
direction and the size of the true tensor 7 is (242,320,501).

To demonstrate the represent-ability of TT format against Tucker format, we apply TTSVD
and HOSVD to the original video with TT rank (r,r) and Tucker rank (r,r,r). The approximation
error is measured in the relative error and is plotted in the red and pink curves. From these curves,
we can see that TTSVD has a better performance in approximating this video.

Then we conduct video completion for this data in both TT format and Tucker format. Suppose
90% of the pixels are missing and we would like to recover the original video. We use RGrad-TT

(Algorithm 2) with Algorithm 3 as initialization. To make the initialization comparable, we use
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Figure 3: Results using TTSVD, HOSVD to approximate the original video with the given rank
and using RGrad-TT, RGrad-Tucker to solve the tensor completion problem in the corresponding

format with given rank and 10 percent of observed entries.

second order method introduced in Xia and Yuan (2019) for Tucker format. We change the rank
parameter 7, and the corresponding TT rank is (r,7) and the Tucker rank is (r,7,7). The recovered
accuracy is measured in terms of relative error as shown in Figure 32. From this result, we can
see when we fix TT rank to be (r,7) and Tucker rank to be (r,r,7), the accuracy using RGrad-TT
is better than RGrad-Tucker. Also, we can see that the recovered accuracy is almost the same as
the approximation using TTSVD, which is a quasi-optimal approximation as shown in Oseledets

(2011).

2The results using RGrad-Tucker is better than using HOSVD for small r since HOSVD is only a quasi-optimal

approximation. We show the results for HOSVD only for reference.
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A Proofs of Main Lemmas

In this section, we will present the proofs for Lemma 4 and Lemma 5. Before we start the proof,
we shall introduce some notations and definitions that will be used throughout in the proof.

Following Yuan and Zhang (2016), we define the spectral norm of 7 € R%1XXdm a5

1T == sup (T, u1® - @ up,),
u;eS4i—1
where S¥~! = {z € R?: ||z|s, = 1}. The nuclear norm is the dual of spectral norm:
T |l« := max (T,Y).
IYi<1
The relation between nuclear norm and Frobenius norm for tensors of low T'T rank is summarized
in Lemma 17.

We shall use the semicolon ; to separate the row and column indices of a matrix, for example, we
shall write 7 (x1,..., 2 Zis1,...,2m). The operator reshape(M, [py,...,Pm]) reshapes the data
M of size py - - py, to a tensor of size p; X - -+ X p,, in the Matlab way.

We also define some norms for matrices. For a matrix A € RP1*P2, the || - ||2,00 of A is defined
as ||A

We also define the projection distance and the chordal distance between two orthogonal matrices
U,V € RPX" ag

9,00 = maxtl; ||A(z,:)|le, and the || - ||o, norm of A is defined to be || Alls,, = max; ; |A(4, 7).

dp(U, V) = |[UUT —VvVT g, d(U, V)= eréi(r))l 1UQ — V||g.

Then we have %dC(U, V) <d,(U,V) <d.(U,V).

A.1 Proof of Lemma 4

We first restate a more detailed version of the lemma.

Lemma 6 (Restate of Lemma 4). Suppose the conditions on T* from Theorem 1 hold, and the

initialization Ty satisfies

10— T lp < ——=——

G2 and Incoh(Ty) < 2k3v
mKoT

for a sufficiently large but absolute constant C > 0. There exists an absolute constant Cy,, > 0

depending only on m such that if the sample size n satisfies
n>Ch <H3m+4ym+1 logm+2(a) . (d*)1/2((7’*)1/2?2 V 74*?1/2)

+ném+8y2m+2 log?™ 4 (d) - 8(7"*?4 \Y (r*)%’)) ,
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then with probability at least 1 — (m + 4)8_m, the sequence {T;};°, generated by Algorithm 2 with

*

a constant step size a = 0.12n~1d* satisfy

170 = T < 0.975- [T — T3
foralll=1,2,---.

Now we present the proof of this lemma. First we introduce several events that will be useful

in the proof. And the randomness of these events are from the sampling set €.

d*
&= {HXPT*PQPT* — Pr-

&y = {max I(w; = z) < 2mlog(d)},
veld’)

1
< —
<o

= (P~ 2T < Con [ /2 41 | tog™ (@)},
where 7 € R%>*dm is the tensor with all its entries one and Z is the identity operator from
R % Xdm to RA1XXdm  From Lemma 21, € holds with probability exceeding 1 —d . From
Lemma 23 £, holds with probability exceeding 1—d . From Lemma 22, £3 holds with probability
exceeding 1 —d
Also we consider the following empirical process:

Bulin2) = sup  |(Pad,A) = AR, (7)

AEKy) 9

where

Kyie = {A € R | Alp <1, | Allee < 71, Al < 52}
The following lemma states gives the upper bound for 3, (v1,72) with high probability.
Lemma 7. Given 0 <§; < 5;“,0 <0y < 5; andt>1, let

_l’_
-1
1

5 5+
t = 5 +log 2 +log(logy(5-)) + 10g(10g2(5%))-
2

Then there exists a universal constant Cp, > 0 such that with probability at least 1 — e™%, the

following bound holds for all y1 € [0y ,67] and all v2 € [65,05],

nd — nt
Bn(11,72) < Cmmive [\ = o+ 1 | log™*3(d) + 414/ T 8v2t.

34



R < Xdm e have Hlﬁ € [1/d*,1]. Also from (Hu 2015, Lemma
5.1), ”ﬁ”; € [1,3(7”71)/2]. So we use Lemma 7 with §; = 1/d*,§{ = 1,0, = 1,65 = d™ V" and

s = alog(d), then t = mlog(d) + log 2 + log(logy(d*)) + log(log2(d(m /2 )) < 4mlog(d). So with
m—1)/2
]

Now we consider for any A €

probability exceeding 1 —d ', for all v, € [1/d*,1] and v, € [1,8(

)

nd - nlog(d —
Br(1,72) Smove |\ 5 pri 1 | log™**(d) + 7 d%( ) + 77 log(d).

Denote this event by £4.
Now we denote the event £ = { |[PO(Pq — LT)PW)| < Oy, l”(ddz)lmg()} for all i € [m],

where P(#) ; R x-xdm _y Rd1X.Xdm iy terms of its i-th separation:
(P(Z)X)<’L> — (T*Si—lT*Si—lT ® I)X<l> 1-‘,—1‘/;-1-1

It is easy to see that P(®) is a projection and this operator is independent of the choice of left
orthogonal representation of 7*. Set £5 = N, é, then &5 holds with probability exceeding
1—md " from the following lemma.

Lemma 8. Suppose that T* = [T},...,Ty] € ME satisfies Incoh(T*) < /. And Q is sampled

uniformly with replacement such that |Q2| = n. Then we have with probability exceeding 1 — E_m,

4 272dn log(d)
(@) — 71 @) < ¢ | anlosld)
IPOPa - FDPON < Oy [0
holds as long as n > Cu*r%dlog(d).
When A = [T7,..., T, AT, ..., Ty, B = [17,..., T, B, T} ,...,T,], then we have

POA = A and PYB = B. Applymg Cauchy-Schwartz leads to the following corollary of Lemma
8.

Corollary 1. For any i € [m], set
A= [T1*7" T* laA’ z+17 "aT;z]v B = [va""TzilvB7 Z+1,...,T:1]

for arbitrary A, B € R"=1*%X"  Then under the event EL, we have

p272dn log(d)
(d*)?

And we denote £ =E1NE2NE3NELNE5. Then &€ holds with probability exceeding 1 — (m +

(A, (Pq — —I)B) Cm

pm IAl[elBllE-

4)d7 Now we proceed assuming &€ holds.
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Using the idea of induction, we start the proof assuming ||7; — T*||[p < WW and
Incoh(7;) < 2k3v. For simplicity we drop the subscript and denote 7 = 7; and T = T, in the
following.

Now suppose we fix a left orthogonal decomposition of 7 = [T1,...,T,,], we choose a left
orthogonal decomposition for 7* accordingly. First let 7* = [T],...,T}.] be a left orthogonal
decomposition. Define Ry = argmingeo,, |71 — T R||[r. Now suppose we obtain Ri,..., R;_1,
define

R; = in |75 — T'S'R||p.
i = arg min | [

In this way we obtain Ry, ..., Rym—1. And we define L(T}) = (Ri—1 @ )T L(T})R; for i € [m—1] us-
ing the convention Ry = [1] and T}, = RL T . Now we can prove by induction that [T7,...,T"] =
[T¢,...,T%] and T'S'R; = T*<% So we take 7* = [T, ..., T.%] to be the left orthogonal decomposi-
tion, and it is the one such that 7*< and T<? are aligned in the sense that d.(T<!, T*<%) = ||T<% —
T*<!||p. And we can write 72711 = Aj+1Vj7;1 and T*=7+1 = A;‘HV* 1 such that Aji1,Ajq € R
are invertible and Vj41, V', are orthogonal and de(Vj+1, Vi ) = Vi1 — Vi llr-

As a result from the above alignment process and Wedin’s theorem, we have for all i € [m — 1],

max{ [T — T*S g, Vi1 = Vi e} < LT IE.

. 5)

We first derive the upper bounds for the terms in || 7,41 — 7*||% in the following subsections.
A.1.1 Estimation of (7 — 7%, Po(T —T%)).
Since the operator Pq is SPD, we have

(T =T Pa(T = T)) = S(PaPr-(T = T), Pr-(T = T%)) — (PaPg=(T), P (T)).  (9)

DN =

Since &£ holds, we have

(PaPr=(T = T7), Pe(T = T7)) 2 5 NP (T = TH)r = 5 T TR - 5 1P (T2
Coro. 2 a2 T 200m2\|T Tl
> 2 ||T TH% - o2 (10)

On the other hand, we consider the upper bound for (PoPs 7T, P T). Since T and () are

dependent, we need to consider the empirical process (7). First notice that

(PaP&T,PET) <

P2 T e HP%*TH*>
— d* .

FIPETIEH IPETIRE: (pl 7 i
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Under &4, we have for any A € R4 X-xdm

Alles Al nd _
A2n(” oo’ Sm A A* 41 10m+2d
A8 (o ) S Ml Al (5 +1 ) g™ 2@

nlog(d -
1A Al "D 2 r0(a).
And this implies that
n 2 nd m+2 (7
(PoA, A) < N AllE + Gl Allese [ Al | 4] +1 | Tog™ ™ (d). (11)

Now we focus on | P T oo, [P T |-

Estimation of ||P&T||e.. Notice that we have Incoh(7) < 2xZv and Incoh(7*) < kov from
Lemma 2. Using triangle inequality, we have | P& T oo, < || T le + |Pr=T ||eo, - Meanwhile, for all

1<i¢<m—1, we have

Omax(Nit1) < Tmax( i+1) +[|T = T"r < EU- (12)

As a result of the above inequality and Lemma 13, we have

; ; 11 : 22_kju2r;
1T leww = 1T P lle = IT=" A1 Vi llewe < 10T 200 Viallz oo < 7 (\)/(Fz-
As this holds for all i € [m — 1], we have
22 red?
Il < 220, (13

On the other hand, we have Pp«T = 671 + ...+ 07T,,, where
57;:[T1*7,1—1L*_1,X“ Zil”T:;L]

and the expression of X; are give in (6). Now we would like to estimate ||07;|... Since the reshape

operation remains the infinity norm unchanged, we have for all i € [m — 1],

16T llew = 1167l
— |(T*<" @ T)(I — LT LT )T @ DT TOVE, VT o
< T o (T @ DTV VIS o + 1T T <TTOVE VL |,
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and for i = m,

16T allee = 16T e = I(T*=""" @ D(T=""" 0 T T,

Lemma 12 HT*gmflT*SmflTT(mfl)He

We check the term [|[(T*S 1 @ I)(T*< 1 @ I)TTOVA, VAL .-

(TS @ DTS @ DTV Vi

(a) . , .
< Vi1 - dy | (T=1T T 0 DT Vi ll2.0o

(®) : . .
< HT*gz—lT*gz—lTT(z—l)Hzooﬁoy\/ﬁ’ (14)
where in (a) we use Lemma 13 and ||V |l2.00 = [V Vithll2,00; in (b) we use Lemma 12 and

Incoh(7T™) < kgv. Also, when 2 <i <m

HT*giflT*giflTT(ifDHzoo — HT*giflT*giflTTgiflAi‘/iTHzoo

Tﬁi—lTT*Si—lT*gi—lT

< Umax(Ai>HViH2,oo mjaXH ejH&

2,00 | 7= 2,001 T 2,00 V/da - dia

(a)

(®) 22 ﬂgy?’rfgi

< — o,
SV

5
where in (a) we use Lemma 13 and in (b) we use Incoh(7*) < rov, Incoh(T) < 2x2v and (12). And

when ¢ =1,

ST ST T O, = 7], 'S 2
loo log = 5 \/d7*

Combine these with (14) and we get

I o DI & I TV Vi e, <

[\
o
al N
= =
oo oot
< N
= w
<
= wox| 3
~
[ V) ~
(V)
R
~
NI
\
-~
o |
—_
AN
-~
AN

<

Now for all i € [m — 1], we check |T*SIT*<IT @V V||, .
’\T*SiT*SiTT<i>‘/ii1‘/z’171 e = H;%X |GJTT*SiT*SiTT§iAi+1‘/i£1 Vit Vziﬂ@k’

< max Oma(Ai1) [T T =TS e g, [ Vi Vi Vi ek,

)

< Omax (A )1 T 2,00 | 7= 2,00 Vit 1 12,00 | Vit 2,00 VI
22 /181/47"1-27

- ag.
5 Vi

<
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Put these together and we have

44m /18 A2

PrT e < — G 15

IPE Tl < S0 (15

Estimation of |P£T||«. First notice PT = T — Pr«T. From Lemma 16 and ranke(7) <
(ri,...,"m—1), we know ranktt(qu:*T) < (3ri,...,3rm-1). Now we use Lemma 17 and we get

|PE T < 3 D2 | P T e (16)

Now we combine (15), (16), (11) and Lemma 19, since |7 — T*||r < 55—,
21 |7 =T

=T, PrT) <4
<7DQ7D']1' T, PT T> 00 d QQ

I€7I/4?2

Ind _
+Ch ?/d‘* V| T = T2 Z*“ log™t2(@).  (17)

So as long as n > C, (FLOI/ d* 72 (r*)Y2 1og™ 2 (d) + w8drir* log2m+4(8)>, we have from (10)
and (17), we have

(PaPET, PET) < — (PaPre (T — T*), Pre(T = T)).

— 100
Together with (9) and (10), we get

(PaPr«T,Pr=T) > <PQ77T* (T =T7),Pr=(T —=T7))

100
49 n y n 200m2||T T &
> 27 _
2 o7l )
> k
> -, (13)

where the last inequality holds since |7 — T*||r < 550 0-

A.1.2 Estimation of |PrPo(T — T%)|%
First notice that we have both 7 and 7* are of TT rank (rq,...,7m—1). And Incoh(T) < 2x3v,
Incoh(7T*) < kov < 2&%1/ =: \/p. First notice that

2

(d*)

Now we check ||Pr(Pq — £FZ)(T —T*)|lr. From the variational representation of Frobenius norm,

IPePa(T — T)|E < 1001|[Pr(Po — %I)(T— THE + 1001 — < Pe(T = T (19)

we can write it as

[Pe(Pa — ZD(T =Tl = (Pa — Z-T)(T = T*), Pr(X)),

39



for some X with || Xp||r < 1. Now we set Pr(Xp) = 6X1+...+0X,, with 6X; = [T1,..., X;, ..., Tl
For all i € [m], we consider the bound for ((Po — xI)(T —T7),d&;). We can decompose T — T*

as

i—1
T—T =I5, . Ao T+ Y T AT Ty T
j=1
m
+ Z [T17-~'7ﬂ7n+17"'7Aj7"'7TrtL]
j=i+1
1—1 m
= Vit > Vij+ Y. Yij, (20)
=1 j=it1
where A; = T — TJ* Before the estimation, we need the following lemmas whose proofs are

presented in the Section C.

Lemma 9. Suppose that Q) is the set sampled uniformly with replacement with size |Q2] = n. Then

under the event €3, we have for any tensors A, B with TT rank (r1,...,Tm—1),
n
(Pa— 1) 4.5)

nd -
< G |5+ 1) 10w 2@ T (o sl - Bl A a5 e - il )

where A = [A1,...,Ap] and B = [B1,..., By] can be arbitrary decompositions such that A;, B; €

R'r‘i_l Xdi XTg

Lemma 10. Let T be a tensor of rank (r1,...,7m—1) such that Incoh(T) < /i, and it has a left
orthogonal decomposition T = [T1,...,T,,]. Then we have

T; B
max |13, 20, 2) B < 0, I Tile = Vi € m - 1),
[3 T

Tm—
max [T, 2m) [} < 02 (T [ Tonlle = [Tl < v/EOma(T).

Tm dm

Now we present some bounds related to A; and Xj.

Properties for A;. For all j € [m — 1], we estimate [|A;l[p = ||L(T}) — L(T})||r as follows. Notice
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T = (TS5 @ IL(T)) T+, (T*)Y) = (T*<I71 @ I)L(T})T*>3+1. So we have,

IL(Ty) = LT)le = 1T 0 DT TOV AL, — (T o DTV (M) e
< (@t oD — (=" o DTV A Ik
+ T e DT(TY — (T Vi Al

T e DT Y (Vi = Vi (A 0) Dl

7T .
mﬁamax(T)+omln( )HT 7- HF

12I<,QHT T*r
T*)

< o7

min

+ VIOmax(T7) T

) Ryl T — T*IIF
< QOW—Oomm 7

where in (a) we use (8) and the bound

Vi A = Vi (M) 7Hle < 1(Vier = Vi) (A1) e + IV (A — (A0 ™)l

and Lemma 14 and in (b) we use |omax(7T) — Omax(T*) |V |0min (T) — 0min(T*)| < 750min(T*). When

i = m, we have
||Tm o T’:;ZHF _ HTSm—lT:r(m—l) o T*Sm—lT(T*)(m—l) ||F

< H(TgmflT o T*gmflT)(T*)@nfl)HF + ”TgmflT(T(mfl) - (T*)<m71))”F
< 2\/7’m_1l<&0||7-— T*HF + ||T— T*HF < 3«/7’m_1/€0HT— T*HF

Therefore, we have

[Ai]lr < 00 e ()T | T — T*|[ri € [m — 1]
B 3\/m/~e0|yT—T*||F,z:

On the other hand, from Lemma 10, we have

2/ prid; i € [m — 1]
maXHAl(aw’m)HF < 1 (22)
i 2\/ ,U/rm—ldr_n : GmaX(T*)7i =m.

Upper bound for || X,||r. For all X;,i € [m — 1], we have L(X;) = (I — L(T;)L(T;)") (T @
DT X T2T (it P2 Ty =1 thyg | Xllp < ook (T) < 2001 (T%). For i = m, L(Xp) =

min

(T="1 g ])TXO< >, so || X |lr < 1. Therefore, we obtain

mm(

IXillp < 2000, (T) i € [m 1], || Xmllp < 1. (23)

min

41



Now we consider the upper bound for ((Po — Z)(T — T7),04;).

When i € [m — 1]. Due to (20), we can write it as

(Pa— 51)(7 ™), Z 1)Yij, 0;).

Now for all j # i, m, we consider ((Po— 3%Z)(V;;),04;). By setting A = Y ;, B = 0&; in Lemma 9,
together with Lemma 10, (21), (22), (23) and we have under the event £3,

—_

n nd = P
— —I)( Vi), 0X%)| < Cp, 1] log™t2(d)kd ™2 LT — T ||
((Pa = ZD)(Dig). 62| < € ( d*+) (@b T = T e

For j = m, we have under the event &3,

n nd — A G
— —D)V; ), 08| < Chy 1| 106™+2 2 m/2" "Tm—1 Tl
({(Pa = . T) Vi), 04:)] < € (\/;Jr ) og" " (d) ko NoT 1T =T [le

And when j = i, we estimate [((Po — 3+Z)(V;:),64&:)|. We can write

5Xl:[Tf<,,XZ,,T;]—F[Al,TQ,,XZ,,Tm]—F—F[Tl*, , X5, z—i—l""?Am]
m
= Xio+ >, X (24)
k=1 ki

Then ((Po— 3#Z)(Via), 6&i) = (Pa—FL)(Vii), Xio) +2 521 ki (P — 7 1) (Vi) Xik). And here

the first term can be bounded using Corollary 1,

pr\/ ndlog(d) . pr3/2y [ndlog(d) i}
|<<7>Q—§*I><yi,i>,x,-,o>rscmnéVTMT—THFSCW T T

When k # i, m, we have

n nd — T *
(Po = D) (Via), Xik)| < Cim (\/;Jr 1) logm+2(d)ﬂm/2ﬁl kol T — T*|Ip.

When k& = m, we have

[nd g m
(P~ D) Xigm)] < O ( d*+1>1 & @B T — T

In summary, under the event €3, we have

= ~1/2
nd T Tyt N
) —— e ||IT =T

o } 4 m/2 m+2 (73 el
[{((Pa d*I)(yz i),0X)| < Crkgu™ ~ log (d) ( d* +1 Ja*
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Together with the estimation when j # ¢, we see that under the event €3,

B E - —1/2
(Po = 2-T)(T = T7),6) < Couria™* 0g™2(d) ( o 1) EIm T Tl

When ¢ = m. Similarly, we write

(Pa = ZD(T = T).6&u) = > {(Pa = 1) Vinj. 6n).
j=1
First when j € [m — 1], we have
— - 1/2
d .
{(Pa = D) Vms): %) < Cry ( = 1) log™ (@b > T~ Tl (29)

And when j = m, we consider ((Po—2£Z)(Vmm), 0&m) = (Pa—2L)(Vmm): Xm,o) + > pey <(7)Q_

ZT)(Vmm), Xmk) as in (24). Similarly, using Lemma 8, we have

pry/ndlog(d)
<(PQ - }I)(ym m) m0> < CmHO—\/ T'm— 1”T T*HF
72y [ndlog(d)

< Cm/’iO d*

17 =T ¥

And when k € [m — 1], we have
(P = 2D ) Xon) < Craila™ 2 105" (@) ( "y 1) atls
So under the event €3, we have
[((Pa = 5T (Ymm). 62m)| < Cruifa™? 10g™2(d) ( " 1) " T
and
(P = ZD)(T = T*),0) < Cuurip™/ log™*2(d) ( e 1) A ﬂ/ IT =Tl (26)

Now we conclude from (25), (26) and under the event &3,

mlfl/Q
T Tt iy T

Var

|Pr(Pa — - I)(T = Tk < Contip™ log™ 2 (d) ( oy 1)
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Together with (19), as long as

3

m—1
2m+4(d 7,1 )+ Chy R4um/210gm+2(d) 1/2 . - 1/2
=1

n > Cpkop™ log

-
I
—

we have under the event €3,

2

(d*)?

IPrPa(T — T¥)|I§ < 1.002 17— 77| (27)

A.1.3 Estimation of (P3 (T — T7*),Pa(T —T*))

Now we derive the upper bound for (P& (T — T*), Po(T — T*)). First we have
(PE(T = T*),Pa(T = T) = (PH(T = T*), (Pa = ZD)(T = T°) + [P T3
As in (20), we write 7 — 7% as T — T* = 3%, Vi j. Notice as estimated above (16), we have
rankee (P (T — T*)) < (3r1,...,3rm—1). So there exists a TT decomposition of P (T — T*) =
Y1,...,Ym_1, Yy such that |Yi|lp = v/3ri,i € [m — 1] and |V |lp = |PH(T — T)|lr-
When j € [m — 1], we estimate (P (T — T*), (Pa — Z)Yp ;). Using Lemma 9, Lemma 10,
(21), (22), (23) and Lemma 19, and we have under the event &3,

— % 1/2
" n nd mt2 o rter, "
(PH(T = T).(Pa = 2. D)Vm ) < Cm (\/ =+ 1) log™ (@)™ o —Z=HIT = T

And when j = m, we have under the event €3,

— " 1/2
d - T x
[(PE(T = T%), (Pa = ZD)Vmm)| < Con ( e 1) log™ 2 (@)™ o BT — T .

So we conclude under the event 3,

(P (T = T%), Pa(T = TH))|

[ = . pl/2 2 *

nd - r n SOOm |7 — T*|I3
< C 1 1 m—+2 d m/2 Tm—1 T T* F
a ( d* " ) ( )IUJ e v H HF mln(T*)

17 = T*II% (28)

<
- 1000d*

where the last inequality holds as long as

n > Cp log™ 2 (d) ™ 2 kor* 7/ 2V d* 4 Cpdr(r*)? ™ k2 log?™ 4 (d).
0
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A.1.4 Contraction
Now we consider the error ||7j41 — 7*||r assuming € holds. From Algorithm 2, we have

ma 18

* AR £ — o, 600m|W, — T}
[Tier — TH2 = |SVDEOW) = TH2 ~ < W, =T + Wi [

(29)

From the way we choose ¢, we have [|W, — T*|[g < [W; — T*||r. Now we estimate |[W, — T2

W= T = 1T = T* = cwPr, Pa(Ti = T7)|I3

=17 = T — 200 (T = T, Pa(Ti = T))
I
+ 200 (P, (Ti = T7), Pa(Ti = T%)) +oi ||Pr, Pa(Ti = T*)IIf

II fﬁ
From (18),(28) and (27), when
n>Ch ( 2m+4 L 10gm+2(8) . (d*)l/Z(( )1/2 —2 VT —1/2 Vo 7,,1/2)

m

+rgMT8YEMT 2 o2t () L d(r TV (r*) ek e v (7‘*)27’)),

we obtain
I> * II * III| < 1.002 5.
> T =T < e T TR0 < L0022~ T
From these estimations and we get,
n2
W= T < 1 TR0~ 0.28901 : + 100207 1 5).

Now we set oy = 0.124, and we get |[W, — T*|r < 0.986(T; — T*[|p. When |7, — T*|r < s50550m

we have from (29)
1Ti41 = TI[% < 0.975]| — T

And this implies || Tj41 — T*|lr < W and Incoh(7;41) < 2k2v is implied by Lemma 20. So

we finish the proof of Lemma 6.

A.2 Proof of Lemma 5

Before we start the proof, we give a detailed version of the theorem, notice here we set |;| = n;.
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Lemma 11 (Restate of Lemma 5). Suppose the conditions of T* from Theorem 1 hold. For any
absolute constant C > 0, there exists an absolute constant C,, > 0 depending only on m such that
if

2m—1 B B

n= Z n; > Cp, Vm+3/£ém74 log?(d) <(d*)1/2(r*rr2)1/2 + dr*7r?
=1
m—2 B
+ > ((did) P (1) )P EER) Y d ()P

k=1

+ (dr*rPrm1)Y? + drrrg, 1 + 7"*7"7“7“m1>7

then with probability at least 1 — md ", the output of Algorithm 3 satisfies

g

7o — T7||r < m and  Incoh(To) < 2k3v.

Step 0: We denote R; = argmingeo,, |T<* — T*<'R||p and we set VI = 2K3v.
Step 1: When ¢ = 1.
2,.2m—2

Firstly from Wedin’s sin® theorem, and from Lemma 24, we see that when nq,no > Cy,v*kj
(d*)I/Q(T*F)I/QUOg (d) + Cpv* 4m 4dr*7r?, we have

. 2 /|| N1 — N?
4T, 17) < YN =N o amesy 22y

mhg

Now from Lemma 27, we know Incoh(ﬁ) < /3 and dc(ﬁ, T7) < (C’mmgm Yrg - rpop) V2721

Step 2: When 2 <i<m — 1.
Suppose we already have Incoh(fﬁ*l) < (3u)<i*1)/2(r1 . Ti_2)3/2 =: /fti_1 and dc(fgifl, T*<i-1) <
(Ci- 1m2/<;§t1 'V/7 1)~ 1. From Lemma 25, we see that,

dp(L(T}), (Ries ® DT L(TY))
AT e DIN(TS T 9 1) - (TS Ry @ )TNH(ITS T R @ D))

0-2

Notice that

|(F<t o DTN(TS @ ) — (TS Ry @ DTN (TS Ry 0 1))
< (T @ DT (N - N)TS L@ D) + 2T - <Ry | 2
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So we have
dp(L(Ty), (Ria © DTL(TY)) < 2/ria 2 [(T="1 @ DT (N; = NI @ 1))
+ 4y/riRdd (TS0, 7<)
=:1bj_1+ 4\/7”7/13331»,1.
Now we derive the chordal distance between T<¢ and T*<%. Notice that
de(TS, TS0 < \frade( TS0, T 4+ do(L(T), (R © DT L(TY))
< V(TS TS0 4+ V24 (LT, (Ricy @ DT L(TY))

Lemma 27

T (TS TS 4 Vi dy(L(T), (Rir © DT L(TY))

(30)

Together with (30), and denote by ¢;—1 = 80\/7“7/43, we have x; < ¢;_1x;_1 + b;_1. Sum this up and

we have

m—2
Tm1 < Gm1 @1+ D Gm2- - Gra1bi
k=1

From Lemma 25, as long as

Nok+1, N2k+2 = le/k+2/<3(2)m 10.%2(3) : (dk T dm)l/2(7’1 cee Tk—1)37“k(7“k+1 e 'Tm71)1/2(?£2)1/2

+Cmyk+4ﬁém_2k log(d) - d(ry - - -rk_1)3rkrk+1 e rm_l(FKQ),

we have ¢p—2 - qrr1bp < W. Together with the estimation in Step 1, we have
dc(fﬁm—l’T*Sm—l) =21 < (CTTLK,(Q)\/%)_I.
Step 8: When ¢ = m. We have
|7 = Tlp = 17" Rona Riy 1 T, = T T
< TS Ry = TR Tl + [ R 1T, — Tonlle
< d(T =" TS 7+ | Ry T, — Tl
Notice do(T*<m=1, T<m=1) is estimated in (31). On the other hand, we have
d*
n2m—1

Pag (T V)

IR T3 — Tonllp = |[(T"S™ 7 Ry g7 (7)1 — (71T (
7
nom—1
+ (T =Ry, — TS 1T (T D)|
o
noam—1
+ d (Tt TS L 5

< (@=mHTT Y

< (@ (T) Y —( Py (TN )
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Together with Lemma 26, we have as long as

Nom—1 > C’mu(mﬂ)/%g“l log(d) - (Er*zﬂ“m_l)l/z + Cmuné log(d) - drrry, 1

+ lefnkagmJr2 log(d) - r* 17rm,_1,

we have

d* ) (m— g
PQmel(T ))< 1>)HF <

fﬁm—l T T* (m—1) = .
=T (D — (- <o

From (31) - (32) and we conclude with probability exceeding 1 —md ",

~ ol
T Tle < =
IT* =Tl < 522

Finally, together with Lemma 20, we conclude that the output 7 satisfies

[To— T~ and Incoh(7p) < 2k2v.

g
e
e < CmrdVT

And this finishes the proof of the lemma.

B Technical Lemmas

In this section, we provide some technical lemmas. Some proofs for the lemmas are placed to the

next section.

B.1 Lemmas about linear algebra

Lemma 12. Let N € RWvxdi-di gnd N[ € Réb+2dm>dn then we have the following relations:

reshape(]\f’T(i)7 [dndig1,dizo - dp)) = (N ® Idi+1)T(i+1>)
reshape ((N ® Idi+1)T<i+1>a ldn, dis - dm]> — NT,
reshape(T "™V M, [dy . .. di, dip1dar]) = T (Ig,,, ® M),
reshape(T (14,,, ® M), [d: ... dis1,dy]) = T M.

41

Proof. We first show the first equation. For all xy € [dy] and z; € [d;], we have
NTW(@niwipr--om) = Y Newsz,-- )T (@, 2m)
L1y, Tq

= Z N(LUN;IL 7xi)I(xi+1ax;+1)T(x17'” 71‘;4»17"' 7xm)

’
L1y 54Ty q

- Z (N®Idi+1)(xNaxi+1;$la'” ,"L'Z‘,.T;+1)T((I,’1,"' ,.T;+1,“' 7$m)~

/
L1y 5T,y q
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So from this we get the desired result. Now the second equation is just the inverse statement of

the first one. And the third and fourth equations are similar to the first one. O
Lemma 13. For any matriz A € R™*™ x € R", we have

1A 2], < v/n]|A

2,00/l e,
Let another matriz B € RP*™ then we have

IABT |le.. < Vml|Alles. | Bll2,co-
When we have another matrix X € Ry, xm and m < p,m < n, we have

IAX B oy < X - [All2.00]| Bll2,00-

T
ay
Proof. Set A= | : | € R"*™ then ATz = Yoy xia;. And from Cauchy-Schwartz inequality, we
ay
have
n
T,.112 2 2 2 2
1A 217, < llllZ, - > llaillz, < nll=lIZ,[1Al3 -
i=1
b{
Also set B= | : |, then
bT

JABT . = max |a] by < maxla e [Bille; < VAl o, < Vil Al - 1 Bll2.0c
Finally, let X = UXV7T be its SVD,

IAX BT lg,e < [|AX|2.00]| Bll2.oc = | AUS 2,00/ B2,
< IXNAU 2,00l Bllz,co = [ X[ All2,00 | Bll2,c0-

O

Lemma 14. Let A1, Ay € R™*™ be two rank r matrices with the decomposition A1 = UlEﬂ/lT, Ay =
U222V2T such that U{‘FUl = U2TU2 = VITV1 = V2TV2 =TI, and X1,Xo € R™*" be invertible and Uy, Us,
Vi, Vo are well aligned in the sense that d.(Uy,Us) = ||[Uy — Us|lp and d.(V1,V2) = ||[Vi — Va||r.
Suppose that || A1 — Az|lp < % min{omin(A1), omin(A2)}, then we have

121 — Sollp < 4v/rkl|Ar — Ao,

where k = max{k(A1), k(A2)} and ownin(A) is the smallest nonzero singular value of A.
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Proof. We can decompose ¥1 — Yo as follows,

151 = Sollp < (U1 — U)" AtVillp + U3 (A1 — A2)Villr + [|UF A2 (Vi — Va)|lp
< (Vr 4+ V2rk(A1) + V2rk(A2)) || AL — Ag|| < 4vrk| AL — As,

where the first inequality in the second line follows Wedin’s sin® theorem. O

Lemma 15. Let A € R™" and B € R4 be such that ATA = I, BTB = I, and Incoh(A) <
VI1, Incoh(B) < \/iz. Then we have Incoh((A ® I,)B) < /1 fian.

Proof. Consider for any k € [mp], ||ef (A® I,,)B||¢,, denote by al the k-th row of A® I,,, and thus

llak|le, < n. So we have

T T [ 1 29 q
Hek ( ® P) Hfz Hak ”EQ > m n np \/M1M2nmp

B.2 Lemmas concerning TT format

Lemma 16 (Facts about TT rank). 1. Let A,B € R4U*Xdm be tyo tensors satisfies ranky(A) =

(ri,...,rm—1) and ranky(B) = (s1,...,8m—1). Then we have

ranky(A+ B) < (114 81,y Tm—1 + Sm—1)-

2. Let T* € M and T* be the corresponding tangent space. Let T € RUXXdm be an arbitrary
tensor. Then the rank of Prp«(T) satisfies ranke(Pr«(T)) < (2r1,...,2rm—1).

Proof. 1. It follows from rank((A + B)®) < rank(A®) 4 rank(B®) = r; + s;.

2. Since Pr«(T) = 6Ti+. .. +0Tm, where 0T; = [T, ..., T} 1, X3, T}, ..., T,,] and the expression

v Am
of X; are give in (6). Now we consider the i — th separation rank of Pr-(7). Notice that for
all j <, we have 57;@ = nygiT*zi“, where T;Si € R%diXTi g the matrix generated by
Tf,...,Xj,...,Tf. And for j > i+1, we have 67," = T*S'TZ where T72" € Rri*dit1-dm
is the matrix generated by T3 ,..., Xj,...,T},. So we have

)

m
(ZT;§1>T*21’+1 —i—T*Si( Z T;ZZ-H).
j=1 j=it1

Pr(T)

And thus rank(Pp« (7)) < 2r;.
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Lemma 17. Let T € M be a tensor of TT rank (1, . ..,7m—1) with a left orthogonal decomposition
T =[T,...,Tm]. Then we have

TN < VTl T e

Proof. Using the alternative definition for the tensor nuclear norm from in Friedland and Lim

(2014), we have
[T = min{) "Xl = T =" A1 ® ... @ i, lugille, = 1,1 € [m],i € [s], s € N}. (33)

So we can write 7 as sum of rank one tensors in the following form

Tm—1
T = Z > T k) @ Ta(ke, - ko) @ ... @ T (km-1,°),
ki=1  km_1=1
where each T;(ki—1,-, ki) € R% is a vector. For each fixed ki,...,km_1, we have
IT1(-s k1) @ Tk, -, ko) @ ... @ T (K1, |F—H||T i—1, 5 ki) [l
And
Tm—1 Tm—1
Z Z HHT i—15 " Hfz) ST Tme—1 Z Z HHT i—1y " ”52
kll kmllll kll kmllll

@ S HHT i-1 k),

ki, skm—11=2

(b
Z ||T m 1" HEQ =T 7"m*1||7—||]%‘7

where (a) holds since we have ||T1(-,k1)|le, = 1 since L(T})L(Ty)" = I and (b) holds for similar
reason and we use L(T;)TL(T;) = I, for all i € [m — 1]. Together with ||T,,|lr = || T|lr and (33),
we finish the proof. O

Lemma 18 (Perturbation bound for TT SVD). Let T* € M be the m-way tensor and o :=
min" " omin (7). And we denote the tensor T = T*+D. Then suppose g > Cy|D||r for some

constant C,, > 500m depending only on m, we have

600m||D||3
Isvos(T) - T3 < o) + LI

Proof. See Section C.6. O
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Lemma 19. Let T,T* € M be two TT-rank v tensors. Suppose we have 8||T — T*||p < o, then

we have

122m||T — T2

g

1
1P (TH)llr <
where T is the tangent space at the point T .

Proof. See Section C.7. O

Interchanging the roles of 7 and 7 in the theorem and using Weyl’s inequality and we get the

following corollary.

Corollary 2. Under the setting of Lemma 19, let T* be the corresponding tangent space at T*,
then we have

1Pz=(T) e

L 20T =TI}
g

Lemma 20 (TTSVD + Trim implies incoherence). Let T* € M be such that Spiki(T*) < v

Suppose that W satisfies |[W — T* , then we have Incoh (SVDI(Trime(W))) < 2k3v
10[Wlle

g
e < Goomvmo

if we choose ( = ova V- Furthermore,
ISVD(Trime (W) = T* ¢ < V2|[W = T*|p.
Proof. See Section C.8. O

B.3 Concentration inequalities

First we introduce some operators for the following lemma. For all = € [dy] X ... X [dy,], let the
operator P, : RitX-xdm _y RdiX..xdm he defined by Py (X) = (X, Ex)Ex. And let Q = {wy,...,wy}
be the sampling set and define Pg : R4 -xdm — Rd1XeXdm by Po (X)) = Y"1 (X, E,,)Ew;

Lemma 21 (Concentration inequality). Suppose Q with |QQ] = n is a set of indices sampled in-
dependently and uniformly with replacement. Suppose Spiki(T*) < v for some v > 0. When
n > C(vko)*dr? log(d*) for some large constant Cy > 0, with probability exceeding 1 — (d)™™, we
have

| =

d*
H;PT*PQPT* = Pr:|| <

Proof. First we define the operators:
d*

Zy = —
n

1
Pr«PyPrs — EPT*’ z € [di] X ... X [dn].
Then %PT* PaoPrs — Pr+ = > Z.,. We first estimate an upper bound for ||Z,,]||. First notice
(Pr-PoPr+)*(X) = || Pr- (&) |[# (Pr- P Pr+ ) (X).
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This implies ||Prs P Pr+| < || Pr+(E2)||3. And

d*

n

1 d* 1 2m(vko)*dr?
Po PPl + - < D e 4+ L < 20T

122l <
n

m(vko)tdr

2
where the last inequality we use max, ||Pr(&;)[% < - , which comes from Lemma 2. Now

we bound ||[EY""; Z2 ||. Simple calculations show that

g d* 1
E) 25=— >  (PoPPr)’— —Pr.
i=1

Z‘E[dl]X...X[dm}

And this implies

" d* 1
B 22 < —ll > (PrPuPr)?| + -
=1 x

(a) g* 1
< - max [Pr- (€)1 - | ZPT*PLI:PT*H +-

< 2m(vrko)tdir?

n

)

where in (a) we use the fact that (Pr«P,Pr+)? < ||Pr=(Ex) || 3P+ Py Pr+, where A < B means B— A

is an SPD operator. So we conclude using operator Bernstein inequality,

4 752 * 4 3-2 *
< C’( m(vko)*dr? log(d*) n m(vko)*dre log(d ))
n n

d*
HXPT*PQPT* — Pr=

with probability exceeding 1 — (d)~™. When n > C,,(vko)*dr? log(d*), the right hand side is less
than 1/2. And this finishes the proof of the lemma. O

Lemma 22 (Xia et al. 2021, Theorem 1). Suppose Q is the set sampled uniformly with replacement

with size || = n, then we have with probability exceeding 1 — (d)~™, the following holds

d _
SN < O | (] 55 + 1] log™ (@),

I(Pa - .

where J € RUXXdm jo the tensor with all its entries 1.

Lemma 23. Let Q = {w; : i = 1,--- ,n} where w; is independently and uniformly sampled from
the set of collections [dy] X -+ X [dy,]. With probability at least 1 — d~ ", the mazimum number of

repetitions of any entry in Q is less than 2mlog(d).

Proof. This is a result of standard Chenroff bound. See for example (Recht 2011, Proposition 5)
for a proof. O
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B.4 Lemmas for initialization

Lemma 24 (Xia and Yuan 2019, Theorem 2). Let M € RP**P2 and X; = pipoP, M, Y; =
P102 P,y M where w; € Ql,w’ € Qg are independently and uniformly sampled from [p1] x [p2] and
|| = |Qg\ = n. Denote by N = MM7T and N = 7oy > (X YT +Y;XT), then with probability

—Oé

exceeding 1 — with p = max{p1,p2}, we have

P 1/2 p1/2p1/2 n 1/2
<1+ > + =1 +< ) M2
D2 n p2 log(p)

Lemma 25. Let M € RP**P2 gnd X; = pi1paPu,, M, Y; = ppoPw;M, where w; € Ql,w9 € Q9 are
independently and uniformly sampled from [p1] x [p2] and |Q1] = |Q2| = n. Let U € RPY*" be the

3/2 3/2
||N NH < Ca 2p1/ p2/ IOg(p)
n

orthogonal matriz such that Incoh(U) < \/j. Then with probability exceeding 1 — p~®, we have

1
I3 UTXY[ U+ UTY; X[U) - UTMMTU|
i,J

p1p2|| M2 1/2  UTD2 urn
< Ca?log?(p) 2221 e <w"pg/ + == (o )1/2>-
n n log®(p)

Proof. See Section C.9. O
When Spiki(M) < v, we have

1
5 Xy U+ Uty xFU) - uTMMTU|

i,J

1/2
< Calloe?(n) 2 M2 HTDy 4 HTD2 4 Hur 1/2

holds with probability exceeding 1 — p™@

Lemma 26. Let M € RPV*P2 and X; = p1paPu, (M), where w; € Q is independently and uniformly
sampled in [p1]x [p2] and || =n. Let U € RPY*" be the orthogonal matrixz such that Incoh(U) < /ju.

—Q

Then with probability exceeding 1 — p

07 P2y ar) — 2 < Ca (VEPQW Moo o8(e) , [l MI i V) 1°g<p>> .

, we have

n n

Proof. See appendix C.10. O

Lemma 27 (Keshavan et al. 2010, Remark 6.2). Let U, X € RP*" be orthogonal and Incoh(U) <
Vo and dp(U, X) <6 < 16%. Then X satisfies Incoh(X) < /3po and d (X U) < 4nd, where

X szu min{ X' e, 4}, X =FETE)
2
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C Proofs of technical lemmas

In this section, we provide the proofs for the technical lemmas.

C.1 Proof of Lemma 2

Since (7%)@ = T*<IAY V3L, we have T*=% = (T*)0V*  (A%,,)~. And thus for any k € [d; ... d;],

; ; 1 , diy1...d

T rp*<i T e\ (E) % x \—1 T %\ (i) i+1 m %

e T o = |lex (T - ; 0o < ———|lex (T 0o < ——— 7" |t -

I, = e (Vi 8) oy < s I (7)< LSy
And the spikiness condition implies || 7*(¢,, < ZZ=[|7™[|r, and together with [[T*|[r < /rio1(Afyy),
we obtain

Lo V/dy .. d;
ek T ey === < wro.

\/TT’L'

The bound for |le} Vi, ||s, can be similarly derived. And this finishes the proof.

C.2 Proof of Lemma 7

For simplicity denote the random tensor which is uniformly distributed in {é’w}we[d*] by £ and
. +

let &,...,&, be niid. copies of £. Also define 6;; = 276, ,5 = 0,..., [logz(g%ﬂ =: jo, 02k =
1

+
2k65  k = 0,...,Hog2(%ﬂ =: ko. For each j, k, we derive an upper bound for 3, (v1,7v2) with
Y1 = 015,72 = O2k-
We observe that

sup  [(A,€)” —E(A, )] <41,
AGK'\/l,'yQ

and

211 Al12 2
sup Var(A,£)2< sup (A, E)* < il ” i < li
AEKM,WQ AEK’YL’W d d

Now apply Bousquet’s version of Talagrand concentration inequality (see Giné and Nickl 2021,

Theorem 3.3.9), and we get with probability at least 1 — e~ for any ¢ > 0,

nt
Bu(11,72) < 2EBn(1m,72) + 271\/; Lot

Using symmetric inequality, we have

n

1
Efn(11,72) < 20E  sup  |= > (A &)
AEKy 0 | T 55T

I

where €1, ..., €, are 1.i.d. Rademacher random variables. Since |(A,E)| < 71, we have from con-

traction inequality
n

1
Efn(11,72) <4nmE  sup | =) €A, &)
AEK’YI”YQ n 1=1
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Now we denote ) = %Z?:l €;&;. Then we have

n

E sup lzﬁi@‘t,gﬁ

AEKy; v | T i—1

<E sup [V[lAll+ <%E[Y].

€Ky 70

The estimation for ||)|| derived in the Theorem 1 of Xia et al. (2021) gives

2
nd* n

EY]| < Cin log™+(d).

As a result, with probability exceeding 1 — e, we have

nd — nt
Bn(71,72) < Cry172 \/; +1 | log™*2(d) + 2714 yris 277t. (34)

+ +
Now we take union bound and we get with probability exceeding 1 — 2log, (?—{) log, (6 ) e !,
1

22

oy
and for all y1 € {010,...,01,0 1,72 € {92,0,---,02k }, (34) holds. Now we consider arbitrary v; €
[5;,5?],72 € [55,5;]. Then there exists some j, k, such that v, € [01,;-1,01,5],72 € [02,k—1,02,)-
Together with the fact that d1; < 2v; and 693, < 272 we get

nd — nt
Br(71,72) < Bn(015,026) < Comivz | |/ =+ 1 | log™"2(d) + Ay14/ P 8yit.

This finishes the proof of the lemma.

C.3 Proof of Lemma 8

Let w € [d1] X ... X [dy], then

pridy .
(i) e |12 i ! pr2d
v Ti—1Tid; .
P EulF < ERETE 2<i<m -1 <
Mr'm,df*ld'm7 Z: m

Set Z; = PO(Py; — 3=Z)P for all j € [n], then PU)(Po— LI)PW =", Z;. First for arbitrary
X, we have

PP, PO Y = PO, |2 - POP,POX.
Therefore |POP, PO < ||POE,||Z and this implies that

1 _ 21%72d
d* =  d

1251 < max [|POE,F +
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On the other hand, since Z; is an symmetric operator, we consider E Z?Zl ZJ?.

- 1 . . 1 .
21 7 7)\2 7
|E;Zj | = ”||§ ;(73( )P, PW)2 — WP( |

noo_ 21°7nd
(d*)? = (d*)?

Now using operator Bernstein inequality, with probability exceeding 1 —d

< % max ||77(i)5w|]% +

u?r2dlog(d) p272dn log(d) < w22 dn log(d)
d* (d* )2 —= ¥m (d* ) 2

PO (Pa - ZDPO| < Cn

where the last inequality holds as long as n > Cu?72dlog(d).

C.4 Proof of Lemma 9
Notice that
(Po— ZT)AB) = (P — =-1)T, A® B) < ||(Pa - =1 7| - A © B]..

where J is the tensor with all its entries one. And from the definition of nuclear norm in (33), we
have

2

MoBIZ<| > I14Gk) ©BiGE) G- | An(kn-1.) © Bi(k_1, )l

k1,ekm—1
! /
kl’ 7km 1

<D ALz lFIBi(e, ) 1F - ZIIA @) 6 B (2, ) [

1

where the last inequality comes from using Cauchy-Schwartz inequality m —1 times. Since €3 holds

and
Z 14 Gy, ) IB | Bi Gy iy ) 1 < max || Ai(:, i, DE - 1Billf A max || By (:, 2, DIF - 1Al
we get the desired result.
C.5 Proof of Lemma 10
Consider for all i € [m — 1], notice that L(T}) = (T<"! @ I)TT<'. We have

L(T) (ki-1, zis ki) = > T yio1, k) T (i1, s Ki).
Yi—1€[d1--di—1]
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This implies
1Ty, ) I = (TS TS0, )| < TS0 )[R < 50

where Tgi(:, x;,:) is viewed as a matrix of size dj - - - d;—1 X ; by extracting d; - - - d;—1 rows of T=",
And since the decomposition is left orthogonal, we have ||T;||r = || L(T3)||r = 4.
When i = m, since T, = AmRZL for some A,, € R™-1*"m—1 invertible and orthogonal R,, with

Incoh(R,,) < /. So we have

Tm—
e [T () [ < 0 (T) 27
m m

And | Tlle = |7 Vg = [T T llp = | T ||r since T<™~1 is orthogonal.

C.6 Proof of Lemma 18

~

Denote 7 = SVD™(T) = [T4, ..., Tp]. Let T* = [T7*, ..., T3] be a TT decomposition that is left
orthogonal and R; = arg mingeo,, |(T*)S'R — T<i||p. Now we set L(TY) = (Ri—1 @ DT L(T*)R;.
Then T* = [T7,...,T%] is another left orthogonal decomposition so that T*<" and T<i are well
aligned in terms of chordal distance. Also, let (7’*)@> = T*S A4 Z’fi be such that Vz’fi =1,
and A;;q1 € R"*" be invertible.

From Algorithm 1, we have (fﬁm_l)T’ﬂm_D = T,,,. Now using the notations P; = T<m-17<m-1T

and P = T*<SIT*ST e have

ISVDE(T) — T*le = [T — (T g = | Py — DT 4 Py D

D Pt = P (T 4 5 D) 4 (P — P ) D

O\ =P ) Ay VEVET 4 P2, DD

(I.1)
+ H(Pp1, Pl )(TH) ™Y 4 (P — P )D™ ) |, (35)

high order terms=:(1.2)

where in (a) we use the fact that (I — P*_,)(T*)™ Y = 0 and (b) follows from the following

equation when ¢ = m — 1, which is a result of Lemma 22,

~

Pi— Py =T (A} ) ;H)TAzT(I =P+ U =PAVEA( f+1)71(T*Si)T + H(ﬁivpi*)a

and since T*= is the top r; left singular vectors of (7*)® and T<i is the top r; left singular vectors
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of (Pisy @ DT, s0 Ay = (Pi1 @ )T — (Pr, @ I)(T*)®, and thus
A; = ((ﬁi_l — ,Pz‘*—l) X Idi) ('T*)@> + (7/51'_1 X Idi> D<i>
(Pt =Pr) @ 1) (T + (P © 1) D + (P = Piy) @ 1, ) D

(I = PN VAN HT="YT @ 1) (THD + (P, @ I,) DY

+ (HP1,Pry) @ 10 ) (T + (Pioa = PLy) @ L, ) DY

I
—~

high order terms=:H;

—: L; + H; (36)

here we use L; and H; to denote the leading terms and high order terms of A; respectively. Now

we derive first the upper bound for || H;||p.

Bound for ||H;||r. Notice by triangle inequality, we have
|Hille < 1| (HPim, PEy) @ 14, ) (T e + || (Pict = PL) @ L, ) DYl

From the assumption we have opin(Af) > 8||A;—1||r, we have

5 : 12|41 |3
H(Pi_1,Pf L) (TH®p < F
H( (Pi1,Piy) ® d,L)( ) e < m(A0)
and
= ; 4| Dllr||Ai-1]lr
Py — P I, ) DO < ZIZNENZe 1RE
[ (( 1 =Pl ® dz> [ (A7)

So combine these two estimations, and we have

12[|Ai1]|f | 4D]lpl|Ai—1]lr
Omin (A]) Omin(A])

[Hillr < (37)

Upper bound for ||A;||r. We first show the following for all 2 < <m — 1.

I = PHAE — (I = PEy)Aiaf
< (T= @ L) = LT L) HT=NT @ L) DY [F + 201 =P Lillel| Hille + 1 H:l
(38)

As a consequence of Pf = (U*S1 @ I, ) L(T})L(TF) T (T*=1)T ® 1), we have

Pi((I = PL)A V(AT =) @ 1,,) (T =0,
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So the leading term of (I —P})A; is
(I =P)Li = (I = PL)AV (W) T @ 1) (T + (1= P)) (PLy @ 1) DY
(I =PV (DT @ @ 1) (T
+ (=7 @ L) - LI LT (1= @ 1,)DY (39)
D teshape (1 — Pry)AraViEViT) + (T571 @ L) (I — LT LT)T) (TS0 @ 1,)D,
where in (a) we use
(I =P;) (Pia @ 1a,)
= ([ = (""" @ L) L(THLIT) (=Y @ I,)) (T="HT="NT @ Ly,)
_ T*gifl(T*gifl)T ® Idi _ (T*Sifl ® IdZ)L(TZ*)L(YvZ*)T(T*g'Lfl ® Idi)T
= (T @ Ig,)(I = LT L) )T @ 1)
And in (b) we use Lemma 12. Notice the two terms in (39) are mutually orthogonal, so we have
I(Z = PF) Ll
= (L =P A VTR + (T @ L) (= LT L)) (T @ 10,)DY I}
<N =P lf + (T @ 1g,) (I = LITH LT (TS © 1) DY . (40)
Meanwhile, from (36), we have
I =PHAE < (2= P7)Lallf + 201 = PP Lalle || Hille + | Hillf- (41)

Combine (40), (41) and we get (38).

Upper bound for ||(I — P{)A||3 + | PFD*A. From the recurrence relation (38), we have

I = PO)AGE + I PED™

k
<[PEDWE + D NI @ Iy, (I — LI LT (T ® I,,) D ||}
1=2
k
+ 1 =PHDWV e + > (20 = P Lillel Hillr + | H:1)
=2

high order terms=:&j, o
=&k + Eko
Now we first show &1 = ||D||%. The key point of the proof lies in the following equation:

IPFDO NG + (T @ La) (I = LT LT (TN @ 1)DW B = [P D VR (42)
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Suppose this holds, then we have the left hand side is equal to | Py DM ||2+||(I —P;)DV|2 = ||D||3
and this finishes the proof. So now we verify (42).

LHS of (42) = |(T*<'™" @ 1o,)L(T;) L(T7) T (171" @ 15, D[
+ (T @ Ia ) (I = LT LT D) (T @ 1) DY |7
= (7= @ L)) (T @ 14,)DY &
< P DR,
where in (a) we use Lemma 12.

On the other hand, for {2, we have from (40), ||(I — P})L;||lr < 3||D|lr. And from (37), we

have

IQHAi—lH%+4HDHFHAi—1HF < 56| D%
O'min(A;F) Umin(A?) - O'min(A;F)

Combine the above two estimations, and we have

Z 56 DIIE | 56°[IDll _ 350(k — 1)[DI3
< 2-3|D < .
2 < 3Pl Omin (A]) " mln(A*) B g

| Hillr <

And thus
350(k — )”D”F

g

I = PR)ARlE + IPED® IR < DI +

(43)

Upper bound for ||A;|[r. We shall bound ||A;||¢ by induction. For the base case when i = 1, we
have ||Ay]|r = [|[DM||r = ||D||lr < 2||D||p. Now suppose we have the bound for ||A;|[r < 2||D||r for
all 1 <i < k. Then from the definition of L1, we have

11 lE = 1 = PR)ARVEAVELIE + 1(PE ® Loy, )DF VIR < (2 = PR)Ak[IE + [ PED™ |
350(k — 1)|[DIli

@
S HDHF+ o (A*) )
min\43f

where (a) follows from (43). And the upper bound for ||Hy41]||r is already derived as in (37), since
omin(Aj4 1) = C1]|D|r > 8||Ak[[r, we have

12| AgllE +4||D||F”AkHF< 56| D|1%

[He+1llr < : x = )
Omin(Af4 1) Tmin (A1) Omin(Af11)

From (36), we have

(k= DDl
min(Af11)

56[|Dllr
Omin(Af11)

Dl +

350
|Ak+1llF = | Lkt1 + Hir1llp < \/1 + ID|lr < 2[|D||F.
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And this finishes the induction. So it holds for all i € [m — 1] that ||A;||r < 2||D||r.

Estimation of ||SVDIE(T) — T*||r. Now we go back to (35) and we bound [|(I.1)||r and ||(1.2)||F

separately. For the term |[(I.2)||r, we have
L2l = | H(Pr1, Pl )T 4 (Pt — P )D™ Ve @ | Hy

where (a) follows from (36) and Lemma 12. So from (37), we have

12||Am—1||%+4HDHFHAm—1HF - 56IDIIE
Omin(Af,) Omin(Af) 7 omin(Af,)

And for the term ||(I.1)||r, we have from (43),

IT-2) [l <

350(m — 2)|| D]

Omin (A:‘L—l)

IO < 1 = Pr—) A [[F + 1P D VR < D +
So together with (35), we have

ISVDE(T) = T*|1% < |AD)[IF + 2[[(L1)|[r[T2)[IF + |(1.2)[|E
350(m — 2)||D|I3 , 250(|D|}
O'min(A:;@—l) O-min(A;kn)

600m||D||3
o .

< |IDIfE +
< |IDIE +
And this finishes the proof of the lemma.
C.7 Proof of Lemma 19
First we introduce some notations,
T=I[T,....,Tnl, T" = [T7,..., Tp], and (T*)9 = TS Vi, T = T A3 Viga i € [m— 1.

Also we denote P; = TSIT<T Qit1 = Vi+1V£1 as shorthand notations, and define similar nota-
tions for 7*. Now we take A = T* and denote Pr(T*) = 071 + ... + 07, then we have for all
i€m-—1]
(6T)" = (T @ I)(I = L(T)L(T) " /(T @ D)(T*) Vi Vil
= (I —P)(Pim1 @ D(T) Q41
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(I =Pi)(Pic1 @ DT Qig1, (I = Pi)(Picy @ I)(T) Qi11)

(79" (I =Pi)(Pica ® D)(T*) Qs 11)

( (T Q1) + (T, PuT) P Qi)

(T, (Pica @ DT Qi1 — Qf41)) + (T, PuT) D (Qir1 — Q1))
( L (Pict @ DT + (T, Py (7))

(T, (Pica = Piy) @ (T (Qip1 — Q111))

(T, (P = PIT) Qi1 — Q1))

(T, (Pica @ D(TH)) + (T9), Py(T*) )

Meanwhile, when ¢ = m, we have
—[16Tmllf = =l (Pm—1 @ (T ™[ = =[[Por (T V|3,

where the last equality is from Lemma 12. Now we first estimate

—_

3

(T, (P @ DT + (T, BT = [P (T

3
—_ =

Il
i

(1Piey & DT+ [PUTYDR) = 1Pt (T VR

3
L

(1Pt (TED I+ 2T R) = IPca (T V2 = T

i=1

And now we estimate ((7%)%, (P; — Py)(T*)(Qip1 — QF, 1)) first,

(T, (P = PI(T) P (Qir — Qi)

(Pi = PIT) (T Qi1 — Q1))

PiA(L = Qfuy) + (T H(Qirr, Qi) (I = PHAQ . + H(Py, PY)(TH)Y)
(T H(Qivr, Q1), H(Pi, PY)(T))

T H(Qisr, Q) el H (Pe, PE(T) e

{
{
=
{

IN

Notice here we use

Pi—Pi =T (M) (Vi) TAT (= P)) + (1= PHAV L (M)~ TS + H(PLPY),
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and

Qiv1— Qi1 = V(AL )™ NT=H)T AT - Qi)+~ Qf+1)ATT*<Z( 1) 1V1+1
+ H(Qit1, Qi 41);

where A; = (T — ’T*)“> and H(-,-) denotes high order terms.
Similarly for ((7*)%, (Pim1 — Pyy) @ I)(T*) D (Qiy1 — Qf1)), we have

(7
(7
17
(7™

) (Picy = P;y) @ (T (Qig1 — Q511))
) H(Qiy1, Q54), (H(Pic, :_1>®1><T*><i>>
) H(Qig1, Q) IEll(H (Pio1, Piy) @ DT g
) H(Qi1, Hl)HFHHm_l,PLl)(T*) Dl

IN

(
(

Now as long as g > 8||7 — T*||r, we have

12|7 — T*|%
o )

127 - T*|%

1H (P, PE)(T) e <

1T H(Qirr, Q) IF <

g

Finally, we have

m—1

IPE(TONE = IT7IE = D_I8TilE = D (= (T (Pimt = Piy) @ (TP (Qir — Qi)
i=1 i=1
+ (T, (P = POT) Qi1 = Qf41))

288m?2|| T — T*||%
< 5 :

g

And this finishes the proof.

C.8 Proof of Lemma 20

We begin the proof introducing some notations. For simplicity, we denote W = Trim¢(W). And
SVDE(W) = W = [Wy,...,Wn]. And we denote for all i € [m — 1], W® = WSijyzi+l =
WSiEiHN "+1 where ¥;1; € R"*" is invertible and N 1Nix1 = I,. And we also introduce
some notations for the process of TTSVD. From Algorlthm 1, we know (WSl @ I)TWH =
L(/I/IZ)SlHRHl + FE; is how we get the estimation /WZ once we know ﬁ/\l, e ,/Wz_l, where S;11 €
R"*"% is invertible and R}, | Ri+1 = I ,. To estimate the incoherence of W, we check max; He?/WSi Ile,

and max; ||V} 1¢jle,.-
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We first estimate opmin(2i+1) and omin(Si+1). From the Algorithm 1, we know

Tmin(Si41) = Omin (WSTTWS1T @ @)
> Umin((T*)<i>) _ H(T*)<i) _ (/nglegi—lT ® I)W<i>HF-

So we need to derive an upper bound for [[(T*){ — (WSi=1W<i—1T @ YW ||,
(W<’L 1W<z 1T I) (T*) (/ngflﬁ/\giflT T*<z 1T>k<’L IT) ®I- ( (T*) )
T*<z 1T*<z 1T I ( (7-*) )

+ (ng—lwgi—lT - T*gi—lT*gi—lT) @I - (T*)(z) (44)

Since [T, = Spiki(T*) 1 < 1T e < 200 e — ¢ we have [W = T(|r < [W = T*[r.

And the bound for ||W5i_lwéi_1T — T*siisi=IT| goes as follows. First we notice that from
Lemma 18,

W =T[5 < W - T*|I% + L <2w - T3, (45)

600m|W — T*||2
g

where the last inequality is from the assumption |[W — T*||p < [W — T*||p < o. So we have

600m
from Wedin’s theorem,

et etz « _ VAW -Tle __AW-Te 1
Umin(A;() HW T*HF (e 15OTTl\/>I£()

where in the penultimate inequality we use omin(A}) — W =T >

SIS

and (45). This together
with (44) gives

H(T*)( (W<z 1W<z 1T®I) HF

4w — T*||g " N 4w — T*||g "
< V=TT — e o = e+ YT e,
. a
< =.
— 10
So we conclude that omyin(Si+1) > l%g
Meanwhile, for omin(Xi11) and omax(Xi+1), we have
Omax(Xit1) = OmaxWY) < omax ((T)Y) + | T = W|[p < EU,
O'min(Zz'—H) = O'min(W<l>) > Umin((T )< >) - ||T - W”F > EQ‘
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With these preparations, we are ready to bound the incoherence of W. For all jEldi...di,

lef W=lley = lle] (WSS @ WO Ri1 S e
B Al O ] P e 1 18

= omin(Sit1) — 90
100 VWl _ 1000 |7 + |W - T

8lo+/dy...d; = 8lo dy...d;
100v VTi 10v 1 < 110vkg /T

< + — ,
=781 Ud L d | 8LV d 8l i ...d,

where f; = (WSFKWSFH ® I)e; and in (a) we use the estimation for omin(Si+1) and [|[Wxll, <

VAW lollz]le, for some matrix W € R™™: in (b) we use |[W||p. < ¢ = %V and || f;l¢.. < 1.
On the other hand, we have

(46)

W2 = R(Wis1) (I @ W2it2), (47)

Here we use the convention that Wm+! = [1]. And from L(Wi+1) = (/WS’ ® I)TVN\/(”DRHZS;:Q,

we obtain

—

R(Wit1) = (W) reshape(W U R 15 S7L) = (WS)TWH (I @ RiyaSiY). (48)
Combine (47) and (48), we have
/Wziﬂ _ (/ng)TVNW”(I ® Ri+25;12W2z‘+2)’

which implies

NEy = S7h (WSHIWO(I @ Ry S LWEH2),

Now for any j € [dit1 ...dn], we have

INZ eslles = IS5 (W)W @ RipaS LW E2)e e,
1

Omin(Zi+1)
1

Omin(Bit1)
Omin(Zit1)
Vo, Tma(Bi2)

Omin(Zit1) * Omin(Si+2)

100 W]

7290 \Jdin . dm

< 1722190/431/ dif-dm' (49)

IN

IW=HYTWENT @ RiaS W=,

IN

WO @ Ryt 2S7 L, WZH2)e)||g,

IN

Wlle I @ RiraSZoW="2)e; e,

IA

IA
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From (46) and (49), we have
Incoh(W) < 263V

Now we consider the second part, from Lemma 18, we see that

3 ~
& < o7 — 712 < 20— 77 2

— — 600m|[|W — T*
ISVDROR) T < 7 - 7+ VT

And this finishes the proof of the lemma.

C.9 Proof of Lemma 25

For simplicity, we denote

k k
Sie=Y U'X;, Sy=> U"Y; and Ay =Sy —kU'M, Ay =Sy —kUTM.
i=1 i=1

First we estimate ||y, — UTM||. Notice that

1 1 & 1
~Sin —U'M = — 3" (01p2U P (M) —UTM) = =Y Z,.

i=1 =1

And the uniform bound for p1poUT P, (M) is given by

r
|p1pU L P, (M) < plszMlloo,/E = /up2r/P1p2|| M || co-

and [|[UTM|| < || M|| < /p1p2l|M ||so- So || Zi|| < 24/Epar/P1p2]|M ||so- On the other hand we have
EZZ <pips Y.  MjUTe;e]U
(43,%)€p1] % [p2]

<pipa|MIZ% > UTejejU
(d:k)€[p1]x [p2]

= 3| M |21,
and

EZiTZZ- < p1p2 Z Mfkeke?UUTejeg
(4,k)€lp1] % [p2]

< pip2 | M1 DD U e eref
kK J

< p1pa||M |3 pr I,
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Therefore we have max{|| Y., Z:ZL |, || Sor_ ZL Zi||} < np1pe(urVp2)||M||%. And from operator
Bernstein inequality, with probability exceeding 1 — p~¢,

n
8(a + 1) up1p3r log(p)
1Yz < \/ : [ M| oo-
=1

3n

Now set the event €1 as

2 2
{I!AmH < \/Sn(a+ 1)up1p2r10g(p)”M”oo} A {HAM < \/Sn(a+ 1)up1p2rlog(p)”MHOO}

3 3

and we know P(€1) > 1 —2p~®. Also, define the event

£; = { max 1<w2=j>s<3a+7><£+1og<p>>

N { max Hwa=7) < Ba+ 7)(}% + log(p))

From Chernoff bound, we know €2 holds with probability exceeding 1 — 2p~®. From triangular

inequality, we have
1
5 UTX v U+ Uty xEU) - UTMMTU|
ns —
/[/7.]

1 T T 1 T T T 1 T T T
5.2 | A1, A, + Ao ALl + 2nHA2nM U+U"MA;, || + 2n||A1nM U+U"MA,|

IN

=: A1 + Ay + As.
Using Markov’s inequality and Golden-Thompson inequality repeatedly, we get

P({[[Awll >t} N E)

<r.-eME (HE {exp [%[Am(m -mTv+ut(y, - M)A{n]] 1g|51n}

From triangular inequality, we have

A A
I5, 280 (Y — M)TU + UM (Y, = M)AL| < 2 (ALY, Ul + [|AnMTUY) .
Under the event €5, we have

1M1, Y U < (181 Y, Ul + nllUT MY, U||

n
< (3a + 7)p1pgy|M||§O(p—2 + log(p)) prpa + na/rpapipz|| M |2,
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On the other hand, under the event &1,

8(a 4 1) up1p3rlog(p)n
A0 MUY < Ao < St Demrrlosenyy oy,

As long as n > §(a +1)log(p), we have A1, MTU|| < ny/mparpip2||M||% and thus
A
gl A (¥ = MYTU + U7 (¥, — M)A, |

A n
< 25 (ot 2l M + tou(p)arpn + 20 Eapnpal M1 )

Therefore for any

—1
n
A< n? ((3a + 7)p1szM||§o(]72 + log(p))urp2 + 2n\/urp2p1p2HM\§o> ,
we have

A
E {exp |:2n2[A1n(Yn - M)TU + UT(Yn - M)A{n]] L‘,'lsln}

)\2
<I.+E { [W[Aln(Yn - MU +UT(y, - M)A}_Fn]ﬂ 1g\sm}

2
<I.+E { [;\M[AMYE U+ UTYnAlTn]Z] 1g}sln}

A’ papa|| MJ3
S IT' + 4n4 =
where in the first inequality we use exp(A4) < I+ A+ A? for | A|| < 1. And notice that tr(Ay, AT ) <

r|A1, AT ||, we obtain

[(ur + 2) A1, AT, + tr(A AT

A
HE {exp [W[Aln(Yn -mtv+ut(y, - M)AlTn}} 15\51n} H

N2 pipa || M]3 pr
2n4
< 14 Apapa || MZ pr 8nfo + 1)ppipir log(p)
=t 2n4 3
4o+ )N pPr®py log(p)
L (2l M)

113

-1+

Therefore we have

4(a+ 1)A?pr?ps log(p)
3n2

P({| 4] >} NE) <r. ™ exp( (plmuMnio)?) |

Taking
3n’t n?
a -+ 1)u?r2pip3|| M4, log(p) (6 + 14)p1p3pr|| M |3, (25 + log(p))

)

)\:min{S(

n
4\/Wp2p1p2||M||go}
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yields
3n2t?
16(a + 1) p?r2pips || M||4, log(p)’
n?t nt })
(120 + 28)p1pipur | M (35 + log(p)) " 8y/rpapapa|| M2,

Now we bound As and As. Due to the symmetry, we shall consider A, only. In a similar fashion,

P({[|A1]| >t} NE) < r-exp( — min {

we have
n

P({||As] > 3N E) <7 HIE {eXp [;n(UTM(Yn MU+ UT (Y, — MMTU))] 15}

Simple calculations show that

A

2 M2
5 (UM (Y, = M)'U + U (Y = M)MTU))| < prpapa|| M2

n

So as long as A < we have

_on
2urp1p2|M||%,°

[ A
E {exp %(UTM(YH - T +UT(y, - M)MTU)} 15} H
_ \ 9
<1+ IE{ o —(WUrM(Y, - M)TU + U (Y, — M) MTU)] : 15} ‘
[ A
<1+ E{ 2—(UTMYHTU - UTYnMTU - }H
mn
4
<14 A2 MplpgllMH
n
Now take A = min nt then
{Q/M”puullMll2 " 2urpip3| | M2, }’
nt nt?
P{||As]| >t} N & Sr-exp{—min , }
(U4l > 2 n€) Lurprpall VT, Tur AR, )
So we have
1
Py UTXY] U + UMY XTU) - UTMMTU | > t
n i
3
< P{|| Akl > t/3} N E) + P(£°).
k=1
By taking

M3 12 | WP | prm
t — Ca?loe? pip2|| M5, < + + /2
a”log”(p)——~ [Py - (logg (p))

we conclude that

1
Pils UTXY U+ Uy X[U) - UTMMTU| >ty <Tp©
2

And the proof is finalized by replacing a with a +log,(7) and adjusting the constant C' accordingly.
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C.10 Proof of Lemma 26
First denote Z; = U” (p1paPa, (M) — M). Then we have UT (EL22Po (M) — M) = 1 3" | Z;. Notice
that |[p1poUT Pu, (M)]|| < \/P1p2/B7||M||sc. And this implies that

1Z:ll < 2¢/Pripa/pr || M || o

On the other hand, we have

EZiZ] < pipoUT (Y Mieiel )U < pip3| M| I,
i?j

and
T 2
EZZ' Z; < MTPIPQHMHOOIPQ'

So |[EXM, Z:ZE | VIES 1 ZE Zi|| < npip2||M||% (ur V p2). Using matrix Bernstein inequality

«

and we have with probability exceeding 1 — p~%,

Mool 2
HUT(ZHPQ’PM(M) — M)|| € Ca (\/ITpo\/W[L oo log(p) 4 \/p1p2HM||OO(I;T‘ V p2) log(p)) '
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