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SUMMARY

In linear regression or accelerated failure time modelntie¢hod of efficient estimation, with
or without censoring, has long been overlooked. The maisomeds that complications arise
from multiple roots of the efficient score and density estiora In particular, when smoothing
is involved, uncertainty in the choice of bandwidth is inabie. Zeng and Lin (2007) provided a
novel efficient estimation method for the accelerated faitime model by maximizing a kernel-
smoothed profile likelihood function. This paper proposesestep efficient estimation method
based on counting process martingale, which has severahtajes: it avoids the multiple root
problem, the initial estimator is easily available, andieasy to implement numerically with a
built-in inference procedure. The requirement on bandwidtrather loose and less restrictive
than that imposed in Zeng and Lin (2007). A simple and effeatiata-driven bandwidth selec-
tion method is provided. The resulting estimator is prowetbé semiparametric efficient with
the same asymptotic variance as the efficient estimator wigearror distribution is assumed to
be known up to a location shift. The asymptotic propertiethefproposed method are justified
and the asymptotic variance matrix of the regression caoefiis is provided in a closed form.
Numerical studies with supportive evidence are presemtpdlications are illustrated with the
well-known PBC data and the Colorado Plateau uranium mitesias

Some key wordd.inear regression model; Accelerated failure time moéstimating equation; One-step efficient
estimation; Counting process martingale.

1. INTRODUCTION

The linear regression model is one of the most classical dddlyvused statistical models.
For complete data, the regression parameters are ususiltyated by the least squares, rank
estimation and M-estimation. Likewise, in the presenceeaisoring, the linear model or accel-
erated failure time model, owing to its straightforwardempiretation, is an important alternative
to the Cox model for regression analysis. The popular etittmapproaches are rank meth-
ods (e.g. logrank and Gehan’s method) and the least squath®dn(e.g. Buckley-James), see
Gehan (1965) and Buckley and James (1979). Other existinbaui® such as Tarone-Ware,
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2 K. CHEN AND Y. LIN

Kalbfleisch-Prentice, Peto-Peto and Fleming-Harringtiso have clear interpretations and are
easy to compute, see Kalbfleisch and Prentice (1980), Pet®ato (1972), Fleming and Har-
rington (1991). An M-estimation method for censored lineggression can be found in Zhou
(1992). The co-existence of the aforementioned competigitoas reflect the fact that it has not
proven which method is the best. They are asymptoticallgiefit only under certain specific er-
ror distributions. None of them achieves the semiparametficiency bound. Even though some
general theory for rank methods has been developed in 3§1890), Lai and Ying (1991b) and
Ying (1993), a specific construction of the semiparametificient estimator is not available in
the literature.

Recently, Zeng and Lin (2007) developed an elegant effi@stimation method for the ac-
celerated failure time model by maximizing a kernel-smedtbrofile likelihood function. This
approach is intuitively appealing. It leads to a semipatamefficient estimator under certain
restrictive choice of kernel function and bandwidth.

An easy-to-implement semiparametric efficient estimatigith obvious advantage over the
above methods in terms of estimation accuracy, is muchetksithe semiparametric efficient
estimation, however, is generally associated with the Iprobof density estimation and com-
putational difficulties. The efficient score with estimatdehsity and its derivative is likely to
have multiple roots. Moreover, when smoothing is involvadcertainty in the choice of band-
width is inevitable. These and other technical/numericahglications constitute the limitations
of efficient estimation.

In spite of the difficulties, efficient estimation is worthrpuing. The most appealing factor is
that, when censoring is absent or independent of covatieeemiparametric efficient estimator
is asymptotically as accurate as the parametric efficidithar when the error distribution is
assumed to be known up to a location shift. Consider a liregnession model

yi=a+ 'z +e, 1<e<mn,

where (y;, z;, ;) areid.i.d copies of(y, z, ) andx is independent of. Assume the density of
e, f(),is known and let)(-) = f(-)/f(:). The scord1, z)')(y — a — f'z) = (1,2)"4(e) and
the estimating equatiom;* ; (1, x;)"¥(y; — a — §'z;) = 0 provide the efficient estimation. The
asymptotic variance of the estimator @fis {var(z)Z}~!, whereZ = E{y?(¢)} is the Fisher
information for the location parameter. Whens entirely unknowng is not identifiable and
is better absorbed into the error term for proper formuratibhe score function fof is (z —
Ex)y(y — f'x) = (x — Ex)y(e). Heuristically, the efficient estimator ¢f can be obtained by
solving

n

> (wi— 2 (y; — Ba;) =0,

i=1

wherez[z(-) is a proper estimator af(-). However, numerical complications arise here. First, the
curve estimation itself can be difficult. Second, the abaterating function is sensitive to the
curve estimation and deviation can result in bias of thevesttr of 3. Moreover, the estimating
equation may have multiple roots, depending on the shapeeaturvey. As a result, efficient
estimation becomes unfavorable compared with least sguareank estimation. We note that
the asymptotic variance of the semiparametric efficieritregor {var(x)Z}~! is the same as
that of the parametric efficient estimator.

With the ample theoretical and numerical development inahing techniques as well as
in survival analysis, it is now timely to tackle the technidéficulties and find a more reliable
numerical procedure for efficient estimation. This papeppses a competitive alternative statis-
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Efficient Estimation of Censored Linear Regression Model 3

tical procedure: a one-step semiparametric efficient estim. There are several advantages to
this method. The high order accuracy of curve estimatioch s1$ that imposed in Zeng and Lin
(2007), is not required. Moreover, even if the curve estiomais not consistent, the estimator of
the regression parameter is still consistent and asyroptiytinormal. The choice of bandwidth,
which can be rather delicate in the context of curve estimnaiis not restrictive. Moreover, the
curve estimation is for the hazard function rather than #mesdy function and can be naturally
handled using counting process martingale. A simple aret&fe data-driven bandwidth selec-
tion method is also provided. Although the one-step estonatequires an appropriate initial
estimator, this is not a problem as many ideal candidatest. é3ging the one-step estimation,
we avoid solving the estimating equation and thereforecatieé multiple root problem. This
method also has a built-in variance estimation. The contipat#s straightforward. In summary,
the proposed method provides a competitive alternativedexisting methods.

It is worth noting that even though Buckley-James, the lgkrand Gehan’s methods do not
involve smoothing, the estimation of asymptotic variandess if the plug-in rules are used. An
alternative way is by the resampling procedures proposshtly in the literature, see Jin et al.
(2000).

In the next section, we describe the one-step efficient asitm procedure with theoretical
justification. Numerical studies with supportive evideraze presented in Section 3. Section 4
describes the applications to the well-known PBC data aa€tilorado Plateau uranium miners
data. A few closing remarks are given in Section 5. All praafs deferred to the Appendix.

2. ONE-STEP EFFICIENT ESTIMATION
Let (Y*, X) be the response-covariate pair of random variables, watisf

V' =p4'X +e, (1)

whereX is ad-dimensional covariatej is thed-vector regression parameter to be estimated and
e is the unobservable error term independenXot ™ in model (1) could be some transformation
of survival times. When the log transformation is used, #multing model is often regarded as
an accelerated failure time model. L@tbe the censoring variable. As usual, we assume that
C'is conditionally independent &f * given X. SetY = min(Y™*,C), 6 = I(Y* < C), N(t) =
0I(Y <t),andY (t) = I(Y >t).I(-) is the indicator function throughout this paper. Then,

t
M(t) = N(t) - / Y($)A(s — #/X)ds
is a counting process martingale, whafe) is the hazard function aof Let A(-) be the cumula-
tive hazard function ot. For ease of presentation, we also defivg, 3) = 6I(Y — 3'X < t)
andY (t,8) = I(Y — /X > t). Then,

Mt 50) = NGt o) = [ ¥ (s, Bo)N6)ds

is also a counting process martingale based.on
In the presence of censoring, the observationg ¥re);, X;), 1 < ¢ < n, which are iid copies
of (Y, 0, X). Alinear regression model without censoring is a specis¢ @ath P(C = co) = 1.
Consider the following estimating function

s =3 [ o {3 - EEEIED b avig
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UL XY AN X))
_Z/ {X ;L 1 ( ﬂ'X —l—ﬂ'X) }dN,(t), (2)

wherer = inf{t : P(e < t,C — ;X < t) = 1}. All the popular estimation procedures can be
viewed as special cases with particular choices(o)‘ Choosingy(t) = 1 yields the well-known
log-rank estimation and choosingt) = >""_, Y;(t, 3) leads to Gehan’s estlmatlon

It will be shown later that, under certain regularity cofwtis, choosingp(t) = A(t)/A(t)
leads to the efficient estimation if(-) satisfies certain smoothness conditions. When the distri-
bution of e is unknown, it is natural to plug in a proper estimator\¢f)/\(-). Such estimation
shall inevitably involve smoothing techniques. Li€t-) be an infinitely differentiable symmet-
ric kernel function with support ifi—1, 1] and be the bandwidth. LeK}, (¢) = (1/h)K(t/h).
Define

) = [ Kl — 0aA(s.0), Ae.0) = i [ (s DKnls — (s,

andi)(t, 3) = (t B)/A(t, 5), wherery = [* L u?K (u)du. A(-) is the nonparametric estimator
of the cumulative hazard functiafi(-) introduced by Nelson (1972) and generalized by Aalen
(1978). The kernel smoothing estimator)df) is essentially a way of smoothing the increments

of A(-). Moreover,\(-) and A(-) are consistent estimates fat-) and\(-), see Ramlau-Hansen
(1983) and Jiang and Doksum (2003). A straightforward wagashputing an estimator is to
directly replaceo(t, 3) with zﬁ(t,ﬁ) in estimating equation (2) and solve the equation or
However, such a direct procedure may not be numericallilflsadn general, this equation is
likely to have multiple solutions. The conventional nuraatitools, such as the Newton-Raphson
method, become unreliable.

To avoid numerical complications, we propose the follonamg-step efficient estimation pro-
cedure. Here and throughout the papét? = vv’ for any vectorv of dimensiond. || - || is the
Euclidean norm and; be the true value of. Let 3; be certain initial estimator of. Denote
Siy X5Y5(t, 8)/ Xo5=, Y;(t, B) in estimating equation (2) &% (t, (). Let

V(B1) = /OT 72)2(t>ﬁ1)2n:{Xj - X(t,ﬁl)}myj(tﬁl)zn:dNi(t,ﬁﬂ/zn:Yj(t,ﬁﬂ-
i=1 i=1

i=1
Define the proposed estimator,

B =01+ VHB)U,(B). ®3)

Some regularity conditions are assumed here.

(i) P(e > 7) > 0 andr is assumed to be finite;

(i) The covariateX is bounded, i.eP(]| X|| < K) = 1 for some0 < K < oo;

(i) The hazard function\(¢) is bounded away from 0 fob < ¢ < 7 and is continuously
differentiable up to the second order;

(iv) The bandwidthh = n" with r € (—1/3,0);

(v) The initial estimator3, = Gy + O, (n~/2).

THEOREM 1. Assume the above conditions (i)-(v) hold. In fact,

B=PB+X> &/n+r, (4)

1=1
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Efficient Estimation of Censored Linear Regression Model 5

where the remainder,, = O,(1/vn2h3 + h?/\/n),

&= [ O/ HXG — Xt 5o) }AN(t, fo)
and

y = /0 [A0/MOY BAX — BXIY 2 4 830} dA(@),

which can be consistently estimated by (3;1)/n. It follows that 3 is consistent for3, as
n — oo, and

V(B = o) = N(0,571)
in distribution asn — oo.

Remark 1.Conditions (i)-(ii) are regularity conditions. Conditidi) implies that at the end
of the study, there is a positive chance that an individudll ivave survived without being cen-
sored. Such restriction frequently appears in the liteeadund is used to avoid the usual technical
difficulties of a possible tail instability. Condition (jiis the smoothness condition for the under-
lying density function.V () andX are nonsingular under conditions (i)-(iii). This is badlica
in the same spirit as Theorem 8.4.1 of Fleming and Harrin¢t®31). Condition (iv) is needed
for curve estimation. Condition (v) implies that the initestimator must be close 1@, to en-
sure convergence of the desired semiparametric efficiéima®sr. Condition (V) is satisfied by
various existing estimators such as, for example, the fdgoa Gehan'’s estimator.

Remark 2When assuming that the error distribution in model (1) isvkmaup to a location
shift, the efficient score foff is

S =Y [ DOAO} XdNi(t,5) - XeYilt, DAt}
i=1

And the asymptotic variance of the efficient estimatorfs !, which is the same as
the asymptotic variance of the semiparametric efficientnedbr. The proposed estimator is
semiparametric-efficient. Most importantly, it is as e#iti as the parametric efficient estimator,
when the error distribution is known up to a location shift.

Remark 3Zeng and Lin (2007) provided a novel method to compute anefii@stimator for
the accelerated failure time model. There are certain #tieat restrictive conditions on the ker-
nel function and bandwidth. In particular, the asymptotcmnality relies on the assumptions that
the first(m — 1) moments of the kernel function abdor somem > 3 and the bandwidth = n”
with v € (—1/(2m),—1/6). Such assumptions could be too stringent in practice. Toeqgsed
efficient estimation procedure in this paper is valid undacimiooser requirements on the kernel
function and bandwidth. The requirement on the bandwidth n” with » € (—1/3,0) is only

A

a necessary condition for the consistency of the estimatiox(-), as the variance of(-) is at
the order ofl /(nh3). And the positivity and symmetry of the kernel function iaredard in the
literature.

Remark 4Although the estimation ok(-) and\(-) may theoretically have different orders of
optimal bandwidth, using different choices of bandwidtiestimate them separately only results
in marginal improvement. In this paper, choosing the samelilth to estimate\(-) andA(-),
due to its analytical and computational simplicity, yiettesirable and favorable results.

Remark 5The remainder term in (4) is a degenerate U-statistics wikizkro correlated with
the main iid term plus negligible terms by a careful evaluatin the Appendix. It then induces
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6 K. CHEN AND Y. LIN

a data-driven bandwidth selection method by minimizingrémaainder termr,, over h. As the
main iid terms do not depend dn it is equivalent to minimize

ISy ey,
=1

overh. The proposed data-driven bandwidth selection methodriplsiand effective. Moreover,
in view of (3), one can write

T BUB) = (B — o) + 25T €t ©)
i=1

Under condition (v),81 — 6o = (1/n) > i=1 Z; + O,(1/n) where Z; are iid mean zero terms.
Then,

B, 5(B1) ———ZZ—I— -y~ 1Z£z+m+0( )- (6)

Most importantly, it can be verified that; is also zero correlated with the degenerate U-statistics
Ieading term of-,, which is at the order of1/v/n2h3 + h?/\/n). Then the mean squared error

of nV =1 (B1) U, (B1)/v/n

1
MSE(h) = 0% + O(— h3 + nt) + o(—=+ At + O( ) 7)
decreases tillh is at the order ofn='/3, where o2 is the variance of— ", Z;/v/n +

»=S" | & /+/n which is mdependent 0i. As a result, it is intuitively appeallng to select the
bandwidth by minimizing” —1(3,)U (51) in real implementation. The computation is straight-
forward. Supportive simulation results can be found inisac3.

Remark 6Consider a generalized linear model

Y =g(F'X)+e,

whereg(-) is a known differentiable link functiony” is the response variablé&, 5 ande are
given in model (1). Under certain regularity conditions tegression parametgiis identifiable.
Our proposed method can be applied to such a generalizeat limedel in a straightforward
fashion.

3. NUMERICAL STUDIES

Simulation studies are conducted to examine the finite saupgiformance of our proposed
one-step efficient estimation method. Similar to Jin et2006) and Zeng and Lin (2007), the
studies are based on the following model

log(T) =2+ (1 X1 + B2 X2 + e, 8)

where X is Bernoulli with probability of succesB8.5, X, is normal with mearD and stan-
dard deviation0.5 and (1, 52) = (—1,—1). X; and X, are independent. We consider six
error distributions:e follows the standard normal distributiom;follows (standard) extreme-
value distribution;e follows the distribution corresponding to the proportibrmalds model
(the standard logistic distribution); ard follows Weibull distribution with scale parameter 1
and shape parameter 1, denoted by Weibull(1¢ fpllows mixtures of N(0,1) and N(0,9)
with mixing probabilities(0.5,0.5) and(0.95,0.05), denoted by.5N (0,1) + 0.5N(0,9) and
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Efficient Estimation of Censored Linear Regression Model 7

0.95N(0,1) + 0.05N(0,9). Censoring times are generated from the Unifioxm|, wherer was
chosen to produce 26% censoring rate. We set the sample size- 200. We use the kernel
function K (-) to be the standard normal density function (Gaussian Kemmelur simulation.
We let the logrank estimator and Gehan’s estimator to beritialiestimator in our procedure.
We used the recommended optimal bandwidths for the profdiood approach in Zeng and
Lin (2007). The simulation results are based on 1000 rejiica and can be summarized in the
following tables.

(Insert Tables 1, 2, 3 here)

It can be seen that the proposed estimator is asymptotiaallfficient as that of Zeng and
Lin (2007). And the proposed estimator is generally stablg @ot sensitive to the choice of
bandwidth. One can see from Tables 1 and 2 that the proposttdnis not sensitive to the
initial estimator. Both logrank and Gehan’s initial estiora provide favorable results. Table 3
reports that the proposed bandwidth selection method wwedscompared with the existing
methods. Although for logistic an@ 5N (0, 1) 4+ 0.5N(0,9) error distributions the variance is
slightly underestimated with small bandwidths, the pregbdata-driven bandwidth selection
method gives accurate estimation. Further simulation shibvat the proposed estimator is not
sensitive to the choice of kernel function. Indeed, our pegal procedure performs well in finite
sample studies.

4. APPLICATIONS

We first present an analysis of the well-known Mayo primatjaky cirrhosis (PBC) data
(Fleming and Harrington, 1991, app. D.1). The dataset ammtaformation on the survival time
T and prognostic factors for 418 patients. Analogous to Jial.ef2003, 2006) and Zeng and
Lin (2007), we fit the accelerated failure time model with fo@variates, age, log(albumin),
log(bilirubin), edema and log(protime). The estimateshaf tegression parameters can be ob-
tained using the proposed method with the Gaussian kemetifun and the bandwidths, =1/,
on~ 7 and the bandwidth selected by the proposed data-driventiseienethod in Remark 5,
denoted by:4,. In these two examples, is the sample standard deviationlog(7"). The results
are displayed in Table 4. The parameter estimates are digneoa sensitive to the choice of
bandwidth. And the variance estimation with bandwidlt) is similar to that of Zeng and Lin
(2007).

Table 4: Accelerated failure time regression for the Mayo PBC data.

h=on 1/ h=on Y7 had
Covariate Est SE Est SE Est SE
Age 0.0282 0.0056 0.0290 0.0060 0.0293 0.0064

log(albumin) | -1.8637 0.4574 -1.8035 0.489Q0 -1.7214 0.5230
log(bilirubin) | 0.5861 0.0591 0.5847 0.0635 0.5872 0.0679
Edema 0.7415 0.2075 0.7415 0.2248 0.7458 0.2430
log(protime) | 2.2743 0.5998 2.4225 0.6460 2.4548 0.6941

For further illustration, we apply the proposed method talyre the Colorado Plateau ura-
nium miners data. The data set is collected to study thetsftdaadon exposure and smoking
on the rates of lung cancer. The detailed description of #ie sket can be found in Langholz and
Goldstein (1996). The study consists of 3347 Caucasian malers who worked underground
for at least one month in the uranium mines of the four-staiti@do Plateau area. For each
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8 K. CHEN AND Y. LIN

subject, the information includes the age at entry to thdystihe cumulative radon exposure,
the cumulative smoking in number of packs and the deathnmétion. In this study, a total of
258 miners died of lung cancer. Subjects who died of lung eaace taken to be failures and
all others were censored at their exit times. Ketlenote the cumulative radon exposure in 100
working level months (WLMs)Z be the cumulative smoking in 1000 packs d#dbe the age

at entry to the study. We fit the following model

log(T) = ﬁlX + ﬁQW + ﬁgZ + €

using the proposed method with the Gaussian kernel funcliable 5 presents the estimation
results which are generally not sensitive to the choice onfliaadth. It is seen that the cumulative
radon exposure and age have significant negative effectemsutvival time and smoking is
hazardous.

Table 5: Analysis of Colorado Plateau Uranium Miners Data.

h=on 1/ h=on /7 had
Covariate Est SE Est SE Est SE
X -0.0214 0.0008 -0.0223 0.0013 -0.0218 0.0010
w -0.0261 0.0013 -0.0268 0.0020 -0.0266 0.0016
Z -0.0077 0.0012 -0.0066 0.0019 -0.0070 0.0016

NOTE: Est denotes the parameter estimate; SE is the estirstziedard error.

5. CONCLUDING REMARKS

This paper proposes a one-step efficient estimation anceimfe approach for linear regres-
sion models or accelerated failure time models with cemnkadaa. The goal of the paper is
to advocate such a numerical procedure of efficient estimadhat is both reliable and easy to
implement, as shown in the simulation studies and real elesnj/e understand that efficient
estimation has its limitation in terms of, for example, retmess. However, a truncated version of
the curve estimation could be considered. For example, Wieeastimator of\(-) is too close to
0, we could replace the weight function by 1. Such modifiediogis may result in more stable,
albeit less efficient, estimators.

We aim to develope a mature program in S-plus and SAS foripiometrs or non-experts to
compute the semiparametric efficient estimators. Our éutwork will consider further exten-
sions of the method to partial linear models or general faamsation models.

APPENDIX

The proof relies on counting process martingale technicgezsfor example, Andersen and Gill (1982)
and Chen (2004). More notation is needed.for a vector or matrix means the sum of the absolute values
of all elements. Define

Un8) = 3 [ O/ (X = X (0 p}N(e, )
=3 [ G - X6 /ai(e.5),
=1

Ve() = [ (A0} X - X009 Y N5 YY),
j=1 i=1
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Efficient Estimation of Censored Linear Regression Model 9

Let U, (3) be defined the same &, (3) except with\(t) /\(t) replaced byi(t)/j\(t) defined in Section
2. SetN(t,3) = (1/n) Y., Ni(t, 8). The following lemma provides the approximations that v
used later.

LEMMA 1. Assume conditions (i)-(iv) hold. Then, there exists a secg€,, — oo such that,

1 1 1 h?
‘\B—ﬁolfggnn*1/2 EUESt(B) - EUtr(ﬁ) = Op(\/ﬁ + %), (Al)
sup [V (B) —nVir (B)] = o,(1). (A-2)

|8—BolI<Cpn=1/2

Proof. DenoteY =Y — 3'X. By the boundedness 6 — t)/h and(Y — ¢) K, (Y — t), vaf{0 K, (Y —
t)} = O(1/h) and vafo (Y — t)Kxn(Y —t)} = O(h) for any fixedt. The empirical approximation anal-
ogous to the proof of Lemma 1 of Chen (2004, p. 1523) can baeapfi show, for every sequenés,
with B,, — 0, that

sup
18=Boll<Bn,0<t<r

/OT Kp(s—t)dN(s,8) — E {/OT Kn(s - t)dN(s,ﬁ)H = Op(\/%); (A-3)
/OT(S —t)Kp(s —t)dN(s, )

sup
18=Boll<Bn,0<t<r

_E{/OT(S _t)Kh(s—t)dN(s,mH = 0p(V/n). (A-4)

Observe that
: 1 T (s—t)Kp(s—1t) _
At) = dN ; A-5
®) h2ks /0 (1/n)z I(Y7 > 5) (s, 8); (A-5)
EN T Kh(S — t) —
o = | ol N (s, ). (A6)
o (1/n) 35 I(Y; > )
Using (A-3) and (A4), it can be shown that, for every sequetit;ewith B,, — 0,
2 2 1
sup [A(t) — EX(t)| = Op( 3); (A7)
18—Boll<Bn,0<t<r nh
N : 1
At) = EXt)| = Op(—= A-8
Hﬁ—ﬁollsﬁlg,oﬁtSJ “ © p(\/nh) (A-8)

by appealing to Theorem4.3 of van der Vaart and Wellner (1996, p.123).
Next, in order to show (AL), one can write

lewlB) U (D) = - Z [} [0 —senp] - manes
5 / (O HAO = MOHX — X (0 8))dMi(1, )
52 [ G0 =500 - Oy - X i

- Z / AOY DA X — X (b, A)}AM(t, )

=1L - H2 —II3 + Iy, say. (A-9)
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10 K. CHEN AND Y. LIN
We first show for any sequendg, with B,, — 0,

1 h?
sup I, —E(IL)| =0,(— + —). (A-10)
HB—BoHSBn| 1~ ()| p(\/n2h3 \/ﬁ)

Let R,, be the bias of\(¢). Using the delta method and plugging in-B), one can write

A\(t
;\ )+ E/\( ) —
A(t)
50 MY 1) [ 50— 0EWY; — )
/i1Y5) P(Y; > Y;|Y;)
Xi — X(ta ﬁ)
nh2raA(t)

M
\
/—/H yz N

At )}{Xz- — X(t, B)YdM;(t, B)

Mi(t7 6)

=01 — 02+ 03+ Oy, say, (A-11)

whereR,, = O(h?). By expressing; in the form of a first order degenerate U-statistic, one catewr

1 1 &
O = - Z 9ij + Zgiia (A-12)
1<i<j<n i=1
where
i = 0i{hij — E(hij| X:, Y3, 6:)H{X; — X(V;,8)} b % (Y; = V) Ku(Y; — Y)
Y nh2ra\(Y;) P P(Y1 > Y;|Y;)
Here g;; = 0 almost surely fori = 1,...,n. By conditions (i)-(iv) and the boundedness @? —

t)Kp(Y —t) for all ¢, var®;) = var(g;;) = O(1/(n?h?)). It can be easily checked that V&L) =
O(h*/n). Therefore, the uniform convergence

1 h2
llﬁ—BoHSBn| ' (&) p(\/n2h3) IIﬁ—BoHSBn| ! (64)] p(x/ﬁ)

can be shown by appealing to Theoren.3 of van der Vaart and Wellner (1996, p.123).
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Efficient Estimation of Censored Linear Regression Model 11
It follows from Lemma 1 of Ying (1993) that

ey A/m) 3 1Y, P(Y1 > t)| = Op(n~"7?). (A-14)
18— BOH<Bn 0<t<t =

Using (A-14), it can be shown in a similar fashion that

1
sup [©2 — E(O3)| = 0p(—).
18— Bol| < B P Vn2h3
ConsiderOs, under condition (i)info<:<- P(Y > t) > 0. Then there exists a constant- 0 such that

P(Y >t)>cfor0 <t <. Inview of (A-14), (1/n) >7_ L I(Y; > t) > C for some constan’ > 0
and allo < ¢ < 7. Together with (A7),

(A-15)

sup  [Os]
18—Boll<B.
" Y; — t)Kp(Y; — (Y, — ) Kn(Y; —t
< = Sup Z )JEn( t) _E 53(] )~ h(NJ ~)
VI |18-Bol|<B.0<t<r | £ nhzﬂz{P (Y1 > Yj[Y;))? nh?ro{ P(Y1 = Y;|Y})}?

LS I 2 V) - PO 2 Vi)

k=1

13— 50|I<B 1<j<n

for some constant’ > 0. Thus, (A10) is proved.
It can be shown in a similar fashion that

1 1 h?
sup Iy — E(IL)| = O0)(—=+ —— + —);
Hﬁ—mﬂsm' 2= Bl = Op( e & s T )
1 B2

sup |II; — E(IL;)| = op( +—
18—Boll<Bn " Vnh3

fori = 3,4. Finally, letm; (3) be the expectation di;. Sincem () is continuous i3 andm; (5y) = 0,
by the Taylor expansion, for every sequeig;ewith B,, — 0 and any0 < ¢ < 1,

sup  [|m1(B) = Gu(Bo)(B = Bo)ll = o(BL™)
18=Boll<Bn

)

almost surely, where

an):—z / 35 { <>}/A<>{Xi—X<t,ﬂ>}}dMi<t,ﬁ>
e Z / )} ALK~ X (6. 8)) (e, )

is the gradient of[; by formal differentiation. Thusi,,(30) = O,(n~*/2 +1/v/n2h3 + h?/\/n). Then
there exists a sequen€g, — oo such that

swp (ma(B)] = of—mes + 22

1 = _ P
18—Bol| <Crun=1/2 N N
Combining (A10) and (A17), we have

). (A-17)

] = 0y + )
sup =0, (e + 2,
I1B—Bol|<Crn—1/2 P n2h3 \/ﬁ
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12 K. CHEN AND Y. LIN

Likewise, it can be verified thal; is o,(1/vn2h3 + h?/\/n) uniformly over||3 — 3y < C,n~1/2 for
i =2,3,4. Therefore, (Al) is proved. The proof of (&) follows along the same line as the proof of
(A-1) and is omitted here. The proof of Lemma 1 is complete.

Proof of Theorem 1
Firstly, we prove (4) in Theorem 1. Observe that

B = o+ (B1 = Bo) + n{V="(B1) = Vi (B} - {Uest (B1) = Usr(B1) + Usre (B1)
—Usr(Bo) = nAn(B1 — Bo) + nAn(B1 — Bo) + Usr(Bo) }
+nV, H (B1) 2 {Uest(B1) — U (B1)}
+nVi  (B1) = {Ur (B1) = Usr(Bo) — nAn (81 — Bo)}
0V, (61)An (B = Bo) + Vi (B1) £ Ut (o) (A-18)
Note that,

INESEDS / WO/ (X0 — BOGIY: > 4 B)X0)} dMi(t, fo)

+> /0 T{A(tw(t)} {EXi|Y: > t+ By X:) — X(t, Bo) } dM;(t, Bo)
1=1
=11, + I, say.

Using the approximation established in Ying (199BY.X|Y >t + 8,X) — X (t, Bo) is Op(n=1/?). It
follows from the fact thatM (¢, 5y) is @ martingale that v, /\/n) — 0 asn — oo. Thereforell, is
op(y/n). Under conditions (i)-(iii),IT; is the sum of i.i.d bounded random variables with mean 0 and
variance

2 =var | [ (OO} X~ B 2 4 50} M (o)
0
By the property of the counting process martingale,
= /T {}\(t)/A(t)}Q E{X — B(X|Y >t+ 8,X)}®% dA(t).
0

Therefore by the central limit theoref;,.(3,)/v/n — N (0, X) in distribution as» — oo.
Observe that/;,.(0) is a weighted logrank estimating function with weig\{t) /A(-). It can be shown
that, for every sequendg,, with B,, — 0 and any0 < ¢ < 1,

sup  {|Usr(8) = Usr(Bo) — Ann(B = Bo)l/ (Vi +nll8 = Boll'*°)} = 0p(1),  (A-19)

[1B8—Bol|<Bn
where
. 2
I~ [T , 1 (0
An== Z;/O {%} {Xi = BXYi > ¢+ 5,X:)} " dMi(t, o) = — {%Utr(ﬁo) +op(x/ﬁ)}

which is similar to Theorem 2 of Ying (1993, p. 91). The prodfen there essentially uses empirical
approximation. Together with condition (v),

Ut (1) = Usr(B0) — Ann(B1 — Bo)| = 0p(V/n). (A-20)

By the law of large numbersi,, — ¥ in probability asn — oo under condition (ii). By (A2) and con-
dition (v), nV~1(81) — nV,,. 1 (B1) = 0,(1) and A,,\/n(B1 — o) = O,(1). It can be shown similarly to
the second part of Theorem 3.2 of Anderson and Gill (1982108} that

—Vir(B1)/n — X (A-21)
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Efficient Estimation of Censored Linear Regression Model 13

in probability asn — oo. Therefore,

(81 — Bo) + Vi (B1) An (B — Bo) = 0,(1/ /),
Vir ' (B){Usr (1) = Usr(Bo) — nAn(Br = Bo)} = 0p(1/ /).

By Lemma 1, the leading term @{/..:(31) — Us-(81)}/n is O,(1/vn2h3 + h?/\/n). Hence,

B = Bo + Vi L (B1)Usr(Bo) + 7, (A-22)

where the remaindet, = O,(1/vn2h? + h?/y/n). In view of (A-21), (4) is proved.
Thus, under condition (iv), the consistency 6f is proved. Using (A21) and the fact that
Ut (B0)/+/n — N(0, %) in distribution as: — oo, we have

V(B —Bo) = N(0,571)

in distribution as» — oo. The proofis complete.
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Table 1: Simulation results for the proposed method with logrankdhestimator.
h=n"1/5 h=n"1/7 h=n"1/" ideal estimator
BIAS SE SEE CcP BIAS SE SEE CP BIAS SE SEE CcP BIAS SE
e ~ standard normal
By 0.003 0.162 0.161 0.946 0.006 0.162 0.167 0.952 0.006 0.162710 0.965 0.008 0.156
B> 0.001 0.162 0.163 0.950 0.001 0.166 0.169 0.954 0.001 0.165720 0.964 0.001 0.157
€ ~ Extreme-value
61 0.003 0.169 0.157 0.931 0.004 0.168 0.165 0.946 0.003 0.166680 0.962 0.001 0.169
G, 0.001 0.165 0.158 0.933 0.008 0.169 0.165 0.944 0.002 0.165690 0.955 0.004 0.164
e ~ the standard logistic distribution
B 0.005 0.284 0.252 0.925 0.000 0.279 0.260 0.936 0.005 0.278730 0.945 0.008 0.278
B> 0.001 0.280 0.256 0.921 0.003 0.280 0.268 0.932 0.003 0.28P760 0.949 0.002 0.280
e ~ Weibull(1,1)

G1 0.009 0.181 0.174 0.944 0.001 0.182 0.179 0.945 0.002 0.181840 0.952 0.006 0.180
G, 0.009 0.183 0.179 0.946 0.006 0.185 0.184 0.953 0.001 0.185850 0.949 0.006 0.181
e ~ 0.5N(0,1)+0.5N(0,9)

By 0.003 0.279 0.240 0.922 0.008 0.271 0.264 0.939 0.006 0.2792680 0.941 0.007 0.274
B> 0.003 0.284 0.244 0.920 0.006 0.275 0.267 0.942 0.006 0.278680 0.948 0.004 0.275
€ ~ 0.95N(0,1)+0.05N(0,9)

61 0.002 0.167 0.167 0.949 0.005 0.168 0.171 0.952 0.009 0.162740 0.959 0.000 0.164
G, 0.006 0.169 0.169 0.951 0.001 0.166 0.170 0.954 0.001 0.166750 0.961 0.004 0.169

NOTE: SE is the standard error of the parameter estimate;iSEe estimated standard error; CP is the coverage plipalleal estimator is the proposed efficien

estimator obtained by plugging in the trxand A.
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Table 2: Simulation results for the proposed method with Gehantsairgstimator.

h=n"1/5 h=n"1/7 h=n"1/9 ideal estimator
BIAS SE SEE CP BIAS SE SEE CP BIAS SE SEE CP BIAS SE
e ~ standard normal
By 0.001 0.162 0.161 0.951 0.006 0.161 0.166 0.956 0.001 0.160700 0.960 0.001 0.161
B> 0.003 0.165 0.164 0.950 0.001 0.162 0.168 0.953 0.001 0.159710 0.964 0.003 0.159
e ~ Extreme-value
/1 0.003 0.178 0.172 0.940 0.003 0.173 0.178 0.947 0.001 0.173800 0.954 0.002 0.167
B> 0.006 0.177 0.176 0.941 0.004 0.178 0.175 0.948 0.006 0.175810 0.958 0.004 0.169
e ~ the standard logistic distribution
By 0.006 0.284 0.253 0.926 0.002 0.274 0.269 0.938 0.000 0.278730 0.948 0.002 0.259
B> 0.008 0.282 0.255 0.924 0.009 0.277 0.268 0.936 0.001 0.279760 0.946 0.002 0.259
e ~ Weibull(1,1)

/. 0.002 0.181 0.172 0.936 0.007 0.178 0.178 0.952 0.008 0.178830 0.959 0.009 0.178
B> 0.008 0.183 0.176 0.935 0.003 0.180 0.183 0.953 0.004 0.182870 0.957 0.006 0.179
e ~ 0.5N(0,1)+0.5N(0,9)

By 0.003 0.278 0.248 0.925 0.005 0.270 0.253 0.938 0.005 0.272700 0.950 0.001 0.279
B> 0.001 0.278 0.251 0.926 0.003 0.275 0.256 0.936 0.005 0.279730 0.946 0.002 0.279
e ~ 0.95N(0,1)+0.05N(0,9)

By 0.004 0.168 0.167 0.948 0.006 0.167 0.171 0.951 0.002 0.169770 0.959 0.002 0.168
B> 0.009 0.167 0.168 0.949 0.008 0.167 0.171 0.952 0.002 0.169770 0.960 0.004 0.169
AN N<TOOOMNMNOODO A ANNTOLOMNODOTATANMNMSTODOMNOOOODOTANMNSTOONODODODOANMS O
NANANANANANNANNOOOO OO NTITITITTTITTTTTTOLOOOOOWOLLWOLLLWOOOOOO
L R T N e S S S S N T L L S A S N N O U A LT S iy Ny iy SO SO S S S SO SO S SO SO N N N N Ny
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Table 3: Simulation results with the proposed data-driven banduadlection method.
Proposed XL Logrank Gehan
Logrank initial estimator Gehan's initial estimator
BIAS SE SEE CP BIAS SE SEE CP BIAS SE BIAS SE BIAS SE
e ~ standard normal
/1 0.001 0.164 0.167 0.955 0.004 0.166 0.164 0.943 0.009 0.164.0030 0.167 0.002 0.167
B2 0.004 0.164 0.168 0.957 0.003 0.165 0.167 0.958 0.007 0.164.0050 0.168 0.007 0.165
e ~ Extreme-value
/1 0.004 0.175 0.181 0.956 0.005 0.174 0.178 0.957 0.009 0.196.0060 0.172 0.006 0.195
B> 0.001 0.176 0.183 0.957 0.004 0.176 0.180 0.956 0.004 0.199.0090 0.171 0.003 0.201
e ~ the standard logistic distribution
f1 0.008 0.264 0.260 0.942 0.007 0.267 0.269 0.950 0.005 0.274.0100 0.266 0.007 0.260
B2 0.002 0.265 0.263 0.946 0.002 0.270 0.271 0.951 0.003 0.278.0080 0.279 0.005 0.267
e ~ Weibull(1,1)
f; 0.005 0.174 0.180 0.960 0.006 0.178 0.187 0.956 0.005 0.187.0080 0.180 0.008 0.191
B2 0.004 0.180 0.185 0.951 0.003 0.180 0.188 0.957 0.008 0.186.0020 0.181 0.007 0.194
e ~ 0.5N(0,1)+0.5N(0,9)
/1 0.007 0.274 0.265 0.944 0.003 0.272 0.279 0.958 0.009 0.274.0010 0.298 0.001 0.263
B2 0.002 0.278 0.268 0.943 0.002 0.270 0.272 0.951 0.008 0.277.0100 0.306 0.016 0.275
e ~ 0.95N(0,1)+0.05N(0,9)
/1 0.007 0.165 0.172 0.953 0.006 0.165 0.167 0.951 0.010 0.171.0060 0.172 0.003 0.164
B2 0.005 0.167 0.174 0.954 0.000 0.169 0.171 0.954 0.004 0.172.0090 0.182 0.007 0.167

NOTE: Z&L is the profile-likelihood method in Zeng and Lin (2007).
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