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The following results may or may not be used in the final exam.

1. For multivariate linear regression model: The LSE is β̂ = (Z ′Z)−1Z ′Y . The estimator of Σ is
S = 1/(n− r − 1)ε̂′ε̂, where ε̂ = Y − Zβ̂ is n×m matrix.

β̂(j) − β(j) ∼MN(0, σjj(Z ′Z)−1)

where σkl is the (k, l)-th element of the m×m matrix Σ, which is the variance of the error.

(β̂(j) − β(j))′(Z ′Z)(β̂(j) − β(j))/sjj ∼ (r + 1)Fr+1, n−r−1

where skl is the (k, l)-th element of S.

For prediction,
Y0 − β̂′z0 ∼MN

(
0, Σ(1 + z′0(Z ′Z)−1z0)

)
.

T 2 ≡ [(β̂ − β)′z0]′√
z′0(Z ′Z)−1z0

S−1 [(β̂ − β)′z0]√
z′0(Z ′Z)−1z0

∼ m(n− r − 1)
n− r −m

Fm,n−r−m

Confidence region for β′z0 = E(Y0) at confidence level 1− α:{
β′z0 ∈ Rm : (β̂′z0 − β′z0)′S−1(β̂′z0 − β′z0) ≤ z′0(Z ′Z)−1z0

m(n− r − 1)
n− r −m

Fm,n−r−m(α)
}
.

2. Simultaneous confidence intervals for β′(k)z0 = E(Y0k), k = 1, ...,m at (nominal) confidence level
1− α:

for β′(k)z0 : β̂′(k)z0 ±
(m(n− r − 1)

n− r −m
Fm,n−r−m(α)z′0(Z ′Z)−1z0skk

)1/2

; k = 1, ...,m.

3. Suppose X ∼MN(µ,Σ). Then, the k-th (population) principal component is a linear combination
of X with the coefficients being ek and variance being λk, where (λ1, e1), ..., (λp, ep) are eigenvalue-
eigenvector pairs of Σ such that λ1 ≥ ... ≥ λp.

√
n
[ λ̂1

...
λ̂p

−
λ1

...
λp

]→MN(0, 2Λ2),

where

Λ =

λ1

. . .
λp

 .

4. The population canonical variates (Ui, Vi) are

Ui = e′iΣ
−1/2
11 X(1), Vi = f ′iΣ

−1/2
22 X(2),

ρi = corr(Ui, Vi),

where
(ρ2

1, e1), ..., (ρ2
p, ep)

are the p eigenvalue-eigenvector pairs of the p × p matrix Σ−1/2
11 Σ12Σ−1

22 Σ21Σ−1/2
11 such that ρ2

1 ≥
· · · ≥ ρ2

p > 0. Moreover, let fk = 1/ρkΣ−1/2
22 Σ21Σ−1/2

11 ek, k = 1, ..., p. Then,

(ρ2
1, f1), · · · , (ρ2

p, fp), (0, fp+1), ..., (0, fq)

are q eigenvalue-eigenvector pairs of the q × q matrix Σ−1/2
22 Σ21Σ−1

11 Σ12Σ−1/2
22 .
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5. The matrices of errors are

S11 −
r∑

i=1

â(i)(â(i))′ =
p∑

i=r+1

â(i)(â(i))′

S22 −
r∑

i=1

b̂(i)(b̂(i))′ =
q∑

i=r+1

b̂(i)(b̂(i))′

S12 −
r∑

i=1

ρ̂iâ(i)(b̂(i))′ =
p∑

i=r+1

ρ̂iâ(i)(b̂(i))′

where

Â−1 = S
1/2
11 (ê1

... · · ·
... êp) = (â(1)

... · · ·
...â(p))

B̂−1 = S
1/2
22 (f̂1

... · · ·
... f̂q) = (b̂(1)

... · · ·
...b̂(q)).

6. The expected cost of classification is

ECM = c(2|1)p(2|1)p1 + c(1|2)p(1|2)p2

and the optimal classification rule which minimizing the ECM has

R1 =
{
x :

f1(x)
f2(x)

≥ c(1|2)p2

c(2|1)p1

}
and R2 = Rc

1. If f1 is the density of MN(µ1,Σ) and f2 is the density of MN(µ2,Σ). Then, the
optimal classification rule

R1 =
{
x : (µ1 − µ2)′Σ−1x− 1

2
(µ1 − µ2)′Σ−1(µ1 + µ2) ≥ log

[c(1|2)p2

c(2|1)p1

]}
and R2 = Rc

1.


