Math 3043 Honors Real Analysis

Midterm Test, Fall 2015

19:30 - 21:30, November 4, 2015

Instructions: This is an open book exam. You can use the textbook
“Principles of Mathematical Analysis” by Walter Rudin, but you cannot
use any other materials, including the solutions of the exercises.

1. (20 Marks) Suppose f is a continuous on [—7,n], f(—m) = f(n), and
f(z) sinnzdr =0

for all natural numbers n. Prove that f is an even function.
2. (20 Marks) Suppose that the function f satisfies the following condi-
tions:
(a) —oo < a < f(z) <b< oo
<L

(b) | f(z) — f(y)l
satisfying 0 < L < 1.

|z —y| for all x,y € [a,b], where L is constant

Show that for any xg € [a,b], the sequence {z,}, generated by the
recursive formula

Tnt1 =3 [Tn + flzn)], n=0,1,2,...,

converges to the unique fixed point of f in [a, b].

3. (20 Marks) Consider the equation
22y et =1,

(1) Show that the equation defines a unique continuous function y =

y(z) such that y(0) = 0 in a neighborhood of the point (0, 0).
(2) Show that y(x) is differentiable in a neighborhood of = = 0.
(3) Show that y = y(x) has a local maximum at x = 0.
(
t

4) Does the equation define a single-valued function x = x(y) such
hat z(0) = 0?7 Explain.



SOLUTIONS

1. (20 Marks) Suppose f is a continuous on [—7,n], f(—m) = f(n), and

f(x) sinnzxdr =0

for all natural numbers n. Prove that f is an even function.

Solution For the given function f, the function g(z) = f(z) — f(—=z) is an
odd continuous function, so that

/ g(z) cosnx dx.
By the hypothesis, we have

T

/7r g(z) sinnx dr = i f(x) sinnz der/ f(—z) sinnx dx

—T —T

=0+0=0.

Thus, the function g has zero Fourier expansion, so that ox(g;2) = 0 on
[—7, 7], where
SO+31+...+SN

N+1 ’
and sy(g;x) is the Nth partial sum of the Fourier series of g. By Exercise
15, we know that on(g; ) — ¢g(z) uniformly on [—m,7]. By the hypothesis,
on(f;x) = 0. Consequently,

on(g;z) =

g(z) = lim oy(g;2) =0,
N—00
that is, f(x) = f(—z). Therefore, f is an even function.

(20 Marks) Suppose that the function f satisfies the following conditions:
(a) —co < a < f(z) < b < oo;
(

b) |f(x)— f(y)| < L|x —y] for all z,y € [a, b], where L is constant satisfying
0<L<L

Show that for any zo € [a, b], the sequence {z,}, generated by the recursive
formula
mn-{—lzé[xn'i'f(xn)]a 77,:071,2,...,

converges to the unique fixed point of f in [a,b].

Solution We can show by induction that x,, € [a,b] for all integer n. Indeed,
we know that z¢ € [a,b]. Suppose zy € [a,b] for some integer k. Then, by
(a), a < f(zx) <b. Thus,

The1 = 5 [Tn + f(@n)] = 5 (a+a) =,



and

so that 41 € [a,b]. Hence, Ty € [a,b] for all integer n.

Now, we show that {z,} is a Cauchy sequence. In fact, by (b),

[wy — 21| = § |[#1 + f(21)] — [wo + f(x0)]|
< 5 (|lzy — ol + | (21) — f(z0)])
< (|1 — ol + Llzy — mo]) = (2£E) |21 — zol-
In general,
[Zpt1 — @n| = 5 [0 + f(zn)] = [Tno1 + f(@n-1)]]
< %(|xn_xnfl‘+|f($n)_ f(xn_1)])
S%(| — Tp— 1‘+L|xn_xn1 ( )|xn_xn 1|
< (S 2y — o] <o < (BE) g — o)

Thus, for all integers n and p,

[Tntp = Tnl = [Tnsp — Tngp—1| + [Tngp—1 = Tngp| + - + [Tng1 — 20
+p—1 +p—2
< (55" fwn — ol + (B5E)TT oy ol 4o (B5E) s — o
1— (ﬂ)
— (1+L
= (%) 'ﬁm — 2o

1 2
< (B5)" gl — ol = (B5)" - g lan — aol.
2

Since 0 < L < 1, we have 0 < % < 1, so that lim (%)n = 0. Hence, we
n—0
see that {z,} is a Cauchy sequence.
Denote ¢ = lin%J Zn. From (b), we know that f is continuous. By taking
n—

n — oo on both sides of the recursive formula, we get £ = 1 [¢ + f(£)], which
gives f(£) = &.

The uniquesness is a consequence of the condition (b).

. (20 Marks) Consider the equation
22 —|—y—|—ew2+y =1.

(1) Show that the equation defines a unique continuous function y = y(x)
such that y(0) = 0 in a neighborhood of the point (0,0).

(2) Show that y(z) is differentiable in a neighborhood of = = 0.

(3) Show that y = y(z) has a local maximum at z = 0.



(4) Does the equation define a single-valued function z = z(y) such that
x(0) = 07 Explain.

Solution

(1) Clearly, the elementary function F(z,y) = 2% +y + e®*+¥ — 1 is smooth
and maps R? into R. Since F'(0,0) = 0 and

OF

—(0,0)=14+1=2#0

5o 0.0 =1+1=220,
we know that F' satisfies the hypotheses of the Implicit Function Theorem.
Thus, the equation F'(z,y) = 0 defines a unique continuous function y = y(z)
such that y(0) = 0 in a neighborhood of the point (0,0).

(2) Since F,(z,y) = 2z + 2ze” ¥ and Fy(z,y) =1+ e’V are continuous in
a neighborhood of (0,0) and F,(0,0) = 2 # 0, we know that the derivative
of y = y(x) exists, and

2
() = _ Fiu(z,y) _2x+2we” Ty
Fy(z,y) 1+ ety

(3) From (2), we see that y'(0) = 0 and the derivative of y(x) changes from
positive to negative when x varies from negative to positive near x = 0. By
the First Derivative Test, y = y(z) has a local maximum at x = 0.

(4) From (3), we see that y = y(z) has a local maximum at = 0. Thus,
for small negative values of y, the equation F(z,y) = 0 will give at least
two corresponding values of x in any small neighborhood of 0. Hence, the
equation F'(x,y) does not define a single-valued function = = z(y) such that
z(0) = 0.



