
Math 3043 Honors Real Analysis

Final Examination, Spring 2013

12:30 - 15:30, May 20, 2013

Instructions: This is an open book exam. You can use the textbook “Prin-
ciples of Mathematical Analysis” by Walter Rudin and the Lecture Notes, but
you cannot use any other materials, including the solutions of the exercises.

1. Let X be a set and Σ1 and Σ2 are two σ-algebras of X. Show that

(a) Σ1 ∩ Σ2 is a σ-algebra of X.

(b) Σ1 ∪ Σ2 is not necessarily a σ-algebra of X.

2. (25 Marks) Let ([a, b], σ, µ) be the Lebesgue measure space on [a, b].
Suppose {Ek} be a sequence of Lebesgue measurable set in [a, b] such
that µ(Ek) = b− a for all k ≥ 1. Show that µ(

⋂∞
k=1Ek) = b− a.

3. Let f be a measurable (not necessarily bounded) function on X ⊂ R,
with µ(X) <∞. Show that if f 2 is Lebesgue integrable on X, then

∞∑
k=0

kµ(Xk) <∞,

where
Xk = {x ∈ X : |f(x)| > k}.
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SOLUTION

1. Let X be a set and Σ1 and Σ2 are two σ-algebras of X. Show that

(a) Σ1 ∩ Σ2 is a σ-algebra of X.

(b) Σ1 ∪ Σ2 is not necessarily a σ-algebra of X.

Solution

(a) We verify the three axioms of σ-algebra.

(σ1) Since X ∈ Σ1 and X ∈ Σ2,

X ∈ Σ1 ∩ Σ2.

(σ2) Suppose A,B ∈ Σ1∩Σ2. Since A,B ∈ Σ1, and Σ1 is a σ-algebra, we
know that A−B ∈ Σ1. Similarly, A−B ∈ Σ2. Thus, A−B ∈ Σ1∩Σ2.

(σ3) Suppose {Ai} is a countable collection of sets in Σ1 ∩ Σ2. Since
{Ai} ⊂ Σ1, and Σ1 is a σ-algebra, we know that

⋃∞
i=1Ai ∈ Σ1. Simi-

larly,
⋃∞

i=1Ai ∈ Σ2. Thus,
⋃∞

i=1Ai ∈ Σ1 ∩ Σ2.

Hence, Σ1 ∩ Σ2 is a σ-algebra.

(b) Consider X = {0, 1, 2}, and

Σ1 = {∅, {1}, {0, 2}, X},
Σ2 = {∅, {2}, {0, 1}, X}.

It is easy to show that both Σ1 and Σ2 are σ-algebras of X. However,

Σ1 ∪ Σ2 = {∅, {1}, {2}, {0, 1}, {0, 2}, X}

is not a σ-algebra, since {1}, {2} ∈ Σ1 ∪ Σ2, but

{1} ∪ {2} = {1, 2} 6∈ Σ1 ∪ Σ2.

2. (25 Marks) Let ([a, b], σ, µ) be the Lebesgue measure space on [a, b].
Suppose {Ek} be a sequence of Lebesgue measurable set in [a, b] such
that µ(Ek) = b− a for all k ≥ 1. Show that µ(

⋂∞
k=1Ek) = b− a.
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Solution By the countable sub-additivity,

0 = µ (
⋃∞

k=1([a, b]− Ek)) ≤
∑∞

k=1 µ([a, b]− Ek)

=
∞∑
k=1

[µ([a, b])− µ(Ek)] =
∞∑
k=1

[(b− a)− (b− a)] = 0,

so that
µ (

⋃∞
k=1([a, b]− Ek)) = 0.

Thus,

µ (
⋂∞

k=1Ek) = µ ([a, b]− ([a, b]−
⋂∞

k=1Ek))

= µ ([a, b]−
⋃∞

k=1 ([a, b]− Ek))

= µ ([a, b])− µ (
⋃∞

k=1 ([a, b]− Ek))

= (b− a)− 0 = b− a.

3. Let f be a measurable (not necessarily bounded) function on X ⊂ R,
with µ(X) <∞. Show that if f 2 is Lebesgue integrable on X, then

∞∑
k=0

kµ(Xk) <∞,

where
Xk = {x ∈ X : |f(x)| > k}.

Solution Since on Xk −Xk+1,

k2 < f 2(x) ≤ (k + 1)2,

we have

k2[µ(Xk)− µ(Xk+1)] ≤
∫
Xk−Xk+1

f 2dµ ≤ (k + 1)2[µ(Xk)− µ(Xk+1)]

Since f 2 is Lebesgue integrable on X, the left inequality implies

N∑
k=0

k2[µ(Xk)−µ(Xk+1)] ≤
N∑
k=0

∫
Xk−Xk+1

f 2dµ =

∫
X0−XN+1

f 2dµ ≤
∫
X

f 2dµ.
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By shifting the indices, we have

N∑
k=0

k2[µ(Xk)− µ(Xk+1)] =
N∑
k=0

k2µ(Xk)−
N∑
k=0

k2µ(Xk+1)

=
N∑
k=1

k2µ(Xk)−
N∑
k=0

k2µ(Xk+1)

=
N−1∑
i=0

(i+ 1)2µ(Xi+1)−
N∑
k=0

k2µ(Xk+1)

≥
N−1∑
k=0

(k + 1)2µ(Xk+1)−
N−1∑
k=0

k2µ(Xk+1)

=
N−1∑
k=0

(2k + 1)µ(Xk+1).

Thus,
N−1∑
k=

kµ(Xk) ≤
N−1∑
k=0

(2k + 1)µ(Xk+1) ≤
∫
X

f 2dµ.

Hence
∞∑
k=0

kµ(Xk) <∞.
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