7.1

7.2

Prove that every uniformly convergent sequence of bounded functions is uniformly
bounded.

Proof Suppose that f,, — f uniformly on some set F and that for each n, there
exists M, such that |f,(x)] < M, for any x € E. Let N be such that

[fn(z) = f(@)] <1,

whenever n > N and x € E. Then forn > N and x € F,

[fn(@)] < |fn(2) = f(@)| + 1 f(2) = fn(@)] + | fn(2)] <2+ My
Put
M = maX{M1,~ e ,MN_1,2+MH}.

Then, for any x € F,
|fa(@)| <M, n=1,2.3,....

This means that {f,} is uniformly bounded. =

If {f.} and {g,} converge uniformly on a set E, prove that {f, + gn} converges
uniformly on E. If, in addition, {f,} and {g,} are sequences of bounded functions,
prove that {f,g.} converges uniformly on FE.

Proof Let € > 0 be given.

Suppose that f, — f uniformly and g, — ¢ uniformly for some f and g. Then,
there exist N7 and Ny, such that n > Ny implies |f,(z) — f(2)| < €/2 for any z € E,
and n > Ny implies |g, () — g(x)| < €/2 for any « € E. Hence, if n > max{Ny, Na},
then

|[fu(@) + gn(@)] = [f(2) + 9(2)]] < |ful@) = f(@)] + |gn(@) — g(z)] < €/2+¢€/2 =,
for any x € E. This means that {f, + g, } converges uniformly to f 4+ g on E.

If for each n, f, and g, are bounded on E, by Problem 1, we know that {f,} and
{gn} are uniformly bounded. In other words, there are M and L, such that for any
re kb,

lfo(@)| <M, |go(z)| <L, n=1,23,....

Let N be such that n > N implies that for any z € E,
[fu(z) = f(z)] < 1.
Then, for any = € E, we have
[f (@) < |f(z) = fn (@) + [fn(2)] <1+ M.

Since f, — f uniformly and g, — ¢ uniformly on F, there exist K; and K5 such
that n > K; implies that for any x € F

|fu(x) — f(2)]| < m,
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and n > K, implies that for any z € E
90(2) = 9(0)| < 57
i) =9 2(M + 1)’

Hence, if n > max{K;, Ks}, for any x € E, we have
|fn(@)gn(x) — f(@)g(x)] < |fo(@)gn () = frg(@)| + | fu(z)g(z) — f(2)g(2)]
= |fn(@)llgn (@) — 9(@)| + 9(2)| [fn(z) — f(2)]

€ €
M - L.
<My T

)<e.

This means that f,g, — fg uniformly on F. =

Construct sequences {f,}, {gn} which converge uniformly on some set E, but such

that {fngn} does not converge uniformly on E.
Proof Let )
n = 071 )
falw) =~ we()
and 1
gn(z) = e z € (0,1).

It is easy to check that f, — 0 uniformly on (0,1), and g,(z) — 1 uniformly on
(0,1). For any fixed z € (0, 1),

Ful@)gal@) = — = 0.

In other words, {f,gn} converges to 0 pointwise. However, { f,g,} does not converge
to 0 uniformly, since

fa(n)gn(n) =1,  n=1,23,....
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