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SUMMARY

The least absolute deviation or L; method is a widely known alternative to the classical least
squares or Lo method for statistical analysis of linear regression models. Instead of minimizing the
sum of squared errors, it minimizes the sum of absolute values of errors. Despite its long history
and many ground-breaking works (cf. Portnoy and Koenker (1997) and references therein), the
former has not been explored in theory as well as in application to the extent as the latter. This
is largely due to the lack of adequate general inference procedures under the L; approach. There
is no counterpart to the simple and elegant analysis-of-variance approach, which is a standard tool
in Lo method for testing linear hypotheses. The asymptotic variance of the L; estimator involves
the error density, or conditional densities in the case of heterogeneous errors, thereby making the
usual standard error estimation difficult to obtain. This paper is an attempt to fill some of the gaps
by developing a unified analysis-of-variance-type method for testing linear hypotheses. Like the
classical Ls-based analysis of variance, the method is coordinate free in the sense that it is invariant

under any linear transformation of the covariates or regression parameters. Moreover, it does not



require the design matrix to be of full rank. It also allows the error terms to be heterogeneous.
A simple yet intriguing approximation using stochastic perturbation is proposed to obtain cutoff
values for the resulting test statistics. Both test statistics and distributional approximations can
be computed using the standard linear programming. An asymptotic theory is derived to give
theoretical justification of the proposed method. Special cases of one- and multi-way analysis of
variance and analysis of covariance models are worked out in details. Extensive simulations are
reported, showing that the proposed method works well in practical settings. The method is also

applied to a data set from General Social Surveys.

Some Key words: Analysis of variance; Analysis of covariance; Asymptotic expansion; Distribu-
tional approximation; Factorial design; Linear constraints; Linear hypothesis; Linear programming;

Linear regression; One-way layout; Random perturbation.



1. INTRODUCTION

The least squares (LS) method is one of the oldest and most widely used statistical tools for
linear models. Its theoretical properties have been extensively studied and are fully understood.
Despite its many superior properties, the LS estimate can be sensitive to outliers and, therefore,
non-robust. Its performance in terms of accuracy and statistical inferences may be compromised
when the errors are large and heterogeneous. The least absolute deviation (LAD) method, which
is also known as the L; method and has an equally long history (Portnoy and Koenker, 1997),
provides a useful and plausible alternative.

Unlike the LS method, the LAD method is not sensitive to outliers and produces robust es-
timates. Since Charnes, Cooper and Ferguson (1955) reduced the LAD method to a linear pro-
gramming problem, the computational difficulty is now entirely overcome by the availability of
computing power and the effectiveness of linear programming (Koenker and D’orey, 1987). A com-
prehensive summary of the subject can be found in Portnoy and Koenker (1997). Large sample
properties of the LAD estimates are obtained in Bassett and Koenker (1978), Chen, Bai, Zhao
and Wu (1990) and Pollard (1991). Due to these developments in theoretical and computational
aspects, the LAD method has become increasingly popular. In particular, it has many applications
in econometrics and biomedical studies; see Koenker and Bassett (1978), Powell (1984), Buchinsky
(1998), Jin, Ying and Wei (2001), among many others.

Compared with the LS method, the LAD is handicapped by two main drawbacks: its lack of
convenient inference procedure and lack of valid analysis-of-variance approach. The asymptotic
distribution of the LAD estimate involves the density of the errors, making the plug-in inference
procedure uncertain and unreliable. The LS method includes the elegant analysis of variance
(ANOVA) that provides a unified approach for testing general nested linear hypotheses (Scheffé,
1959). The LAD, on the other hand, has no analogue of the ANOVA approach. In our view, these
two drawbacks are the main obstacles for the LAD to be explored and applied to the same extent
as the LS method.

The aim of this paper is to fill the gaps so as to make the method of LAD more effective and
convenient. The paper develops a general analysis-of-variance-type procedure for testing nested lin-

ear hypotheses. Like the LS method, the resulting procedure is invariant to linear transformation



of the covariates. It avoids density estimation by introducing a novel and intriguing resampling
scheme, so that the distribution of the test statistic can be approximated. The theoretical justifi-
cation and useful properties are proved via certain stochastic approximations that make use of the
modern empirical process theory. Like the analysis of variance, the proposed analysis of absolute
deviation is general and retains many nice properties. In particular, it remains invariant regardless
of whether the design matrix is of full rank or degenerate. Indeed, the design matrices are often
degenerate in the usual formulation of multi-way layouts, which are used to illustrate the proposed
method in Section 4. Use of the linear programming greatly facilitates the computation and makes
the method easy to implement. Simulation results show that the method works well for practical
sample sizes.

The rest of the paper is organized as follows. In the next section, the usual linear model and
accompanying linear hypotheses are specified and relevant notations introduced. In Section 3, a new
least absolute deviation statistic is introduced for testing nested linear hypotheses. Justification of
such a test is given by deriving the usual large sample properties. For the purpose of illustration,
one-way and two-way layouts are examined as special cases of linear models in Section 4. The main
results are extended to the case of heterogeneous errors in Section 5. In Section 6, simulations are
carried out to assess the finite sample performance of the method. An illustration of the method
to a real example is given in Section 7. Some concluding remarks are given in Section 8. All proofs

are presented in the appendices.
2. NOTATION AND MODEL SPECIFICATION
Consider linear regression model
yi=z8+e, i=1,--,n, (1)

where the y; and x; are, respectively, the univariate response variable and p-variate explanatory
variables which may include intercept, § is the p-vector of regression coefficients and e; is the
unobserved error. We assume med(e;|x;) = 0, i.e., the conditional median of y; given z; is ['z;.

Alternatively, model (1) can be expressed in a matrix form:

y =x08+e, (2)



"and e = (e1,---,e,). Unless otherwise stated, x; are

where y = (y1,--,yn)’s X = (21, -+, 7p)
assumed to be nonrandom.

The design matrix x is not necessarily of full rank. This is important as, in many situations,
over-parametrization is inherited in designs. Examples of such kind include the commonly used
multi-way layouts, where identification of parameters are through additional linear constraints.
More details on these examples are provided in Section 4. Let S, = > ©", z;2; = x'x. Non-
singularity or full rank of the design matrix x implies that S, is positive definite or, equivalently,
the rank of .S, is p.

Define linear null hypothesis

Hy: 3 € Qo (3)

where € is a ¢(< p) dimensional hyperplane in RP and can be expressed as
Q={beRP:G'b=cy}, (4)

where G = (g1, ..., gp—q) and ¢q are specified p x (p— ¢) matrix and (p — ¢)-vector, respectively, with
gj, j =1,...,p— g, being linearly independent p-vectors.

When the design matrix is intrinsically singular, the observations do not contain sufficient
information to identify all parameters without additional constraints. In other words, not all
parameters are identifiable and, consequently, not all linear hypotheses are testable. In order for
(4) to be testable, g;,j =1,...,p — ¢, must be in €, the linear space spanned by x1,zs,---. To see
this, let p’ < p denote the dimension of  and let uy, ..., u, denote a set of orthogonal bases of RP
that such that ui,...,uy span . Define p’ x p matrix Uy = (u1,...,uy) and (p — p’) x p matrix
Us = (up+1,-..,up). Then, (U],U3) is a p x p orthonormal matrix. Because z; is orthogonal to

Up/ 41, s Up, We know that Usz; = 0 and that model (1) can be written as

=i =00 )3 e = v ®)

where v; = Uiz; = (Wi, ..., u,x;) and v = U1 = (uif,...,uyB)" are p'-vectors. It follows
that values of Uy have no effect on the response y; and, therefore, observations (y;,z;),7 > 1
contain no information about UsB3. Therefore, in order for the hypothesis (4) to be testable,
gj,J = 1,...,p—q, must belong to the linear space spanned by u1, ..., u, or, equivalently, they must

be linear combinations of uy, ..., u,. As a consequence, p — ¢ < p’. In general, 2 can be expressed



as

Q={be R’:G'b=0},

where G is a p x (p — p') matrix of rank p — p’ such that G'x = 0 for all large n.
The analysis of variance provides an elegant way to test nested linear hypotheses. Let )1 be a

¢1 dimensional hyperplane in RP that contains {2y as a subspace. Then, €2y can be expressed as
O ={beRP: G\b=c},

where G1 = (91, ..., gp—q.) With gj, 7 = 1,...,p — ¢1, being linearly independent p-vectors and ¢; a

(p — q1)-vector. It is common to consider linear alternative hypothesis
H : ﬂ S Ql \ Qo.

Letting Q7 = RP gives the important special case of H; : f ¢ Qp. In the next section, we
shall develop a general approach to hypothesis testing under the least absolute deviation criterion.
Although it is analogous to the analysis of variance, an easy-to-implement inference procedure is

quite nontrivial and rigorous justification requires sophisticated theoretical tools.
3. METHODS OF ANALYSIS OF ABSOLUTE DEVIATION

The classical least squares-based analysis of variance uses the difference between the “least
squares” when (3 is constrained under the two nested hypotheses: mingeq, Y1y (z}3 — v;)? —
mingeq, > i (258 — yi)?. This difference is further scaled by the “residual sum of squares” to
produce the F-ratio for testing Hy against H; : § € Q3 \ Q. To develop an analogue with the least
absolute deviation, it is natural to consider test statistic

n n
min '8 — ;| — min 8 — .
i 31249 il min 3 6 i

For clarity of presentation, we focus our attention on the important special case of {2 = RP. Then,

the test statistic becomes
n n
M,, := min 56 — y;| — min 6 — y;. 6
n QEQOZ-:ZII 7,/6 yz‘ ﬁeRpi:ZI‘ 7,5 yz‘ ( )

Let Bc € Qo and B € RP be any two values of 3 achieving the first and second minimums in the

right hand side of (6), respectively. Note that when the error distribution is double exponential,



M, coincides with the log-likelihood ratio test statistic. Since the double-exponential distribution
has a heavier tail than the normal distribution does, M,, should be less sensitive to outliers and
thus more robust.

The minimums as well as 3. and ﬁ can be computed via linear programming algorithm. Specif-
ically, the first minimum in the right hand side of (6) is the same as the minimum of > 7' ; a;
subjective to linear constraints: G'8 = ¢o, a; > ;3 — y; and a; > —x}8 + y;, 1 < i < n. Therefore,
the standard linear programming applies and the computation becomes routine. Under suitable
regularity conditions, the LAD-type statistic M,, converges in distribution as n — oo. In partic-
ular, assuming homogenous error terms, Theorem 1 shows that M, converges in distribution to
Xo_,/{4f(0)}, where f(:) is the common density function of e;. Unlike the least squares method,
the limiting distribution of M,,, the test statistic based on LAD, involves the density function of the
error terms. To avoid density estimation, we propose the following distributional approximation
based on random weighting by exogenously generated i.i.d. random variables and on suitable cen-
tering adjustments. The approach can again be implemented with the simple linear programming.

Let wq,---,w, be a sequence of independent and identically distributed (i.i.d.) nonnegative
random variables, with mean and variance both equal to 1. The standard exponential distribution
has mean and variance equal to 1. Define

n n n n
M= min > wil}B — yi| — min > wiliB — yi| — O wilwBe — yil = > wilziB —wyil).  (7)
e perri i=1 i=1

We intend to use the resampling distribution of M;" to approximate the distribution of M,,. This
is justified if it can be shown that the conditional distribution of M}’ given data converges to the
same limiting distribution as that of M,. Because the resampling distribution can be approximated
arbitrarily close by repeatedly generating a large number of i.i.d. sequences wy, - - -, w,, We can use
the conditional empirical distribution of M}’ to get critical regions for M,,. Clearly this approach
avoids any density estimation. Moreover, M,* can be computed using linear programming algorithm.

REMARK 1. The bootstrap method cannot provide a correct approximation of the distribution

of M,. The bootstrap statistic is

n n
. /% * . !k *
,[?Enfg);|ﬁxl yz| éreu}%);|ﬁxz yz|7

where (z7,y;),i = 1,...,n, are the bootstrap sample based on (z;,¥;),7 = 1,...,n. It can be shown



that the conditional distribution of the above bootstrap statistic given data does not converge to
the limiting distribution of M,,.

REMARK 2. The use of M is motivated from ideas of Parzen et al. (1994) and Jin et al.
(2001) but with a nontrivial modification. A direct mimic of Parzen et al. (1994) and Jin et al.
(2001) would use

n n
érelg; ;wi\xéﬁ — ¥l — 5211% ;wi’%ﬁ — il
to approximate the distribution of M,,. However, it can be shown that the resampling distribution
of the above statistic does not approximate the distribution of M,,. Therefore a modification is
necessary.

REMARK 3. If S, is of full rank p, i.e., p’ = p, both 3 and @c as minimizers are asymptotically
unique in the sense that they converge to some fixed values under regularity conditions. When
Sy is of rank p’ < p, the sets of minimizers B and ﬁc contain unbounded linear spaces, but their
projections onto €2, denoted by H(ﬁ |2) and H(BC|Q) respectively, are asymptotically unique. In

fact,
n n n n
. / . / . / . /
min w;lx: 8 —vy;] = min E wilx: B8 —1y;] and  min w;|x: B — y;| = min w;|x: B — ;).
ﬁEQOiz::l 7,| zﬂ yz| ﬁegoinZI z’ 16 yz‘ ﬁeRPZz::l Z‘ ,Lﬁ y7,| ,BEQ; z| @/8 yz‘

The above equations still hold when w; are replaced by 1. The sets of minimizers of the first and
second minimums of (6) are, respectively, {II(3|Q)+b: b€ Q,} and {II(5.|Q)+b: b€ Q. }, where
) is the collection of all p-vectors orthogonal to 2. Despite the non-uniqueness of 3 and Bc, MY
remains the same for any choices of B and Bc. Denote respectively by B; € Qy and B* € RP any
two values of 3 achieving the first and second minimums in the definition of M;;. Then, M can
be expressed as
n N n ~ n ~ n ~
M, = sz‘m;ﬁ: — il — sz"f’?w* —yil — (Z wi‘xgﬁc —yil — Zwi\iﬁ;ﬁ — yil)- (8)
i=1 i=1 i=1 i=1
Similarly, B: and 3* are not asymptotically unique if S, is degenerate but H(B*|Q) and H(B(ﬂQ)
are asymptotically unique.
Throughout the paper, the inverse of any possibly degenerate symmetric matrix A, denoted by
A~1 is its Moore-Penrose inverse such that AA™1A = A, A7'AA~! = A" and that AA~! and
A~'A are symmetric. More specifically, if A = T'AT where T is an orthonormal matrix and A is

a diagonal matrix with nonnegative diagonal elements \;,i = 1, ..., p, then A~! = T'AT where A is



a diagonal matrix with diagonal elements 1/\;I(\; > 0),i = 1,...,p. Let 5y denote the true value
of 3.

In the following, we shall assume that the error terms are independent of the covariates. Namely,
the errors are homogeneous. This is to provide intuitive understanding for situations with degen-
erate design matrices since the relevant limiting distributions have simple expressions under these
assumptions. Extension to heterogeneous errors is given in Section 5.

(A1) The error terms e; are i.i.d. with median 0 and common density function f such that f(0) > 0.
(A2) dp = maxj<i<n {758, 12;} — 0 as n — oo.

(A3) The random weights wq,ws,--- are i.i.d. nonnegative random variables such that F(w;) =
var(wi) = 1, and the sequences {w;} and {z;,e;} are independent.

THEOREM 1. Suppose that (A1)-(A83) hold. Then, under the null hypothesis (3),

LMy ly1, -+, yn) = Xg—g/{AF(0)}  L(Mn), (9)

as n — 0o, where L denotes distribution or conditional distribution.

Condition (A1) is standard in median regression. Condition (A2) can be viewed as a Lindeberg-
type condition. Condition (A3) is simply a restatement of how the random weights should be
generated; see Jin et al. (2001). Theorem 1 establishes the validity of using the resampling
distribution of M}’ to approximate the distribution of M,,. The main advantage is that it avoids
density estimation and is numerically easy to implement.

REMARK 4. For testing general nested linear hypotheses Hy against H; : § € Q1 \ Qo, the
statistics M,, and M’ are defined the same except with minimization over R? replaced by over {2;.
Theorems 1 and 3 still hold with the degree of freedoms p — g replaced by ¢1 — ¢, where ¢; is the
dimension of the hyperplane ;.

The least absolute deviation method provides B, though not necessarily unique, as a natural
estimator of 3. In the case of the LS-based linear regression, the LS estimator of any estimable
(linear) function is unique by the Gauss-Markov theorem (Scheff’e, 1959). The same is true asymp-
totically for the LAD estimation. In fact, the asymptotic normality is presented in the following
theorem.

THEOREM 2. Under conditions (A1) and (A2), for any b € Q,

b (8 — fo) 1
wsiae N (o {2f(0)}2) ’ (10



in distribution as n — oo.
Theorem 2 essentially gives the asymptotic normality about the projector of B— 8o onto €. An

equivalent presentation of (10) is

V=) = 0 ).

in distribution as n — oo, where I,y is the p’ x p’ identity matrix, § = U3, v = U8 and
Vo = >y Urz;ziU], following the notation in Section 2. As discussed in Section 2, (v;, ;),7 > 1,
contain only parameter information about v and no information about Us(3. Therefore Us@3 is not

identifiable and UQB can be any vector in RP7F'.
4. SPECIAL CASES

Of particular interest in the classical analysis of variance is the case of multi-way layout. To
demonstrate parallel development in the analysis of least absolute deviation, we consider one-way
and two-way layouts as special but typical cases. A key feature is that the design matrices are degen-
erate and the models in themselves are over-parametrized, leaving some parameters unidentifiable.
We give explicit expressions of the test statistic M, for some commonly considered hypotheses.
Throughout this section, 1; and 0; respectively stand for ¢-vectors with all elements being 1 and 0.
4.1. ONE-WAY LAYOUT

The conventional one-way layout model assumes
Yij =p+o;+ey, j=1,---n; i=1,---,a, (11)

where y;; is the jth response on the ith level, ;1 is the overall median, «; represents the effect
of level ¢ and e;; is the random error with median 0. Let n = >>f ;n;. This model can be

written in the matrix form (2) with y = (y11," ", Y1nys s Yals s Yany)s B = (Hya1,- -+, aq),

!/
e = (6117...761711,...’ea17...7eana) and
1n1 1n1 0n1 te Onl
1, On, 1., -+ Op,
X = . . . .
1na Ona Ona 177’&

Following the notations in Section 2, x is an n x p matrix with reduced rank p’, where p’ = a <

p=a+1. Let Hy = (—1,1,---,1) be of dimension p. Then xH, = 0 and rank(Hs) =1 =p —p'.

10



A null hypothesis of common interest is
Hy:a1 == a,. (12)
Other typical linear hypotheses include, for example,
Hy:ap =y, (13)

for the purpose of comparing the effects of levels k& and . The test statistics for hypotheses (12)

and (13), as special cases of M, are, respectively,

a n; a "N
mind > fyy —pl = min Y vy - il

i=1j=1 i=1j=1
and
ng ng ng ng
min(» " |yr; — pl + Y gy — pl] — min[> ye; — pel + D lyg — wll.
poA ; ik, 4 :
7=1 j=1 7=1 7j=1
Model (11) is saturated and can be written as
yl]:MZ+eZ]7 jzla‘”vn% izla”'va'

The corresponding design matrix is of full rank. A necessary and sufficient condition for consistently

estimating i1, ..., ftg Or a consistent test of hypothesis (12) is
min(n; : 1 <i < a) — oo, (14)

which is equivalent to condition (A2).
4.2. TWO-WAY LAYOUT

Consider the following two-way layout without interactions:
Yijk = 1+ &5 + 75 + €45k, k:l,...,nij, i1=1,---,a, j=1,---,b. (15)

Let n;. = Z?‘:l Nij, N = > Ny and n = > 7, 22:1 n;j. Model (15) can be presented in

matrix form (2) with y = (yllla oy Ylinggy 7yab'rlabv T )yabnab),a ﬁ = (/’Lv A1,y Qgy Y1y 77(7),5

!/
€ = (61117 y €llnggy Tty Cabngys T aeabnab) 3
]-nlA ]-nlA Al 1nk1
X = and Ak: s k:].,...,a.
1, 1,, A 1y,

11



Notice that x is an n x (a+b+ 1) matrix of rank p’ = a+b—1 < p = a+b+1. Consider hypothesis

(12). The test statistic M,, can be written as

a b Nij a b Nij
My =miny 373" lyije =3l —min 33737 |yije — ai = l-
LR i R

Define, for j =1,...,b, Bj = {i : n;j; — 00,4 =1,...,a.}. Then, oy, — v, is identifiable if i1,iy € B;.
Similar to the concept of connectivity in the state space of a Markov chain, define an equivalence
relation among the integers {1,...,a} based on 1), members of B; are equivalent to each other for
any given j, and 2), this equivalence relation possesses the property of transitivity, i.e., if 41 and o
are equivalent and i and 73 are equivalent, then i; and i3 are equivalent. Then, it can be shown
that a necessary and sufficient condition for a consistent test of (12) is that any two integers of
{1,...,a} are equivalent to each other, which is implied in (A2). Notice that (A2) is a general
condition to ensure the validity of testing any linear null hypothesis within 2 using the resampling
method.

Consider now two-way layout with interactions:
Yijk = B+ o+ +nij + ek, k=1,---,ny, i=1,---,a, j=1,---,b, (16)

where 7;; is the interaction term. Linear constraints > 5" ; o; = 2321 Vi = D1 Nij = 2221 nij =0
can be imposed for the identifiability of all parameters. The design matrix x is an n x (ab+a+b+1)

matrix of rank p’ = ab < p = ab+ a + b+ 1. For testing hypothesis (12), the test statistic is

a b nNij a b N
My= min > > > lyigk—syl—mind > > ik = sigl
i=175=1k=1 1=175=1k=1

where s; = Y ;s;5. Model (16) is a saturated model, like the one-way layout model (11).
Under this model, a necessary and sufficient condition for a consistent test of hypothesis (12) is

min{n;. : i =1,...,a} — oco. Again this condition is ensured by (A2).
5. EXTENSION TO HETEROGENEOUS ERRORS

With heterogeneous errors, i.e., the errors are dependent on the covariates, the limiting dis-
tributions of M, and M, become much more complicated than x2_,/{4f(0)} given in (9) for the
case of homogeneous errors. However, the distribution of M,, and the resampling distribution of
M still converge to the same limit. Therefore the proposed resampling method is valid. This is

n

proved in Theorem 3. Some regularity conditions as given below are needed.

12



(A1) {(wi,e;),i > 1} are i.i.d. random variables; the conditional median of e; given z; is 0;
the conditional density function f(:|x1) of e; given x; is continuous and uniformly bounded; and
f(0]z1) > 0.
(A2)" Jp:= E{f(0]z1)z12}} and V := E(x12]) are both finite and nonsingular.

Theorem 3. Suppose (A1)’, (A2)” and (A3) hold. Then, under the null hypothesis in (3),

L(M;’x17y17"‘7$n7yn) - 'C(Z) — E(Mn)v (17)
as n — 00, where Z is sum of squares of p — q normal random variables. Moreover,
~ 1
(B = Bo) — N(0, 2 Jg VI, (18)

In particular, if the covariates are independent of the errors, then Jy = f(0)V, the distribution of

Z is xa_,/{4f(0)} and

W 2(3 — o) — N(0, {zf(lo)}Qvl), (19)

as n — oo, where f(0) = f(0]zy1).

Theorem 3 holds in broader scenarios than restricted by conditions (A1) and (A2)’, which
are assumed here mainly for clarity of presentation. In particular, when the matrices Jy and V
are singular, (17) still holds and asymptotic normality of components of B can be presented in
the fashion of Theorem 2. Under a Lindeberg type condition and some further conditions on the
limits of (1/n) Y1~ iz and (1/n) > 14 2, f(0]a;), Theorem 3 can be proved without requiring
the covariates z; follow the same distribution. Typical examples of such kind are multi-way layouts

and the analysis of covariance model
vij =B rij+p+aite;, j=1,-,n;, i=1--,a.
The details are technical and are omitted.

Because the errors can be dependent on covariates, the limiting distribution in (17) has a rather
complex expression, unlike that given in (9). It involves matrix algebra and the conditional densities
of the errors given the covariates; see Appendix C. Therefore the plug-in inference procedures
become increasingly unreliable and difficult, especially when the covariates are multi-dimensional
and the curse of dimensionality occurs in the estimation of conditional densities. This highlights

yet another advantage of using the proposed resampling method to approximate the distribution

of M,,.

13



6. NUMERICAL STUDIES

The aim of the numerical studies conducted extensively is to examine the asymptotic properties
established in Theorems 1-3 for finite samples. The simulation results presented here are under

model

y = a1 + Box2 + e,

where z1 and x9 are two independent covariates and (31 and 2 are the regression parameters. The
true values of B and [y are respectively 1 and 0. We test the null hypothesis Hy : 85 = 0 under
16 models as combinations of different distributions of the covariates and errors. The covariate x|
can be constant 1 or standard normal N[0,1], and zy follows the uniform distribution on [—2, 2]
or the standard normal distribution. For the purpose of presentation, we label A, B, C and D re-
spectively for the four choices of distribution of (z1,x2): (1,U[-2,2]), (N[0, 1],U[-2,2]), (1, N[0, 1])
and (N0, 1], N[0,1]). The random error follows one of the four distributions: the standard normal
N[0,1], the standard Cauchy Cauchy[l], conditional normal NJ0, (1 + |x2|)?/4] and conditional
Cauchy Cauchy[(1 + |x2|)/2] given (x1,z2), which are labelled as a, b, ¢ and d, respectively. The
former two are homogeneous errors and the latter two are heterogeneous errors. Therefore, the 16
models can be evidently represented as combinations of A, B, C and D with a, b, ¢ and d. The
sample size n is set as 200 and the resampling size N is 10000. The simulation results are based

on 5000 replications. The following figures show quantile-quantile plots of M;* with respect to M,,.
INSERT FIGURE 1 HERE

The 16 plots are nearly all straight lines, implying that the distributions of M,, and M are indeed
very close to each other in all 16 models. This indicates that the proposed resampling procedure
for inference indeed works well.

Recall that, for tests at significance level a, the null hypothesis is rejected if M, is larger than
the (1 — a) quantile of the resampling distribution of M. Choosing a = 0.1,0.05 and 0.025, we
compare the actual type I errors with the corresponding significance levels. For comparison we also

present in the parentheses the actual type I errors for the F-test based on the LS method.

INSERT TABLE 1 HERE
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It is seen that the type I errors are generally close to the corresponding significance levels. This
demonstrates further numerical evidence in support of the validity of the resampling procedure for
inference. In contrast, the F-tests based on the LS method are far less accurate when the errors
are heterogeneous or do not follow normal distribution. In summary, the simulation results show
that the proposed analysis of LAD is indeed an ideal alternative to the commonly used ANOVA
based on the LS method.

7. REAL EXAMPLE

The data set in analysis is a fragment of General Social Surveys (GSS) regularly conducted
by the National Opinion Research Center in 1993, which is available in SPSS. The purpose of
the study is to examine whether different groups defined by different Likert scales have different
oldness represented by “age”, which is the response variable. The factor “polviews” is a 7-point
Likert scale including “Extremely Liberal”, “Liberal”, “Slightly Liberal”, “Moderate”, “Slightly
Conservative”, “Conservative”, “Extremely Conservative”. Figure 2 gives the histogram plot and

quantile-quantile (Q-Q) plot of the residuals of the LS fit against the standard normal distribution.
INSERT FIGURE 2 HERE

It is seen that the residuals are evidently skewed to the right. It indicates that using the traditional
ANOVA method based on the LS method and the associated F-test or likelihood ratio test may
not be appropriate, as the errors deviate from normality quite significantly. On the other hand,
the analysis of LAD proposed in this paper does not require the normality or homogeneity of the
errors.

We conduct a test to examine whether the effects of the 7 levels are the same. 10,000 indepen-
dent random weights from mean 1 exponential distribution are generated to calculate the p-value.
The resulting p-value is 0.000, showing high significance of the differences in effects of the 7 levels.
We then carry out pairwise comparison tests. The p-values are listed in the upper triangle of Table
2. The estimated differences of the medians are given in the parentheses, and the significant ones
at 0.05 level are marked with asterisks. The traditional multiple comparisons based on LS method

are also shown in the lower triangle of the table.

INSERT TABLE 2 HERE
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It is interesting to see that the p-values by the proposed method are generally smaller. For example,
using the proposed test, we conclude that the difference between “Slightly Liberal” and “Liberal”
is significant at 0.05 level (with p-value 0.006), while it is not significant by the traditional method
(with p-value 0.575). In summary, we believe the LAD method might be more trustworthy than
the LS method as the former is more robust, especially when the errors appear to be quite skewed,

which is the case in this example.
8. DISCUSSION

The aim of this paper is to provide convenient inference for analysis-of-variance type of tests
of linear hypothesis based on the LAD criterion. The proposed inference procedure via resampling
avoids the difficulty of density estimation and is convenient to implement with the availability of
the standard linear programming and computing power. As the LAD method is more robust than
the LS method, the result obtained in this paper may broaden the applications of the former. Some
of the conditions assumed for the main results may be dropped or relaxed and, in particular, the
errors may not have to follow the same distribution. In contrast, the LS method, especially the
associated F-test, generally requires the errors follow the same normal distribution. In addition,
we believe the method can be extended to cases with presence of censorship, which are common in

survival analysis and econometrics; cf. Powell (1984) and Ying, Jung and Wei (1995).

APPENDIX A: Proof of Theorem 1

The null hypothesis Hy are assumed throughout the proof, i.e., Gy € £2y. Following the notation
in Section 2 and without loss of generality, let h1 = w1, ..., hp—q = Up—q and K = (Up_qi1, ..., Up).
Then, K is of rank p’ —p+ ¢ and H'K = 0.

We first assume S, is of full rank p, i.e., p’ = p. Let n* = K’(ﬁz — o) and 1 = K’(@c — o) be

vectors in R?. Under conditions (A1)-(A3), Theorem 1.1 of Rao and Zhao (1992) implies that

2£(0)SE/2(3* — Bo) = szsgn €:) Sy V22 + 0p(1), (20)
2f(())(K'SnK)1/2ﬁ* = z”: wisgn(ei)(K’SnK)_l/QK’xi + 0p(1), (21)
=1
2£(0)SY2(3 — By) = zn:sgn(e,)s V20 4+ 0,(1), (22)
=1
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21 (0)(K'S, K)Y?5 = Zn:sgn(ei)(K’SnK)_lﬁK’xi + 0,(1), (23)
=1

where “sgn(-)” is the sign function. In fact, (20) and (22) hold without the null hypothesis. Lemma
2.2 of Rao and Zhao (1992) implies that

n n
S willes — 245, 2| — lei — 25 Sy P y2]) + > wisgn(en) xS, 2 (11 — 2) — F(0) (Vi — Y4r2) — 0
i=1 =1
(24)
in probability, uniformly for v and 9 in any given bounded subset of RP. Let vy = 71/ 2 (3* — bo),

vo = Sa/%(8 — Bo) and apply (20). We have
iwxm A~ lyi — ) = FOVB — BYSulB* — B) + 0p(1). (25)
It can be similarly shown that
sz i — 245] s — 21fel) = FOV — Y (K'S KN A — ) + o). (26)
Then, by the definition of M? in (7),

My = —fO0)@H* —9) (K'S K)(H* —0) + f(0)(B" — B)'S <B* —~ B) +0p(1)

1 & _
= —WHZ(W— 1)sgn(e;)(K'S K) 1/QK'UUz‘HQJr HZ Dsgn(e;) S, /2|
i=1
+0p(1>
= 4f( ( I€all* + 11Gall?) +0p(1),  say.
Here and in the sequel, || - || is the Euclidean norm. By the checking the Lindeberg condition, we

know that the conditional distributions of &, and (, given i, ..., y, converge to standard normal
distribution of ¢ and p dimensions, respectively. Moreover, &, is a linear transformation of (,.
Therefore, the conditional distribution of M, given yi, ..., y, converges to X}%—q /{4f(0)}. One can

show in an analogous fashion that

n

Mo = (S0l s~ ) - (Zi:uyi ~ Bl ~ s — b))

=1 —
= —f(O)FK'SpEKi + f(0)(B— Bo)'Su(B — Bo) + op< )
B _4f1(0)H > sen(eq) (K'Su K) 2K wi|* + o H ngn €:) Sy 2 ail|* + 0p(1).
=1

Similarly, M,, converges to X}%—q /{4f(0)} in distribution. Then (9) follows.
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Now suppose S, is degenerate for all large n, i.e., p’ < p. Recall that, in this case, model (1)
is equivalent to y; = vjy + €;,4 = 1,...,n, where v = U1 = (uif3,...,u,B)" and v; = Uyx; are

p/-vectors. The hypothesis in (3) can be expressed as
Hy:ve QIO,

where Q) = {y € R” : (v1,..,7p—q) = (c1,.-,¢p—g)'} and v; and ¢; are the j-th component of
the p’-vector v and the p — g-vector ¢g respectively. € is a p’ — p + ¢ dimension subspace in RY.
Notice that M), can be expressed as minyeq, 3232 [0y —yi| —min_pr |[vjy — ys] and the expression
of M} can be similarly modified. Moreover, by using the definition of the Moore-Penrose inverse,

condition (A.2) is equivalent to

n -1
max v} E vivl | v = max xS, 'e; — 0, asn — oo. (27)
1<isn '\ = 1<i<n

1=

Since -7 ; v;v} is of full rank p’ for all large n, the preceding proof with the positivity of S,, for all
large n can be carried over to show that (9) still holds. Notice that the dimension of € is p’ —p+g¢
and therefore the limiting y2-distribution has degree of freedom p’ — dim(£})) = p — g. The proof

is complete.

APPENDIX B: Proof of Theorem 2

Observe that (22) holds under conditions (A1)-(A2) and the positivity of S,. Since V,, =

i vivl is of full rank p’ for all large n, an analogous version of (22) under model (5) is

n

2f(0)V,*(5 = 70) = D sen(en)Vy /?0; + 0p(1).
i=1

It follows that
2£(0) (U1 S, UNY2UL(B — Bo) = 2 (0)V,Y/2(5 — 70) — N(0, L)

in distribution as n — oo, where I,y is the p’ x p’ identity matrix. For b € Q, let b = Uja, where a

is a p’-vector. Since
2f(0)a’Ur (8 = fo)
{a/(U1S,U])1a}t/?

— N(0,1)

in distribution as n — co. The Moore-Penrose inverse implies 8'S,,'b = a/(U1S,U{) " 'a and there-

fore (10) follows. The proof is complete.
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APPENDIX C: Proof of Theorem 3

Under the assumptions in Theorem 3, we have

B o= g it Y sl + oyl (23)
and
B— By = %Jo_l ésgn(ei)xi +0,(1). (29)
Therefore, :
=B i S = Vs 1) (30
Analogously, )
0 == ;(K’JOK)*K’;(W — 1)sgn(e;); + op(1). (31)
Let

1 n
Un(y) = - Zwi (Jaiy + ei| — les| + sgn(ei)ziy) -
i=1
Similar to (24), as n — 0,

Da(v) =7 Jov + op(|171) (32)

uniformly for ||v|| < Cn~1/2, where C is any given constant. Expressions (28) and (29) imply that
B — By = Op(n~Y2) and B — By = O,(n~1/2). Combining with (32) yields

n R n .

> wilys — 2Bt - sz‘\yz‘ — ;3]

i=1 i

= (5~ Bo) — bn(B — o)) (szsgn el (5 — Bo) szsgn co)al(3 - )
= n(3* = B0)' Jo(B* = o) — (B — Bo)' Jo(B — fo)
—(2n(3" = Bo) Jo(B* = Bo) — 2n(3" — Bo)'Jo(B — Bo) ) + 0p(1)
= —n(B" =) Jo(5" = B) + 0p(1). (33)

Similarly, we have
S wilys — 2B =D wilyi — 2iBe| = —n(* — 7)) (K'JoK)(7* — i) + 0,(1). (34)

Then, it follows from (30), (31), (33) and (34) that

n

M {Z — Dsgn(es)zi Y (Jy ' — K(K'JoK) T KN {D (w; — 1)sgn(es)zi} + 0p(1).  (35)

=1
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Then, conditioning on (y1, 1, ..., Yn, Zn, ...), the conditional distribution of M converges to that
of &VY2(Jyt — K(K'JoK) ' K')V1/2¢, where ¢ is a standard normal random vector of p di-
mension. This distribution is that of sum of squares of p — ¢ normal random variables since
Jy' — K(K'JoK)~'K') has rank p — q. The proof of M, having the same limiting distribution is
analogous and is omitted. Then (17) holds. (18) follows from (29). If the errors are homogeneous,
f(0lz1) = £(0), Jo = f(0)V, the limiting distribution is x2_,/{4f(0)} and (19) follows. The proof

is complete.
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Table 1. Type I errors of the proposed tests and the F-tests.

Covariates

Significance
level

Homogeneous Errors

Heterogeneous Errors

a

b

C

d

0.1

0.05

0.025

0.1

0.05

0.025

0.1

0.05

0.025

0.1

0.05

0.025

0.103(0.100)
0.056(0.049)
0.030(0.025)
0.101(0.104)
0.050(0.054)
0.027(0.029)
0.098(0.103)
0.049(0.055)
0.027(0.026)
0.104(0.101)
0.055(0.051)

0.028(0.024)

0.088(0.091)
0.046(0.034)
0.022(0.013)
0.097(0.103)
0.045(0.054)
0.023(0.027)
0.097(0.089)
0.050(0.035)
0.026(0.015)
0.091(0.102)
0.049(0.051)

0.024(0.027)

0.108(0.163)
0.060(0.095)
0.033(0.058)
0.109(0.201)
0.060(0.130)
0.032(0.081)
0.106(0.157)
0.059(0.092)
0.032(0.055)
0.106(0.205)
0.062(0.132)

0.033(0.085)

0.097(0.122)
0.051(0.051)
0.028(0.022)
0.108(0.150)
0.055(0.085)
0.028(0.048)
0.101(0.122)
0.055(0.054)
0.028(0.023)
0.099(0.149)
0.046(0.084)

0.025(0.047)
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Table 2. P-value for paired comparison test with difference between I and J medi-
ans/means in the parenthesis of General Social Surveys data (1993)

I\ 1] EL L SL M SC C EC
EL 0.174  0.894 0319 0523 0.001  0.002
(5.07)  (0.873)  (5.07)  (4.07) (13.07)  (17.80%)
L | 0.529 — 0.006 0771 0.511 0.003  0.010
(-6.20) —— (-4.29%)  (0.00)  (-0.00)  (8.00%)  (12.73%)
SL | 0.974 0575  —— 0.051  0.155 0.000  0.001
(-3.00)  (321) —— (429)  (3.29) (12.29%)  (17.02%)
M | 0.404 1.000  0.194 — 0.699 0.002  0.016
(-6.47)  (-0.26)  (3.47) — (-1.00)  (8.007)  (12.73%)
SC | 0.666 0.999  0.779 0981  —— 0.000  0.008
(-5.37)  (0.84)  (-2.37)  (1.10) —— (9.007)  (13.73%)
C | 0.007 0.026  0.000 0.002  0.001 — 0.448
(-11.70*)  (-5.49%) (-8.70*)  (-5.23*) (-6.33*) —— (4.73)
EC | 0.003 0.034  0.001 0.022  0.009 0853  ——
(-15.48%)  (-9.28%) (-12.49%) (-9.02*) (-10.12*) (-3.79) ——

NOTE: Upper triangle matrix is for our tests, lower triangle matrix is for . “EL”: “Ex-
tremely Liberal”, “L”: “Liberal”, “SL”: “Slightly Liberal”, “M”: “Moderate”, “SC”:
“Slightly Conservative”, “C”: “Conservative”, ‘EC”: “Extremely Conservative”. Ran-
dom weights follow mean 1 exponential distribution.

* The median/mean difference is significant at the .05 level.
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Figure 1. Q-Q plot of M} v.s. M,.
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Figure 1 (continued).
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Figure 2. Histogram plot and Q-Q plot of residuals for General Social Surveys data (1993) after
LS fitting.
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